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The extinction phenomenon of solutions for the homogeneous Dirichlet boundary value
problem of the porous medium equation u; = Au™ + 1| ul?'u— Bu,0 < m < 1, is studied.
Sufficient conditions about the extinction and decay estimates of solutions are obtained
by using L?-integral model estimate methods and two crucial lemmas on differential in-
equality.
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1. Introduction and main results

This paper is devoted to the extinction and decay estimates for the porous medium equa-
tion

ur= A"+ AMulP lu—Pu, x€Q, t>0, (1.1)
u(x,t) =0, xe€dQ, t>0, (1.2)
u(x,0) = up(x) =0, x€Q, (1.3)

with 0 <m < 1 and p,A, >0, where Q € RV(N >2) is a bounded domain with smooth
boundary.

The phenomenon of extinction is an important property of solutions for many evo-
lutionary equations which have been studied extensively by many researchers. Especially,
there are also some papers concerning the extinction for the porous medium equation.
For instance, in [1-3], the authors studied the extinction and large-time behavior of solu-
tion of (1.1) for the case f = 0 and A < 0; and in [4], the authors obtained conditions for
the extinction of solutions of (1.1) without absorption by using sub- and supersolution
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methods and an eigenfunction argument. But as far as we know, few works are concerned
with the decay estimates of solutions for the porous medium equation.

The existence and uniqueness of nonnegative solution for problem (1.1)—(1.3) have
been studied in [5, 6]. The purpose of the present paper is to establish sufficient condi-
tions about the extinction and decay estimations of solutions for problem (1.1)—(1.3). For
the proof of our result, we employ LP-integral model estimate methods and two crucial
lemmas on differential inequality.

Our main results read as follows.

THEOREM 1.1. Assume that 0 < ug(x) € L*(Q) N W&’z(Q), 0<m=p<1,and], is the
first eigenvalue of

—Ay(x) =Ay(x), vla =0, (1.4)

and @1(x) = 0 with @1 |l = 1 is the eigenfunction corresponding to the eigenvalue A;.

(1) If A < 4mAy/(m+1)?, then the weak solution of problem (1.1)—(1.3) vanishes in the
sense of || + |l ast — oo,

2)If(N=-2)/(N+2) <m<1withA<A or0<m< (N —=2)/(N+2)withA < A*, then
the weak solution of problem (1.1)—(1.3) vanishes in finite time, and

:|1/(1m) N -2

G\ g C
Ol = | (Tl + G )i = G| fg =me,
(1.5)
m G\ c, N-2
a0l = | (Hhall+ 5 e = |0, 0eme o2,
fort € [0,T*), where
(N -2)
) T, (N+2)Sm<l,
0<T* < (N —2) (1.6)
T, O<m<(N+2)’
_N(l—m)_l’
? (1.7)
) .
3 (r+m)A<Ab
4rm

and Cy, Cy, Ty, and T, are given by (2.18), (2.24), (2.20), and (2.26),respectively.
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TaEOREM 1.2. Let0 < m < 1, m < p. Then the weak solution of problem (1.1)—(1.3) vanishes
in finite time, and

||M(',t)||m+1SB1€_‘xlt, tE[O,Tm),

tem G5\ m-npe-tay _ G370
[|u(, )]0y = ||u(-,To1)||m+1+? e B , te[To,T5),

fu(- )l =0, t€[Ts+o),
(1.8)

for (N-2)/(N+2)<m<]1,

||H(',t)||r+1 SBzeiazt, te [O,Toz),

1/(1-m)
a0y = [ (T G Jetm e S0 e [,
||“("t)||r+150’ te[T4>+°°)>
(1.9)

for 0 <m < (N —2)/(N +2), where Cs, Cs, T3, and Ty are given by (2.29), (2.34), (2.31),
and (2.36), respectively.

To obtain the above results, we will use the following lemmas which are of crucial
importance in the proofs of decay estimates.

LemMmA 1.3 [7]. Let y(t) = 0 be a solution of the differential inequality

%+Cyk+,8y§0 (t=0), y(To) =0, (1.10)

where C >0 is a constant and k € (0,1). Then one has the decay estimate

(1-k)
y(t) < [(J’(To)l_k + %>€(k_1)ﬂ(t_T°) - %] , te[To,Ty),

y(t) =0, t€ [Ty, +),

(1.11)

where Ty = (1/(1 — k)B)In(1+ (B/C) y(To)' ).
LEmMa 1.4 [8]. Let 0 <k < p, and let y(t) = 0 be a solution of the differential inequality
ok ,
g TC By =yyP (t20), y(0) =0, (1.12)
where C,y >0 and k € (0,1). Then there exist o > 3, B >0, such that

0<y(t)<Be™, t>0. (1.13)
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2. Proofs of theorems

In this section, we will give detailed proofs for our result. Let || - ||, and || -

LP(Q) and WP(Q) norms, respectively, 1 < p < oo.
2.1. Proof of Theorem 1.1. (1) First of all, we show that
uC> Dl = Muo ()] == M.

Multiplying (1.1) by (¥ — M) and integrating over (), we obtain

1d

2 d (u—M)idx+J' Vu™ - Vudx

Ap(t)

</1J (= M) dx — /SJ (= M) dx < A

where Ap(f) = {x € Q| u(x,t) > M}. Since A, is the first eigenvalue, then we have

4m
m m+1
L)Vu Vudx > (m+1)2/\1 Lzu dx,
for any u € Wy*(Q). We further have
Vudx > ———1 J u™dx.
JAm(t) ( 1)2 i

Therefore, we have

d 2
a7 Q(u—M)erx <0.

Since [ (uo — M)%dx = 0, it follows that
J (u—M)idx =0, Vt=>0,
Q

which implies that ||u(-,)lle < llt0(*) |-
Multiplying (1.1) by u and integrating over €, we conclude that

lij uzdx+J Vu’”-Vudxs)LJ u’”“dx—ﬁj uldx
2dt Ja Q Q Q
We further have
1 d 2 m+1 2
dx+(m/\1—/\)J u dx+ﬁj u*dx < 0.
2dt Q Q

Let v = u/M. Then, we have

dt

Aum(t)

dj vidx+2M™ ' (mA, — /X)J vm“dx-i-ZﬁMm_lJ vidx < 0.
Q Q

ll1,, denote

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)
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d
aj V2 +2M™ (A, —/\+ﬁ)f Vdx <0, (2.10)
Q Q
which implies that
J V2dx < e*ZMmfl(’”A‘*’”ﬁ)tJ vidx, (2.11)
Q Q
that is,
J wrdx < e‘z””"”g*(m‘_“ﬁ)tj ugdx. (2.12)
Q Q
Therefore, we conclude that [[u(-,t)|l, — 0as t — oo.
(2) We consider first the case (N —2)/(N+2) <m< 1.
Multiplying (1.1) by 4™ and integrating over (, we have [9]
1 d 2
ot g I = Al Bl (2.13)
Noticing that Ay = inf 120,20 o [ VVI?dx/ [ v*dx, we obtain
1 d A
g (1= )+ i <o (2.14)
By the Holder inequality, we have
lullmt = Jﬂl ™ - udx < | QMR ey e (2.15)

The embedding theorem gives that

”u”$+1 < |Q|m/(m+1)—(N—2)/2NHu ) < C0|Q|m/(m+1)—(N—2)

m||2N/(N72

PV ], (216)

where Cj is the embedding constant. By (2.14)—(2.16), we obtain the differential inequal-

ity

d m

E”u”mﬂ +Cillullyyy +Bllullpne <0, (2.17)
where

Cl — C0—2|Q‘(N—2)/N—2m/(m+l) (1 _ %) (2.18)
Setting y(t) = |[u(+, 1) lm+1> ¥(0) = lltto ()l ms1, by Lemma 1.3, we obtain

1/(1-m)
Nl < | (o] [+ S Yetmvs — S0 e fo,1y),
B B
(2.19)

”u”m-H EO) te [T1,+00),
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where
T - mm@+ﬁWﬂwJ (220)

We now turn to the case 0 < m < (N —2)/(N +2) with A < A* = (r + m)*M/4rm < 4.
Multiplying (1.1) by u” (r = N(1 — m)/2 — 1) and integrating over (), we have

- r+1
r+1dt ” ullsr+

( 4rm

A r+m 2 r
s = 1 IR el 0. @21

By the embedding theorem and the specific choice of r, we obtain

(r+m)/2 _ 2)-(2N/(N-2 (22N 2
1l (Jﬂu((”’")/ )N/~ >>dx) < Col[ur ™. (2.22)
Therefore,
d m
allullm +Collullfy +Bllull1 <0, (2.23)
where
4rm A
C, = C’2< ) > 0. 2.24
2T\ rem)? N (224)

Setting y(¢) = [u(+,t)ll;+1, ¥(0) = l[uo(+)ll+1, by Lemma 1.3, we obtain

C C 1/(1-m)
mesﬁwmﬂ+iythgﬂ e l0T),

B B (2.25)
||u||r+150) tE[TZ)+O°))
where
1
T2 = mh’l( ||u0||m+1) (226)

2.2. Proof of Theorem 1.2. We consider first the case p < 1. When (N —2)/(N +2) <
m < 1, multiplying (1.1) by 4™, and by the embedding theorem and the Holder inequality,
we can easily obtain

d
||”||m+1+C02|Q| (N=2N=2m/ s D gy |7 4 Bl ey < AQUI YO D gy B

(2.27)
By Lemma 1.4, there exist «; > 3, By >0, such that

0 < |lttllps1 <Bre ™t t=0. (2.28)



Wenjun Liuetal. 7

Furthermore, there exist Ty, such that

C0—2|Q|(N—2)/N—2m/(m+1) _ A|Q|l—(m+p)/(m+1) ”””511?
> CO—2|Q|(N—2)/N—2m/(m+1) /\|Q|1 (m+p)/(m+1) (B e—ale) — C3 >0

holds for t € [Ty, +o). Therefore, (2.27) turns to
d m
EHuHmH +Csllullpmyy + Bllullmer < 0.

By Lemma 1.3, we can obtain the desire decay estimate for

Ts = )ﬂln(H £ |lu(-, Tor) ||m+1>

For the case 0 < m < (N —2)/(N +2), we multiply (1.1) by 4" and obtain

4rm

e+ Co? Grm? el + Bllull oy < ALQIT PV EED gy 2

m)?
By Lemma 1.4, there exist «, > 3, B, >0, such that

0 < |ully41 < Bae ™™, t=0.

Furthermore, there exist T, such that

4rm _
-2 _ 1-(r+p)/(r+1) p-—m
Co 1 m)? AlQ| el
> C2 )| Q IR (BT )P, 5

(r+m)?

holds for t € [Ty, +o0). Therefore, (2.32) turns to
I lull 1 + Callull 7y + Bllull+1 < 0.
By Lemma 1.3, we can obtain the desire decay estimate for
__ 1 i3 )
T, = (l_m)ﬁln(1+ (T 1,7):
For the case p > 1, we can rewrite (2.27) and (2.32) as (e.g., (2.27))

d
allullerWCozIQIN N2/ g Bl el < AP [l

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

since k(pl/ ™ (x) is a supersolution of problem (1.1)—(1.3), where ¢, (x) is given in Theorem

1.1. The above argument can also be applied, and hence we omit it.
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