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duality of the models we get seven dual models in such a way
that they are constructed by one-, two- and three-dimensional
Abelian Lie groups acting freely on the target space mani-
fold. The results of our study show that the Abelian T-dual
models are, under some of the special conditions, self-dual,
moreover, by applying the usual rules of Abelian T-duality
without further corrections, we are still able to obtain two-
loop solutions. We also study the Abelian T-duality of Godel
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Afterwards, non-Abelian duals of the Godel spacetimes are
constructed by two- and three-dimensional non-Abelian Lie
groups such as Ay, A» @ Ay and SL(2, R). In this way, the
PL self-duality of AdS; x R space is discussed.
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1 Introduction

One of the most interesting cosmological solutions to Ein-
stein’s field equations is Godel spacetime [1] which con-
stituted (and still constitutes) a considerable motivation to
the investigation of solutions more complex than those
treated until then. It was obtained [2] some new solutions
of string theory, including terms up to the first order in the
inverse string tension «’ for the homogeneous Godel space-
times. Recently, it has been shown that [3] four-dimensional
Godel universe can be embedded in string theory. The cor-
responding Lagrangians to the Einstein—-Maxwell-Axion,
Einstein—Proca—Axion and Freedman—-Schwarz SU(2) x
SU (2) gauged supergravity theories admit the Godel metrics
as solutions, all involving only the fundamental matter fields
[3] (see also [4]). In Ref. [2], to find a class of Gddel uni-
verses without Closed Timelike Curves (CTC’s) within the
framework of low-energy effective string theory, it has been
considered a convenient ansatz for both dilaton and axion
fields in an orthonormal frame. Thus, the Godel spacetimes
are of particular importance both in general relativity and
string theory. But so far their target space duality (T-duality)
have not been studied. In the present work, we obtain the other
forms of solutions of equations (but not in an orthonormal
frame) for the two-loop beta-function including the Godel
spacetimes, field strength and dilaton field. The existence
of solution for beta-function equations possessing the Godel
metrics with appropriate axion and dilaton fields, helps us to
study their T-dual spaces. We furthermore get new solutions
by considering a simpler form of Godel metrics, and then
focus on finding target space duals of the solutions. Accord-
ingly, we improve Barrow’s results [2].

T-duality is a very important symmetry of string theory
which was originally defined for a string theory o-model
where the backgrounds of model have an Abelian group of
isometries [5,6]. T-duality is a peculiar feature of strings,
since it provides a method for relating seemingly inequiv-
alent string theories, and allows to build new string back-
grounds which could not be addressed otherwise. The the-
ory of Abelian T-duality is well understood and had been
the subject of much research (for a review see e.g. [7]).
Then, the basic duality procedure could be generalized to the
case where the original o -model had a non-Abelian group of
isometries [8] (further work in this direction was carried out
in [9-14]). Whereas in the Abelian case, the dual theory has
a natural symmetry suitable for inverting the duality trans-
formation, in the non-Abelian case it has been shown that
[11] this symmetry becomes nonlocal and cannot obviously
be used for the inverse. In fact, it has been found that the
non-Abelian T-duality is not an exact symmetry of the con-
formal field theory, and conjectured that it is a map between
different conformal field theories. There has been a new inter-
est in non-Abelian T-duality, which was ignited by [15], that
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provided the transformation rule for the Ramond—Ramond
fields under the non-Abelian T-duality. It was then extended
to o-models with nonvanishing Ramond fluxes, thus allow-
ing to search for new supergravity solutions [ 16-20]. Klim¢ik
and Severa proposed a generalization of T-duality, or the so-
called PL T-duality [21,22], which allows the duality to be
performed on a target space without isometries. Afterwards,
PL T-duality transformations could be generalized to the Lie
supergroups [23], as well as supermanifolds [24], in such a
way that super PL symmetry of the WZW models based on
some of the Lie supergroups of superdimension (2]2) was
studied [25,26]. Of course, in the Lie groups case, PL sym-
metry of the WZW models was already been studied in Ref.
[27] (see also [28-30]). Recently, PL T-duality also appears
as an important tool in the study of integrable models and
their deformations [31-37]. Lately, using the PL T-duality
approach in the presence of spectator fields we have found
new dual solutions for some of the gravitational and string
backgrounds such as BTZ black hole [38] and the WZW
models based on the Lie groups Hs and GL(2, R) [39].

The main purpose of this paper is to study the (non-
)Abelian T-dualization (here as the PL T-duality on a (semi-
)Abelian double) of the Godel string cosmologies. The pro-
cedure for this study is as follows: in the context of PL T-
duality with spectators, the choice of spectator-dependent
matrices (Eo, F, F1), F®)) plays a key role in the process.
Our choice is usually based on the solutions of the vanishing
of beta-function equations. By a suitable choice, we obtain
the background of the original o-model including the Godel
metrics and B-field (corresponding to a constant torsion). We
then use the PL T-duality transformations in order to get the
corresponding dual solutions. Also, the duality transforma-
tion of the dilaton field is, at one-loop level, given by equa-
tions (4.15) and (4.16). Finally, we are interested in testing
the conformal invariance of the dual solutions up to the two-
loop order. We notice that in the case of the Godel spacetimes
one can apply the usual rules of (non-)Abelian T-duality with-
out further corrections, and still be able to obtain two-loop
solutions. In general, further corrections to the rules are nec-
essary. Recently, it has been shown that [40] (see also [41])
the PL duality can be extended to order o/, i.e. two loops
in the o -model perturbation theory, provided that the map is
corrected. Furthermore, by using the higher derivative for-
mulation of DFT, it has been found [42] a unified expression
for first order corrections to generalized dualities so that it
can be easily specified to any generalized T-duality (Abelian,
non-Abelian, PL, etc.).

As explained above, we obtain the Abelian T-duals of the
Godel metrics by using the PL T-duality approach and then
testing the conformal invariance conditions of the duals up
to two-loop order. When going to two-loop it is known that
in general the rules of Abelian T-duality must receive correc-
tions. The two-loop o-model corrections to the Abelian T-
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duality map were obtained by Kaloper and Meissner (KM) in
[43]. They had used the effective action approach by focusing
on backgrounds that have a single Abelian isometry. By using
the T-duality rules of KM, we study the Abelian T-duality of
Godel string cosmologies up to a’-corrections when the dual-
izing is implemented by the shift of directions z and .

This paper is organized as follows. After the introduc-
tion section, Sect. 2 reviews the conformal invariance con-
ditions of the o-model up to the first order in a’. We start
Sect. 3 by introducing the Godel metrics and then discuss
the solutions of two-loop beta-function equations possessing
the Godel spacetimes. A short review of PL T-dual o -models
construction in the presence of spectator fields is presented in
Sect. 4, where necessary formulas are summarized. In Sect. 5,
we study the Abelian T-dualization of the Godel spacetimes
via the PL T-duality approach. The study of the Abelian T-
duality of the Godel spacetimes up to «’-corrections using the
KM approach, when the duality is implemented by a shift of
the coordinates z and ¢, is discussed in Sect. 6. The non-
Abelian duals of the Godel spacetimes constructed by two-
and three-dimensional non-Abelian Lie groups are given in
Sect. 7. In this section, we also study the PL self-duality of
the Ad S; x R space. The results of Abelian and non-Abelian
T-duality of the Godel string cosmologies are clearly sum-
marized in Tables 1, 2 and 3. Some concluding remarks are
given in the last section.

2 Two-loop conformal invariance conditions of the
bosonic string o -model

A bosonic string propagating on a non-trivial background can
be described by the well-known o -model defined on a two-
dimensional curved surface ¥ in d spacetime dimensions
with metric G,,,, antisymmetric tensor field B,,, (axion
field) and dilaton field ®

S

= /2 drdo~/—h[h*P G,y (X) + P B, (X)]

1
x 9 XM, XV + - f drdo R @(X), @.1)
)

where 0% = (t, o) are the string worldsheet coordinates, and
M . . .
X (M =1,...,d) are coordinates in spacetime. hyg and

R are the induced metric and curvature scalar on the string
worldsheet, respectively. €*? is an antisymmetric tensor on
the worldsheet and /2 = det hg. The dimensionful coupling
constant o’ turns out to be the inverse string tension.

Since we are considering bosonic string theory, there is
only one more massless degree of freedom of the string,
namely the dilaton ®. This gives a contribution to the action
in the form of the second term of (2.1). This term breaks Weyl

invariance on a classical level as do the one-loop corrections
to G and B.

In the o-model context, the conformal invariance condi-
tions of the o-model (2.1) are provided by the vanishing of the
beta-function equations [44]. In order for the fields (G, B, ®)
to provide a consistent string background at low-energy up
to two-loop order (first order in o) they must satisfy the
following equations [45—49]

2 1, POR ,P0
Ryy = Hagy + Iy Wy @+ 3¢ [Rypor Ry +2Rypoy H
RS PO 1 POR P RS
2R pora Hyy H s 43y Hpo) Oy H — )=V Hpgy )V H )
TSQ  RP 0 ,HkP ”
2 ypoHypsH  Hy +2HypoHy H ]+ 0@?) =0,
(2.2
P P, TP RS o PR
V' Hpyy — ¢)HMNP+a[V H o Ryviprs — Ve Hryn ) H
P _OR s o
' H [M)HN]QSHPR]+O(a ) =0, (2.3)
2
28 + V2 — (VO + §H2
il MNRS 1 M NRS
~o/[Rynrs R ~ 3V Hygs) Y H )
| MN RSP LMN 3 MN
SHp H Ryyps —RyyH +SHY H
5 M NR PSQ n
+2HyypH ggH g H |+ 0@ =0, 2.4

where H,,, , defined by H,,,, = 1/2(9,,By, + 0y B,,, +
d,B,,) is the field strength of the field B,,,. We have
used the conventional notations H2 = H,,,,H P}f, H? =

Hy 0™ 12" = g H, and(V®)2 =3, 08" @.
R,y and R, are the Ricci tensor and Riemann tensor
field of the metric G, , respectively. Moreover, in Eq. (2.4),
@' = & + o’gH? for some coefficient ¢ [48], and A is a
cosmological constant. In string theory, the A is related to
the dimension of spacetime, d, and the inverse string tension,
a’, whereas in this paper it is, in some cases, treated as a free
parameter. We note that round brackets denote the symmetric
part on the indicated indices whereas square brackets denote
the antisymmetric part.

On the other hand, the conditions for conformal invariance
(Egs. (2.2)—(2.4)) can be interpreted as field equations for
G, v B,y and @ of the string effective action [49]. As shown
in Ref. [48], in d = 26 (where A = 0), the string effective
action up to the first order in &’ is given by
MNPQ

D _ 1 1
S, = /d XV—Ge d’{R—§H2+(VCI>)2+0/[ZRMN,,QR

1 PO 1 POR NS M
_ERM}\’I’QHMNSH s +6[{MNPH HR HSQ
1 5 HMN M N

+§HMNH —RyyV oV @

1 2 2 L oM 2 1 2 1 2 1 272
—G MV 4V OV, H - C R R(VEP + 5 (VO V2D

2.5)

v Lo Lo Ligeyy n
Ry R 4+ 2o (127 + R = (V0] | + 0.

As announced in the introduction, the Godel spacetimes can
be considered as exact solutions in string theory for the full
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O(a’) action including both dilaton and axion fields [2]. In
Ref. [2], it has been considered a convenient ansatz for both
dilaton and axion fields in an orthonormal frame. In the next
section, we obtain the other forms of solutions for the two-
loop beta-function equations including the Godel spacetimes,
the field strength H and dilaton @ in such a way that we do
not work in an orthonormal frame.

3 Godel spacetimes as solutions in string theory for the
full O () action

3.1 Godel spacetimes in the cylindrical coordinates
(.7, ¢.2)

Among the known exact solutions of Einstein field equations,
the Godel and Godel-type metrics [1] play a special role. It
was shown within the usual general relativity that these solu-
tions describe rotating string cosmologies, and allow for the
existence of CTC’s. It is a well-known result that all Godel-
type metrics, i.e., homogeneous spacetimes exhibiting vor-
ticity, characterized by €2, and a given value of m parameter
can be rewritten in cylindrical coordinates (7, 7, ¢, 2) as

ds® = —df* —2C () did¢ + G(F) d@? + di* + d32,
(3.1)

where the functions C(7) and G (r) must obey the relations

4Q mr
Ay inh2 ,
Cr)= 5 sin ( > )

. 4 ., (mr 402\ . 5 [ mF
G(r) = =) sinh <7) [1 + <1 — 7) sinh <7>} .

3.2)

We note that m? = 22 is a particular case of the hyperbolic
class which corresponds to the original Godel solution [1]. An
interesting aspect of Godel-type solutions is the possibility
forexistence of CTC’s. The existence of CTC’s, which allows
for violation of causality, depends upon the sign of the metric
function G (7). Indeed, from Egs. (3.1) and (3.2) one finds
that the circles defined by 7 = 1,, 7 = r,, ¢ € [0,27], 2 = z,
become CTC’s whenever G(7) < 0 [50]. In fact, the range,
m? > 4Q2, does not present CTC'’s.

3.1.1 Solution up to zeroth order in o

The Egs. (2.2)—(2.4) up to zeroth order in &’ are satisfied only
when we have m? = 49?2 with no CTC’s. In this case, the
field strength and dilaton field are, respectively, given by

3.3)

(34)

1 o
H = 3 sinh(m#r)dt A dF A dg,
b =hz+D,

@ Springer

where b is an arbitrary constant, and % = 2(A — 2Q?). It
is noteworthy that this solution is in agreement with those of
Ref. [2].

3.1.2 Solutions up to first order in o’

Below we discuss the solutions of Eqgs. (2.2)—(2.4) up to first
order in o possessing the Godel spacetimes in a coordinate
base (f, 7, ¢, 7). Our solutions are, in general, classified into
two special classes:

Class I: In this class of solutions the field strength and
dilaton field are, respectively, given by

H = Csinh(m#)di Adi Ad§, & =h3+b, (3.5)

for some constants C, &, b. The Egs. (2.2)—(2.4) together with
the fields given by Eq. (3.5) possess a Godel solution with
the metric (3.1) if the following conditions hold between the
constants m, 2, C, h, o’ and A:

(i) The first constraint to satisfy the field equations (2.2)—
(2.4) with the metric (3.1) and the fields (3.5) is that

1
2 2 /
=402, =
" YT Ra-ne
(176C* — 56C2 + 3)
h* =2A — Q? .
(1—-12C?) (3-6)

This confirms that it is possible to obtain a Gddel solution
with no CTC’s. By noting the relation (3.6), the field strength
H depending on C can vanish. Then, the second relation of
(3.6) gives the velocity of rotation of the Godel universe in
terms of the inverse string tension; moreover, there is another
constraint, 12 = 2A — 392, which shows that the cosmolog-
ical term has to be positive. This particular case, C = 0, is
in agreement with those of Ref. [2].

(i) Similar to the case (i) we have m? = 4Q? with no
CTC’s. In this case, the value of C is fixed to be C2 = 1/4,
and h? = 2A — 4Q2(1 + 22/Q2).

(ii) In this case, the relation between the constants is given

by

b 3@ 1-cor (40

C=l-T7 =@ 2 2" Y ao
(3.7)

The first relation requires that m? > 3Q?% for C2 > 0. The
range of 3Q% < m? < 4Q? allows CTC’s. When m? = 3Q2,

the field strength vanishes, then, o’ = 1/Q? and A > h?/2.
(iii) The last case refers to the following relation between
the constants m, 2, C, h, o’ , and A

Q? c? Q%(1 — 4C?)?
=22 == pP=2A-
2 YT —er?) C2(1 = 6C2)
(3.8)

From the first relation of (3.8) one can easily deduce that the
field strength must not vanish if a solution is to exist and act
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as a source of rotation. In this situation by fixing C? to 1/2 we
then have the original Godel solution! for Egs. (2.2)-(2.4).

Class II: The corresponding field strength to this class of
solutions is given by

H=C sinh(m#)di A d A d¢+D sinh(m#)d? A d3 A d§,
3.9)

for some constants C, D. In this case, dilaton field is assumed
to be constant, ® = b. Using these, the Egs. (2.2)—(2.4) with
the metric (3.1) are satisfied if the following relation hold
between the constants m, 2, C, D, o’ and A:
o 216Q*—(108m2+48A) 22 +(17m? 4+ 6 A)m2+(m?—8Q2)I"

N 88m2Q2 '

, (m? — 8Q?)
T Q211 + 6C2) — 3m? — 440*”
(m? — 4923092 — m2(1 — C?)]

- mZ(m? — 8Q2)

D2

, (3.10)

where
I = /80Q% — (104m2 — 160A)Q2 + (25m2 — 60A)m?2 + 36A2.

3.2 Godel spacetimes in new coordinates (¢, 7, ¢, z)

Since our main aim in the present work is to study the T-
dualization of the Godel spacetimes we write down the metric
(3.1) in a simpler form. To this end, one uses the coordinate
transformation

VBt = {@ f — ¢ + 2arctan [e_m; tan(g)]},

r = cosh(mr) + cos ¢ sinh(mr),
VB ro = sing sinh(mr),

i== (3.11)
l
to obtain
2 2 2 dr? 2 52 2
ds? =1 [—dz + S5+ (B—Drtdy? = 2r drdg +dz ]
(3.12)

such that the following relations must be held between the
constants /, 8, m and :

m2

| = —.
4Q2

. B= (3.13)

1
m
Here, the condition of the existence of CTC’s, m? < 492, is
induced on the range of the parameter §. In fact, for the range
B > 1 we do not encounter CTC’s. In this case, the original
Godel metric [1] is recovered when we take B = 1/2. As it
is seen, the metric (3.12) is a direct product of R associated
with the coordinate z and the three-dimensional metric of

! In this case, one gets o/ = —ﬁ. In string theory, the resulting
spectrum of the bosonic string contains a finite number of massless and
infinitely many massive excitations with mass?> = & withn € N.
Among the states there are also tachyons with mass?> < 0 implying
that the vacuum is unstable. This is unavoidable in the bosonic string.

(t, ¢, r). For the case of § = 1 one may use the following
transformation

dt = p(dt —dx), r=p, ¢ =x, (3.14)
then, the metric becomes
2 2 ) dp* 2,2 2
ds :l[—pdt + L4 pdx +dz], (3.15)
0

so when 8 = 1, the metric (3.12) is locally AdS3 x R space.
3.2.1 Solution up to zeroth order in o'

One can show that only § = 1 case of the metric (3.12)
satisfies the field equations (2.2)—(2.4) up to zeroth order in

«’. In this case, a solution including the metric, field strength
and dilaton field is given by

dr?
ds? = [ —d® + =~ 2r drdy + d2 ],
r

12
H = Edt/\dr/\d(p,
® = fz+b, (3.16)

where f2 = —14 2[?A.
3.2.2 Solutions up to first order in o’

In order to obtain new solutions up to first order in o’ we now
solve the field equations (2.2)—(2.4) for the metric (3.12).
Here, the forms of our solutions including the field strength
and dilaton field are given by two special classes A and B:

Class A: In this class of solutions the field strength H and
dilaton field & are given by

H=EdtAndr Ndp, &= fz+ Db,

for some constants E, f, b. The field equations (2.2)-(2.4)
are then satisfied with the metric (3.12) together with the
fields (3.17) if the following four conditions held between
the constants [, 8, E, f, @’ and A:

(1) The first condition is devoted to a special condition on
the parameter §, and that is 8 = 1. The rest of constants are
then related to each other in the following way:

(3.17)

, 41
o =
14 — 12E2’
e 176E* + 814(1212A — T)E? + 13(3 — SZzA).

414(12E2 — 14
(3.18)

This result confirms that it is possible to have a solution
corresponding to zero field strength, that is, E = 0. Then,
it is followed that o’ = 4/% and f2? = 21>A — 3/4.

(1) In addition to the first condition, we have another
solution corresponding to 8 = 1 and nonzero field strength

@ Springer
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[E? = [*/4, so that the relation between other constants may
be expressed as f2 = —1 4 2I°A — o’ /(2[?).

(2) The field equations (2.2) and (2.3) are also fulfilled if
the values of IE and &’ can now be expressed in terms of the
parameter 8

l4

2
E2 = Z(4,3 —3), o 2P

T 5_68

(3.19)

This is an interesting case in which the field strength depends
on the parameter f of the metric. From the relation (3.19) one
can easily deduce that 8 € [3/4, +00) — {5/6}. We note that
in this case, the range of g € [3/4, 1) — {5/6} allows CTC’s.
The relation between other constants can be obtained from
Eq. (2.4), which gives, > =2(1 +>A — 1/B).

(3) The last condition refers to a Godel solution with a
nonzero field strength, E2 =14 /4. From Egs. (2.2) and (2.3)
the value of &’ is expressed in terms of the parameter S,
obtaining

2817
o = p . (3.20)
2 -3
Finally after using Eq. (2.4), we obtain the relation
2 gerA-1 2-312A) -1
12 _ BN )+ B( -1 G21)

2 B2 —3)
This is only case of the class A which is valid for § = 1/2.
Putting 8 = 1/2, we then get o’ = —I%/2. Also, from Eq.
(3.21) it is followed that A > —1/(4/?), which shows that
the cosmological term can be considered to be negative.

Class B: Class B of solutions is devoted to a constant
dilaton field ® = b and the field strength

H=Edt ndr Nde +Ndr Adp Ndz, (3.22)

for some constants E, N, together with the metric (3.12).
The equations of motion (2.2)—(2.4) are then fulfilled in this
general case. From Eqgs. (2.2) and (2.3) we obtain

: 4BI°(B — 2)
o =
141282 — 228 + 11) — 12E2°
_ (B—DI4E* +1*(3 — 4B)]
B 4B -2 '
Finally, Eq. (2.4) is satisfied if

N? (3.23)

4
E? = %[34/32 — 54 + 12B1*A(B —2) +27 +2(B — 2)E].
(3.24)

where 8 = /B2(5 — 612A)2 + 28(2012A — 13) + 5. We
have thus obtained some new solutions for the field equations
of bosonic string effective action up to the first order in &’ in
the forms of classes A and B. These solutions will be useful
in studying the T-dualization of Godel string cosmologies.
We shall address this problem in Sects. 5, 6 and 7.

@ Springer

4 A short review of PL T-duality with spectators

In this section, we recall the main features of PL T-duality
transformations at the level of the o-model. For the descrip-
tion of PL T-duality, we need to introduce the Drinfeld double
group D [51], which by definition has a pair of maximally
isotropic subgroups G and G corresponding to the subalge-
bras G and G, respectively. The generators of G and G are
denoted, respectively, T, and T”, a=1,...,dimG and sat-
isfy the commutation relations

(T, Tyl = fup Ter [T, T"1= f0 T¢,

(T, T") = fb T. + fb., T€. 4.1)

The Lie algebra structure defined by (4.1) is called the Drin-
feld double D. The structure constants f€,, and f* b are sub-
ject to the Jacobi identities and the following mixed Jacobi
identities

fabcfdea = fdac Naeb"i_febafdac-+fdbafaec+feacfdab~
(4.2)

In addition, the Drinfeld double D is equipped with an invari-
ant inner product (. , .) with the following properties

(T, T?) =8, °,

(T,, T) = (T, T = 0. 4.3)

Let us now consider a d-dimensional manifold M and
some coordinates X" = (x*, ') on it, where x*, u =
1,...,dimG stand for the coordinates of Lie group G act-
ing freely from right on M and yi, i=1,...,d —dimG
are the coordinates labeling the orbit O of G in the target
space M. We note that the coordinates y’ do not participate
in the PL T-duality transformations and are therefore called
spectators [28].

Before proceeding to write the o-models let us introduce
the components of the right-invariant Maurer-Cartan forms
(g7 '0,8)" = RS = 9yx* le’, where g is an element of the
Lie group G corresponding to the Lie algebra G. For nota-
tional convenience we will also use R, = 9, y". In order to
define o -models with PL T-duality symmetry, it is convenient
to define matrices a(g), b(g) and I1(g) in the following way

¢ g=a (@7,

g ' T =b"@ T, +@"h), (T,
") =" @™, (.

gél]en, the original o-model is defined by the action [21,22,

1 . ) ) )
§= 2 fda+da_[Eah Ri RY +¢<1.>R3’_3,y1 +¢L‘(Z)B+V’Rli +¢ii3+yla—yl]

4.4)

aj

—i/da*d(f R?o(X). 4.5)

Here, we have used the standard light-cone variables on the
worldsheet, cF = (7 + o) /2 together with 0+ = 9; + 9,.
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The backgrounds appearing in this action are given in matrix
notation by [28]

1

E= (5 +1)", (4.6)
¢(1) — E E()_l F(I)’ (47)
¢®@ =F" E;VE, (4.8)

&) _1 .
¢p=F—F NEE;' F". (4.9)

The matrices (Ey, F, F (1), F (2)) are all functions of the vari-
ables y' only.

Similarly we consider another o-model for the d field
variables x" = (xH, yi), where x*, u =1,2,.. .,dimé
parameterize an element g of a Lie group G, whose dimen-
sion is, however, equal to that of G. The rest of the variables
are the same y’ used in (4.5). Accordingly, we introduce
the components of the right-invariant Maurer-Cartan forms
(& '9+8)0 = Ria = 8i)2“1§,m on the Lie group G. The
corresponding o -model has the form

- 1 ~ ~ o~
5=3 / do*do™ B Ry, R-,
+6 0 Ryoyl + 3P 0,y R, + 00y 0_y)

¢ Ry, 0-y' +¢;7 94y Ry +¢,;04y0-y

1 o
——/dcﬁda* RY&(X). (4.10)
4

The backgrounds of the dual theory are related to those of
the original one by [21,28]

E=(Eo+11)", (4.11)
¢V =EF" (4.12)
3? = _rF? E, (4.13)
~ 2) ~ (1)

b=F—F?EF", (4.14)

where IT is defined as in (4.4) by replacing untilded quantities
with tilded ones.

Notice that the duality transformation must be supple-
mented by a correction that comes from integrating out the
fields on the dual group in path integral formulation in such
a way that it can be absorbed at the one-loop level into the
transformation of the dilaton field. The correct formula of
dilaton transformation is, for the PL T-duality case, given by
[52]

@ = ¢ +log|det E| — log | det Eo| — log | deta(g),
4.15)

d = ¢" +log|det E| — log|deta(g)l, (4.16)
where ¢(O) is the dilaton that makes the original o-model
conformal (up to the one-loop order) and may depend on
both group and spectator coordinates. Accordingly, the dual
background can also be conformal at the one-loop level with

a new dilaton field obtaining from Eq. (4.16). The transfor-
mations (4.15) and (4.16) were based on a regularization of a
functional determinant in the path integral formulation of PL
duality [52] (see also [53]). PL T-duality is a canonical trans-
formation and two o -models related by PL duality are, there-
fore, equivalent at the classical level [54]. It has been shown
that [55] relations (4.15) and (4.16) only hold at the one-loop
level for both o-models admitting PL duality if the traces
of the structure constants of each Lie algebra constituting
the Drinfeld double are zero. Equivalence can hold in some
special cases but it fails in most cases. In this respect, check-
ing the equivalence by studying conformal invariance (the
vanishing of the beta-function equations) is important. But,
since after a classical canonical transformation, the equiv-
alence always holds up to first order in Planck’s constant
in the semiclassical expansion (corresponding to one-loop
order in o-model language), only the two-loop order is the
first real test of quantum equivalence of the two different
o-models related by PL T-duality [40,41]. As mentioned in
the introduction section, in the case of Abelian T-duality, the
two-loop o -model corrections were obtained by KM in [43].
There, one can find the duality transformation of the dilaton
field at two-loop level.

Let us turn into the actions (4.5) and (4.10). These actions
correspond to PL T-dual o-models [21,22]. If the group
G(G) besides having free action on the manifold M(M),
acts transitively on it, then the corresponding manifold
M(M) will be the same as the group G(G). In this case
only the first term appears in the actions (4.5) and (4.10).
The T-duality transformations are said to be Abelian [5,6] or
non-Abelian [8, 12] according to the nature of the Lie algebra
formed by the generators of the isometries. Notice that:

e If both the Lie groups G and G become the isometry
groups of the manifolds M and M, respectively, namely,
both G and G are chosen to be Abelian groups (f%,. =
f“f = 0), then we get T1(g) = I1(3) = 0, recovering thus
the standard Abelian duality. In this case, the dilaton trans-
formation (4.15) turns into ® = ¢(O). By remembering that
¢(0) makes the original model conformal at one-loop level
we obtain the final result for the dual dilaton, giving

$ =" — log| det Eq|. (4.17)

Indeed, this new dilaton field guaranties the conformality of
dual background up to the one-loop order.

e In case of non-Abelian T-duality the former represents
group of symmetries of the original o-model, while the latter
is Abelian ( f “ﬁ = 0). Furthermore, there are Drinfeld dou-
bles where both G and G are non-Abelian. In such a case the
symmetry of the original model is replaced with the so-called
PL symmetry (or generalized symmetry), and the full PL T-
duality transformation [21,22] applies. We now wish to apply

@ Springer
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the above discussions to study the Abelian T-dualization of
the Godel string cosmologies in the next section.

5 Abelian T-dualization of Godel string cosmologies

In order to study Abelian T-duality in Buscher’s construc-
tion [5,6] one starts with a manifold M with metric G,,,,
antisymmetric tensor B,,, and dilaton field ¢, and requires
the metric to admit at least one continuous Abelian isom-
etry leaving invariant the action of o-model constructed
out of (G, B, ®). As announced in the introduction, PL T-
duality proposed by Klimé&ik and Severa is a generaliza-
tion of Abelian and non-Abelian T-dualities. It was then
shown that Buscher’s duality transformations can be obtained
from the PL T-duality approach by a convenient choice of
the spectator-dependent matrices [56] (see also [38]). In
this section, we obtain all possible Abelian T-duals of the
Godel string cosmologies by using the approach of PL T-
duality in the presence of spectators. In this regard, the Lie
groups G and G acting freely on the target space manifolds
M~OxGand M ~ O x G, respectively, can be con-
sidered to be Abelian Lie groups of dimensions one, two
and three. In all cases, both structures IT(g) and I1(g) are
vanished as mentioned above.

When the dualizing is implemented by the shift of the
directions ¢, z and (¢, z) we show that the pair of the mutually
dual models can be conformally invariant at the one-loop
level, in a way that the corresponding dual dilaton field is
found by using transformation (4.17). It is shown that for
the duals obtained through the dualizing on these directions
without further corrections, we are still able to obtain two-
loop solutions. On the other hand, the dual models obtained
by the rest of the directions, ¢, (¢, ¢), (¢, z) and (t, ¢, 2),
don’t remain conformally invariant at the one-loop level; we
just check their two-loop conformal invariance conditions.

5.1 Abelian T-duality with one-dimensional Abelian Lie
group

5.1.1 Dualizing with respect to the coordinate ¢

Here we assume that target space M =~ O x G is defined
by coordinates X M (x; r, t, 7). The coordinates of orbit O
are represented by yi = (r, t, z), while x is the coordinate of
one-dimensional Abelian Lie group G = A; parameterizing
by element g = ¢*T. In order to write the original o-
model on the manifold M we need to determine the model
couplings. Let us choose the spectator-dependent matrices in
the following form

Eo,, = Cyr, =

L =(F" FY L),

11
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B o) f(rnt2)

r

Fij = _f1(r»taz) _12 F23 ’
—h0t —Fy P
FO
11
Ff) = — Fl(il) + 2]/0[2 r 5.1
f} (r7 ta Z)

where C; is a nonzero constant and

y2 = Co

RACEN V)

FO = hy(r) +/ [a,jg(r, 12) — 2Ny0]dz

+/ [lzyo(l _ 2%) + 8,0, () z)]dt,

Fl(i]) = h,(r, t)+/3tf3(r,t,z)dz,

Fyy = hy(1, 2) +/ [atfz(”, t,z) — 0. f,(r, t, Z)]dr, 5.2)

in which 4;’s and f;’s are some arbitrary functions that may
depend on some coordinates r, t and z. Henceforth, the con-
stants [E, N, / and 8 are the same ones introduced in Sect. 3.
Inserting (5.1) into Eqgs. (4.6)—(4.9) and then employing (4.5),
the original o-model on the manifold M can be derived.
Then corresponding metric and antisymmetric tensor may
be expressed as

2

d
ds? = P = dr?+ S5 4B — Dy2r? dx?=2ry, drdx+dz?),
r
(5.3)
B = fi(r,t,2)dr Adt + f,(r,t,2)dr ANdz
+Fydt Adz+ fi(r t,2)dx Adz
+FWdx ndr+ (yPr + FD)dx A dz]. (5.4)

Carrying out the coordinate transformation ¢ = y,x we see
that (5.3) is nothing but the Godel metric (3.12). Further-
more, one concludes that the field strength corresponding to
the B-field (5.4) is the same as (3.22). We note the fact that in
the context of PL T-duality, the matrix £y must be invertible.
With regard to the first relation of (5.2) the solution given by
(5.3) and (5.4) is valid for all values of B except for 1. There-
fore, the original model don’t remain conformally invariant
at one-loop level as mentioned in Sect. 3. Finally, one can
just verify the field equations (2.2)—(2.4) for the metric (5.3)
and the B-field (5.4) with a constant dilaton field.

The dual background is obtained from a o-model which
is constructed on 1 + 3-dimensional manifold M ~ O x G
where G is the same as the A Lie group. Since duality is
performed on the x, we parameterize G by the coordinate X.
Before proceeding to construct the dual background, let us
consider a simpler form of the spectator-dependent matrices
(5.1). Indeed, one may take h1 = h3 = f1 = fo =0,hy =
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QE — 1?)r, f3 = 2Nr and C, = I>(8 — 1). Imposing these
conditions on (5.1) and then utilizing Egs. (4.11)-(4.14) and
also (4.10), the metric and antisymmetric tensor field B of
the dual model can be cast in the forms

P (O

dx*  4N? )
+W+< oI D)dz
S8EN
+l—2dld
4R AN
+55-dd1 + —dxdz] (5.5)
~ .
B = dt Adx + 2Ndt A d 5.6
(,3-1)( A dF + 2Ndt A z) (5.6)

One quickly deduces that the only nonzero component of the
field strength corresponding to the B-field (5.6) is

~ 1
H =——.
Xtr 2r2(ﬂ _ 1)

Let us now clarify the spacetime structure and conformal
invariance conditions of the dual model. We see that the
dual background can’t, for the 8 # 1 case, satisfy the
field equations (2.2)—(2.4) up to zeroth order in o’ (one-
loop order). Accordingly, the dual dilaton don’t obey trans-
formation (4.17). Below, we just check the two-loop con-
formal invariance conditions of the dual background. When
N = 0, the metric (5.5) and the field strength (5.7) satisfy
the field equations (2.2)—(2.4) with a dilaton field in the form
of d = f z + b provided that the constants E, /, f ,o and B
satisfy the following relations

B2
4 2/3 -3’
7o 2B2(2A1% — 1) —2B(BAI2 —2) —

B2B —3)
Imposing conditions N = 0 and E> = /4/4 on the metric
(5.5) and then performing the coordinate transformationr —
1/r, ¥ = —I*>(B — 1)@ one concludes that it is nothing but
the Godel metric (3.12).2 This means that the model is self-

dual. Also when N = 0 we have another solution in which
relationship between the constants are given by

rap-n o, _ 6%
12 28 -5’

f* = %(1 + BBAL - 1)).

(5.7)

(5.8)

E2 =

(5.9)

In addition to the above, for the metric (5.5) and the field
strength (5.7) one verifies the field equations (2.2)—(2.4) with

2 Werecall that in the Abelian case with U (1) duality group and another
U (1) co-duality group, the target space is a one-dimensional circle; in
other words, we have here the standard R — 1/R duality [5,6].

a constant dilaton field when N differs from zero. In this way
we must have

# # 28
2 _ v 2 2_ ¢ 132 /
E —4(2ﬂ 28+ 1), N—z(ﬁ D o= 1-3p
- (B—1)?
A= 5035 (5.10)

5.1.2 Dualizing with respect to the coordinate t

In this case the coordinates of the target manifold M are
denoted by (¢; 7, ¢, z) wherein ¢ is the coordinate of the Lie
group G which the duality is performed on, while (r, ¢, z) are
the coordinate representations of the orbit O. If we choose
the coupling matrices as

0
Fyl = (0 —rQE+1) 0).F, = (r(ZIE—lz)),

0
Lo 0
Fj=1|0 (8- DI*?2Nr |,

0 —2Nr 2

(5.11)

and Egap = —I2, then using the formulae (4.6)—(4.9) and
also (4.5) one finds that the metric and field strength corre-
sponding to the original o -model take the same form as (3.12)
and (3.22), respectively. According to the results of Sect. 3,
the B = 1 case of the Godel spacetimes with E2 = [*/4
and N = 0 satisfy the one-loop beta-function equations. In
this regard, the dilaton field that makes the original o -model
conformal is found to be ® = ¢(O). However, according to
Sect. 3 since we want the total dilaton tobe ® = fz + b we
need to choose ¢ = fz + b in which f2 = —1 + 2I2A

It is then straightforward to compute the corresponding
dual spacetime. They are read

42— lzdr

4E2 4F
~2 2_ "=\ 2 .=
B dx +<ﬁl = ) do*+—rdidg,

2,2
+l7dz 2

I:Iz—idr/\ckp/\di—l—Ndr/\d(p/\dz, (5.12)

where X is the dualized coordinate of the dual manifold. We
note that the background (5.12), unlike the dual background
in the preceding case, can be even conformally invariant up to
the zeroth order in «’. For the 8 = 1 case of this background
the dual dilaton is found by using Eq. (4.17) to be & =
qb(o) — log 2. Finally we get the dilaton by remembering that

Y= fz + b which gives the final result

d = fz+b—logl. (5.13)

In addition, the case of 8 = 1 can satisfy the field equations
(2.2)—(2.4) with the same dilaton field (5.13) provided that

E’=—, N=0, f2———+212

212

for each «’. Actually, by imposing the conditions 2E = —/?
and N = 0 on the dual background (5.12) and then by making

1, (5.14)

@ Springer



68 Page 10 of 26

Eur. Phys. J. C (2021) 81:68

use of the transformation ¥ — {2, we obtain the same forms
as (3.12) and (3.17), that is, the model is self-dual.

We can also show that the dual background is conformally
invariant up to first order in ¢’ when N differs from zero. In
this way, if we consider

ol o B -1 oo 22BC=B)
T4 Too2-8 T 6B — 11844
-1 —6p* +1883 — 1882 + 7B — |

A= W( 683 — 2382 + 268 — 8 ) (.15)

then the field equations (2.2)—(2.4) for (5.12) are satisfied
with a constant dilaton.

5.1.3 Dualizing with respect to the coordinate 7

In what follows we shall dualize the Godel metrics on the
coordinate z. To this end, we choose the coupling matrices
in the following form

0
Fy = (0 —2Nr 0), F, = (ZISIr),

L 0 0
Fij=10 (B—D?* —r@*>-2E) |-
0 —r(@>+2E)  -I?

(5.16)

and Eq 45 = [2. Then, by utilizing (4.5) one obtains the back-
ground of the model in the same forms as (3.12) and (3.22).
Analogously, only the 8 = 1 case of this background with
conditions E? = [*/4 and N = 0 can satisfy the vanishing of
the one-loop beta-function equations in such a way that the
dilaton fieldis ® = ¢ = fz+binwhich f2 = —1+212A.
The corresponding dual background can be cast in the
form
27,2 2
% —1%di* + lizdxz + ((ﬂ - D+ 41&2)#
de* — ‘;—Trdmp —2rl%dtde,

H =Edr Ady A dt, (5.17)

where X is the dualized coordinate of the dual manifold. By
taking into account the conditions E = /2/2 and N = 0
one can show that under the transformation ¥ — [2z, the
background (5.17) turns into the same forms as (3.12) and
(3.17). In this situation we are faced with self-duality again.
Imposing these conditions on (5.17) and putting 8 = 1 one
shows that the dual background is conformally invariant up
to the one-loop order in a way that the dual dilaton is found
by using Eq. (4.17) tobe ® = fz + b — logl?.

In addition, we check that the background (5.17) along
with a constant dilaton satisfy the vanishing of the two-loop
beta-function equations if we have
EZ _ '3214 l4 , _(/3 + 1)[2

) N2=_9 o = S,
B+1 4 38
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A=——1_. 5.18

6I12(B+1) ( )

/}150, Ehere is an additional solution with the dilaton field

® = fI?z + b provided that
14

2812
EZ:Z(4,B—3), N=0, o= p

5—68

f? (5.19)

2 B
—Z 4 2(A2 +1).
PRRIGER

5.2 Abelian T-duality with two-dimensional Abelian Lie
group

5.2.1 Dualizing with respect to both coordinates (t, ¢)

In this subsection we shall perform the dualizing on both the
coordinates ¢ and ¢. That is, the Lie group G of the target
manifold M ~ O x G is parameterized by g = e'T1e%%2,
wherein (7}, T,) are the basis of the Abelian Lie algebra G
of G. So the coordinates of the orbit O are, in this case,
represented by (r, z). In this respect, one may choose the
background matrices in the following forms
-2 —r(2E+12)>

P s _ (00
0ab =\ rQE - 12) (B - )22 aj =\ 0 2nr )

@ (0 0 2y
Fip _<0 —2Nr>’ Fif—(’o 2]

Hence, the background of the original o-model implies the
same metric (3.12) and field strength (3.22). From Sect. 3
we know that the 8 = 1 case of metric (3.12) along with
E? = [*/4 and N = 0 can be considered as a solution for
the field equations (2.2)—(2.4) up to zeroth order in ¢’. In this
situation, the matrix Ej ,5 will no longer be invertible, hence
the model can’t be conformally invariant at one-loop order.

The corresponding elements to the dual model can be
obtained by making use of relations (5.20) and (4.11)—(4.14).
They are then read

12dr? 1 12
2 _ 22 o
@ ==+ m [(6 - 1i2as; 5]
2 2 2,0 205
+@AE? — 4N? — grhy2dZ? + ~—d, di,
r
1
2( 4~ 1
AN (dF,dz — - diydz) .
- E
A= di, Adi, Adr, (5.21)

" P2(4E2 — BI%)

where (X, X,) are the dualized coordinates of the dual mani-
fold. We have checked that there is no dilaton field to support
the conformality of the dual background (5.21) at one-loop
level. But, one can check that the dual background along with
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a constant dilaton field is conformally invariant up to the first
order in o’ provided that

ol o U=BE+28-3
4 32+7p-6
LIl
282+ B —4"
28% —6B% +38+1
BGBB —2)(2p% + B —HI*
Notice that this solution is valid for every g € (0,2/3). It
should be noted that by taking into consideration N = 0

and also condition 8 # 1 for (5.21) we see that under the
transformation

- BI* —4E? - ,
T R

1 /
r= , =12z, (5.23)
r'y/(B — D(BI* — 4E2)
the dual background turns into the same metric (3.12) and
field strength (3.17), which this is nothing but the self-duality
of the Godel metrics.

A= (5.22)

5.2.2 Dualizing with respect to both coordinates (t, 7)

When the dualizing is performed on the coordinates (¢, z), it
is more appropriate to choose the spectator-dependent matri-
ces as follows:

-2 0 ) 0 —rQRE+1%)
E‘“"’=< 0 12)’ Foj = (0 N )
@ 0 0 [ 0
Fip = <r(2E—12) 2Nr>’ Fij = <r0 B-1r22 )
(5.24)

With regard to this choice, we arrive at familiar results, i.e.,
Egs. (3.12) and (3.22). According to Sect. 3, the case of § = 1
of this background with conditions E? = [4/4 and N = 0 is
a solution for the one-loop beta-function equations in such a
way that the dilaton field is obtained tobe ® = ¢ = fz+b
in which f2 = —1 + 2I%A.

Now, one applies formulae (4.11)—(4.14) and (5.24) to
obtain the dual background in the following form

1?dr? 1
=2 +—[—di12+di22—(4E2—4N2—,314)
r

~2
ds B
r2dg? + 4r(Ed5,dg — Ndizdw)],

~ 1

H = —Edil ANdr Ade. (5.25)
Analogously, (X,, X,) are the dualized coordinates. One can
check that only a particular case of the dual background is
conformally invariant up to the one-loop order, giving

1?dr?

di? = — 12dt* + 17dZ? — 2r1%did,

- 2
H = _Edt Adr Ade,

® = fz+b—logl, (5.26)
where f2 = —1 + 21>A. We have used the transformation
X, — I’t, ¥, — I’z,and have put = 1, E = —1?/2 and

N = 0; moreover, the dual dilaton have been obtained by
using (4.17).

In addition, a constant dilaton field guaranties the confor-
mal invariance of the dual background (5.25) up to the first
order in o’ if the constants E, N, [, 8, A and o’ satisfy the
following relations

4 24B17
E?=21* N°=_—(©-78+50), o = ——— |
20 @7 TFHI0. @ = e
- —59B82 4 (236 + 50 200 — 110
A= 2P+ Q36+50)8 + , (5.27)

24B12(0© — 7B + 20)

where ® = /B2 — 168 + 100.

5.2.3 Dualizing with respect to both coordinates (¢, z)

It is also possible to perform the dualizing on both the coor-
dinates ¢ and z. So the coordinates of orbit O are chosen to
be (¢, r). In this way, both the Godel metrics (3.12) and field
strength (3.22) may be yielded from the original o-model if
one considers

oo (1P - PO _ (0 0
0ab = \onr (122 ) T4l T\0 rQE-%) )
©)] 0 0 % 0
Fib - (0 —r(2E+12)> > Fij = ('i) _12 . (528)

The one-loop conformal invariance conditions of the Godel
metrics require that we have § = 1, E? = [*/4 and N = 0.
In this situation the Ej is singular. Thus, when the dualizing
is implemented by the shift of directions (¢, z), the pair of
the mutually dual models can’t be conformally invariant at
one-loop level.

Similar to the preceding cases one obtains the correspond-
ing dual o-model. If the dualized coordinates are considered
to be (x,, X,), then we have

12dr? 1 12
2 Cn2ge2
a5 = =t T T [(8 = DPdE] + —5d
E
FAE? — AN? — BIYY2de® — 412 (NdF, dr — 7di2dr)]
A : <l4d AdF, Adt — Ndr A di Ad*)
= —dr ANdX — Ndr A dx X, ).
,.2[4N2 +(B8— 1)14] 2 2 1 2

(5.29)

It’s worth mentioning that under the transformation X, =
127, %, =¢, r=1/((B—DI*"), t = —t', the background
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(5.29) can be reduced to the Godel metrics (3.12) and field
strength (3.17); of course when we put N = 0 and E = 1%/2.

5.3 Abelian T-duality with three-dimensional Abelian Lie
group

There is a possibility that we can perform the dualizing on the
coordinates x* = (z, t, ). In fact, these are the coordinates
of the Abelian Lie group of the target space. Choosing the
appropriate spectator-dependent matrices in the forms

2 0 —2Nr
Eoap=1| O -2 —(*+2B)r |,
ONr —(12 = 2E)r (B — 1)I%r2
(1) 12
F,; =0, F, =0, Fyj ==, (5.30)
r

one gets the coupling matrices of the original o -model. Then,
by making use of (4.5) the metric and field strength of the
model are obtained to be of the same forms as (3.12) and
(3.22), respectively. Because of the invertibility of the matrix
Eo, we can’t accept the values = 1, E2 = [*/4and N =0
for Ey. Accordingly, the original o-model doesn’t satisfy the
one-loop beta-function equations.
The dual background can be cast in the form

2 1 4R?
di? = dr® - (617 = = )as?
r2 4(E2 NZ) ﬂl4 1
4N? 12 ., 8EN _ _
~(-12+ —)d + 5d%] + —5-di,dF,
202
_de2d‘x3:|’
1

aoft
|

_ r2(4(E2 - ,314> []Edr AdF, AdF

+Ndr A dF, A dF, | (5.31)

where (X, X,, X,) are the dualized coordinates. One can eas-
ily check that the dual background is not also conformally
invariant up to the one-loop order. It is quite interesting to
comment on the B = 1/2 case of the background (5.31).
For this case, one can easily show that the field equations
(2.2)—(2.4) are satisfied with a constant dilaton provided that

I 3
e

(5.32)

o =417,

Putting N = 0 in both the metric and corresponding B-field
of the background (5.31) and then utilizing the transforma-
tion

T
, —

@ Springer

=@ —amy, r=

the dual background turns into the same metric (3.12) and
field strength (3.17).

In summary, we obtained seven Abelian duals for the
Godel spacetimes and showed that they were self-dual when
N went to zero, and in some instances, one must consider
E = [?/2. The results of this section are clearly summarized
in Table 1. There, we have shown the backgrounds solving
the one-loop equations, and solve also the two-loop equations
without o’-corrections.

Before closing this section, we note the fact that our
Abelian dual models were obtained by the PL T-duality trans-
formations at the classical level. The PL T-duality trans-
formations are valid only at the one-loop level. Our results
showed that by applying the rules of Abelian T-duality with-
out further corrections, we were still able to obtain two-loop
solutions.

(5.33)

6 Abelian T-duality of Godel string cosmologies up to
a’-corrections

In this section, we study the Abelian T-duality of Godel
string cosmologies up to a’-corrections when the dualizing
is implemented by the shift of directions z and ¢. To this end,
we use the T-duality rules at two-loop order derived by KM
[43]. Before proceeding further, let us review the o’ -corrected
T-duality rules of KM.

6.1 The o'-corrections from T-duality rules at two-loop

As mentioned in the introduction section, the authors of Ref.
[43] had obtained the two-loop o-model corrections to the
T-duality map in string theory by using the effective action
approach. They had found the explicit form for the O(a’)
modifications of the lowest order duality transformations by
focusing on backgrounds that have a single Abelian isometry.
Recently, it has been shown that [57] using the a’-corrected
T-duality rules of [43] one can obtain explicit o’-corrections
for Yang—Baxter deformed models. In fact, it has been argued
that (homogeneous) Yang—Baxter deformed string o -models
that are conformal at one loop remain conformal at two loops.
Similar to Ref. [57] we follow [43] and choose the reduced
metric g,,,, antisymmetric field b,,, and dilaton @ of the d-
dimensional spacetime, respectively, according to

ds? =G, dX"dX" = gudx"dx’

+e% (dx + V,dx")?, 6.1)
1 1
B = EBMNdXM AndX' = S budxt A dx”
1
5 Wi Vodic! Adx” + Wydx' A dax, 6.2)
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D =¢+ %o, 6.3)
where the field V,, is the standard Kaluza—Klein gauge field
coupling to the momentum modes of the theory, and W, is
the other gauge field, which couples to the winding modes.
Here we assume that the isometry we want to dualize is sim-
ply implemented by a shift of a coordinate, that we denote by
x. We have also introduced the scalars o and ¢A> In compo-
nents, the relations to identify the fields of the dimensional
reduction are

GuxGox GxfuBux

8uv = G,uv - G ’ b,uv = B;w + %, (64)
xXx xXx
G
V, = G”, W, = By, (6.5)
XX
1
o= > log Gyx. (6.6)

In order to apply the T-duality rules of KM to our purpose, we
will therefore first need to implement the field redefinitions
to go from Hull and Townsend (HT) scheme? [48] to that of
KM. This work has been done in [57]. The field redefinitions
that we will use are

(HT) _(KM) , I 5

G, =G, t« (RMN — 2HMN> 6.7)
(HT) &My

By =By +a (<Hyy, V' @), 6.8)

(HT) (K M) , 3 5
P = ——H
+o < 0 +

1
R (V) ) . (6.9

Thus, the two-loop T-duality transformation equations in the
KM scheme are given by [43]

!
5 =—0+ o/[(w)2 + g(ez”z 4 e*ZC’T)], (6.10)
. 1
V= Wy +a' [ W Vo + ZhWV”ﬂez"], ©6.11)
~ 1
Wy =V, + o/[V,wV”a - thww’e—%], (6.12)
Euv =bu + O‘/[Vp[u Wﬁ] + (W[lva‘7
1
+Z"20h[upkvm> Vi
1
(Vo V70 = 2 hyp W)W (613)

These transformations are written using the following defi-
nitions

W = 0,Wy, — 0, Wy, (6.14)
V;w = au Vi — 0y V;u (6.15)
hyvp = Hyvp — 3Wpw V. (6.16)

3 Notice that here we use the two-loop beta-function equations of the
HT scheme which were used in [57].

@ Springer

In addition,
Zv = Vyp va’
Ty = Wyp w7,

zZ=27}
T K
T =T/

6.17)
(6.18)

All the lowering and raising of the indices will be done with
respect to the reduced metric g .

6.1.1 Abelian T-duality with respect to the z coordinate up
to a’-corrections

In Sect. 3 we showed that the 8 = 1 case of the Godel
spacetimes with field strength H, , = = [?/2 and a constant
dilaton field satisfy the beta-function equations up to the first
order in o’ s0 that the relation between constants A, [ and o’
may be expressed as A = 1/21% 4+ «'/(41*). Here we use the
conditions for two-loop conformal invariance of the bosonic
string o -model in the HT scheme which were used in [57]. In
the HT scheme, the aforementioned solution can be written

as4
(HT) lzd 2
ds* = —1%di* + —— — 271> didy + 12dZ?,
D _ PRdr A dr A d(p,
(HT) b
P ==, (6.19)

2

One can use the field redefinitions in Egs. (6.7)—(6.9) to write
the above solution in the KM scheme, expressing

(K M) ld2
ds® —1Pdt* + —— —2r1? didg + 12dZ?
d
( Sdi? = 55 +r drdy),
KM) o
H =["dt ANdr ANd,
(K M) b 3,

Notice that the isometry we want to dualize is that the
shift of the z coordinate, i.e., x = z. Comparing (6.20)
with Egs. (6.1)—(6.3) or using (6.4)-(6.6) one concludes
that all components of V, and W, are zero; consequently,

V;w =0, W;w =0,Z =0and T = 0. Furthermore,
1 . 1
o = 5 Inl2, p=a"" _ : Inl2. (6.21)

Applying these results to the two-loop T-duality transforma-
tion Egs. (6.10)—(6.13) one can get the dual solution in the
KM scheme. Finally, by employing field redefinitions in Egs.
(6.7)—(6.9) we can write the dual solution in the HT scheme,
giving

~ oW 12

2
ds = —1%dt* + —— —2r1* dtdg + 7 dx

4 To go from our conventions to those of the HT [57] one can send
/2> """ and2H - H"".
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A" = 2dt ndr Adg,

o b L (6.22)
= — — —10 . .
2 2%

It should be noted that utilizing the transformation ¥ — [z
and shifting 2 — £ + 1 log /2, the dual solution (6.22) turns
into the original one. Hence, we have shown that the Abelian
T-duals generated by Godel spacetimes at two-loop order are
self-dual.

6.1.2 Abelian T-duality with respect to the t coordinate up
to a’-corrections

Another solution for the two-loop beta-function equations
in the HT scheme including the § = 1 case of the Godel
spacetimes with a non-constant dilaton field is given by

(HT) lZd 2
ds? =~ + =5 —2r® didy + 12dZ,
r
M0 _12dr Adr Adg,
(HT) /
d =az —oa ——, 6.23
IR TFTE 029
where 4a%> = —1+21% A. In what follows we want to perform

the dualizing on the time coordinate. Since Gy = Gy is
negative, we are faced with a timelike case. In principle, the
rules of T-duality are derived assuming that the coordinate
to be dualized is spacelike. Formally, we can achieve that
in the timelike case if we first do the analytic continuation
t — it’, apply T-duality as usual and then go back doing
t'" — —it. If one just looks at the NS-NS sector (metric, B-
field, dilaton), this is equivalent to applying the rules without
the analytic continuation, i.e. with G, negative. The result
that he obtains is the same. In the type /] string theory case,
the story is more subtle. As argued in [58], the timelike T-
duals of the /1 A and I I B string theories are new theories that
referred to asthe /1 B* and I I A* string theories, respectively.

However, by using the Wick rotations ¢ — i’ and ¢ —
i¢' the solution (6.23) is written as

(HT) lzd 2
ds? =1’ + r—; 22 didy + 12d22,
H"" = 2dr ndr ndy,
D _ gz — o == (6.24)
- 16al? '

Accordingly, the isometry we want to dualize is spacelike.
That is the shift of the ¢’ coordinate, i.e., x = t’. By using
the field redefinitions in Eqgs. (6.7)—(6.9) one can write the
solution (6.24) in the KM scheme, giving

2 4.2 12dr? 2 4.0 242
=[°dt +—2+27'l dt'de’ +1°dz
r

(K M)

ds?

1, dr?
/ / 11
—o (zdl‘ +ﬁ+rdld¢),

H" =12 at Adr Ady,
(K M) 8a3 —6a — 7 ,
= - - 6.25
az+ ( 16al? ) (625

Comparing (6.25) with Eqgs (6.1)—(6.3) or using (6.4)—(6.6)
one obtains that only the nonzero components of V, and W,
are

V,=r

14

W, = ri2. (6.26)

In addition,

(K M) 1 2 o 1 2 1, n
o zzlog(l —E)zzlogl —@a + O(@™),

P

ww Lo 1, ”
—Zlogl +ma + O@@™).

é (6.27)
Using the above results, Z, T, h Jop and only the nonzero
components of V. and W _ are derived to be

v v

7= _2(1_2\7 T— o(1- %"
=—a(l-32) - =-2(1-35)

h =0, V,6 =1, W, =% (6.28)

nvp re re

/

In order to calculate the dual background up to «’-corrections
one can substitute Egs. (6.26)—(6.28) into the two-loop T-
duality transformation Eqs. (6.10)—(6.13). Thus, using Egs.
(6.1)—(6.3), the dual solution is obtained in the KM scheme
to be of the form

_ o (KM) 1 12d 2
ds’ = —di + —a— +2r didg + 12dZ>
12 ,.2
1 dr? r
/ ~2 ~ /
o (gt + 3 + p 4Edy),
75" —ax Adr Ady,
~ (KM) 1 2 8613 —661_Z ’
) = ——log! (—) . 6.29
gl tazt (=g —)«.  ©29

Finally, one can apply Egs. (6.7)—(6.9) to write the dual solu-
tion (6.29) in the HT scheme. It is then read

_ 5 HD) 1 l2d 2
ds’ = —di® + —— +2r didy' + 1%dZ?,
12 ,,2
~ (HT) - ,
=dx ndr ndy',
= (HT) 1 2 z
® = ——logl — . 6.30
> ogl”+az 16(1[201 ( )

As shown we used the Wick rotations ¢ — it’ and ¢ — i¢/,
then, applied the rules of T-duality as usual in order to obtain
the dual solution at two-loop order. Now, one can go back
doing the analytic continuation ¥ — —it and ¢’ — —ig.
We represent the results of Abelian T-duality of the Godel
string cosmologies up to a’-corrections in Table 2.
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7 Non-Abelian T-dualization of Godel string
cosmologies

We now wish to apply the formulation of Sect. 4 in order to
study the non-Abelian T-dualization of the Godel spacetimes.
In this section, we explicitly construct some of the PL T-dual
o-models on 2 + 2- and 3 4 1-dimensional target manifolds.
In any case, the metrics of the original o-models represent the
Godel spacetimes. From the analysis of Sect. 3, it is followed
that the backgrounds of the models are conformally invariant
up to two-loop order such that they satisfy Eqgs. (2.2)—-(2.4).
We clarify the corresponding dual spacetimes structure, as
well as the conformal invariance conditions of them. In a
particular case of the models, we study the PL self-duality of
AdS3 x R space.

7.1 Non-Abelian T-duality from a 2 + 2-dimensional
manifold with the A; Lie group

As discussed in Ref. [39], the 2 + 2-dimensional manifold
M ~ O x G with two-dimensional real non-Abelian Lie
group G = A; is wealthy. We shall obtain the Godel space-
times from a T-dualizable o-model constructed out of the
2 + 2-dimensional manifold M ~ O x G where G acts
freely on M, while O is the orbit of G in M. In this way,
the non-Abelian T-duality of the Godel spacetimes is studied
here. The dual Lie group G acting freely on the dual manifold
M ~ O x G is considered to be two-dimensional Abelian
Lie group 2A;. The Lie algebras of the Lie groups G and
G are denoted by A, and 2.4, respectively. As mentioned
in Sect. 4, having Drinfeld doubles one can construct PL T-
dual o-models on them. The four-dimensional Lie algebra
of the Drinfeld double (A, 2.4,) is defined by the following
nonzero commutation relations:

(T, 2] = T, [Ty, T*1=-T2 [I», T*1=T",
(7.1)

where (T}, T»>) and (T, T?) are the basis of A, and 2.4,
respectively.

In order to write the action of the o -models (4.5) and (4.10)
on the 2 + 2-dimensional manifolds M and M we need
to calculate the components of the right-invariant Maurer-
Cartan forms R§ and Ry, on the Lie groups A, and 24,
respectively. To this end, we parametrize elements of the A,
and 2A; as
g — e)CIT] 6)62T27 ~ )E]fl X, TZ (7.2)
where (x,, x,) and (X,, X,) stand for the coordinates of the
Lie groups A, and 2A1, respectively. R’s and R4, ’s are
then obtained to be of the forms
(7.3)

Rli = 01X, Ri = "1 d1x,,

féi] = 04X, Riz = 04X,. (7.4)

For our purpose it is also necessary to compute the matri-
ces n” (g) and I:Iab (g). Using Egs. (7.1) and (7.2) and also
applying Eq. (4.4) for both the Lie groups A and 2A;, we
get
@ = o fi,@=(2 " (7.5)
8 = ’ aw'\8) = iz 0 . .
Let us now choose the spectator-dependent background
matrices as

2 0 M 0 0
Eoar = (0 12(,3—1)>’ Faj _<2E—12 2N>’
e 0 —QE+1? —1% 0
)=< ( )), Fi]:( . 12>'(7'6)

Fi 0 —2N
Inserting (7.6) into Egs. (4.6)—(4.9) and then utilizing formu-
las (7.3) and (7.5) together with (4.5), the original o-model
is worked out to be

1
S = E/da"'da_ [128+x18_x1 +12(8 — 1)e* 04 x,0-x,

+QE — 1%)e194.x,0_y,
—QE + 12)ex1 04y, 0—x, + 2Ne™1 (04:x,0—y, — 04y,0—x,)

1 _ @
—l23+y18_y1 +l28+y28_y2] - E/dcr"'dcr R ®(X),
7.7)

where y! = (y,, y,) are the coordinates of the orbit O of G
in manifold M. To be more specific, we use the coordinate
transformation

fl=r, x,=¢, y =t Y, = 2. (7.8)

Then, by identifying the action (7.7) with the o-model of the
form (2.1), the corresponding line element and antisymmetric
tensor can be, respectively, cast in the forms

d 2
ds? = 12[ —dr? + o (B — 1)r? de? —2r dide + dzz],
r
(7.9)

B =2Erdep ANdt +2Nrdop A dz. (7.10)

The line element (7.9) is nothing but the Godel metric (3.12),
and the field strength corresponding to the B-field (7.10) is
easily obtained to be the same form as (3.22). Because of the
invertibility of the matrix Ey, the parameter 8 must be here
considered to be different from one. Accordingly, the model
(7.7) will not be conformally invariant at one-loop level. As
discussed in Sect. 3 (class B of solutions), the metric (7.9)
and field strength (3.22) together with a constant dilaton field
satisfy the two-loop beta-function Egs. (2.2)—(2.4).

In order to construct the dual o-model corresponding to
the model (7.7) we use the action (4.10). The dual coupling

@ Springer



68 Page 20 of 26

Eur. Phys. J. C (2021) 81:68

matrices can be obtained by inserting (7.5) and (7.6) into
(4.11)—(4.14). They are then read

2 ~
Eabzi(l (ﬂ~—1>3;22)’

A —X,
2
([ - k()| 2R R+ 2
i 2N2 4N? ’
’ Wor-r)  P(1+42)

5" 1 ((QE - 1*)%, 2N%,
J QE — %12 2N )

A
ot 1 (—QE+1%)F, QE+1%)0?
?i =2 < —2N¥, N2 ) (.10

where A = )Zzz + (B — DI~ Finally, one can write down the
action of dual o-model in the following form

S| 4R — 4
_ Y oy B
S_2/do do { 1(1 - )a+ta,r
4N?
2 —
+ (1+ R )3+z8_z

1
+Z[12(,3 1)L 0%, +12045,0_%,
5, (0, %,0_%, — 04%,0_%,)

+2NX, (34.%,0_7 — 84 20_%,)
+2NI%(04%,0_7 + 0420_%,)

+QE — 1%)(%,04 %,0_t

+1%0, %,0 1t 4+ 2NI?9,z0_1)

+QE + 1%)(—%,0,10_F,

H20,10_%, + 2N123+t8_z)]}

1 o
——/da+da— R7 &(X). (7.12)
4

Comparing the above action with the o-model action of the
form (2.1), the line element and the tensor field B take the
following forms

L 1 N N
45 = <[ = PG+ it = 4Ear® + (5] + (B — DI
+AN?)dZ? + 12 — 1)di?
+I2dE} — 20%%,d%, dt + 4BI*d%,dt 4+ ANI*d5,dz

+8EN12dzdt], (7.13)

o
Il

1
< [izdil A dZ, + 2EX,d%, A dt + 2N%,d%, A dz

—14d%, A dt — 2NI*dz A dt]. (7.14)

In order to enhance and clarify the structure of the dual space-
time, we can test whether there are true singularities by cal-
culating the scalar curvature, which is

1

> _ - _ ~4 201
R= o (1= 4p)% + (421 - 208)
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1208 — )(I* + 4O]E2)))222
—32EX4(B — 1)> + 4N 14 (B — 1)(1 + 8B)
1188 — D2(1 + 4,8)].

As itis seen from the formulas (7.13) and (7.15), the regions
%, = +I?\/(T — B) are true curvature singularities. There-
fore, the dual metric has true singularities for the range
0 < B < 1. The results indicate that the dual spacetime
corresponding to the Godel metrics allowing CTC’s has true
singularities, because the metric (3.12) allows CTC’s for the
range 0 < B < 1 as mentioned in Sect. 3.

In order to investigate the conformal invariance conditions
of the dual model up to the first order in o/, we look at the
two-loop beta-function equations. Before proceeding to this,
one easily gets that the field strength corresponding to the
B-field (7.14) is

(7.15)

A= é[E(f — (B — DI*)dE, AdF, Adt

+N(&] — (B — DIY)d%, AdF, Adz

—ONI*F,d%, Adi Adz]. (7.16)

Now by solving the field equations (2.2)—(2.4) for the metric
(7.13) and the field strength (7.16) one concludes that there
is no suitable dilaton field to satisfy these equations. In the
next subsection, we study the non-Abelian T-duality of the
Godel spacetimes by constructing a pair of the mutually dual
o-models on 3 4 1-dimensional manifolds with the A, @ A;
and 3A; Lie groups. It is then shown the T-dual o-models
that are conformal at one-loop remain conformal at two-loop.

7.2 Non-Abelian T-duality from a 3 4 1-dimensional
manifold with the A, @ A; Lie group

There is a possibility that we can also get the Godel space-
times from a T-dualizable o-model constructing on a 3 + 1-
dimensional manifold M ~ O x G, in which G is three-
dimensional decomposable Lie group A, @ A1° acting freely
on M, while the orbit O is, here, a one-dimensional space
with time coordinate y/ = {r}. The dual model is con-
structed on manifold M ~ O x é, where G is three-
dimensional Abelian Lie group 3A;. The Lie algebra of the
semi-Abelian double (A; @ Aj, 3.4;) is generated by the
generators (7, T“) with the following Lie brackets [59-61]
(71, T =Ty, [T, T1=-T% [Ty, T*]=T",
(7', 1=o0, [73, 1=0.

[T3,.] =0,
(7.17)

Taking a convenient element of the Lie group A, & A,

YT I, (7.18)

1 ¢l

2 '3

§=¢€

5 Notice that the Lie algebra Ay @ A; of the Lie group A, @ Aj is
isomorphic to the Lie algebra of Bianchi type III.
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where (x;, x,, x,) stand for the coordinates of A> & Aj,
we immediately find that RL. = d1x,, R = ¢"191x, and
Ri = 0+x,. In addition, we parameterize the Lie group 3A;
with coordinates (X, , X,, X;) so that its element is defined as
in (7.18) by replacing untilded quantities with tilded ones.
Hence, using (4.4) with and without tilded quantities we
obtain

2

. 0 —%,0
I (g) =0, n,g =% 0 0. (7.19)
0 0 0

The coupling matrices of the original o-model are, here,
obtained by considering the spectator-dependent background
matrices

? s 0 N 0
Eoap = | —s (B—DI*2N |, F,; = [ 2E-1* ],
0 —2N [? 0

Fy = (0 —QE+12) 0), (7.20)

and Fj; = —I? for some constant s. Inserting (7.19) and
(7.20) into Egs. (4.6)—(4.9), and using (4.5), then we obtain
the original o-model in the following form

1
S = E/dﬁda* [Po.x,0-x,
H2(B — 1)e* 1 04xy0_x, + 2E — 17)e*1 84.x,0_t
—QE 4 1%)e™184.10_x, + 2Ne™1 (34x,0_x; — d4x,0_x,)
20410t + 120330y + 5" (03, 02, — D45, 0-x))]
1 2
—f/dﬁdo* R )<I>(X). (7.21)
TT

Utilizing the coordinate transformation e*1
¢, x; = z, the metric of the model becomes the same as
the Godel metric (3.12), and B-field is given by

= r’xz =

B =2Erdp Adt +2Nrdp Adz + sdr Ade, (7.22)
such that the corresponding field strength takes the same form
as (3.22). One can check that only the case of 8 = 1 of
the model (7.21) with conditions E* = /4/4 and N = 0 is
conformally invariant up to zeroth order in «’. The dilaton
filed that makes the model conformal is obtained by using
equation (4.15)tobe & = ¢(0) +x = ¢(O) + log r such that
qﬁ(o) must be ¢><O) = fz —logr + b. Finally we get
® = fz+b, (7.23)
where f2 = —1 + 2I%A.

In order to obtain the dual o-model for (7.21), we use the
action (4.10). The dual coupling matrices can be obtained
by inserting (7.19) and (7.20) into (4.11)—(4.14). Finally, the
dual background is read

I
52 = Z{ — P[5 — 52 + BI* + 4N — ED)]dr?

1 5 . 1 _
—|—l—2[4N2 + 148 — D]dF? +1%dx; + l—z[(s —%,)?
+4(B — D)]di? — ANIPd,dt + AEI*d%,dt

4
+202(5 — %y)dF,di + 75N — £)dF,dF, L

(7.24)
.1
B= Z{(;zz — $)dF, Ad, + 2B, — s)dF, Adt
—ONdF, A dF, — [*d%, A dt + AENdF, A d;},
(7.25)

where A = (s — £,)? +4N2 4 (8 — 1)I*. One immediately
gets that the only nonzero components of the field strength
corresponding to the B-field (7.25) are

s — 1) —4N% = (8 — D],

H. . ==
Al,\zt Az
i 4EN(s — X
;2;;,=—(f ), (7.26)
3 A2

Before proceeding to investigate the conformal invariance
conditions of the dual background, let us enhance and clarify
the structure of the dual spacetime. Similar to the original
model we impose the conditions 8 = 1, E*> = [*/4 and
N = 0 on the dual solution (Egs. (7.24) and (7.25)), then by
shifting X, to X, 4+ s we get

- NS BEP C) LI 2
dS = _l dt + 7dx3 =+ Tzd.xz — T(dxldl — dezd[),
[ x5 X, X,
(7.27)
S P "o
B= T[dx, Adi, +12d7, Adt — —dF, /\dt]. (7.28)
X R

Here we have used E = /2/2. To have a better understand-
ing of the structure of metric (7.27), we use the coordinate
transformation

2 ~ 1 ~ 2
X, = —1l"Inr+o, X = x;=10z. (7.29)
Accordingly, the metric (7.27) turns into the case of § = 1
of the Gédel metric (3.12).° This particular case of the dual
solution is conformally invariant up to the one-loop order
with anew dilaton field which is obtained by using Eqgs. (4.16)

and (7.23), giving
® = fi,+b= fl>z+b.
where f2 = (2/2A — 1)/1*. 1t should be noted that the dual

background given by Egs. (7.27) and (7.28) is also confor-
mally invariant up to two-loop order with the same dilaton

(7.30)

6 Notice that the Godel metric (3.12) with the condition B = 1 repre-
sents the AdS3 x R space locally as shown in Eq. (3.15).
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filed (7.30). After performing the transformation (7.29) on
the B-field (7.28), the only nonzero component of the cor-
responding field strength becomes ﬁrr o = 1% /2. This result
is in agreement with the case (1) of the solutions of class
A. Thus, we showed that the AdS3 x R space does remain
invariant under the non-Abelian T-duality transformation,
that is, the model is PL self-dual. If one uses the conditions
B=1, N=0andE = -2 /2, then, they will obtain similar
results.

7.3 Non-Abelian T-duality from a 3 4 1-dimensional
manifold with the SL(2, R) Lie group

In the preceding subsection, we studied the non-Abelian
T-duality of the Gddel spacetimes by applying the 3 + 1-
dimensional manifold M ~ O x G with G = A, @ A;.
In addition, we can only derive the case of § = 1 of the
Godel metrics from a 3 + 1-dimensional manifold with the
SL(2,R) Lie group and then obtain the corresponding dual
spacetime. In this way, the pair of the mutually dual models
are constructed on semi-Abelian double (s/(2, R), 3.4). The
Lie algebra of double (s/(2, R), 3.4) is defined by nonzero
Lie brackets as [59-61],

[T\, 2] = T, [T1,T31=~Ts, [, T51=2T1, [T\, T°1=-T2
[, T3 =13, [, T1==2T3 (1, TA=T', 13, T}|=-T",
[T3, T = —2T2. (7.31)

where (T1, 1>, T3) and (7~”1, f2, T3) are the basis of the Lie
algebras s/(2, R) and 3.4, respectively. We note that the dou-
ble (s/(2, R), 3.4;) has the vanishing trace in the adjoint rep-
resentations. In such a situation, at the one-loop level a con-
formally invariant o -model leads, under the PL duality, to a
dual theory with the same property [55]. Now we parametrize
an element of SL(2, R) as

g = e T iy (7.32)

where (x,, x,, x;) are the coordinates of SL(2, R). Then one
gets the corresponding one-forms components in the follow-
ing way

RL = 8ix, +2¢M1x,04x;,

2 2 ,—
Ry = —x,04x, + 01X, — x,"€¢ "1941x,,

Ry = e 1dpx,. (7.33)

Since the dual Lie group is considered to be Abelian, hence,
by using (4.4) and (7.31) it is followed that I1(g) = 0. Using
the above results and also choosing the spectator-dependent
matrices in the form

2 o o
Eoap=10 0 §+1E ;
05-E o0
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) 2
. = O’ F.

1

F

aj = 0,

Fij=1% (7.34)
we obtain the background of the original o-model. It is given
by

1
ds? = lz(delz + e M1dx,dx, +dz?), (7.35)

B =Ee ™1 (— x,dx, Adx, +dx, Adx,), (7.36)

where z stands for the coordinate of the orbit O of G. The
metric (7.35) can be written as ds? = dsids +12dz?. In order
to get more insight of this metric one may3use the following
transformation

X 1
e = —, X, =

= —(t —x), x, = —1(t +x),
p l ’

(7.37)

then, the metric becomes the same as the AdS3 x R space
given by (3.15). As explained in Sect. 3, the metric (3.15)
is locally equivalent to the case of B = 1 of the Godel met-
ric (3.12). In addition, one easily gets that the field strength
corresponding to the B-field (7.36) is zero. We have checked
that the metric constructed on the double (s/(2, R), 3.4)
with a vanishing field strength can’t be conformally invari-
ant up to the one-loop order. Therefore, according to Ref.
[55] we don’t expect to have a conformally invariant dual
theory at one-loop level. One immediately verifies the field
equations (2.2)—(2.4) for the metric (7.35)” and vanishing
field strength together with the dilaton field ® = fz + b for
which f 2 — 212 A —3: moreover, to satisfy the field equations
we must have a coupling constant in the form of o’ = 2.

In the same way, to construct out the dual o-model on the
manifold M ~ O x G with the Lie group 3A| we parameter-
ize the corresponding Lie group with coordinates (X, X, , ;)
so that its element is defined as (7.32) by replacing untilded
quantities with tilded ones. Utilizing the relation (7.31) and
also (4.4) for tilded quantities we get

0 —x, x,
n,(g = x, 0 —2x,
—Xx; 2x, O

(7.38)

Finally, by using (4.10) the metric and B-field of the dual
model take the following forms

4
di? = 1%d? + T[lz(a';z’2
A

1

+d%,dF, ) — %(zxgdi; + d(i2i3))2], (7.39)

7 Considering z as the time coordinate in (7.35) one obtains an
anisotropic homogeneous spacetime based on the SL(2, R) Lie group
so that it is a solution for two-loop beta-function equations. Recently,
the two-loop beta-function equations with dilaton and B-field on the
anisotropic homogeneous spacetimes of the Bianchi-type have been
investigated [62].



Page 23 of 26 68

Eur. Phys. J. C (2021) 81:68

€= VIl = N.\.
1=

Il
W

_Nm.|

Ele

(X + 091 — 41

Il
<

%52 Apx+p v xpE—apv w%&m =g

- ,FA@N% + H%vam — (xpTap+ %@Lw + 2Pyl = 5P

9+:/ =9
(xpv ixp+ xpv 'xpix =), _og=g

punoidyoeq ren

[P+ xppi,_o+ _R%ﬂt = _Sp puno1gyoeq [pUISHQO

uonnjos doo[-omj ay) 10§ SUONIPUO))

uonnjos doo[-auo 2y} 10J SUONIPUOD)

dnoi3 ar (] ‘7) 7S o PIm AN[enp-L UeI[aqy-UON

S+ e &
PP ‘ vl —
0=N 7=y =/

T=w@ =4

g _
F=via+tDe= S

on o 95 _
0=N Jc ™

¢ v —
=g,

a+%f =90
wNA—\Qv+sz+NANR\hv”<

,Tm v XPNAY + 1PV Pyl — xp Vv XPNT
—ap v 'xp(s = OHT+ wp v xp(s — N@m =g
ﬁ ap'xp(x — NG +p'xp(x

— $) [T+ P + 1P XN — 2P[(1— @)yl
+ = )& + xpyr + xp[(1 = Dyl + NP L

v
+ N%TNMTszitnj@L;NTT =5

9+ %[ =09
(xpv xpS + xpv PN+ PV XpE) 1,07 = g

punoigyoeq enq

[expiprog — xp 121 — @) + xp+ 'xp + ap — |1 = ;sp punoiSyoeq [pu1Sto

uonnjos doo[-om} 2y} 10J SUOHIPUO))

uonnjos doo[-auo 2y} I0J SUONIPUOD)

dnoig or ly @ Ty oy s Ajifenp-[, ueroqy-uoN

(¥T'¢) pue (€T°¢) sby ur uoaid
SUOLIPUOD Y} Yiim | #

JI—+x=v
T@ V IPLINT — PV Xpyl—2p

v 'XptNT +ip Vv XpSYdT + p v _%ﬁm =g

TE“NNZ% +2P%XP INY + 1P XP 1Y

FIP" XD 1T~ XD 1+ XP(1— ) 1+ 2P (Nb+,1(1
— )+ X) 1+ P — 419 + )4l — ﬁ = _sp
1#d 9=

(Cpv xpN+ 'Cpv apH) ot =g

punoigdyoeq [enq

~[xp'apiog = xp 21 — ) + 'xp + p + 'Cp — |1 = _sp punoiSyoeq [puiSuo

uonnjos doo[-om) 2y} I0J SUONIPUOD)

uonnjos doo[-ouo ay) 10J SUOHIPUOD)

dnoig a1 Ty oy Y Ajpenp-J, uBIRqY-UON

SUOT)OALIOD INOYIM SIAITO[OWS0d SuLns [opon) dy) Jo AJfenp-T, UBI[dqQY-UON € d[qRL

pringer

As



68 Page 24 of 26

Eur. Phys. J. C (2021) 81:68

.8
B= Z[x3d;z; NdE, = B dE] A dE, + FdF, A dF,
(7.40)

where A = 1* — 16(¥? + &,%;) and X = E/2 — X,. For
the B-field there is only a nonzero component of the field
strength, obtaining

4
= ?[314 — 16(7 + i,%,)]. (7.41)

x; )?2 ,€3
As mentioned above, since the background of the original o -
model doesn’t satisfy the one-loop beta-function equations,
the dual background can’t be conformally invariant at the
one-loop order. We have represented the results of the non-
Abelian T-duality of the Godel string cosmologies in Table
3.

8 Conclusion

We have obtained some new solutions for the field equa-
tions of bosonic string effective action up to first order in o/,
including the Godel spacetimes, axion field and dilaton. Our
results have shown that these solutions can be appropriate to
study (non-)Abelian T-dualization of Godel string cosmolo-
gies via PL T-duality approach. In studying Abelian duality
of the Godel spacetimes we have found seven dual models
in a way that the models are constructed by one-, two- and
three-dimensional Abelian Lie groups acting freely on the
target space manifold. When the dualizing was implemented
by the shift of directions ¢, z and (¢, z) we showed that the pair
of the mutually dual models can be conformally invariant at
one-loop level, in a way that the corresponding dual dilaton
field was found by using transformation (4.17). Our results
showed that the Abelian T-dual models are, under some of
the special conditions, self-dual; moreover, by applying the
rules of Abelian T-duality without further corrections, we
were still able to obtain two-loop solutions. We also stud-
ied the Abelian T-duality of Godel string cosmologies up
to a’-corrections by using the T-duality rules at two-loop
order of KM. Most importantly, we have obtained the non-
Abelian duals of the Godel spacetimes. First, we have con-
structed the T-dual models on the four-dimensional manifold
M =~ O x G with two-dimensional non-Abelian Lie group
and have shown that the metric of the dual model has true sin-
gularities for the range of 0 < B < 1. In this case, the models
are valid for all values of 8 except for 1. Unfortunately, the
dual model doesn’t satisfy the two-loop beta-function equa-
tions. We have then found other non-Abelian duals for the
Godel spacetimes by applying the A, @ A1 and SL(2, R)
Lie groups. The case of § = 1 of dual model constructed
on the semi-Abelian double (A; & A;, 3.4;) is conformally
invariant to zeroth order in «’, as well as to the first order.
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In this way, it has shown that the 8 = 1 case of the pair of
the mutually dual models as the AdS3 x R spaces are PL
self-dual. Finally, we have shown that the model constructed
by the double (s/(2, R), 3.4;) leads to the case of § = 1 of
the Godel metrics with zero field strength. Indeed, the model
didn’t satisfy the one-loop beta-function equations. Because
of the vanishing traces of the structure constants correspond-
ing to the double (s/(2, R), 3.41), the dual model couldn’t be
also conformally invariant at the one-loop order.
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