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Abstract. This paper considers discrete mass-spring structure identification in a nonlocal continuum space-
fractional model, defined as an optimization task. Dynamic (eigenvalues and eigenvectors) and static (dis-
placement field) solutions to discrete and continuum theories are major constituents of the objective
function. It is assumed that the masses in both descriptions are equal (and constant), whereas the spring
stiffness distribution in a discrete system becomes a crucial unknown. The considerations include a vari-
ety of configurations of the nonlocal parameter and the order of the fractional model, which makes the
study comprehensive, and for the first time provides insight into the possible properties (geometric and
mechanical) of a discrete structure homogenized by a space-fractional formulation.

1 Introduction

Recently, the application of fractional calculus (FC) in mechanics for describing scale effects (in a broad sense [1]) has
gained considerable attention; such concepts are called fractional mechanics (FM). FM formulations exist that describe
the following materials: polymers [2], granular soils [3–7], silts [8], granites [9], biological tissues [1, 10], metals [6, 11],
and silicon [12]. FC introduces a continuum-type description through the definition of the fractional derivative (FD)
(derivative of an arbitrary order [13–16]), revealing certain hidden aspects of the discrete nature of the phenomena
analysed. Furthermore, FC has an indisputable attribute, namely, that FC provides an infinite number of possible FD
realizations [17,18]; thus we can identify a specific type of FD depending on the experimental evidence.

An important family of FM concepts includes formulations where, in classic continuum mechanics (CCM) theory,
the integer differential operators acting on a spatial variable are replaced by fractional operators; such models are called
space-fractional continuum mechanics (s-FCM) [19–25]. The physical interpretation of s-FCM is that FD homogenizes,
in a phenomenological sense, the underlying microstructure [26]; thus, the scale effect is included within FC, and the
s-FCM model is nonlocal. Nevertheless, to the best of our knowledge no one has answered the following question: Is
there a discrete structure that is homogenized by s-FCM?.

In this paper, we provide the answer to the above question by identifying a discrete mass-spring structure, whose
behaviour (static and dynamic) is mapped with high precision by an s-FCM approach. Such a concept is a kind
of inverse problem to recent trends in physics/mechanics on the study of continualization techniques, such as the
Taylor series-based method or the shift operator expansion method [27–29]. The overall problem is defined as a 1D
optimization task with several variables (altogether approximately 2.5 million analyses were conducted). Furthermore,
the considerations include a variety of configurations of the non-local parameter and the order of the fractional model
(altogether twenty discrete spring-mass structures were identified), which makes the study comprehensive.

The paper is structured as follows. In sect. 2, the fundamentals of s-FCM and mass-spring discrete models are
presented. Section 3 deals with an inverse problem formulation, while sect. 4 presents the results and discussion. The
final section provides a summary and conclusions.
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2 Space-fractional and discrete models

2.1 s-FCM model

2.1.1 Riesz-Caputo fractional derivative

The Riesz-Caputo fractional derivative is constructed as linear combination of Riemann-Liouville fractional integrals
and an integer order derivative. From the point of view of mathematical modelling of mechanical phenomena, it is
important that the Riesz-Caputo derivative of a constant is zero (which guarantees that the strain field does not
change for rigid body motion as in the classic approach), and classic boundary conditions can be applied.

First, we define the integral

(Kα
P f)(t) := p

∫ t

a

k(t, τ)f(τ)dτ + q

∫ b

t

k(τ, t)f(τ)dτ, (1)

where P = 〈a, t, b, p, q〉 is the parameter set, t ∈ [a, b] (an independent variable, identified as a space variable later in
this paper), p and q are real numbers, k(t, τ) is a kernel that may depend on α, and f is any function defined almost
everywhere on (a, b) with values in R. Next, assuming that the kernel k(t, τ) is a difference kernel that depends on α,
i.e.

kα(t − τ) =
1

Γ (α)
(t − τ)α−1, (2)

we obtain the following integrals:

– for P = 〈a, t, b, 1, 0〉, we have

(Kα
P f)(t) =

1
Γ (α)

∫ t

a

(t − τ)α−1f(τ)dτ ; (3)

– for P = 〈a, t, b, 0, 1〉, we have

(Kα
P f)(t) =

1
Γ (α)

∫ b

t

(τ − t)α−1f(τ)dτ ; (4)

where Γ is the Euler gamma function. The integrals given by eq. (3) and eq. (4) are the left and right Riemann-Liouville
fractional integrals, respectively, for which we introduce the notation aIα

t f(t) and tI
α
b f(t). The linear combination of

eq. (3) and eq. (4) leads to the Riesz potential, namely,

aIα
b f(t) =

1
2

(aIα
t f(t) + tI

α
b f(t)) . (5)

Finally, the Riesz-Caputo fractional derivative is defined as

RCDαf(t) = aIn−α
b Dnf(t), (6)

where n = �α� + 1 and �·� denotes the floor function. Alternatively, eq. (6) can be expressed as

RCDαf(t) =
1
2
(
C
a Dα

t f(t) + (−1)nC
t Dα

b f(t)
)
, (7)

where the left and right Caputo derivatives are

C
a Dα

t f(t) =
1

Γ (n − α)

∫ t

a

f (n)(τ)
(t − τ)α−n+1

dτ, for t > a, (8)

and
C
t Dα

b f(t) =
(−1)n

Γ (n − α)

∫ b

t

f (n)(τ)
(τ − t)α−n+1

dτ, for t < b. (9)

Furthermore, the following index rules are true (α ∈ (0, 1)):

aI1−α
b Dmf(t) = RCDm−1+αf(t), (10)

RCDαDmf(t) = RCDm+αf(t), (11)

DmRCDαf(t) �= RCDm+αf(t), (12)

where m ∈ N and N denotes the set of natural numbers.
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2.1.2 1D fractional elasticity

To understand the general concept of 3D s-FCM, the reader should consult [20,30].
Based on the results presented in [20], the governing equations for a 3D s-FCM elastic body that occupies a volume

Ω with boundary ∂Ω, together with the assumption of a variable length scale [31], have the form
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σij,j + bi = ρÜi, x ∈ Ω,

♦
εij =

1
2

α−1
f

(
RCD

xj

αUi + RCD
xi

αUj

)
, x ∈ Ω,

σij = Le
ijkl

♦
εkl, x ∈ Ω,

boundary conditions

Ui = Ûi(x, t), x ∈ ∂ΩU ,

σijnj = t̂i(x, t), x ∈ ∂Ωσ,

initial conditions

Ui(x, 0) = Û0
i (x), x ∈ Ω

U̇i(x, 0) = V̂ 0
i (x), x ∈ Ω

∂ΩU ∩ ∂Ωσ = ∅ and ∂ΩU ∪ ∂Ωσ = ∂Ω,

(13)

where σij denotes the components of the Cauchy stress tensor, bi denotes the components of the body force vector,

ρ is the density, ˙(·) and (̈·) denote the first and second time derivatives, respectively,
♦
εij denotes the components

of the small fractional strain tensor, 
f = 
f (x) is the length scale (herein a known function), α is the order of
continua α ∈ (0, 1] (for α → 1, there exists a smooth passage from this formulation to conventional (local) continuum
mechanics), x is a spatial variable, Ui denotes the components of the displacement vector, Le

ijkl denotes the components
of the stiffness tensor, ni denotes the components of the outward unit normal vector, ti denotes the components of the
Cauchy traction vector, and ∂ΩU and ∂Ωσ are the parts of the boundary ∂Ω where the displacements and tractions
are applied, respectively. Because linear elasticity is considered, the stiffness tensor is

Le
ijkl = λδijδkl + μ(δikδjl + δilδjk), (14)

where λ and μ are the Lame parameters and δij is the Kronecker delta operator.
Equations (13) can be reduced to a 1D case in a classic manner (see [20]); as a result, the following integro-differential

equation is obtained (x = x1):

Γ (2 − α)
2Γ (2)

∂

∂x

[
E
f (x)α−1

(
C

x−�f
Dα

x U(x, t) −C
x Dα

x+�f
U(x, t)

)]
+ b(x, t) = ρÜ(x, t), (15)

where E denotes the Young modulus. Equation (15) allows easier interpretation of the 
f parameter as the size of
the surroundings, which influences the material point being considered. Moreover, in the following, we assume that 
f

near the ends of the structure is linearly reduced to zero, which means that the nonlocal action is less pronounced for
the points on the boundary, i.e., in a real body the surroundings are limited for the grains at the boundary [31–33].
Finally, there are two types of boundary conditions for the 1D configuration:

– for both ends (i.e., x = x0 and x = xr) of a 1D body, displacements are prescribed

U(x0, t) = UL, U(xr, t) = UR, (16)

– for the left end (i.e., x = x0), a displacement is given and for the right end (i.e., x = xr), a force is given

U(x0, t) = UL,
♦
ε(xr, t) =

♦
εR, (17)

where x0 and xr denote points on the boundary; see fig. 1.
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Fig. 1. Discretization of a 1D fractional body.

Approximation for FD operators

Because there is no analytical solution to eq. (15), a numerical approximation of the FD operators is needed; we follow
the expressions proposed in [34, 35]. Therefore, first, we assume the spatial discretization of a 1D fractional body of
length L into r equal subintervals Δx (see fig. 1) by the rule

xi = x0 + i
L

r
, (18)

with x0 = 0 and r ∈ N.
Next, for the discretization point xi, the left derivative is approximated by

ai = xai
0 < xai

1 < . . . < xai
j < . . . < xai

pi
= xi, h =

xai
pi

− xai
0

pi
=

xi − ai

pi
, pi ≥ 2,

xai
j = xai

0 + jh,

C
ai

Dα
x U(x)

∣∣
x=x

ai
p

∼= hn−α

Γ (n − α + 2)

⎧⎨
⎩BiU

(n)(xai
0 ) + U (n)(xai

pi
) +

pi−1∑
j=1

Ca
i (j)U (n)(xai

j )

⎫⎬
⎭ , (19)

where U (n)(xai
j ) denotes a classic n-th derivative at x = xai

j ; by analogy, for the right derivative we obtain

xi = xbi
0 < xbi

1 < . . . < xbi
j < . . . < xbi

p = bi, h =
xbi

p − xbi
0

pi
=

bi − xi

pi
, pi ≥ 2,

xbi
j = xbi

0 + jh,

C
x Dα

bi
U(x)|

x=x
bi
0

∼= (−1)nhn−α

Γ (n − α + 2)

⎧⎨
⎩BiU

(n)(xbi
pi

) + U (n)(xbi
0 ) +

pi−1∑
j=1

Cb
i (j)U

(n)(xbi
j )

⎫⎬
⎭ , (20)

where Bi = [(pi − 1)β − (pi − n + α − 1)pn−α
i ], Ca

i (j) = [(pi − j + 1)β − 2(pi − j)β + (pi − j − 1)β ], Cb
i (j) =

[(j + 1)β − 2jβ + (j − 1)β ], β = n − α + 1, h = Δx, pi = �f |i(xi)
Δx , ai = xi − 
f |i(xi), and bi = xi + 
f |i(xi).

Static case

We assume that the inertia term in eq. (15) can be neglected, i.e., ρÜ(x, t) = 0, so U = U(x). Then, assuming that
α ∈ (0, 1], n = 1 in eqs. (19) and (20), the behaviour of the i-th node is governed by (see fig. 1)

E
Γ (2 − α)

2Γ (2)
1

Δx

[

α−1
f

∣∣
i+m

(
C

x−�f
Dα

x U −C
x Dα

x+�f
U
) ∣∣∣

i+m
− 
α−1

f

∣∣
i−M

(
C

x−�f
Dα

x U −C
x Dα

x+�f
U
) ∣∣∣

i−M

]
+ bi = 0, (21)
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or

AE

⎧⎨
⎩(
f

α−1)i+m

⎡
⎣Bi+mU ′(xai+m

0 ) +
pi+m−1∑

j=1

Ca
i+m(j)U ′(xai+m

j )

+ 2U ′(xi+m
pi+m

) +
pi+m−1∑

j=1

Cb
i+m(j)U ′(xbi+m

j ) + Bi+mU ′(xbi+m
pi+m

)

⎤
⎦

− (
f
α−1)i−M

⎡
⎣Bi−MU ′(xai−M

0 ) +
pi−M−1∑

j=1

Ca
i−M (j)U ′(xai−M

j )

+ 2U ′(xi−M
pi−M

) +
pi−M−1∑

j=1

Cb
i−M (j)U ′(xbi−M

j ) + Bi−MU ′(xbi−M
pi−M

)

⎤
⎦
⎫⎬
⎭+ bi = 0, (22)

where A = Γ (2−α)
2

h−α

Γ (3−α) and (·)′, (·)′′ denote the first and second order derivatives which are approximated using the
classic central finite difference scheme. For α = 1 (n = 1), eq. (22) reduces for m = M = 1

2 to the classic central finite
difference scheme, i.e., A = 1

2h , B = Ca(j) = Cb(j) = 0, (
f
α−1) = const. = 1; therefore,

Ui−1 + 2Ui + Ui+1

Δx2
+

bi

E
= 0. (23)

Finally, we can write the set of r + 1 equations obtained from eq. (22) as a global algebraic problem, namely,

Kq = Q, (24)

where K denotes the fractional stiffness matrix, q includes the unknown displacements in the discretization nodes
(U0, . . . , Ur)T, and Q is a global force vector (b0, . . . , br)T.

Eigenvalue problem

In eq. (15), we assume that b(x, t) = 0 and that the separation of the variables holds; therefore,

U(x, t) = U(x)eiωf t, (25)

and eq. (15) can be rewritten in the form

Γ (2 − α)
2Γ (2)

∂

∂x

[
E
f (x)α−1

(
C

x−�f
Dα

x U(x) −C
x Dα

x+�f
U(x)

)]
+ λ2

fU(x) = 0, (26)

where λ2
f = ω2

fρ, and ωf = ωf (α, 
f ) denotes the natural frequency for the s-FCM. Next, assuming as for the static case
that α ∈ (0, 1] and n = 1, and using approximations eqs. (19) and (20), the behaviour of the i-th node is governed by

E
Γ (2 − α)

2Γ (2)
1

Δx

[

α−1
f

∣∣
i+m

(
C

x−�f
Dα

x U −C
x Dα

x+�f
U
) ∣∣∣

i+m

− 
α−1
f

∣∣
i−M

(
C

x−�f
Dα

x U −C
x Dα

x+�f
U
) ∣∣∣

i−M

]
+ λ2

fU |i = 0, (27)

or

AE

⎧⎨
⎩(
f

α−1)i+m

⎡
⎣Bi+mU ′(xai+m

0 ) +
pi+m−1∑

j=1

Ca
i+m(j)U ′(xai+m

j )

+ 2U ′(xi+m
pi+m

) +
pi+m−1∑

j=1

Cb
i+m(j)U ′(xbi+m

j ) + Bi+mU ′(xbi+m
pi+m

)

⎤
⎦

− (
f
α−1)i−M

⎡
⎣Bi−MU ′(xai−M

0 ) +
pi−M−1∑

j=1

Ca
i−M (j)U ′(xai−M

j )

+ 2U ′(xi−M
pi−M

) +
pi−M−1∑

j=1

Cb
i−M (j)U ′(xbi−M

j ) + Bi−MU ′(xbi−M
pi−M

)

⎤
⎦
⎫⎬
⎭+ λ2

fU |i = 0. (28)
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Fig. 2. General concept of the mass-spring model.

As for the static case, for α = 1 (n = 1), eq. (28) reduces for m = M = 1
2 to the classic central finite difference

scheme, i.e.,
Ui−1 + 2Ui + Ui+1

Δx2
+

λ2
fUi

E
= 0. (29)

Finally, we write the set of r + 1 equations obtained from eq. (28) as a global algebraic problem, namely,

(K + λ2
fI)U0 = 0, (30)

with the solution
det(K + λ2

fI) = 0, (31)

where I denotes the identity matrix.
In the following sections, without loss of generality, for static and dynamic cases, we consider the case when both

ends are clamped. It follows from the considerations presented in [31] that the unknown displacements are U1 up to
Ur−1, whereas U−1 and Ur+1 should be eliminated (see fig. 1). Based on equating the finite difference approximation
of the second order derivative using central and forward schemes at point x0, and by analogy central and backward
schemes at point xr we have

U−1 = 3U0 − 3U1 + U2, (32)
Ur+1 = 3Ur − 3Ur−1 + Ur−2. (33)

Consequently, in eqs. (24) and (30) we assume that: i) for i = 1: m = 1, and M = 0, and for all U ′ in eqs. (22)
and (28), a forward scheme is applied; ii) for i ∈ {2, 3, . . . , r − 2}: m = M = 1

2 , and for all U ′ in eqs. (22) and (28),
a central scheme is applied; and iii) for i = r − 1: m = r − 1, and M = r − 2 and for all U ′ in eqs. (22) and (28), a
backward scheme is applied.

2.2 Mass-spring model

Governing equation

We assume that the discrete chain comprises of springs (k̃i) and masses (m̃i) as presented in fig. 2.
The behaviour of the i-th concentrated mass can be described as follows:

Ñi − Ñi−1 + b̃i = m̃i
d2Ũi

dt2
, (34)

where the springs forces (Ñ) are directly related to their elongation

Ñi−1 = k̃i−1(Ũi − Ũi−1),

Ñi = k̃i(Ũi+1 − Ũi), (35)

where Ũi is the i-th node displacement. After inserting the spring forces from eq. (35) into eq. (34) the governing
equation can be presented in the form

k̃i−1Ũi−1 − (k̃i−1 + k̃i)Ũi + k̃iŨi+1 = m̃i
d2Ũi

dt2
− b̃i. (36)
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Static case

With the assumption that m̃i
d2Ũi

dt2 = 0 (inertia forces are negligible), the behaviour of the i-th node is governed by the
equation

k̃i−1Ũi−1 − (k̃i−1 + k̃i)Ũi + k̃iŨi+1 + b̃i = 0. (37)

We can write eq. (37) for all masses, which leads to an algebraic problem

K̃q̃ = Q̃, (38)

where K̃ is a stiffness matrix for a discrete system and q̃ = (Ũ0, . . . , Ũi, . . . , Ũrs)T represents concentrated masses
displacements.

Eigenvalue problem

We assume b̃i = 0 and separation of variables
Ũi(t) = Ũie

iω̃t. (39)

As a consequence, the behaviour of the i-th mass is governed by the equation

k̃i−1Ũi−1 − (k̃i−1 + k̃i)Ũi + k̃iŨi+1 − ω̃2m̃iŨi = 0, (40)

which written for all masses allows us to formulate the following eigenproblem:

(K̃ − λ̃M̃)Ũ0 = 0. (41)

In the above, λ̃ = ω̃2 while M̃ is a diagonal mass matrix.

Boundary conditions

The boundary conditions in a mass-spring model consisting of rs concentrated masses (see fig. 2) correspond to those
defined for the fractional model (eqs. (16) and (17)), namely,

– for both ends, displacements are known

Ũ0(t) = ŨL, Ũrs(t) = ŨR; (42)

– for the left end, a displacement is given, and the right end, a force is given

Ũ0(t) = ŨL, (Ũrs(t) − Ũrs−1(t))k̃rs−1 = f̃R. (43)

3 Identification

3.1 Introduction

The main goal is to calibrate the spring stiffnesses in a spring-mass model to obtain a mechanical response similar to
that of the fractional model. Two types of analyses are considered, namely, static and natural frequency (eigenproblem)
analyses. For both models, the total mass is equal and uniformly distributed, so ρ(x) = const. and m̃i = const. The
changes in the spring stiffnesses are driven by comparison of the eigenvalues and static displacements. The mechanical
responses are expected to match for all the combinations of fractional model parameters α ∈ {0.6, 0.7, 0.8, 0.9, 0.999}
and 
f ∈ {0.025, 0.05, 0.1, 0.2}.

3.2 Computational models

A 1D body fixed at both ends is analysed (fig. 3). For the sake of simplicity, the nondimensional case is considered, so
L = 1, and for the fractional model, E = ρ = 1. In the discrete model, m̃i depends on discretization.
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Fig. 3. Fractional and spring-mass model parameterization scheme.

3.2.1 Mass-spring

The fundamental assumption made in this study is that the length scale of the fractional model (
f ) determines the
module of length 
d in the spring-mass model. This module represents a repeatable pattern in the structure (RVE) [36].
Thus, finding the spring stiffnesses ki in the single module is enough to identify the whole structure stiffness. The
module length 
d equals the fractional length scale 
f . Therefore, the number of modules is expressed by nm = L/
f

and equals 5, 10, 20 and 40 for 
f ∈ {0.025, 0.05, 0.1, 0.2}, respectively.
The topology and mechanical properties of the module constitute the set of unknowns, i.e., the locations of concen-

trated masses, number of springs and spring stiffnesses. The consideration of all the possible unknowns where strong
interactions between the unknowns are clearly visible would make the optimization extremely difficult. Therefore, in
this study, the concentrated masses are uniformly spanned, and the number of springs s ∈ {4, 5, 6}, which leads to s
unknowns-spring stiffnesses:

k = (k̃1, . . . , k̃i, . . . , k̃s), (44)

which have to be identified for each combination of α and 
f analysed.
Due to the assumption of the same mass for both models, the single concentrated mass in the spring mass model

is given by

m̃i =

∫ L

0
ρ(x)A(x)dx

nms
, (45)

where the numerator for the non-dimensional case equals one (A(x) = const. = 1). The concentrated mass represents
the mass of a fragment of the structure of length Δx̃ analysed (see fig. 3).

The mechanical behaviour of the spring-mass structure for the static case is described by eq. (37). The mass load
is applied to all the concentrated masses and equals, for the i-th mass,

b̃i = m̃ig, (46)

where the field intensity g = 1.0. To find the displacements, the system of linear equations, eq. (43), is solved. For the
case of the natural frequency, the eigenproblem, eq. (41), is solved.

To determine the results of the static and dynamic problems, a procedure was developed in Python. For the mass-
spring model, to facilitate comparison of the results, the displacement field and eigenvectors are computed for r + 1
uniformly distributed points (see eq. (18)) with linear interpolation between the concentrated masses. The number of
subintervals, r +1, agrees with the discretization applied in the fractional model that the results are compared to (see
the next section).
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Fig. 4. Length scale �f (x) along the body.

3.2.2 Fractional

We assume a uniform mass load, namely,
b(x) = ρ(x)g(x). (47)

Then, the static behaviour of the structure analysed is described using s-FCM according to eq. (22) and g(x) = 1.0
as mentioned. The final displacements for the statics are obtained by solving the algebraic problem given in eq. (24),
whereas the eigenvalues and eigenvectors are computed on the basis of eq. (30).

For all the models used the concept of variable length scale is applied [31], which eliminates the virtual boundary
layer [37] and its influence on the results. As mentioned, near the ends of the structure, the length scale linearly reduces
from 
max

f to 2Δx. As a result, no information on the displacements outside the body is required when eq. (32) and
eq. (33) are applied. The distribution of all the length scales used 
f (x) is presented in fig. 4.

The fractional body is discretized into different numbers of subintervals depending on the number of modules in
the spring-mass model to which the results are compared, namely, Δx ∈ {0.005, 0.0025, 0.001(6)} for s ∈ {4, 5, 6},
respectively.

The global system of equations (eq. (24)) was built using a dedicated procedure developed in Python. Due to the
varying length scale, the governing equations for the particular points were built dynamically (see github.com/szajek),
and the system of equations was solved using the LU decomposition [38] with partial pivoting and row interchanges.

3.3 Optimization problem

The following optimization problem was formulated for each configuration of 
f/d and α:

min
k

O = min
{

min
k

Os : s ∈ {4, 5, 6}
}

, (48)

where s denotes the number of springs in a module (see fig. 3). The optimization sub-task is defined as a weighted sum:

min
k

Os = min
k

(
w1O

p
dyn + w2O

p
stat

)
, (49)

subject to:
klower ≤ ki ≤ kupper,

where w1 and w2 are coefficients responsible for scaling and weighting the objective function components, and the
components can be calculated as

Op
stat = ‖ΔU(k, x)‖p = p

√∫ L

0

[
U(x) − Ũ(k, x)

]p
dx,

Op
dyn = ‖1 − ωf � ω̃(k)‖p = p

√
Σ

Nf (�d)
i=1

(
1 − ωf,i

ω̃i(k)

)p

, (50)
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Fig. 5. Model conversion from fractional (a) through discrete with varying spring stiffness (b) to discrete model with constant
spring stiffness.

where p is the order of a p-norm, U denotes the displacements, and ωf,i is the i-th natural frequency. In turn, k is the
vector of the design parameters, i.e., the stiffnesses of the springs in a module (see fig. 3). ωf,i and ω̃i are normalized
in objective function to prevent the objective prioritization of higher eigenvalues.

Due to the discretization applied (see sect. 2), the objective function is calculated based on the numerical approx-
imations, namely,

Op
stat ≈ p

√√√√ r∑
i=0

[(
Ūi − Ui

)
δi

]p
, (51)

where

δi =

⎧⎪⎨
⎪⎩

Δx

2
i ∈ {0, r},

Δx i ∈ {1, 2, . . . , r − 1},
Δx = L/r. (52)

Considering the boundary conditions applied (see sect. 3.2) Ui = 0 for i ∈ {0, r}, (Ūi − Ui)δi = 0 for the edge points
and δi = Δx = const. for the remaining points, and eq. (51) can be simplified to the form

Op
stat ≈ Δx p

√√√√ r∑
i=0

[(
Ūi − Ui

)]p
. (53)

In the optimization procedure, p = 2 is used for both Op
stat and Op

dyn; however, the results for p = ∞ are also
computed to provide the largest difference between the displacements of discretization points and the largest normalized
difference between the eigenvalues. The boundary values of k are klower = 10−6 and kupper = 60(EA/Δx̃). For the
nondimensional case, kupper = 60/Δx̃. In this way, the local stiffness of the mass-spring model can range from almost
zero to 60 times larger than that of the fractional model. Finally, the coefficients are w1 = 1.0 and w2 = 3.33 ·102. The
coefficients w1 and w2 can be implicitly divided into a “scale factor” and “weight”, respectively. The “scale factor” is
responsible for making Op

stat and Op
dyn of similar order, while the “weight” concerns the “importance” of the objectives.

These parameters were established on the basis of the preliminary study. Considering the final values presented in
table 1, 〈Op

stat〉 = 1.95 · 10−4 on average, while 〈Op
dyn〉 = 2.67 · 10−2 (〈·〉 denotes an average value). Thus, the “scale

factor” equals approximately sf = 〈Op
dyn〉/〈O

p
stat〉 = 136.9, which leads to the “weight” w2/sf = 2.43. Therefore, on

average, the static component is twice as important as the dynamic component.
The total number of eigenvalues considered is limited to Nf and depends on the length scale (
f ). The primary

reason for this limitation is that the wavelength in the spring-mass model with constant spring stiffness has to fulfil
the inequality [29]

λ =
2π

|k| � 2a, (54)

where k is the wave number and a denotes the distance between the masses. Equation (54) is that the complexity of
the displacement field is limited by the discrete microstructure. In the case analysed, each module in the spring-mass
model can be reduced (due to the parallel connection) to a single mass and spring as presented in fig. 5. Thus, the
distance a = 
f = 
d. Furthermore, considering that k = 2π/λf and assuming the minimal allowed λf = 2L/Nf ,
eq. (54) can be rewritten as

Nf � L


f/d
=

1

f/d

. (55)
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Fig. 6. Measurement of “half a wavelength” based on eigenvectors. Example of the eigenvector for mode 12, �f = 0.1, and
α = 0.6.

In conclusion, eq. (55) states that the maximal number of eigenvalues equals 5, 10, 20, and 40 for the length scales (
f )
0.2, 0.1, 0.05, and 0.025, respectively.

Another reason for imposing the limit on Nf is that the “homogenization” performed using the fractional model
is not ideal. The assumption that the module length equals the length scale is not valid close to the edges (see
fig. 4). Therefore, the results differ and the discrepancy increases for higher natural frequencies where the wave-
length decreases. The effect is observed as a change in the wavelength along the body. In the mass-spring model, the
wavelength is constant. In this study, the following proportion is assumed to be the limit:

max(Di)
〈Di〉

< 1.15 i = 1, . . . , n, (56)

where Di is obtained based on eigenvector analysis, as presented in fig. 6. Finally, the numbers of natural frequencies
analysed, Nf , are 4, 8, 16, and 32 for length scales, 
f , 0.2, 0.1, 0.05, and 0.025, respectively. These limits, being more
restrictive, are used to calculate the objectives.

In our future work we plan to ease the restriction on constant 
d.

3.4 Algorithm

The problem described by eq. (48) was solved by coupling the computational model with an optimizer. The general
overview of the procedure is presented in fig. 7.

Two optimization strategies were used, a local search algorithm and the same algorithm hybridized with an
evolutionary algorithm. As a local search optimizer, the limited-memory Broyden-Fletcher-Goldfarb-Shanno algo-
rithm [39,40] implemented in the SciPy package was chosen [41]. All the spring stiffnesses for the initial configuration
were assumed to be the same as those in the fractional model (the exact values depended on the modules and segment
numbers). The second approach, the hybridized algorithm, started with a set of 70 propositions (individuals) and
improved the proposition in a run of evolutionary operators (10 generations). The best solution, in turn, was the
starting point for a local search. The initial configurations of the design parameters were sampled from a feasible
design space (see sect. 3.3). The most important settings used for the L-BFGS algorithm were assumed as follows: the
maximum number of iterations was 15000, the minimal relative change of an objective was 2.22 · 10−9 (default value
in scipy package), and the step size used for numerical approximation of the Jacobian was 10−3. The step size was
established by trial and error and led to sufficiently high Jacobian values to drive changes in the variables. The evolu-
tionary strategy configuration, on the other hand, was as follows: tournament selection with a group of 3 individuals,
two-point crossover with a probability of 0.5, and a Gaussian mutation with a mean of 0.0, standard deviation of 1.0
and probability of 0.02 for each input parameter independently.

4 Results

Due to the stochastic nature of the evolutionary algorithm, the optimization problem eq. (48) was solved 40 times for
each configuration of parameters 
f = 
d, α and s, resulting in 2400 optimization runs and approximately 2.5 million
analyses. The values of the objective functions for the best solutions are collected in table 1. The objective values were
calculated using eqs. (50) for p = 2 (Euclidean norm) and p = ∞.
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Fig. 7. General workflow of the optimization procedure.

Table 1. Values of the objective functions.

�f = �d α s Δx O2
dyn O0

dyn O2
stat O0

stat

0.2

0.9999 6 3.33E-003 1.58E-002 1.37E-002 9.37E-006 1.11E-006

0.9 4 5.00E-003 7.86E-003 4.29E-003 2.31E-004 5.22E-005

0.8 4 5.00E-003 1.49E-002 7.52E-003 3.73E-004 8.09E-005

0.7 4 5.00E-003 1.78E-002 1.04E-002 5.20E-004 1.06E-004

0.6 5 5.00E-003 8.24E-003 4.28E-003 7.71E-004 1.18E-004

0.1

0.9999 6 3.33E-003 1.61E-002 1.18E-002 1.46E-005 2.14E-022

0.9 4 5.00E-003 7.36E-003 2.86E-003 1.74E-004 4.18E-005

0.8 4 5.00E-003 2.69E-002 1.39E-003 2.25E-004 5.19E-005

0.7 4 5.00E-003 3.02E-002 1.72E-002 3.45E-004 5.23E-005

0.6 5 5.00E-003 1.39E-003 8.38E-003 4.26E-004 7.74E-005

0.05

0.9999 5 2.50E-003 2.87E-002 1.62E-002 1.73E-005 −2.96E-022

0.9 4 3.13E-003 1.37E-002 1.09E-002 9.12E-005 1.70E-005

0.8 4 3.13E-003 4.62E-002 3.14E-002 1.04E-004 1.75E-005

0.7 4 3.13E-003 4.46E-002 1.96E-002 1.45E-004 2.52E-005

0.6 4 3.13E-003 2.05E-002 1.45E-002 1.93E-004 3.42E-005

0.025

0.9999 5 1.67E-003 3.21E-002 1.33E-002 9.86E-006 −1.83E-023

0.9 5 1.67E-003 2.55E-002 1.36E-002 3.61E-005 3.86E-006

0.8 5 1.67E-003 7.07E-002 3.85E-002 5.18E-005 5.67E-006

0.7 5 1.67E-003 6.21E-002 3.33E-002 7.05E-005 8.26E-006

0.6 5 1.67E-003 3.13E-002 1.08E-002 8.26E-005 8.34E-006
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Fig. 8. Spring stiffness diagrams for length scales � analysed and fractional order α.

The spring stiffnesses for the optimal solutions are presented in fig. 8 in symbolic form. The horizontal axes
represent the coordinates along the segment. For each fractional material order α (vertical axes), a bar with spring
stiffness is given. For easier comparison, the spring stiffness is multiplied by Δx̃/A(x) = Δx̃ (for the non-dimensional
case, A(x) = const. = 1), which leads to a value that can be directly compared to Young’s modulus in the fractional
model (we assumed 1.0 for all the analyses). Thus, the values present the changes in the local stiffness along a module.
Few important observations can be made from analysing the graph. First and foremost, the spring stiffness identified
differs from that assumed in the fractional model. Second, the local stiffness in the mass-spring model is constant
and similar to that of the fractional model as α approaches 1 (all the values equal 1.0). The third observation is that
the spring stiffnesses vary significantly within the module from 0.15 to 36.98 and neither a clear, repeatable pattern
nor any dependency on the fractional parameters is seen. The final observation concerns the number of segments in
a module, s, which provides the optimal solution. In almost all the cases, s ∈ {4, 5}. The highest value, s = 6, was
obtained in only two cases where α is 1. In these cases, the solutions are the easiest to find because the local search
algorithm starts close to the final solution (uniform stiffness; see sect. 3.4).

The solutions obtained have similar eigenfrequency, Nf , in the ranges analysed (see sect. 3.3). A graphical com-
parison is presented in fig. 9. The best solution with the maximal difference for natural the frequency was found for

f = 
d = 0.1 and α = 0.9 with a relative error of 0.27%, while the worst solution was found for 
f = 
d = 0.025 and
α = 0.8, where the relative error reached 3.85%. However, an average error of 1.48% indicates that from a practical
point of view, the results for both models agree well. Regardless of the agreement of the eigenfrequences, the particular
eigenvectors should be verified to correspond. In this work, the modal assurance criterion (MAC) [42,43] is used. The
MAC is a statistical indicator that qualitatively compares eigenvectors. The MAC is computed as a normalized scalar
product of two sets of vectors according to the formula

MAC(i, j) =
(Ū0,i · U0,j)2

(Ū0,i · Ū0,i)(U0,j · U0,j)
, (57)
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Fig. 9. Comparison of the eigenvalues of the fractional model (left column) and mass-spring structure (middle column). The
right column presents the relative error.

where i and j indicate the number of modal vectors in the fractional and mass-spring models, respectively. The MAC
checks whether the eigenvectors are linearly dependent; thus, the MAC is an approximation of the orthogonality check
(mass is not considered). For each combination of model vectors, the MAC is computed and collected in matrices in
fig. 10. In all the cases, the values outside the diagonal are almost zero, while the diagonal values are close to one
for the first modes and decrease with the mode number, reaching 0.57 in the worst case for mode number 32 and
fractional parameters 
d = 0.025 and α = 0.6. The graphs also clearly show that an α of 0.6 enforces this effect. The
decrease observed is a consequence of the homogenization of an interior structure with the fractional model. The mass-
spring model is capable of representing the changing stiffness within a module, providing a more detailed description.
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Fig. 10. MAC matrices of the fractional model versus the spring-mass model.
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Fig. 11. Comparison of selected eigenvectors from the fractional and mass-spring models (�d/f = 0.025, α = 0.6).

As a consequence, the eigenvectors obtained for the mass-spring model are not as smooth as those obtained for the
fractional model. A comparison of selected eigenvalues for 
f = 
d = 0.025 and α = 0.6 is provided in fig. 11.
Qualitatively, the eigenvectors are similar, however, the mass-spring model is capable of capturing a complex response
within a module. Additionally,

∀i ∈ {1, . . . , Nf (k)}∃=1j ∈ {1, . . . , Nf (k)}(MAC(i, j) � 0.0). (58)

Therefore, regardless of the MAC values lower than 0.9, the eigenvectors are proven to correspond to each other. The
agreement of both the natural frequencies and eigenvectors prove that the spring stiffnesses proposed provide similar
dynamic response.

The static responses of the fractional and the mass-spring models agree according to O2
stat and O∞

stat. While
the former provides a generalized measure of similarity, the latter presents the largest differences for all the points.
Additionally, by dividing O∞

stat by Δx we can calculate the exact differences between displacements (see eq. (53)).
Several important observations are made by analysing the results. First and foremost, the final objective values
significantly vary depending on the module length and fractional material order. Regarding O∞

stat, the worst results
are obtained for 
f = 
d = 0.2 and α = 0.6, where ε = O∞

stat/Δx = 2.36 · 10−2, which has a relative error of
ε̄ = ε/Ūmax = 18.0%. The best solution, on the other hand, yields ε = 1.1 · 10−20 (the relative error ε̄ is comparable
to machine precision) and is obtained for α = 0.9999 regardless of the module length. Second, there is a relationship
between the fractional parameters and the objectives. The objective tends to zero as α approaches 1. Similarly, for all
cases as 
f = 
d approaches 0 (the dimensions of the body become considerably larger than the characteristic length
scale), the error decreases. To understand the changes observed in the objectives, the displacements obtained for both
models and 20 configurations of 
f = 
d and α are compared in fig. 12. The largest error results from that the mass-
spring model, such as in the natural response analysis, is able to capture an interior structure, i.e., the stiffness changes
within a module. As a consequence, the displacements are not as smooth as the homogenized results obtained with
the fractional model. The increase in ε̄ when α approaches 0.6 is caused by the larger relative differences in the spring
stiffness in a module; thus, the inhomogeneity is averaged by the fractional model. The effect is stronger when the
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Fig. 12. Comparison of displacements of fractional and mass-spring models.

module length increases due to the larger span between the masses (s � 6), and any relatively stiffer or softer spring
elongates an extremely large or negligible amount. As a consequence, the displacements of the mass-spring model
deviate from that computed using the fractional model. However, the local discrepancy observed does not change the
general similarity of the displacements computed using both models.
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5 Conclusions

In this paper, the fundamental question regarding the existence of microstructure, in the sense of a discrete system,
underlying the s-FCM theory (operating on RC fractional operator) is positively resolved. To the best of our knowledge,
this topic has not yet been covered in the literature. Very few papers have tried to address this problem for nonlocal
mechanical models different than s-FCM (i.e., the Eringen and strain gradient types).

Our comprehensive analysis (approximately 2.5 million analyses were conducted) covers the 1D configuration for
both the discrete (spring-mass) and continuum (s-FCM) approaches and furthermore for the dynamic and static cases.
The mechanical properties of the discrete system are treated as unknowns that are determined using a properly defined
optimization task. The results obtained allow us to formulate the following statements:

– independent of the fractional model parameters, i.e., order of continua α and length scale 
f , the equivalent periodic
spring-mass system (length 
d) was found, maintaining the same mass distribution in both formulations and with
the fundamental restriction that 
f = 
d;

– for both the static and dynamic cases, the same microstructure was identified for a given s-FCM model; this result
is crucial because for other, competitive, nonlocal formulations such a result may not exist.
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