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Abstract We analyze the role of vertex operator algebra
and 2d amplitudes from the point of view of the representa-
tion theory of infinite-dimensional Lie algebras, MacMahon
and Ruelle functions. By definition p-dimensional MacMa-
hon function, with p < 3, is the generating function of
p-dimensional partitions of integers. These functions can
be represented as amplitudes of a two-dimensional ¢ = 1
CFT, and, as such, they can be generalized to p > 3.
With some abuse of language we call the latter amplitudes
generalized MacMahon functions. In this paper we show
that generalized p-dimensional MacMahon functions can be
rewritten in terms of Ruelle spectral functions, whose spec-
trum is encoded in the Patterson—Selberg function of three-
dimensional hyperbolic geometry.

1 Introduction

This paper, whose main focus is the relation among CFT
correlators, MacMahon and Ruelle functions, is motivated
by the steady, if not growing, interest in the application of
symmetric functions, in particular of the two-dimensional
MacMahon function and its higher-dimensional generaliza-
tions to physical systems. This occurs in many areas of statis-
tical physics [1-3] and topological string theory [4-6], BPS
black holes, models of branes wrapping collapsed cycles in
Calabi—Yau orbifolds, and quiver gauge theories [7-9]. Gen-
eralized MacMahon functions are used, in particular, in the
computation of amplitudes of the A-model topological string
[10-13], more specifically as regards the so-called topologi-
cal vertex.
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A p-dimensional MacMahon function for p < 3 is the
generating function of a p-dimensional partition of integers,
which is the number of different ways in which we can split
an integer using distinct p-dimensional arrays of other non-
negative integers. As we shall see these functions can be
represented as amplitudes of a two-dimensional CFT. We
extend this representation as a correlator to generic p and
with some abuse of language we call the resulting objects
generalized MacMahon functions. For p > 4 these func-
tions do not coincide precisely with the generating functions
of p-dimensional partition of integers, but they have all the
same remarkable properties. In particular we will show in this
paper that generalized p-dimensional MacMahon functions
can be rewritten in terms of Ruelle spectral functions, whose
spectrum is encoded in the Patterson—Selberg function of
three-dimensional hyperbolic geometry. This may lead to an
interpretation of the above results in terms of the ADS/CFT
correspondence, an attractive possibility which we leave for
future investigation.

There is also another side of our work we would like to
recall. We have remarked elsewhere the important connec-
tion between quantum generating functions in physics and
formal power series associated with dimensions of chains
and homologies of suitable infinite-dimensional Lie alge-
bras. MacMahon and symmetric functions play an important
role in the homological aspects of this connection; its appli-
cation to partition functions of minimal three-dimensional
gravities in the space-time asymptotic to AdS3, which also
describe the three-dimensional Euclidean black holes, pure
supergravity, elliptic genera, and associated g-series were
studied in [14,15]. On the other hand special applications of
symmetric functions appear in the representation theory of
infinite-dimensional Lie algebras [14—17]. The usefulness of
symmetric function techniques can be demonstrated in pro-
viding concrete realizations of the (quantum) affine algebra,

@ Springer



2976 Page 2 of 8

Eur. Phys. J. C (2014) 74:2976

for instance in calculating the trace of products of currents of
this algebra. These functions are, respectively, the appropri-
ate character chr of the basic representations of the s[(co)
and the affine algebra m at large central charge c¢ [18].
Note that all simple (twisted and untwisted) Kac—-Moody
algebras can be embedded in the s[(co) algebra of infinite
matrices with a finite number of non-zero entries, which has
a realization in terms of the generators of a Clifford algebra.
It has been observed that in the limit ¢ — oo the basic rep-
resentation of 5T(o?) is related to the partition function of a
three-dimensional field theory [7,19].

Needless to say, although these links are suggestive, the
general panorama looks still inarticulate, and more models
and examples are needed to accommodate them into a pre-
cise scheme. One of the purposes of the present paper is to
better understand the role of vertex algebra and 2d ampli-
tudes from the point of view of the representation theory
of infinite-dimensional Lie algebras, generalized MacMahon
and Ruelle functions. In this regard particularly important is
the correspondence between Ruelle spectral functions and
the Poincaré g-series associated with conformal structure in
two dimensions.

The organization of the paper is as follows. In Sect. 2
we introduce the algebra of g-deformed vertex operators (of
the ¢ = 1 2d conformal model) and consider their gener-
alizations and the properties essential for the next sections.
In Sect. 3 we reformulate the generalized MacMahon func-
tions in terms of the Ruelle spectral functions of hyperbolic
geometry. We also broach and briefly discuss the topic of
higher-dimensional partitions, as such, originally introduced
by MacMahon. We analyze correlation functions of vertex
operators, the MacMahon’s conjecture (see (3.15)) and their
possible interpretation as p-dimensional partition functions.

In Sect. 4 we consider multipartite (vector valued) gen-
erating functions and utilize well-known formulas for Bell
polynomials. We derive the infinite hierarchy of g-deformed
vertex operators and factorized partition functions and rep-
resent them by means of spectral functions.

Finally in Sect. 5 we conclude with a summary of the main
results accompanied by discussions and suggestions.

In the appendix we give a few formulas involving Ruelle
and Patterson—Selberg spectral functions of hyperbolic three-
geometry.

2 Algebra of vertex operators

In this section we introduce the notation and quote some
earlier results we need. To this end we follow mostly [12]
and, in particular, the subsequent elaboration by [20]. Let
us consider the hierarchy of generalized local ¢-deformed

vertex operators ') (z, ¢) (p > 1)
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o0

Ti T
Iz q) = exp <Z 7W~Iﬂ:n> .

n=1

2.1

J, are the modes of a standard holomorphic U (1) Kac—
Moody J(z) with Laurent expansion is J(z) =
Y onez 77", T, = f(z"/Zm')J(z)dz. The Heisenberg
algebrais [J,, Jm] = nén4m.0, J,T = J_, and J,|0) = 0O for
n > 1. The commuting mode Jy is disregarded.

One can use the identities z¥'/(1 — ¢"MP~! =
Zf;ll Z'¢*" /(1 — ¢™)7 + z to obtain the recursive rela-
tions

p—1
g =r"@ [[r%aqz 9,
j=2

p—1
1 .
r” o =re[[r?eq.o.
j=2

2.2)

The local operators Fg)(z) := '+ (z) act on the Hilbert
space states of the c = 1 2d conformal field theory and exhibit
properties inherited from the algebra of the J4i,. They obey
the following algebra:

F()lx(y) = =T (), x,yeC,

T () = (1 —y/x)"' TN x). (2.3)
It is interesting to note that introducing Lo = > oo o J_pJn,
we get

(p)

(p) ddz
Lo, T ,q)] = 71— . q).
[Lo, TX7(z,q)] zri(zq)

2.4)
Thus Fi” ) (z, q) are ‘weight O primaries’. It follows, in par-
ticular, that the operator g0 acts on I'+(z, g) as follows:
q"T+(z,9)g " = T1(qz, @)

Due to the properties J,,|0) = 0, (0|J_, = Oforn > 0, the
operators ' (z) act on the vacuum as the identity operator:
I'+(2)|0) = 10), (O] —(z) = (0] it follows that

1

[
Z

OIP 4+ ()T - (w)|0) = (2.5

As noted in [20], I'_(z) contains all the monomials in
Jonjo I = Tljoy (Jon))™ . where & = (A1, 30,..) isa
2d partitions; the state I'_(z)|0) is reducible and is given by
a sum over all possible 2d partitions A. In the case z = 1,
r_(1oy = Z(Zd partitionsi) [A). A similar relation is valid
for (0| (1).

With the mathematical tools just introduced we can pro-
ceed to higher-dimensional generalizations. For example,
one can rewrite Ff ) (z, q) as follows:
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-1 00
Mg = ] r-m@q™ =]r-m(¢")
1=—00 k=0
i "
= exp e n (1 — n) —-n | > (26)
rPq) =[Ta"r-m @ = [Trem (a7*)
=0 k=0
i z "
=exp | — ; ST ) 2.7)

The products ]_[t_:l_oo (—) in these equations are taken
over diagonal slices of the 3d partitions. They are reminiscent
of the transfer matrix method, where a 3d partition is thought
of as an amplitude between the slice at t = —oo (in-state)
and the slice att = oo (out-state). The algebra of these vertex
operators takes the following form:

" g7 =12z, ),

2 2 2 2
rPeorew. ¢ =r w, ore @ q). 2.8)

We can replicate recursively this construction. This leads
to the following hierarchy of composite vertex operators:

oo oo o0
1
P gy = [T TTTT(r-@a™) -g*---q".
t,=1 nh=11=I

(2.9)

A similar expression can be written down for Ffﬂ) (z,9).
For n = 0, we have just I'_ (z). It is not difficult to check
that the explicit expression of the vertex operators r® (z,9)
(p = 1) acting on the vacuum is given by

) _ LA
I (z,4)10) = exp <Z W) 10)

n=1

p—1
=r-@[[r% @z910).

k=2

3 MacMahon, partitions, and Ruelle spectral functions

In this section, using the formulas in the appendix, we
transcribe the generalized MacMahon partition functions in

terms of spectral functions of hyperbolic geometry.
The 1d and 2d MacMahon function can be interpreted as
the two-point correlation of the vertex operators I' (1) and

- (q)

Zia = OIT (DT @10} = (01 T (D g™ (1) 10) = (1 =)',
3.1)
Zaq = O+ (g™ [TT-(g™10) = OIT+ () [ [ r-(g")10)
k>1 k=1
“T1(-¢) 220 (R =1 —ion™. ()

k>1

In the previous section we have introduced a hierarchy of
level p vertex operators F(p ). In perfect analogy with Z14
and Z»,; we can introduce and compute Z3;:

00 —1
Zsg = <0| (Hq“’n(l)) g"° ( I1 F_<1>qL°) |0>
=0 t=—00

=0 =1
Zﬁl"__"[[l qu]fl ki=j+¢ f_f[lj[[l_qk]l
=0 j=1 k=1 j=1
“TI[-4]" (33)
k=1

When obtaining the second line in (3.3) we split g%0 as
q™0/2¢0/2 and commute each of the operators ¢~0/? to the
left and the other to the right. The last product in (3.3) is pre-
cisely the usual form of the 3d MacMahon function, which,
again, can be rewritten in terms of the spectral Ruelle func-
tions:

—k ©
—q] " ZELEETTIRG = n( — i@ ™"

n=1

e

(34)

p-dimensional partition functions. The structure of the p-
dimensional partition function Z 4 can be analyzed in terms
of the vertex operators F(p ) (z, g) introduced before. As we
have seen above, (2.9), the latter can be interpreted as the
level p generalization of I'_(z), and they obey the rela-
tions " (z,q) = qLOF(_p) (1,9)g~ %, p > 0. The p-
dimensional partition functions Z,, can be defined as [20]

Zpa = {0Ir+ TP . 9)10)

= (oIrs (hg™r? a,g)p0), p=o0. (3.5)
We can rewrite these partition functions in terms of Ruelle

spectral function. Indeed, commuting F(f’ ) (z, q) to the left
of I'y (1, g) for p > 2, one gets by induction (see for details
[20])

@ Springer



2976 Page 4 of 8

Eur. Phys. J. C (2014) 74:2976

s —Ck,p)
Zpd = 1_[ [] — qk]

k=1
by Eq.(6.6) i R(s =n(l —io(1))) ]—C(n,l?)
A , (3.6
l}[Ruzoﬁ4xL4gu») (3.6)
_ _tp=3
P =G 3.7

Plane partitions. So far we have called Z 4 a p-dimensional
partition function without any comment. Here we would like
to motivate this term at least for the cases p < 3. It comes
from the fact that correlation functions of the correspond-
ing vertex operators admit a presentation that can be associ-
ated with higher-dimensional partitions. Recall that a higher-
dimensional partition of # is an array of numbers whose sum
isn:

n= E: Njijojes  Where njj, . = niko.k (3.8)
jls---verO

whenever ji > ki, jo > ka,...,jr = kr,and all nj, 5, j,
nonnegative integers. Let us introduce also plane partitions:
these are two-dimensional arrays of nonnegative integers
subject to a nonincreasing condition along rows and columns.
It is worth recalling that Young tableaux with strict decrease
along columns are essentially equivalent to plane partitions.
They were originally used by Alfred Young in his work on
invariant theory. Young tableaux have played an important
role in the representation theory of the symmetric group; they
also occur in algebraic geometry and in many combinatorial
problems.

Let us denote 7, (n1, na, ..., ng; q) the generating func-
tion for plane partitions with at most » columns, at most k
rows, and with n; the first entry in the ith row. The functions
w-(ny, na, ..., ng; q) are completely determined by the fol-
lowing recurrence and initial condition:

k .
Tt (1, 2, g q) = g2=i=1 )
ng ng—1 ni
XD D X ) mmi o mig). (B9)
my=0mg_1=my mp=my
k .
Ty g, o q) = =100, (3.10)
mr41(n1, na, ..., ng; g) can be represented as a determinant

(see for details [21]):

(;=1 (nj)

..,nk;q)=qZ

x det |:q("j>("j1)/2 < " + " 11>i| . (3.11)
r—i+j— I<i, j<k

Define the number of plane partitions of m, pi ,(m, n),
with at most  columns, at most k rows, and with each entry

7w (ny, na, .

@ Springer

< n, and let 7y (15 q) := Y o Pk,r(m,n)g™. Then one
can observe that

by Eq.(3.9)
ﬂk’r(n; q) _ Z

ng=--=<njp=n

wr(ny, na, ..., N0k q)

_k .
=q Mmrp1(ny,na, .. 0k q)

st o[ (117 )]
- 1<i, j<k

(3.12)

As aresult MacMahon’s formulas for the generating function
of k-rowed plane partitions 7y, o (00; g) follow [21]:

) ~ |
Z Pk.co(m, 00)g™ = 1_[(1 _ qn)—mm(k,n)’

(3.13)
m=0 n=1
o o
D Peocem, o) =[]0 —g" " =Z3a. (314
m=0 n=1

Let u(j) be the number of k-dimensional partitions of j,
then due to the MacMahon’s conjecture

o0 ) o0
Y (g’ =] —gmH= ",
j=0 n=1

(n+k—2)!

Cn, k) = T

(3.15)

MacMahon eventually came to doubt the truth of (3.15)
in general; in fact, its falsehood in general was established
in the late 1960s [21]. However, this conjecture is certainly
true for k = 1 and 2. It is remarkable that

Yomhe! =[[a-g"" =2, (3.16)
j=0 n=1
Y mag! =[] =¢"" = Zsa. 3.17)

j=0 n=1

Comparing (3.15) and (3.6), (3.7) we get the relations
Cn,k=1)=Cn,p=2), Cn,k=2)=Cn,p =
3). The MacMahon‘s conjecture for the case k > 2 can be
corrected by using the comparison between C (n, k) and the
power C(n, p) inthe g-expansion of p-dimensional partition
function Z .

Concluding this section, the term MacMahon partition
function for Z 4 is fully justified for p < 3. Following [20]
we call Z 4 for p > 4 generalized MacMahon functions due
to the straightforward way they are obtained by generaliz-
ing the definition for p < 3. The relation with the original
MacMahon’s definition is still an intriguing open problem:
its solution may shed light also into the corresponding 2d
CFT mentioned above.
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4 Multipartite generating functions and infinite and Cg_e) (k). Let
hierarchy of g-deformed vertex operators o
Multipartite generating functions. Let consider, for any Fly =1+ z; PiGesxa, oo xoul,
ordered {¢-tuple of nonnegative integers not all zeros, ~
(k1,ka, ..., ke) =k (referred to as “¢-partite” or multipar- P =1+ Z Pk; jxy-xyt, 4.7
tite numbers), the (multi)partitions, i.e. distinct representa- k>0
tions of (ky, k2, ..., k¢) as sums of multipartite numbers. ad
Letus call C“O (k) = C©u: k1. ko, ... . . k) the number of 9 =1+ Z Qj(x1, X2, ..., xe)u
such multipartitions, and introduce in addition the symbol J=1
Ok = ¢ us ki ka, ... k). Their generating func-  Q; = 1+ Y Q(k: j)xj’ -+ x;. (4.8)

tions are defined by

F(u) := 1_[ (1 — ux'f'x]z(2 xife)

k>0
=Y " O k)xfxy? - xy @.1)
k>0
G0 = [T (1 +uxltcde. 2“)
k>0
=Y O kxyxy - xpt (4.2)
k>0
Therefore,
log F(u) = Zlog( - uxl x2 xéfz)
k>0
_ Z Z mkl mk2 . .xznkz
k>0 m=1

= i ey Ay (1 — !
— m 1 2 14

= ﬂ]‘[u—x;")*‘, (4.3)
m=1 m j=1
log G(—u) = log F(u). (4.4)
Finally,
Fy =Y O aoxfiag - xpt
k>0
= exp Z ]_[(1 O (4.5)
m=1
g(u) — ZC(” Z)(k) 1 2 . .xZ‘
k>0
— exp -7 (4.6)

m=1

It is known that the Bell polynomials are very useful in
many problems in combinatorics. We would like to note their
application in multipartite partition problem [21]. The Bell
polynomials technique can be used for the calculation c® (k)

k>0

Useful expressions for the recurrence relation of the Bell
polynomial Y, (g1, g2, - - - , £x) and generating function 5(u)
have the forms [21]:

n
n
Yn+1(81, 82y gn+1) = Z (k)
k=0
X Yy k(81,825 -5 8n—k)8k+1, 4.9
o0 u"
Bu) = -y g”T (4.10)
n=0 ’ n=1 :

To verify the second formula in (4.10) we need to differ-
entiate with respect to u and observe that a comparison of
the coefficients of " in the resulting equation produces an
identity equivalent to (4.9). From (4.9) one can obtain the
following explicit formula for the Bell polynomials (known
as Faa di Bruno’s formula):

.11

n! "o g\
Yn(g11g27"'1gn): E k]' P | | (J_J'> .
sttt Rpe .
j=1

kkn

Let B, (m) := 1_[;':1
(see for details [21]):

(1 —)c;.")’1 ; the following result holds

1
Py =57 O (DG Q) s (= DI (), (412)
1
Q) =y Vi COB D,
—1B ) o == DI 4.13)

As an example, let us calculate P, coefficient. Using the
recurrence relation (4.9) we obtain P, = (1/2)Y2(8:(1),

) = (/2% @) = (1/2) ([T (-
D+ T (1 = xﬂ%)) :
The infinite hierarchy. Let us consider again the hierar-

chy r ) (z,q) of g-deformed vertex operators. We have

Iy (T (2, ) =M, (@) T (z, ) 'y (1), where M, (q)
is precisely the generalized p-dimensional MacMahon func-
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tion. The general relation is the following:

01Ty )T (24, 9) 10)

00 oo 00 1
_ 1_[ 1_[ l_[ |: k|+ +kzui| , (4.14)
kp=0 =0 ko=0 <1
with z¢/71 = qk" Inthecase x| = xp = -+ = xp = g we
f(l/t) (1 kl+k2+ +kl) !
k>0
> um
= exp( Y- q’")—‘f) : (4.15)
m=1 m
g(u) _ 1_[ (1 + uqk1+k2+~-+k4)
k>0
X \m
= exp (— Z ) 1- qm)£> . (4.16)
m
m=1

These formulas could be interpreted as the £ copies of free
CFT, representations. Indeed, setting ug®1+ -k = Qyq*o

with Q = gl Ttk (k = (ky, ..., k¢)) we get
© -1
70k 9) = [ [1 - 0xa"]
ko=0

+ke)(1 —io(oN] .
4.17)

=[(1 - QR = (ky +---

Therefore the right hand side of (4.14) can be factorized as
[Tk>0 Z2 (Qk, ¢) . We can treat this factorization as a product
of infinite copies, each of themis Z> (Qk, ¢g) and corresponds
to a free CFT;.

5 Conclusions

We have shown above that all p-dimensional partition func-
tions that have been considered in this paper can be written
in terms of Ruelle functions, a spectral function related to
hyperbolic geometry in three dimensions (see the appendix).
Thus they cannot only be interpreted as correlators in a 2d
CFT, but they suggest a possible interpretation in terms of
three-dimensional physics. This relation is, however, still to
be unveiled. In this last section we would like nevertheless to
recall that in some specific cases the interpretation in terms
three-dimensional physics has been possible.

For the benefit of the reader, let us start explaining the con-
nection between highest weight representations of infinite-
dimensional Lie algebras and holomorphic factorized quan-
tum corrections for supergravity in three dimensions. Let
M(c, h) (c,h € C) be the Verma module over Virasoro
(Vir) algebras. We have [Lo,L_,] = nL_, and Ly is
diagonalizable on M (c, h) with spectrum & + Z. and with

@ Springer

eigenspace decomposition M (c, h) = @j€Z+ M(c, h)py
where M (c, h)+; is spanned by elements of the basis of
M (c, h). The conformal central charge c acts on M (c, h) as
c1d. It follows that W; = dim M (c, h),+ j, where W is the
partition function [16]. The latter can be rewritten in the form

Truen 40 = Zq*dlm M(c, h), = q" H(l ghH™".
j=1
(5.1)

The series Trys g0 is called the formal character of the Vir
module M.

For three-dimensional gravity in a real hyperbolic space
the partition function admits a factorization: it is a product
of holomorphic and antiholomorphic functions Wy 1 (7, T) =
W (T)nol © W (T)antihol, Where

[e¢)

W@ =g * [0 —¢"™H™",

n=1

o0
W @)aninol =7 [ 1 =g"™H 7.

n=1

(5.2)

The holomorphic contribution in (5.2) corresponds to the
formal character of the Vir module. On the other hand the
modulus of a Riemann surface ¥ of genus one (the conformal
boundary of AdS3)isdefineduptoy -t = (at+b)/(ct+d)
with y € SL(2,Z). Therefore the generating function as
the sum of known contributions of states of left- and right-
moving modes in the conformal field theory takes the form
Zc’d Wea(T,T) = Zc’d Wo.1((at + b)/(ct +d), T) . The
generating function, represented as the sum over geometries,
becomes [14]

D Wealy -t =)

c,d c,d

00 2
g [Ja—-g¢n!
n=2 y

= > {la@ ™ (R =2 = 200Ny

e,d
x [R(s =2+ 2lQ(r))]annhol}y.
(5.3)
Here |...|, denotes the transform of an expression |...| by y.

The summand in (5.3) is independent of the choice of a and
b in y. The sum over ¢ and d in (5.3) should be thought of as
a sum over the coset PSL(2,Z)/Z = (SL(2,Z)/{%£1})/Z.
This result can be extended to N = 1 supergravity [22]. The
infinite series of quantum corrections for the Neveu—Schwarz
and Ramond sector of supergravity can be reproduced in
terms of Ruelle spectral functions in a holomorphically fac-
torized theory [14].

This is an example of the fact that the Ruelle function
represents a bridge between two-dimensional CFT and three-
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dimensional physics. This might be the meaning also of the
formulas we have derived in the previous sections.

In this light it is important to recall that a particular exam-
ple of MacMahon function, Z34, is directly linked to the
topological vertex [10] in topological string theory. This is
an open topological amplitude in a Calabi—Yau background.
Analysis of this vertex, Cy,.,, and open string partition func-
tion leads to a relation Z34 ~ Cy, [12,13,20,23]. This can
be achieved as (V' |0 (L)O_(A")| 1) where the operators O
and O_ play the role of composite local vertex operators of
two-dimensional ¢ = 1 conformal theory, and A, w, v repre-
sent boundary states described by 2d Young diagrams. Appli-
cations of the topological vertex [24] suggest a connection
with Chern—Simons theory. This may be the clue for our
future investigation.
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Appendix: Spectral functions of hyperbolic
three-geometry

In this section we recall some results on the Ruelle (Patterson—
Selberg type) spectral functions. For details we refer the
reader to [25-27] where spectral functions of hyperbolic
three-geometry were considered in connection with three-
dimensional Euclidean black holes, pure supergravity, and
string amplitudes.

Let & € G = SL(2, C) be the discrete group defined
by

&Y = {diag(eZmr(Imrﬂ‘Rer)’ e—2nn(Imr+iRer)) ‘ne Z}

newz},
27 (Im t+iRe 1) 67271(Im r+iRet))
s .

="

y = diag(e 6.1)

One can construct a zeta function of Selberg-type for the
group 87 = Qﬁ%’a’ ) generated by a single hyperbolic element
of the form y(, ) = diag(e®, e™%), where z = o + if for
o, B > 0. Actually « = 2xImt and 8 = 2wRe . The
Patterson—Selberg spectral function Z gy (s) and its logarithm
for Re s > 0 can be attached to H3/®" as follows:

Zer(s) =[] 11— (@) P)eertatriray,
ki,kpy>0
(6.2)

9] _ _
e na(s—1)

log Zgy (s)= —l (6.3)

4 w1 n[sinh? (%) + sin? (%)] .

For more information as regards the analytic properties of this
spectral function we refer the reader to the papers [26,28].
Let us introduce the Ruelle functions R (s), as an alternating
product of factors, each of which is a Selberg zeta function
(R(s) and Zgv (s) can be continued meromorphically to the
entire complex plane C),

oo
l_[(l _ qan+8)
n=~¢

=[] Zer (@t +e)1 —io()+1-a
p=0,1

N

+a(l+io(t)p) ™" = R(s

=(@l+e)1—io(r)+1—a), (6.4)
l_[(l +qdn+€)
n=~¢{
= ]‘[ Zoy((al +e)(1 —ig(t)+1—a+io(1)
p=0,1 s
+a(l+io()p) ="’
=R =(@+e)l—io(t) +1—-a+io(r)), (6.5)

where ¢ = ¢*™'", o(r) = Ret/Imt = B/a, o(r) =
1/2Imt) = m/a, while a is a real number, ¢ € Z, and
& € C. We can use the Ruelle functions R(s) to write the
results in the most general form,

o)
1_[(1 _ qan+£)C(n)
n={

oo

=11 [ R(s = (an+€e)(1 —io(r)) +1—a)
T IRG =@+ Dol —io@) +1—a

00
l_[(l + qzm+s)C(n)

n=¢

]C,(") (6.6)

B l"_"[ [ R(s=(an+e)(1 —io(t))+1 —a+io(1)) ]C“”
_n:[ Ris=@n+D)+e)(l—iot)+1—a+io(r)]’

6.7)

where C(n) are certain coefficients. In the simplest cases
C(n) = bn, b € R, and (6.6) and (6.7) becomes

[T =g =R(s = (@t + &)1 —io(@) +1—a)
n={

x [ R =(@n+e)d—io)+1-a), (6.8)
n=(+1
]_[(1 + gt = R(s = (al + &)1 —io(1)) + 1 —a +io ()
n=¢(

X 1_[ Ris=(an+e)(l —ipx)+1—a+ioc()’. (6.9)

n=~(+1

@ Springer



2976 Page 8 of 8

Eur. Phys. J. C (2014) 74:2976

References

1.

10.

11.

12.

13.

14.

15.

A. Okounkov, N. Reshetikhin, C. Vafa, Quantum Calabi-
Yau and classical crystals. Prog. Math. 244, 597-618 (2006).
hep-th/0309208

R. Kenyon, A. Okounkov, S. Sheffield, Dimers Amoebae.
arXiv:math-ph/0311005

R.W. Kenyon, D.B. Wilson, Boundary partitions in trees
and dimers. Trans. Am. Math. Soc. 363, 1325-1364 (2011).
[arXiv:math-CO/0608422]

D. Ghoshal, C. Vafa, ¢ =1 string as the topological theory of the
conifold. Nucl. Phys. B 453, 121-128 (1995). hep-th/9506122

E. Witten, Ground ring of two-dimensional string theory. Nucl.
Phys. B 373, 187-213 (1992). hep-th/9108004

E.H. Saidi, M.B. Sedra, Topological string in harmonic space and
correlation functions in §3 stringy cosmology. Nucl. Phys. B 748,
380-457 (2006). hep-th/0604204

M.R. Douglas, G. Moore, D-branes, Quivers, and ALE instantons.
arXiv:hep-th/9603167v1

M.A. Benhaddou, E.H. Saidi, Explicit analysis of Kahler defor-
mations in 4D N=1 supersymmetric Quiver theories. Phys. Lett. B
575, 100-110 (2003). hep-th/0307103

K. Saraikin, C. Vafa, Non-supersymmetric black holes and topolog-
ical strings. Class. Quant. Grav. 25,095007 (2008). hep-th/0703214
M. Aganagic, A. Klemm, M. Marino, C. Vafa, The topological ver-
tex. Commun. Math. Phys. 254, 425-478 (2005). hep-th/0305132
A. Igbal, N. Nekrasov, A. Okounkov, C. Vafa, Quantum foam and
topological strings. JHEP 0804, 011 (2008). hep-th/0312022

A. Igbal, C. Kozcaz, C. Vafa, The refined topological vertex. JHEP
0910, 069 (2009). hep-th/0701156

L.B. Drissi, J. Houda, E.H. Saidi, Refining the shifted topological
vertex. J. Math. Phys. 50, 013509 (2009). arXiv:0812.0513 [hep-th]
L. Bonora, A.A. Bytsenko, Partition functions for quantum gravity,
black holes, elliptic genera and Lie algebra homologies. Nucl. Phys.
B 852, 508-537 (2011). arXiv:1105.4571 [hep-th]

L. Bonora, A.A. Bytsenko, E. Elizalde, String partition functions,
Hilbert schemes and affine Lie algebra representations on homol-
ogy groups. J. Phys. A 45, 374002 (2012). arXiv:1206.0664 [hep-
th]

@ Springer

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

V.G. Kac, Infinite dimensional lie algebras, 3rd edn. (Cambridge
University Press, Cambridge, 1990)

H. Awata, M. Fukuma, Y. Matsuo, S. Odake, Representation theory
of the Wit~ Algebra. Prog. Theor. Phys. Suppl. 118, 343-374
(1995). hep-th/9408158

E. Frenkel, V. Kac, A. Radul, W.-Q. Wang, Wi o and W(gly)
with central charge N. Commun. Math. Phys. 170, 337-358 (1995).
hep-th/9405121

J.J. Heckman, C. Vafa, Crystal melting and black holes. JHEP 0709,
011 (2007). hep-th/0610005

L.B. Drissi, J. Houda, E.H. Saidi, Generalized MacMahon G,4(g)
as g -deformed CFTj correlation function. Nucl. Phys. B 801, 316—
345 (2008). arXiv:0801.2661v2 [hep-th]

G.E. Andrews, The theory of partitions. Encyclopedia of math-
ematics, vol. 2. (Addison-Wesley Publishing Company, Reading,
1976)

A. Maloney, E. Witten, Quantum gravity partition function in three
dimensions. JHEP 1002, 029 (2010). arXiv:0712.0155 [hep-th]
J.-F. Wu, J. Yang, Vertex operators, c? curve, and topological ver-
tex, arXiv:1403.0181v1 [hep-th]

M. Marino, Chern-Simons theory and topological strings. Rev.
Mod. Phys. 77, 675-720 (2005). hep-th/0406005

A.A.Bytsenko, M.E.X. Guimaraes, Truncated heat Kernel and one-
loop determinants for the BTZ geometry. Eur. Phys. J. C 58, 511-
516 (2008). arXiv:0809.1416 [hep-th]

A.A. Bytsenko, M. Chaichian, R.J. Szabo, A. Tureanu, Quantum
black holes, elliptic genera and spectral partition functions. IJG-
MMP (2014) (to appear). arXiv:1308.2177 [hep-th]

M.E.X. Guimaraes, R.M. Luna, T.O. Rosa, Topological vertex,
string amplitudes and spectral functions of hyperbolic geometry.
Eur. Phys. J. C (2014) (to appear). arXiv:1403.7139 [hep-th]

S.J. Patterson, P.A. Perry, The divisor of the Selberg zeta function
for Kleinian groups, with an appendix by Charles Epstein. Duke
Math. J. 106, 321-390 (2001)


http://arxiv.org/abs/hep-th/0309208
http://arxiv.org/abs/math-ph/0311005
http://arxiv.org/abs/math-CO/0608422
http://arxiv.org/abs/hep-th/9506122
http://arxiv.org/abs/hep-th/9108004
http://arxiv.org/abs/hep-th/0604204
http://arxiv.org/abs/hep-th/9603167v1
http://arxiv.org/abs/hep-th/0307103
http://arxiv.org/abs/hep-th/0703214
http://arxiv.org/abs/hep-th/0305132
http://arxiv.org/abs/hep-th/0312022
http://arxiv.org/abs/hep-th/0701156
http://arxiv.org/abs/0812.0513
http://arxiv.org/abs/1105.4571
http://arxiv.org/abs/1206.0664
http://arxiv.org/abs/hep-th/9408158
http://arxiv.org/abs/hep-th/9405121
http://arxiv.org/abs/hep-th/0610005
http://arxiv.org/abs/0801.2661v2
http://arxiv.org/abs/0712.0155
http://arxiv.org/abs/1403.0181v1
http://arxiv.org/abs/hep-th/0406005
http://arxiv.org/abs/0809.1416
http://arxiv.org/abs/1308.2177
http://arxiv.org/abs/1403.7139

	Generalized q-deformed correlation functions as spectral functions of hyperbolic geometry
	Abstract 
	1 Introduction
	2 Algebra of vertex operators
	3 MacMahon, partitions, and Ruelle spectral functions
	4 Multipartite generating functions and infinite hierarchy of q-deformed vertex operators
	5 Conclusions
	Acknowledgments
	Appendix: Spectral functions of hyperbolic  three-geometry
	References


