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Abstract We discuss some physical prospective of the non-
BPS effective actions of type ITA and IIB superstring theories.
By dealing with all complete three and four point functions,
including a closed Ramond—Ramond string (in terms of both
its field strength and its potential), gauge (scalar) fields as
well as a real tachyon and under symmetry structures, we
find various restricted world volume and bulk Bianchi iden-
tities. The complete forms of the non-BPS scattering ampli-
tudes including their Chan—Paton factors are elaborated. All
the singularity structures of the non-BPS amplitudes, their
all order o’ higher-derivative corrections, their contact terms
and various modified Bianchi identities are derived. Finally,
we show that scattering amplitudes computed in different
super-ghost pictures are compatible when suitable Bianchi
identities are imposed on the Ramond—Ramond fields. More-
over, we argue that the higher-derivative expansion in powers
of the momenta of the tachyon is universal.

growth and geometrical applications to the effective actions
[7-9].

The spectrum of the so-called non-BPS (unstable) branes
includes massless states, tachyons, and an infinite number of
massive states. There must be an Effective Field theory (EFT)
for non-BPS branes where one integrates out all the mas-
sive states and hence the spectrum involves just the tachyon
and massless states [10]. We will not point out cosmolog-
ical applications for unstable branes. On general grounds,
one might expect that D-branes and SD-branes have similar
effective actions. The effective action of these branes has to
have two parts. It consists of the extensions of the usual DBI
and Wess—Zumino (WZ) actions where the tachyon mode is
embedded into these effective actions. By applying the con-
formal field theory (CFT) methods [11], the leading order
effective couplings of the fermions with tachyons were found
in [12,13] as

S = —TI,V(T)\/— det(nap + 21’ Fup — 21’ Wypd, ¥ + m2a2WyHd, Wy, 3, W + 2ra’ D, T DpT).

1 Introduction

D-branes have been realized to be the sources for Ramond-
Ramond (RR) fields [1,2]. RR couplings played important
contributions to string theory. For instance to observe some
of the application of RR couplings, one may consider the
dissolving branes [3], K-theory and the Myers effect [4—
6]. The other applications to RR couplings are related to
the N3 phenomena for M5-branes, dS solutions, entropy
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In the above action, Fy, is the field strength of the gauge
field, U v, 0" W is the kinetic term of fermion fields, DT is the
covariant derivative of the tachyon (D, T = 9,T —i[A,, T)).
On the other hand the Chern—Simons action for BPS branes
was constructed in [14]. Using Boundary String Field Theory
(BSFT), one has the tachyon’s kinetic term in the DBI part
[15] as follows:

SpBI ~ /d”HG e T FQra/ DT D,T),

4°xT (x)?
F(x) = ———. @)
2T (2x)
The WZ action in BSFT approach is found to be
Swz = i, f C A Stre'2m@'F )
Z(p-%—l)
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where C(,41) is the RR potential (p + 1) form-field and the
super-connection’s curvature would be given by

F iF—p?T> B'DT
Y=\ gpr  iF-p?r?)"

B’ is the normalization constant and ;,L/p is the RR charge of
the brane.

If we expand the exponential in (2), then we obtain various
couplings as follows:

Swyz = Zﬂ/u/[,(Zna/)Tr (c,, ADT + 2na’)Cp_y ADT AF

Qra’)?

5 C,,_4/\FAF/\DT>. 3)

For the sake of the higher-derivative corrections, we work
with the second approach of exploring effective actions,
which is the scattering amplitude formalism. In this approach
the tachyon’s kinetic term is embedded into the DBI action
as follows:

+1 i i Vi wivri Ti
Sppt ~ [ &”HloSTe ( V(@ T, 14 ST AT T1)

x\/— det(ngp + 2ma’ Fyyy + 2w’ Dy THQ )i DhT./)) ,
4)

where V(TIT!) = ¢ 7T'T'/2 QlF = [80 —i[T!, T/], T' =
To1, T? = Toy and o, o7 are Pauli matrices. The trace in (4)
should be symmetric for all Fup,, D, T, [T?, T/] matrices.
If all Chan—Paton factors are taken into account, then this
action would produce consistent results with all momentum
expansions of three and four point functions of a closed string
RR field and either the two, three tachyon or the two tachyon
two gauge/scalar field amplitude.

On the stable point, the tachyon potential and its effective
action get replaced by the well-known tachyon DBI action
[16,17] with potential T*V(T?). The WZ partof the action in
this approach has the same formula as appearing in (2). Using
the S-matrix method the normalization constants of 8’, 8
for the non-BPS and brane—antibrane system are discovered
tobe B/ = %,/ % and B = % % [18]. It is worth
mentioning that the super-connection’s structure for the WZ
action was found by the S-matrix approach in [19].

The aim of the paper is to show that the scattering ampli-
tudes computed in different super-ghost pictures are compat-
ible when suitable Bianchi identities are imposed on the RR
fields. Moreover, we argue that the higher-derivative expan-
sion in powers of the momenta of the tachyon is universal.

The outline of this paper is as follows. First we find all
three point functions including a gauge field, a tachyon and a
closed string RR in all asymmetric and symmetric pictures of
the closed string RR. By doing so, not only do we find some
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restricted Bianchi identities on both world volume and trans-
verse directions of non-BPS branes, but also we explore all
their infinite higher-derivative corrections. It is believed that
due to a supersymmetry transformation BPS the S-matrices
do not generate a Bianchi identity. To get consistent results
for four point functions of the two gauge fields, a tachyon
and a closed string RR field in their asymmetric and sym-
metric pictures, we discover various restricted Bianchi iden-
tities. Eventually we have to do with a universal expansion
for tachyon and construct all different singularity structures
of (Ve—2V 40V 40 Vo) as well as all order " higher-derivative
corrections to the various couplings of the type ITA, IIB super-
string theories.

2 All order (V—2V 40 V7o)

In this section we would like to apply CFT methods to derive
the complete S-matrix elements of a closed string RR, a gauge
field and a tachyon. The total super-ghost charge for disk
level amplitude must be — 2. First we choose an asymmetric
closed string RR field (which carries total —2 super-ghost
charge) and hence the gauge field and a tachyon must be put
in zero picture. This S-matrix can be obtained if one finds
the correlation functions of the following vertex operators:

V() = dikapr(x)e? R X0y @ oy
VT(fl)(x) = ¢ PW X0 @ 5
Vi) = e P Wey (0 Ir @ o3

VIO () = E1,0°X () +ia'q - Yy (0)e XD @ 1,
Vil = e ?OvOm,

_3_1 o
VC< 2 2)(Z7 7) = (P7¢(n7])Mp)aﬂe*3¢(Z)/2Sa(Z)elTP-X(Z)

« e*¢(2>/255(2)ei%17‘0~x(2) Qo01,

11
2:7 2

VC<‘ “) (Z, z) — (P_ H(n)Mp)dﬁ€_¢(Z)/25a(Z)ei%ILX(Z)

« €—¢(Z)/2Sﬁ(z)gi%P'D‘X@ ® 0307. (5)

It is argued in [20] that the vertices of a non-BPS D-brane
need to carry internal degrees of freedom or a Chan—Paton
(CP) matrix. This is because if we set the tachyon to zero,
then the WZ effective action of non-BPS branes gets reduced
to the WZ action of BPS branes. Hence, we impose an iden-
tity internal CP matrix to all massless fields including gauge
(scalar) and RR fields in zero picture. It is discussed in [21]
that a Picture Changing Operator (PCO) carries a CP matrix
o03. It is explained in [22] that the tachyon in zero and the
(—1) picture carries o1 and o5 CP factors. (V-1 Vy-1) makes
sense in the world volume of non-BPS branes. This fixes the
CP factor of RR in the (—1/2, —1/2) picture to be 0307. By
applying PCO to RR in the (—1) picture, we derive its CP
factor in the (—2) picture to be o7 and the CP factor for the



Eur. Phys. J. C (2018) 78:383

Page3of 11 383

gauge field in the (—1) picture to be o3 where A is the external
CP matrix for the U(N) gauge group.

We are looking for the disk level amplitude. The closed
string will be located in the middle of the disk whereas all
open strings are located at the boundary of the disk. The
on-shell conditions are

@ =p*=0, k3=1/4,q & =0.

The definitions of the RR’s field strength and projection oper-
ator are

a
P_ = %(1 - yll)’ H(”) = n_r:HMl---,unyMI . ')/M’l'

For type A (IIB)n = 2,4,a, =i (n = 1,3,5,a, = 1)

and in spinor notation

(P_H )™ = C*(P_H n))s".

We apply the doubling trick so that all the holomorphic parts
of the fields can be used. Thus the following change of vari-
ables works:

XH(Z) — DIX"(Z), Y*(E@) — DIy (),
¢@) — ¢(@), and Su(Z) — MS5(2),

with
—1lo_
D = ( o=p 0 ) s and
0 1p-ﬁ—l
(pj—Et-il)!yil yiz . yip+1€l~l.“l~p+l for p even,
M, =

(p:ill)[ yil J/i2 . yip+1 V11€iy.ips for p odd.

Now one can use the following two-point functions for
Xt oyt ¢

/

(XM(2) X" (w)) = —%n’” log(z — w),

WY ) == e — w7, ©

(@)@ (w)) = —log(z — w).

The amplitude in an asymmetric picture is given by

/ dx1dxodxadxs(P—€ 1y M )P 2 ikap&1a) (xas) >4 (1) + I)

241 k a2y o2y, o2 p
X |x12|® 2 xpgxys) T P xogx05 | T2 s | F PP

where xy =z =x+iy,xs =7 =x —iyand

. X42 X52 _ _
I = lké’( + —>2 1/2()624)625) 172
X12X14 X12X15

x (x45) " (YP C Vg 7

One uses the Wick-like rule [23] to obtain the correlation
function for I,

I = 2ikie(: Su(xa) = Spxs) s YWY (x1) : Y2 (x2) 2)

as follows:
.o 2Re[x14x25] . _ o
L= ((rh‘“c Dap + —— 2 (nb‘(y”C Dap = 1" (r°C ‘m))
X12X45

x 2k 2732 (x14x15) 7 (raaxas) TV (xas) V4.

It can readily be shown that the amplitude is SL(2, R) invari-
ant. We use the gauge fixing as (x1, x2, z,2) = (x, —x, i, —i)
and the Jacobian is J = —2i (1 + x2). One reveals that I; has
zero contribution to the S-matrix. Because the integrand is an
odd function while the interval of the integral is symmetric.!
We introduce ¢t = —%(kl + k2)2 and I is obtained by

00 1 —.X2
/ dx(2x)_2t_1/2(1 +x2)—1/2+2t
o0 2ix

< (T (P_€n-1yMpy®) — 1 Tr (P_€ w1y M y©))

+Tr (P_¢(n_1)Mprb“)>23/2klckzbaa.

The last two terms have just non-zero contributions to our
amplitude. The final answer for the amplitude is

A A AL N, il
A = () WA

XTt (P (n—1) Mp TPV k1 ckap €10 Tt (M 22).
(8)

To be able to match the leading order of the S-matrix with
the following coupling in the EFT:

2iﬁ/u;(2na’)2f Tr (Cp—2 A F A DT), 9)
Xpt1

we use (7', /2) as the normalization constant. 8’ and 1/,
are known to be the WZ normalization constant and the RR
brane’s charge. On the other hand, the result in symmetric
cases (RR is written in the (—1) picture) for AAO'T_I e
be derived as

an

0 7r—1 ~—1 .
AT = ik &1 Tr (P H () M, )

X /OO dx(zx)—zl—l/Z(l +X2)_1/2+2t.

o0

(10)
Accordingly AATNT?.C7 s found to be
—1 70 ~—1 .
AN TCT = 2ikgp 1, Tr (P H oy M, TP
X/OO dx(2x)72t71/2(1 +x2)71/2+2t'
—00
(11

o/ =2 is set.

@ Springer
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By applying momentum conservation (k; + k> + p)¢ = 0
and making comparisons between (10) and (11), one obtains
the following Bianchi identities:

ap...ap—2ba ap...ap—2ba -0

prao...ap,zé = paHao...ap,ze

12)

All three point functions of a closed string RR, a tachyon and
a scalar field in all symmetric and asymmetric pictures of RR
c-

can also be computed. The result for A?"7 ™" is given by

481; (P_H (nyM ;)" (kw(F"“c—‘)aﬁ - pl’(C—‘)aﬁ)

y /oo dx ()~ H12(] 4 2y 1242
—0Q

To get a consistent result for the S-matrix, in the presence
of all different pictures of closed string RR, the restricted
Bianchi identity (12) must get replaced by the following
Bianchi identity:

pieao‘..ap Hao...ap + paeao..‘ap,laH;O.”apil —0. (13)
This modified Bianchi identity holds for all world volume
and transverse directions of branes. The trace below is non-
zero for the p + 1 = n + 2 case,

Tr <¢(n—1)Mp(k2 Y& - y)ky - V))

,o®

= :I:_(p — 2)'an...ap73baCCa0A..al,73klckghgla.

The trace that has the y!'! part indicates that the following
relation holds:

p >3, H, =*xHjo—,, n=>5.

Neither there are massless poles nor tachyon poles for this

three point function. It is argued in [24] that the expansion

of the non-BPS amplitudes in the presence of a closed string

RR field makes sense if one applies the following constraint:
-1

t=—papu—) T (14)

For the brane—antibrane configuration the above constraint
gets replaced by p? p, — 0[25]. Hence, the precise momen-
tum expansion for CAT ist — —1/4. The expansion for the
gamma function is

Pl—t+1/4] & il
ToaA=g =" > et +1/4"

n=-—1

JT

with the following coefficients:

1
c1=1, c¢o=2nQ), clzg(n2+121n(2)2),...

An infinite number of higher-derivative corrections to a
Cp—2,atachyon and a gauge field can be found by producing
the contact terms in an EFT as follows:

@ Springer

Ziﬁ/ﬂ/l’ "2
=2 Qra’) " Cp_2
o
ATr ( > en@)"™ Dy - Dy F A DY ...D“”“DT) :
n=-—1
15)

Let us deal with the complete amplitude (V--2V 40V 40 V7o),
to see what kinds of restricted Bianchi identities can be
explored and also to see whether or not there are bulk singu-
larity structures.

3 The complete (V-2 V40V 40 Vo) amplitude

In order to find the complete form of the scattering amplitude
of atachyon, a potential RR (p+ 1) form-field and two gauge
fields (V-2 V40V 40 Vo), one needs to employ all CFT tech-
niques. To achieve all singularities and contact interactions,
we use the vertex operators. Note that, as clarified in [26], the
CP factor of RR for the brane—antibrane system is different
from the CP factor of non-BPS branes. RR vertex operators
are introduced in [27]. One might refer for some of the BPS
and non-BPS scattering amplitudes to [28-33].

Recently, an analysis of (Vi-2Vjy0 Vg0 Vzo) was done;
however, one cannot derive the result for (V-2 V40V 40 Vo)
from it. This is because not all world volume couplings nor
bulk terms have any effect in our new effective action. Given
the presence of the tachyon, we cannot compare them with
BPS branes’s effective action [34-38]. The closed form of
the correlation functions is written down by the following?
and all the other kinematical relations can be found in [26]:

A/C’ZAOAOTO
af —3/4
~2 / drydradsdsdns (Pt My) P 1810621 se
X <(ia/k3c)af [a?aé’ — r/abxl_zz] — o/zkzdlgcafagbd
—a%kokzeala$® — ia'3klek2dkgca§bd“e>, (16)

where
2 n” a/z 2
K-k ki -k Ly ko k
I = |xp2]® M2 3| M x5 7 F P g3 |42

a/z 0/2 a/Z
oy . o< D.
xx4%25] 7 "2 P |x34x35] T 3P |xys| T PP,
X X X, X
at = ik§< 92 _¥s2 >+ik§’< 43, _¥s3 )
X14X12  X]5X12 X14X13  X[5X13

X X X, X
aé’:—iklf( 14 + 15 )—iké’( 43 + 53 >’
X42X12 X52X12 X42X23 X52X23
_ —1/2 —3/4 172, ¢ 1
af = 271222 (agx35) T2 (¢ € g

30 174 _ _
asbd =273/ 2x45/ (34x35) " /2 (x24325) 7!

2 Xij = Xi ij,anda’zz.
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" {(Fcbdcq)aﬂ oy Re[x24x35] }

X23X45
a§ = 27320, (waaxzs) T2 (wraxps) 7
M}
X13X45
hy = n"@PC Nep — 1" IC Nap.
hy = 1" C Nap — 1 (r°C Nap.

x {(rmc—l)aﬁ +ao'hy

The last fermionic correlator ajbd“ =<: Su(x4) 1 Sp(xs) :
Vet (xy) @ Y4y (xn) 1 ¥(x3) :> can be explored as fol-
lows:

aghdae — L (pebdac =1y 4 o/ Re[x14x25]
! “ X12X45
Re[x14x Re[xo4x
Yo'l [x14x35] + o'hs [x24x35]
X13X45 X23X45
Re[x1ax Re[x1ax
+a’2h6< [x14 35])( [xX14 25])
X13X45 X12X45
2
Re[x1ax
+o/2h7< [x14 25])
X12X45

+a’’hg < Re[x14x25]) (Re[x24x35] ) }
X12X45 X23X45

—5/2.5/4 -1 —1/2
x 2721 (x1ax15x24%05) " (x34x35) /2,

hs = (ned(rcbac—l)aﬂ b redacly,,
(e 4 nab(rcdec—l)aﬁ)’

hy = (neC(deacl)aﬁ _ nuc(l—xbdecl)aﬂ>’

hS — (ndc‘(l—wbaec—l)aﬁ _ r]bC(Fa’aeC—l)aﬂ>’

he = (n“’n“"(ybC_l)aﬂ — 0 (y?C g
—1“n™ (" C Nap + n“n”"(ydC_l)a,s),

hy = (— Ny C Nap + nebn“d(yCC‘)a,s),

hg = (— 70" (r*C g + 1P (I C Vg
+ 0" C g — n“”nd%yec—l)aﬁ). (17)

We wrote all the S-matrix elements so that SL.(2,R) invariance
can be manifestly shown. By fixing three positions of the
vertices, we can get rid of the volume of the Killing group.
In order to get the algebraic answer for the amplitude, we fix
the positions of open strings as

xy =1,

x1 =0, X3 — 00.

Eventually one needs to take a 2D complex integrals on the
location of the closed string RR on the upper half plane as
follows:

/d2z|1 — 2 (2 — D)z + B (18)

where d = 0,1,2 and a, b, ¢ are written in terms of the
following Mandelstam variables:

_ / _ /
s=7°‘<k1+k3>2, r=7“<k1+k2>2,

_og/(k _|_k)2 , +1 , +1
U= — , S =s+—, U =u+-.
p 2T 4 4

Ford = 0,1 and d = 2, 3 the algebraic solutions for the
integrals are obtained in [39] and [40], respectively. The final
form of the amplitude is

—2 A0 4070
AT = Ay A+ Ay (19)
where

At = =2ik  Eqpkiekackaa
xTr (P—¢(11—I)MPFdeae)(t + s' + u/)L3

Ao =241, ((klc + kae + k3e) (—t&1aE2p
XTt (P—¢ (n—1)M,T"%))

+ 2Tt (P (n—1y M T4€) X kckagki okl 'Ez)

L2 (gzb (=2k3 - ErkaaLa(kse + k1o)

+2ka - &1ksckaa L)
xTr (P—¢'(n—1)MdebC)
_ 2k2 . Elk}.ckl(gEszr (P7¢(H—I)MPFCbe)L1

s/
—2;1(3 ~Erk10&1a % (ke + kac)
XTr (P_€ (n—1yM,T*“) L,
— 2k - Exksckoa€ra Tr (P_€n_1yM, )L,

—2ky - &2k3ckie&14Tr (P—¢'(n—1)Mch”e)L1),
A3 = 22T (P_€(u—1yMpy©) L3 (k1 + kae

1
+k3c)[l(k3 &) (k3 - &) — 5(51 ~&u's’

— (k3 - &) (k1 - &)’ — 5" (k3 - &2) (k2 ~€1)]~ (20)
The functions Ly, L, L3 are

Ll — (2)*2(t+5+u)71ﬂ
T(~+ DT (=s + DL (1 — 5 — 1)
X s
D(—u—1+ DT (—t — s+ DT (=s —u+ 1)

@ Springer
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Ly = () 2t+stw=1,
F(—u+ DT (=s = HI (=1 + DI (=1 —5 —w)
R Dt —s+ Dl (~s—u+ 1)’
Ly= (2)72(t+s+u)n

Pt Dh(=s + D=1+ Hr—r—s—u-1
F(—u—t+DM(~t—s+ DT(=s —u+ 1)

This amplitude satisfies Ward identities related to both
gauge fields. We expand the amplitude in such a way that all
tachyon and massless poles can be obtained from the EFT.
Finally, we produce all contact interactions to all orders in
a’. One thinks that the amplitude in the asymmetric case has
non-zero terms for the p + 1 = n case; however, these terms
are not gauge invariant. These terms are

212iTr (P_¢(,,_1)Mpy°')[2(kz &1 (k1 - §2)k3c

1
X<—4M5 +4K2+M9—4(ZM9+K2—M5>>

2 2 4

1 1 1
_4s/<1M9 - 5M5>> + &xck3 - 51(— 21/( - My + §M9)

1 | |
+&cka - £1 (4M’( —Ms+ =Ms+ My — *M9>

1 1
+4I(ZM9 — EMS)) +&1ck3 - & <ZS/M]1 — S/Mg

1 1 1
—At| My — =M My — M k
(4 9= 3 11+ My 7 5>>+$1c 1

1 1 1
$2< —25'Ms5 + S/M9+4u/<ZM9—§M11+M4—5M5>)i|.
(2D

The sum of all coefficients of all terms in parentheses of
(21) is zero. This means that they disappear from the ultimate
form of the amplitude. All K>, M functions are written in
terms of gamma functions and for the sake of this paper we
will not mention their forms. This confirms that there is no
bulk singularity term for this S-matrix.

4 The complete (V-1V 40V 4-1Vyo) amplitude

This S-matrix in terms of the field strength of the closed
string RR field, that is, (V-1V40V4-1 V7o) has not been
calculated yet. Using CFT, we explore the amplitude of
(Ve-1V 40V 4-1Vyo). It can be found by the following cor-
relations:

—1 40 4—170
ACTAATT / dxdxadxzdxadxs(P— H M ,)*P

—1/4 —1/2
x1&1480pX 5 1 (e xa5) "V
X (io/kgca‘fagb — a’zkldk3cl26bad),

(22)

@ Springer

4kq 4k 2k1-p|x23|4k2~k3

& &
I =[x/ 2 x 3™ x14x15]

s s D
X |x24%25 |72 P | x34x35 73 P | x45 7P

. X42 X52
al = lk%( + —)
X14X12  X15X12

+ik§’< M, ) 23)

X14X13 X15X13

One needs to know the following correlation functions:
as? = (: Su(xa) : Splxs) : Y (x2) : Y (x3) 2)
_ {(FCbC_l)aﬂ e Re[x4x35] }
X23X45
x 27 (xp4x05x34x35) Y/ 2)64_51 ", (24)

One obtains the correlation function of a current and two
fermion fields in two different locations in the presence of
two spin operator, that is, Ifb“d = (i Sa(xq) : Sp(xs) :
YYa(x) PP () Y(xa) 1) as
Re[x14x25]

chad — FCbadC_l + a'b
: ( Jap " X

Rel[x24x35] Re[x14x35]
———— + —

X23X45 X13X45
Re[x14x35] "\ [ Re[x14x25]
+Ol/2b4<
X13X45 X12X45
—2 3/4 —12 ~1
x2 X4§ (¥34X35%24%25) /2 (x14215) 7,

b = (n”"(r"“cl)aﬂ - n“”(rcdcmﬁ),
by = (— an(r“dc—l)aﬁ>,

by = <— P C ap + n“f(r’”’c—1>aﬁ>,

+a'b o'by

by = (_ 7]acndb + nabnzh‘) (C_])aﬁ-

We fixed three positions of the open strings as x| =
0, xo = 1, x3 — 00, and one takes integration on the position
of closed string RR. Having set the gauge fixing, one would
find the complete form of the integrand for A€~ A°A~' T
follows:

— 2814625 (P— H 1y M ;)"

X /d2Z|1 _ Z|21+2u—3/2|Z|2t+25+l/2(z _ z)—2(1+s+u)—l

as

X |: — k3¢ (2koq — |Z|72(k2a + k3a)(z + 2))

. (11—
x<(r‘bc—1)aﬂ+2nb‘< x))
X45

- _ 2x 3
—kidkselz] 2x45((rcb“dc l)aﬂ+£(ﬂbd(rcac g

_ nah(erC_l)(xﬁ _ an(l—*adc—])aﬁ
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_ ncd(l—wbac—l)aﬁ + naC(l—wde—l)aﬁ)

20z bd j~ca ~—1 ab j~ed ~—1
_E(n TC Dap — 0" (TC™ ap)

x2 —)c|z|2

2
+ an(Fadc—l)aﬂ + 5
X45 X4s

The final answer is given by

—1 40 4—170
A//C AYAT'T =.A”1+.AN2+.A”3 (26)
where
A1 = 281480k 1akac Tr (P— H () Mp TP (1 + 5"+ u') L3
Ay = —2(521; (=2k - &1k3c Ly

+2k3 - &1 L (kac + k1)) Tr (P H 5y M ,T?)
+2ky - &2k3061,Tr (P— H(n)Mprca)Ll

- 22—//«3 &k gE14Tr <PJﬂ<n>Mpr“")Lz)
+2L1 (161062 Tr (P H iy MpT™)
+ 2k3ck1aét - 62T (bef(,,)MpF"d))
A3 =2Tr (bef(n)Mp)L3[ —t(k3 - £1) (k3 - £2)
+ (k3 - &) (ky - £)s" + (k3 - &) (k1 - E2)u’ + %(Sl -Ez)u/s/}.
27)

On the other hand, this amplitude for the following picture
(Ve-1V 40V 40 Vyp-1) was computed to be

ACTOTT 2 Ay 4 Ay 4 Ay (28)
where
Ay = =2i1aEmkiekog T (P—H iy MpTP%) (1 + 5" + u') L3
Az = 2{ [kzdszb (=2k - €1L1 +2k3 - §1L2) Tr (P— H iy MpT ")
— 2k ‘§2k2d§1aTr(P—H(n)MpFad)Ll]
+ [kldéla <2k1 &Ly — 2k3 ~523:L2)
XTr (P My MpT ") + 2ka - §1k1462 Tr (P- m)Mpr”")Ll]
—L (*f%‘laészr(P—H(n)Mpra)
+ 2kaakicé1 ~$2Tr(P,H(,,)MpF"")> }
Az = [— t(ks - £1) (k3 - &2) + (k3 - ) (ko - &1)s

1
+ (k3 - &) (k1 - E2)u’ + 5(51 'SZ)M/S/]

— 2iTr (P— H (M) L3. (29)

In the next section we address the tachyon’s momentum
expansion to be able to expand our S-matrix and, finally,
we generate its non-zero couplings.

5 Tachyon’s momentum expansion

In [24] it is conjectured that the momentum expansion for the
tachyon is universal. Given the momentum conservation for
a closed string RR and a tachyon, one reveals that k, + p, =
0, therefore p“p, must be sent to the mass of the tachyon

(k% = —m?). Hence, one understands the fact that
1
P pa — Z

and that is just possible for SD-branes or euclidean branes.
This means that amplitude makes sense for non-BPS SD-
branes [41]. The coupling of the two tachyons and a gauge
field is non-zero, so to be able to produce all tachyon and
massless poles of the EFT, we need to employ a unique
expansion for all non-BPS branes. Two Mandelstam vari-
ables should be sent to the mass of the tachyon as follows:

1
s—l—t~|—u=—p“pa—z, t—0,5s > —
(30)

@i M’pﬂ’nl/ 2) is the normalization constant and the closed
forms of the expansions are

1 o
Ly = —7T3/2(; Z bn(u/+s/)n+1

n=—1

00
+ Z "ﬂ,n,mfp(s/”/)”(s/+”/)m),
p,n,m=0

1 o
Ly, = —7T3/2 (—/ Z bn(u/ + f)n+l
N

n=—1

o0
+ 2 ep,n,ms”)(ru/)"(t+u/)'“); 31)

p,n,m=0

thus some of the above coefficients are found.?> Having taken
(31), we would understand that L, L,, L3 have r-channel

3

o0

Ly = _775/2 Z <Cn(s/ +t+ M/)n + Cum
p.n,m=0

s/n u/m + s/m u/n

(t+s" +u)
+ fpam +t+u)P(s"+ u/)”(s/u/)m>

b 1 by =0, by = L7 L2
_1=1,bp=0,by=-n",¢ =-7
1 0 1=c 100 = ¢
2
co=0,c1= 3 CLo=col =0, fo,0,1 =4¢(3).

@ Springer
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gauge fields and s/, u’, (s' + t + u’) tachyonic singularities.
We make comparisons of the singularity structures as well as
all contact terms. We then reconstruct all singularities in EFT
and derive the restricted world volume Bianchi identities for
non-BPS branes.

6 Singularities and restricted Bianchi identities

Let us first compare singularity structures between ( V-2V 40
VaoVyo) and (V-1 Vo Va-1Vyo) with (29). If we use
momentum conservation ki, + kg + k3az = —p, and
pC = H to the complete A's of (19), then we are able
to produce all (s’ 4+ ¢ + u) channel poles A3 of (29). The
first term A’ produces the seventh term A; that has tachyon
singularities. Replacing k3. = — (ki + koc + pc) for the
second term of A’>, we obtain

252 Ly Tr (P—€ (1) M, T°%)

X (kic + kae + pe)kogkicér - &. (32)

Equation (32) is symmetric under both k1., ko and is anti-
symmetric in terms €0--ap-3cde jngide the trace; therefore,
k1¢, ko have no contribution to our coupling. Using pC = H
we derive the eighth term of Aj that has (s” 4 ¢ +u”) tachyon
singularities. The above arguments hold for the third term of
A’ so the third term of A’, reconstructs the second term of
Aj that has s’-channel tachyon poles. If we apply momentum
conservation to the sixth term of A, we find the following
interaction:

S/
25/27sz3 - E2k10E1a Tt (P n—1yMpT ) (k1 + pe).
(33)

k1. has no effect on the above interaction and using pC = H,
(33) regenerates all u” channel tachyon singularities (the fifth
term of .A>). Having applied momentum conservation to the
fourth term A’, we obtain

231211 2ks - E1koabapTe (P— € (n_1yMpTPh) (k1o + koe + pe).
(34)

koo has no contribution to the above interaction and using
pC = H, one reproduces the first term of A;. Now adding
the contribution k. of (34) to the fifth term of A’> we obtain

2321 L12ky - E1k1cE2p Tt (P (u1y Mp TP (kaa + K3a),
(35)

which is the sixth term of A;. By applying momentum con-
servation to the seventh term A’, we get

@ Springer

23/22k; - &2kaat1a (k1o + kae + pe)Tr (P— €y 1yMpT @) L.
(36)

ko has no contribution; taking pC = H, we generate the
third term A, of (29). One might suppose that k. from (36)
is an extra singularity; however, the presence of this term is
needed. Indeed if we take the contribution k. from (36) and
add it to the last term of .A’» we find

232201 - E2k1cE14 (ko + k3a)Tr (P— u—1y M, T Ly,
(37)

which is exactly the third term A;. Therefore, we are able
to produce not only all t-channel singularities (29) but also
all its s”, u’, (t + s’ + u’) channel tachyon singularities of
(Vc—2V 40V 40 V7o) are produced. Let us deal with singular-
ities that appear in (27). A”3 is the same as Az. The fourth
and fifth terms of A" are equivalent to the fifth and seventh
terms of A,. Applying momentum conservation to the sixth
term A", we get

2L1k14&1 - €Tt (P—H iy M T ) (ki + ke + pe).

k1. has no contribution to the above interaction. The contri-
bution from kj. produces the eighth term A;, and to make a
consistent result for both symmetric amplitudes, one imposes
the following restricted Bianchi identity:

(38)

(39)

Pc Hao...apfz eao...ap_zcd =0.

Using the direct scattering amplitude (V-2 Vi Viyo Vo)
the following Bianchi identity holds in terms of both the RR
field strength and the RR potential in the complete space-
time:

edoap ( — Pa, (p+ I)Htll{)-"ap_| - Pj Halo---ap + pl H({()wa,,)

=dHPT? =0 (40)

or

Paoéaomap ( - PapP(P + I)Cija1~~ap_1 - chialmap

—i—ple,ll...ap) = 0. 41)
If we apply momentum conservation to the first and third
terms A" and simultaneously take into account the restricted
world volume (39), then we actually reconstruct the sum of
the first and sixth terms of A, as well as the third and fourth
terms A>. The same holds for the second term .A”> and we
regenerate the second term A;. Hence, in comparison with
(29) and using the restricted world volume Bianchi identities
we are able to produce all t-channel gauge field singularities
aswell as s’, u’, (r +s’+u’) channel tachyon singularities of
(Ve-1V40 V-1 Vo). Unlike the (Vie—2 Viyo Viyo Vo) analysis,
here we have no bulk singularity structures at all. Hence,
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brane singularities have been matched without producing any
extra residual contact interactions.

7 Contact term comparisons

To be able to obtain all the restricted Bianchi identities, we
try to compare all contact interactions between (19) and (27)
with all order contact terms of (29). If we replace k3. =
—(k1e + ke + pe) to A’y of (19) (also with A” 1) and use the
following Bianchi identity:

pceao..al,_5cbda — 0’ (42)

then we produce all contact interactions of A; for the p =
n+3 case. The leading order couplings can be produced if we
would normalize the amplitude by (/L’pﬂ '1/2) and compare
it with the following coupling in the EFT:

B'wW,2ra)*Tr (Cps A F A F A .DT) (43)

Recently the method of getting all order contact interac-
tions has been released in [24,26]. One can apply the higher-
derivative corrections to the EFT couplings to produce all
non-leading terms. For example, if we replace the expansion
of L3 in the amplitude, then one can derive all order con-
tact interactions of the amplitude for the p = n + 3 case as
follows:

S N
8,3’(710/3),4,[2% (%) (DDy)"Tr (Cps A F AF ADT)
n=0

00 NP
o
+ g fp,n,m <5> (D”Da)p (a/)2m+n Cp,4 A Tr
p,n,m=0

x (D‘“ DDV Db ((F A DOt D F) A Dy,
-+ Dp, Dy -+~ Day, DT))]. (44)

Note that both A" and A’y satisfy the Ward identity asso-
ciated with the gauge fields.

Making use of the Bianchi identities we are able to gen-
erate all contact interactions (V--2V 40V 0 V7o) from (29)
without any ambiguity. For instance, the first contact term of
the amplitude for the p = n + 1 case is

32 5
m(ﬂ;ﬁ/” YHay-a, 2E1a,€2a, €77 (45)
This contact interaction can be reconstructed by taking into
account the following gauge invariant coupling in an EFT:

28'1,2ma)* Tr (Cpa A F A DT). (46)

Notice that (43) is found by expanding the exponential of
WZ action and using the multiplication rule of the super-
matrices. If we consider the expansions of Ly, L, into the

amplitude then one finds the contact interactions to the next
leading order for the p = n + 1 case

32

' i 2
T Hay
7T2
X{ B ?(2](2 “&1k2a, 1 §2a, = 2k1 - §2k1a,_ 814,

+2k1 - 2814, 1k2a, + 2k2 - §1624, K14, — 114,624,

+2&; - §2k1a,,k2a,,_l) |:t +2(s" + u’):|

7[2 / N2
+ ?Slap%éup_] (s"+u")
72
+ <?k3 - &1k2a,_ 624, |:2(l +u') + S/} —[1 <« 2]) }
47)
All terms in (47) are related to the corrections of the EFT

couplings. One can explore the following EFT couplings that
regenerate the contact terms in (47):

1
-5 ﬁ/u/p(Zno/)4|: — iDP Fu D*Fypg DT
3i o B 3i o B
+EFMDaFﬁ,,D D T—EDaF,g;,FMD DPT
1 o B B na
—zDaD D¢ Fypo DgDPT + Fue DP D* Dg Dy DT
1D D*DgDPFyD.T + DyD.F,uDP D*DsT
_5 a B baDel + Dp D Fyo B

1
+4D%D,DcFgp Dy DPT — 5DaFa,gD,,D“DﬂDCT

— DyDPDg D Fpy DT + 2D, D* DP Fyoy Dg DT
+ D*DyD.Fg, DP D, T

1
+ D,DP DgFypy D* DT + EDﬁD“D,gDCFmD;,T

1 1
B EDO{Dﬁ FapDa D DCT:| MCQO'nﬂp—fi gaoap—sabe

(48)

where the covariant derivative of the tachyon is D, T =
0, T —i[Ag4, T]. Note that by the direct scattering amplitude
of a closed string RR field, a tachyon and a gauge field in
Sect. 2, we derived all order «’ higher-derivative corrections
to the last coupling of (48).

7.1 All (¢t + s’ + u’)-channel tachyon singularities

Let us explore all (¢ + s’ + u’)- channel tachyon singularities
of the amplitude A’3 for the p + 1 = n case. Extracting
the trace and normalizing the amplitude we derive them as
follows:

@ Springer
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PcCao~-~ap—|€a°"'a”"C< —t(k3 - &) (k3 - &) + (k3 - £2) (kp - &1)s”

1
+ (k3 - £ (ky - E)u’ + 5(51 'Sz)s/u/>
o0 32/3/'“/ 7T3
m. ./ m, / P
X Z Cam (8" u™ 45" m)m,

n,m=0

(49)

which satisfies the Ward identity. These poles can be con-
structed by employing a WZ coupling 2i u/, ' 2rre!’) [ Cp A
DT and all order higher-derivative corrections to two
tachyon—two gauge field couplings. In the effective field
theory all singularities are derived by the following sub-
amplitude and vertices:

A=VYC,, T)G*(T)VF(T, T, Ay, Ar),
isep

G**(T) = ,
Qra)Ty(s' +u' +1)

(50)
1
Va(va T)= 2iﬂ/];/3/(277a/);eaomapcao-"ap—lkap'

Replacing the vertex of two tachyon-two gauge field cou-
plings in the above field theory amplitude, we obtain all
tachyon singularities in the EFT as follows:

ap--ap—1c

pccao-nap,l
pls’+t+u)

32710/2/3’;/[]

00
x Z ((an’m—i-bn,m)[slmbl/n+S/n1/l/m]

n,m=0

X [ — 1 (k3 - &) (k3 - &1) + (ko - &) (k3 - &)s'

1
+ (ki - &) (k3 - EDu’ + (61 'éz)EM’S/D. (5D
Some of the coefficients are
T e =20(3)
ao,0 = g Po=—75 a0 = 2¢Q3),

ap,1 =0, bo1 =b1o=—-¢03).

These poles (51) are exactly the ones that appeared in S-
matrix elements (49).

7.1.1 Allu', s’ channel tachyon singularities

Given the symmetries of the amplitude, we reconstruct all u’-
channel poles in the EFT. Like by exchanging momenta and
polarizations, all s’-channel singularities can also be exam-
ined:

32u ﬂ’nZ |
ﬁpCCaO"-ap,36“0"'“;’—3Lue
o0
(s +r)rtt
X Y (ks &)kt o)
n=-1

@ Springer

All these u’-channel poles can be constructed by the follow-
ing rule:

A =VCp_a, A1, T)G*P(T)VH(T, T3, Ay). (53)

VA (T, T3, Ay) should be found from the non-Abelian kinetic
term of the tachyons in DBI action. If we employ the cor-
rections that we got from WZ coupling 2i8’ u/p /c p—2 A
F A DT in (15), then we obtain the higher order vertex of
V¥(Cp—2, A1, T) and the other vertices as follows:

VAT, T3, Ay) = iT,2na) (k3 — k) - &2,

Qra')? .
o _ ! ol ap--ap—1¢
V (C[)—QAAI’T)_ZI’L[)ﬂ (p_z)!e ! Pc
o
% Cag-apskiap 2810, Y bal@'ky - k)" (54)
n=—1

k is the off-shell tachyon momentum. Replacing (54) inside
(53), we obtain all order u” channel tachyon poles in an EFT:

2u),B'2ra)?
T (-2

o
X Z bu(t + sy,

n=-—1

eaomap_1Cp(rcag»--u,,,3kla,,,2§1a1,,1 (2k3 : 52)

which are precisely the singularities that appeared in (52).
Eventually, one can show that all t-channel gauge field sin-
gularities are generated by taking into account the following
rule and vertices in the EFT:

A=V9Cp, T3, AYGP(A)VP(A, Ay, Ar),

ap--ap—pac

VUCp_n, Tz, A) =24’ B Qra’)? ———
(Cp—2,T3,A) Mpﬂ(im)(p_z)!

Pc

o
X Cagoeapskapa ) bu(@ks - 0",

n=-—1
VP(A, Ay, Ay) = —iT,2ra’ [0 (k — k) - &
+ &k — ko) - &1 + &1 - E2(ka — k1)1,

iaab
G*A) = ————.
Q') Tyt
k is the off-shell gauge field’s momentum and

V4(Cp_2, T3, A) was derived from the corrections to the
WZ coupling C,_» A F' A DT . Notice that the kinetic term
of the gauge fields is fixed in DBI action, so one finds that
yb (A, A1, Ay) should not receive any higher-derivative cor-
rections. The tachyon expansion that we talked about is also
consistent with effective field theory. This is because we are
able to produce all tachyon and massless poles of the string
amplitude in the EFT as well.

The expansion has also been checked for various other
non-supersymmetric cases, such as all the other three and four
point functions (like CAT, C¢¢T). That is why we believe
that the expansion is universal. This might indicate that the
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tachyon momentum expansion is unique. It would be nice to
check it with the higher point functions of non-BPS string
amplitudes. The precise form of the solutions for integrals of
six point functions is unknown. Given the exact symmetries
of the amplitudes and the universal tachyon expansion in
[42], we were able to obtain all the singularity structures
of the amplitude of a closed string RR and four tachyons.
We hope to overcome some other open questions in the near
future.
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