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Abstract We first find the linear approximation of the sec-
ond plus fourth order derivative massive conformal gravity
action. Then we reduce the linearized action to separated sec-
ond order derivative terms, which allows us to quantize the
theory by using the standard first order canonical quantization
method. It is shown that quantum massive conformal gravity
is renormalizable but has ghost states. A possible decoupling
of these ghost states at high energies is discussed.

1 Introduction

Massive conformal gravity [1] is a recently developed con-
formal theory of gravity in which the gravitational action is
the sum of the fourth order derivative Weyl action [2] with the
second order derivative Einstein—Hilbert action conformally
coupled to a scalar field [3].

The gravitational potential of the theory, which is com-
posed by an attractive Newtonian potential and a repulsive
Yukawa potential, reproduces the rotation curves of the major
number of galaxies. In addition, the momentum space propa-
gators of massive conformal gravity have a good high-energy
behavior, which makes the theory power-counting renormal-
izable. However, one of these propagators has a negative
sign between its terms, which is a common feature of fourth
order derivative theories of gravity. In such theories this neg-
ative sign imply that either the energy eigenvalue spectrum
is unbounded from below or the Hilbert space norms are
negative [4]. Several attempts to solve the negative energy
(or negative norm) problem in higher derivative gravity have
been carried out in the literature (see, e.g., [5-10]).

In this paper, we analyze the consequences of the negative
sign term in massive conformal gravity. In Sect. 2 we derive a
second order derivative linearized massive conformal gravity
action by introducing auxiliary variables. In Sect. 3 we canon-
ically quantize the massive conformal gravity fields and show
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that the theory has ghosts, states with negative norm, which
do not necessarily spoil the unitarity of the S-matrix. Finally,
in Sect. 4 we present our conclusions.

2 Linearized action

Let us consider the gravitational action of massive conformal
gravity, which is given by

1
=5 [ d V=8|a(e*R + 60,00" )
_)\2C(Xﬁﬂucaﬂuv]a (D

where « is a dimensionless constants, A = fi/mc (h is the
Planck constant and m is the graviton mass), k = 871G/ c*
(G is the gravitational constant and c is the speed of light in
vacuum),

1
C%upv = R%upv + 5(8”‘,, Rup — 8% Ryuv + gupR%

1
~8uvR%) + — (8% 8uv — 8%8up) R @)

6
is the Weyl tensor, ¢ is a scalar field, R, is the Riemann
tensor, R, = R4y is the Ricci tensor, and R = gH"R,,,
is the scalar curvature. It is worth noting that (1) is invariant
under the conformal transformations
~ 20
8uy = € @) 8uvs 3)
~ -0
§=e "W, 4)

where 0 (x) is an arbitrary function of the spacetime coordi-
nates.

' This action is equivalent to the action of Ref. [1]. The two actions have
the same dimensions Kg m?/s. The only difference is that the action of
Ref. [1] must have the mass measured in Kg m2.
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With the help of the Lanczos identity, we can write (1) in
the form

1

S = T d*x /=g [a(<p2R + 68M(p8“<p>
c

—222 (R’“’Rw — %R2)} . 5)

Then, using the weak-field approximations

8uv = gLOB + h;w =N + h;l,l)v (6)
() 2
p=¢"(1+0)= ;(14—0)’ @)

and keeping only the terms of second order in #"*" and o, we
find that (5) reduces to

1 4 _ _
S = k_c/d X |:(£EH +20R +63MO'3’U’O'>
_ _ 1 -
_)\’2 (RMVR#U _ §R2)i| , (8)
where

_ 1
Ruv = 3 (8,07 hp + 3,0”hpyy — 358° hyy — dudh)  (9)

is the linearized Ricci tensor,

R=3"8"h,, — 3,0"h (10)

is the linearized scalar curvature, and

= 1

Lpy = _Z(aphﬂ”aphw — 20MR" 3y + 20 R0, 0"
—a“hauh) (11)

is the linearized Einstein—Hilbert Lagrangian density, with

h=n""hy,.

The linearized action (8) is invariant under the coordinate
gauge transformation

h;w g h/w + ay.év + avé;u (12)

where £/ is an arbitrary spacetime dependent vector field,
and under the conformal gauge transformations

huy = by + 00 A, (13)
1
o— o0 — EA, (14)

where A is an arbitrary spacetime dependent scalar field. We
can fix these gauge freedoms by imposing the coordinate
gauge condition

1
8" hyy = 500h =0 (15)
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and the conformal gauge condition
R—6."%0=0 (16)

to (8). However, this procedure is not suitable for the quantum
analysis of the theory, since it introduces complication in the
definition of the canonical commutation relations.

Another procedure to eliminate the gauge freedoms of the
theory consists on adding gauge fixing terms to the action
such that the field equations obtained from the action plus
the gauge fixing terms are the same as the gauge fixed field
equations obtained from the action alone. Thus, by adding

the gauge fixing terms?
U [ a (o 1.\
SGF[ = —% d*x (0 hMV — Eavh s (17)
1 4 = —1 2
Sor=— | d x(/\R—m 0) (18)
6kc

to (8), and integrating by parts, we obtain the diagonalized
action

Sy = —i d4x[%\lﬂ“’ (xzm _ 1) 0w,
120 (D - rz) a], (19)

where [ = 9,0” and

1
W =hyy — Enwh. (20)

In order to obtain a first order canonical form, we choose
the method of the decomposition into oscillator variables [11]
and write the action (19) as

Sy = ilc d*x [%\W“ch,w + %rzxpwqﬂ”
—irz\lfﬂvwv + ék‘zcbwdﬂ“’
12 (D — r2> a:| . Q1)
Varying this action with respect to ®,,,, gives

Dy = Wy, — 22200, (22)

and with this the field equations obtained from action (21) are
equivalent to the field equations obtained from action (19).
Finally, with the change of variables

‘Iluv = A;,w + Bu,v, (23)
(D;w = A;w - B;,Ll)v (24)

2 In order to simplify the calculations we consider the Feynman gauge
in which the Lagrange multipliers entering in the gauge fixing terms are
equal one.
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we find the action

| | 1
S d*x | ZA"DA,, — - BM (D _ x—z) B
4= 2ke [2 2 o

120 (D _ rz) a] , (25)

which is dynamically equivalent to action (8).

The action (25) contains a positive energy massless spin-2
field A, , a negative energy massive spin-2 field B;,,, and a
negative energy massive spin-0 field o . Classicaly, since the
theory is not interacting, there is no problem with the nega-
tive energy fields. However, when interactions are introduced
instabilities can appear. Thus a careful analysis is necessary
on the interaction of massive conformal gravity with matter
fields, which is beyond the scope of this paper. We will deal
with the negative energy problem at the quantum level in the
next section.

3 Canonical quantization

Varying the action (25) with respect to A*¥, B*V, and o, we
obtain the field equations?

A, =0, (26)
(D - m2> By, =0, 27)
(m - m2> o =0. (28)

The most general real solutions of these equations are given
by

Mot = [ S0 L S e et vec]. @9)
. @)} \/273 [ v
By — [ L2 =Y [opep e el G0y
j2ay (27t)3 /ng - P MV .C.|,
d3p 1 :
— Lp-xX .
o(x) = )3 \/W [cpe + c.c.] , 3
where wp = |pl, wp = /[p?> + m?, & = /Ip> + m?, the

creation and annihilation operators obey the commutation
relations

().l = @83 (p — po” (32)

(b, 571 = —(2m)°6* (p — po™. (33)
i __@ 300 o

fepr 1 = =S50~ ), (34)

with all the other commutators equal to zero, and the polar-
ization tensors satisfy the orthonormality and completeness
relations

3 In this section we use “absolute units” in which ¢ = # = 167G = 1.

!’

GZLUEMW =5, (35)

awel‘” =8, (36)
1

Ze;w €af = ) nuanw‘? + Nupfve — ﬁuvﬂaﬂ) ) (37)
1

Zsuv ap = 5 (Muatvp + Nupive — Muvllap) - (38)

We can write (25) as
Sq = / 5L, (39)

where
1 v 1 v 2
L= JA"DAu — 5B (D—m)BW
120 (D - m2) o (40)

is the massive conformal gravity Lagrangian density. Using
this Lagrangian density, we find the canonical momenta

oL .
H;w = 8A.”w = _Ap,v, (41)
oL .
®;w = BB’“’ = B;w: (42)
oL
T = 2 =245, (43)
les

where the dot denotes the time derivative.
It follows from (29)—(31) and (41)—(43) that

Huv(x) = - (27_[)3 Z [ ap W(p)e””‘ +c. C:|
(44)

®MV(X) = (27[)3 V Z blY’ ;iv(P)é’i‘"'x +C~C-:|7
(45)

3 o
T(x) = 24/ ((21”1))3 iy — “ [cpelpx +c.c. ] (46)

Thus, by imposing the commutation rules (32)—(34), we find

[A;w(x) Haﬂ(y)] ( Nua M + NupMva — n;wnaﬂ)

><8 x-Yy), 47
[Byv(x), Oqp(y)] = (nuanvﬂ + Nupfve — nuvnaﬁ)

><53(x —y), (48)
[o(x), ()] = i8x —y), (49)

with all the other commutators equal to zero.
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In order to find the energy spectrum of massive conformal
gravity, we need the Hamiltonian of the theory, which is given
by

H = / BxH, (50)
where
H =T, A" + 0, B" + 16 — L (51)

is the massive conformal gravity Hamiltonian density. Sub-
stituting the Lagrangian density (40) and the canonical
momenta (41)—(43) into (51), we arrive at

1 : 1
M= (~T I + A, 07 4M) + 5 (@0
) 1,1
— 3 By d' B — m2 By, BM) + E(ﬁnz
243,000 — 24m202>, (52)
where 0; denotes the spatial derivatives, with i = 1, 2, 3.

Finally, after some calculation, we obtain
A rT r Bjsts
(27,)3 Z( wp ap'ap) = (2 )3 Z( by'bp)

_/ (271‘1;3 (w;c;cp), (53)

where we have dropped the infinite constants terms that
comes from [ap, apT] (b5, bf,T] and [cp, cp]

By imposing the commutation rules (32)—(34), and using
the Hamiltonian (53), we find

lap, H] = wpay, lay', Hl = —wpa, (54)
(b}, Hl = wpb}, by, Hl = —wpb;, (55)

[cp. Hl = &Y cp. e, HI = —afcp. (56)

If we choose the vacuum state |0) such that

asl0) =0, b3l0) =0, cpl0) =0, (57)

then, usmg (54)—(56), we can show that the massless spin-

2 state ap |O) is an eigenstate of H with energy a) , the
massive spin-2 state pr |0) is an eigenstate of H with energy
a)g and the massive spin-0 state c;;|0) is an eigenstate of H
with energy wy . In this case, the energy spectrum of massive
conformal gravity is bounded from below.

The Feynman propagators for the fields A, By, and o

are, respectively,
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D" (x = 3) = (0T (A" (x) A" (7))[0)

i
— _5 (nuanVﬂ + nuﬂnva _ n;wn(xﬂ)
d4p g—iP'(X—Y)
e R 58
Qm)* p2—iy (58)
D" (x — y) = (OIT (B** (x) B* (y))|0)
I
= L et
d*p iy
s 59
Qo)* P2+ m?—iy (59)
Dy (x — y) = (0T (0 (x)a ())]0)

[ dp it )
- Qm)* p2+m?2 —iy’

where T denotes the time-ordered product and y is an
infinitesimal parameter. It follows from (23), (58), and (59)
that the propagator for the field W, is

i
ng,aﬂ — = (nuanvﬁ + nuﬁnva _ nlwnﬂlﬂ)
d4p mZe—ip-(x—x’)

Qm)* (p2 —ix) (P2 +m?—ix)’

(61)

which have a good p~* behavior at high momenta, making
massive conformal gravity power-counting renormalizable.

The choice (57) gives the required positive energy spec-
trum and renormalization but produces difficulties in the nor-
malization of the massive states. Using (32)—(34) and (57),
we find the norms

(Olagar,'10) = (27)%6*(p — p)8™", (62)
(0lb3b ‘p, 10) = —(27)383(p — p)s**, (63)
Oleuct. 0y = —F 53 ' 64
(Olepey[0) = —==8°(p —p). (64)

and thus bf,T |0) and c;g |0) are ghost states,* which renders the
theory non-unitary. However, if the mass m of both massive
particles is greater than the available energy then it does not
give rise to stable ghost states. In this case, the S-matrix
connects only asymptotic states with positive norm and thus
it is a unitary matrix. Since massive conformal gravity is
renormalizable, we can apply the standard renormalization
group methods to study the high-energy behavior of m, which
is not a trivial thing to do. So we will leave these calculations
for future work.

4 Alternatively, if we choosea",\O) =0, biflO) =0, anchlO) = 0, then
the theory is free of ghost states, but the energy spectrum is unbounded
from below.
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4 Final remarks

We have shown in this paper that massive conformal grav-
ity is a renormalizable quantum theory of gravity which has
two massive ghost states. A careful analysis is needed to
check if these ghost states are decoupled from the theory at
high energies, which would ensure the unitarity of the theory.
While this analysis is not done we cannot rule out massive
conformal gravity as a viable quantum theory of gravity. We
are investigating this issue right now and we hope that this
investigation help to show that quantum massive conformal
gravity is not only renormalizable but also unitary.
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