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Abstract Recently, it has been shown that the gauge invari-
ance requires the minimum number of independent couplings
for B-field, metric and dilaton at order α′2 to be 60. In
this paper we fix the corresponding 60 parameters in string
theory by requiring the couplings to be invariant under the
global T-duality transformations. The Riemann cubed terms
are exactly the same as the couplings that have been found
by the S-matrix calculations.

1 Introduction

String theory is a quantum theory of gravity with a finite
number of massless fields and a tower of infinite number of
massive fields reflecting the stringy nature of the gravity. An
efficient way to study different phenomena in this theory is to
use an effective action which includes only massless fields.
The effects of the massive fields appear in the action as the
higher derivatives of the massless fields. This effective action
may be found by imposing various symmetries/dualities in
the string theory. There are various gauge symmetries in
the effective actions which are corresponding to the various
massless fields, e.g., the diffeomorphism symmetry corre-
sponds to the metric and the gauge symmetry corresponds
to the Kalb-Ramond field or B-field. In the bosonic string
theory which has only metric, dilaton and B-field, they are
the only local symmetries of the effective action. Imposing
only these symmetries, one finds the effective action has three
couplings at order α′0 (two-derivative order), has 8 couplings
at order α′ (four-derivative order) up to field redefinitions [1],
has 60 couplings at order α′2 (six-derivative order) [2] and so
on. The gauge symmetries, however, can not determine the
coefficients of the couplings. These parameters may be found
by S-matrix calculations [3,4], by sigma-model calculations
[5–7] or by imposing global symmetries of the string theory
in which we are interested.
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One of the global symmetries of the string theory is T-
duality [8,9]. This duality like the above gauge symmetries
may be imposed at the action level to fix the parameters of the
effective action at any order of α′. One approach for impos-
ing this symmetry is the double field theory (DFT) [10–14] in
which the D-dimensional effective action is extended to 2D-
space. In this theory, the gauge transformations are deformed
to receive α′-corrections whereas the T-duality symmetry
is imposed without deformation simply by writing the cou-
plings as O(D, D) scalars [14–18]. Another approach is to
reduce the D-dimensional gauge invariant theory on a cir-
cle and impose the T-duality symmetry by constraining the
couplings in the (D − 1)-dimensional spacetime to be Z2

scalars [19] where Z2-group is the Buscher rules [20,21]
plus their α′-deformations [22–24]. Using this approach for
the case that B-field is zero, the known gravity and dilaton
couplings in the effective actions at orders α′, α′2, α′3 have
been found in [25,26], up to some overall factors. More-
over, when B-field is non-zero, the known couplings at order
α′ and their corresponding corrections to the Buscher rules
have been found in [27]. In this paper, we are going to use
this approach to find the couplings at order α′2 for the case
that B-field is non-zero. These couplings, except its Riemann
cubed couplings, have not been found by any other methods
in string theory.

It is known that the effective action at order α′2 depends
on the scheme that one uses for the effective action at order
α′ [28]. In the T-duality approach, this is reflected to the T-
duality transformations at order α′. It has been observed in
[27] that the T-duality transformations at order α′ depends on
the scheme that one uses for the effective action at order α′.
The T-duality transformation corresponding to the effective
action at order α′ which has only first time derivative [29],
is given in [24]. The T-duality transformations at order α′
corresponding to the effective action at orderα′ in an arbitrary
scheme have been found in [27]. In this paper we are going
to find the effective action at order α′2 that correspond to the
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effective action at order α′ which has minimum number of
couplings [1].

The outline of the paper is as follows: In Sect. 2, we write
the known minimum number of couplings at orders α′ and
α′2 that the gauge symmetry can fix up to field redefinitions.
In Sect. 3, we impose the T-duality symmetry on the gauge
invariant couplings to find their corresponding parameter.
The calculations at order α′ have been already done in [27].
That calculations produce the known couplings in the liter-
ature and the corresponding T-duality transformations. The
calculations at order α′2 are new. We have found both the
effective action and the corresponding T-duality transforma-
tions. However, since the expressions for the T-duality trans-
formations are very lengthy we will write only the effective
action (see (40)). We have found that there are only 27 non-
zero couplings in the effective action at order α′2. Two of
them have already been found by the S-matrix calculations
[30]. All other terms are new couplings that the T-duality con-
straint produces. In Sect. 4, we briefly discuss our results.

2 Gauge invariance constraint

The effective action of string theory has a double expan-
sions. One expansion is the genus expansion which includes
the classical sphere-level and a tower of quantum effects.
The other one is a stringy expansion which is an expansion
in terms of higher-derivative or α′-expansion. The classical
effective action has the following α′-expansion in the string
frame:

Seff =
∞∑

n=0

α′nSn = S0 + α′S1 + α′2S2 + · · · ;

Sn = − 2

κ2

∫
dDx

√−Ge−2�Ln (1)

The effective action must be invariant under the coordinate
transformations and under the B-field gauge transformations.
So the metric Gμν , the antisymmetric B-field and dilaton �

must appear in the Lagrangian Ln trough their field strengths
and their covariant derivatives. This requires the effective
action at order α′0 to have the following couplings:

L0 = a1R + a2∇α�∇α� + a3Hαβγ H
αβγ (2)

where a1, a2, a3 are three parameters which can not be fixed
by the gauge invariance constraints.

At higher orders of α′, one has the freedom of using field
redefinitions and the Bianchi identities. As a result, there
are no unique form for the couplings, even the number of
couplings are not unique at the higher orders of α′. There
are however, schemes in which the number of couplings are
minimum. It has been shown in [1] that the minimum number
of couplings at order α′ is 8. These eight couplings can also be

written in different schemes. In one particular such scheme,
the couplings can be written as [2]

L1 = L1
1 + L2

1 (3)

where L1
1 includes the minimum number of couplings which

do not include the dilaton, i.e., ,

L1
1 = b1RαγβδR

αβγ δ + b2Hα
δεHαβγ Hβδ

ζ Hγ εζ

+b3Hαβ
δHαβγ Hγ

εζ Hδεζ + b4Hα
δεHαβγ Rβδγ ε (4)

and L2
1 includes the other couplings which all include non-

trivially the dilaton, i.e., ,

L2
1 = b5Hβγ δH

βγ δ∇α�∇α� + b6Hα
γ δHβγ δ∇α�∇β�

+b7Hα
γ δHβγ δ∇β∇α� + b8∇α�∇α�∇β�∇β� (5)

where b1, . . . , b8 are eight parameters which can not be fixed
by the gauge invariance constraints.

At order α′2, the minimum number of couplings is 60.
In one particular minimal scheme in which there is no
R, Rμν, ∇μHμαβ , ∇μ∇μ�, the couplings are [2]

L2 = L1
2 + L2

2 (6)

where L1
2 has the minimum number of couplings in which

the dilaton does not appear, i.e., ,

L1
2 = c1Rα

ε
γ

ζ Rαβγ δRβζδε + c2Rαβ
εζ Rαβγ δRγ εδζ

+c3Hα
δεHαβγ Hβδ

ζ Hγ
ικHει

μHζκμ

+c4Hαβ
δHαβγ Hγ

εζ Hδ
ικHεζ

μHικμ

+c5Hαβ
δHαβγ Hγ

εζ Hδε
ιHζ

κμHικμ

+c6Hα
δεHαβγ Hβ

ζ ιHδζ
κ Rγ εικ

+c7Hα
δεHαβγ Rβ

ζ
δ
ιRγ ζει

+c8Hαβ
δHαβγ Hεζ

κH εζ ιRγ ιδκ

+c9H
αβγ H δεζ Rαβδ

ιRγ ιεζ

+c10Hα
δεHαβγ Rβ

ζ
δ
ιRγ ιεζ

+c11Hα
δεHαβγ Rβ

ζ
γ

ιRδζει

+c12Hαβ
δHαβγ Rγ

εζ ιRδζει

+c13Hαβ
δHαβγ Hγ

εζ Hε
ικ Rδιζκ

+c14Hα
δεHαβγ Hβδ

ζ Hγ
ικ Rειζκ

+c15Hαβ
δHαβγ Hγ

εζ Hδ
ικ Rειζκ

+c16Hα
δεHαβγ ∇ιHδεζ ∇ ιHβγ

ζ

+c17Hα
δεHαβγ ∇ζ Hγ ει∇ ιHβδ

ζ

+c18Hα
δεHαβγ ∇ιHγ εζ ∇ ιHβδ

ζ

+c19Hαβ
δHαβγ ∇ζ Hδει∇ ιHγ

εζ

+c20Hαβ
δHαβγ ∇ιHδεζ ∇ ιHγ

εζ (7)

and L2
2 has the other couplings which all include derivatives

of the dilaton, i.e., ,

L2
2 = c21Hβ

εζ Hβγ δHγ ε
ιHδζ ι∇α�∇α�

+c22Rβγ δεR
βγ δε∇α�∇α�
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+c23Hβ
εζ Hβγ δRγ εδζ ∇α�∇α�

+c24Hα
γ δHβ

εζ Hγ ε
ιHδζ ι∇α�∇β�

+c25Rα
γ δεRβδγ ε∇α�∇β�

+c26Hα
γ δHβ

εζ Rγ εδζ ∇α�∇β�

+c27Hγ δεH
γ δε∇α�∇β∇α�∇β�

+c28Hα
γ δHβ

εζ Hγ ε
ιHδζ ι∇β∇α�

+c29Hα
γ δHβ

εζ Hγ δ
ιHεζ ι∇β∇α�

+c30Hα
γ δHβγ

εHδ
ζ ιHεζ ι∇β∇α�

+c31Hγ δ
ζ Hγ δεRαεβζ ∇β∇α�

+c32Rα
γ δεRβδγ ε∇β∇α�

+c33Hα
γ δHγ

εζ Rβεδζ ∇β∇α�

+c34Hα
γ δHβ

εζ Rγ εδζ ∇β∇α�

+c35Hα
δε∇α�∇β�∇γ Hβδε∇γ �

+c36∇α�∇α�∇β�∇β�∇γ �∇γ �

+c37∇α�∇α�∇β�∇γ ∇β�∇γ �

+c38Hβ
δεHγ δε∇α�∇β�∇γ ∇α�

+c39Hβ
δεHγ δε∇β∇α�∇γ ∇α�

+c40∇α�∇β�∇γ ∇β�∇γ ∇α�

+c41∇β∇α�∇γ ∇β�∇γ ∇α�

+c42Hβ
δεHγ δε∇α�∇α�∇γ ∇β�

+c43Hα
δε∇α�∇γ Hβδε∇γ ∇β�

+c44∇α�∇α�∇γ ∇β�∇γ ∇β�

+c45Hαγ
εHβδε∇α�∇β�∇δ∇γ �

+c46Rαγβδ∇α�∇β�∇δ∇γ �

+c47Hαγ
εHβδε∇β∇α�∇δ∇γ �

+c48Rαγβδ∇β∇α�∇δ∇γ �

+c49Hβ
δε∇α�∇γ ∇β�∇εHαγ δ

+c50H
γ δε∇α�∇β∇α�∇εHβγ δ

+c51∇α�∇β�∇δHβγ ε∇εHα
γ δ

+c52∇β∇α�∇δHβγ ε∇εHα
γ δ

+c53∇α�∇β�∇εHβγ δ∇εHα
γ δ

+c54∇β∇α�∇εHβγ δ∇εHα
γ δ

+c55∇α�∇α�∇εHβγ δ∇εHβγ δ

+c56Hα
βγ Rγ ζδε∇α�∇ζ Hβ

δε

+c57Hβγ
εHβγ δHδ

ζ ι∇α�∇ιHαεζ

+c58Hα
βγ Hδε

ιH δεζ ∇α�∇ιHβγ ζ

+c59Hα
βγ Hβ

δεHδ
ζ ι∇α�∇ιHγ εζ

+c60Hα
βγ Hβ

δεHγ
ζ ι∇α�∇ιHδεζ (8)

where c1, . . . , c60 are 60 parameters which can not be fixed
by the gauge invariance constraint.

Up to this point, the above couplings are valid for any
higher derivative theory which includes metric, B-field and
dilaton. In the string theory, however, the parameters in (2),

(3) and (6) may be fixed by imposing some other specific con-
straints which are valid only in the string theory. For exam-
ple, one may construct the appropriate S-matrix elements
with the above couplings and then compare them with the
α′-expansion of the corresponding sphere-level S-matrix ele-
ments in the string theory to fix the parameters. This method
has been used in [1] to find the parameters in (2), (3). The
parameters c1, c2 in (6) have been also found by the S-matrix
method in [30]. The S-matrix method for fixing all parameters
in (6), however, requires one to calculate six-point function
in string theory in full details which has not been done yet.

Instead of comparing the S-matrix elements of above cou-
plings with the corresponding S-matrix elements in the string
theory, one may impose some other symmetries of the string
theory to fix the parameters in (2), (3) and (6). The bosonic
string theory has the global T-duality symmetry as well as
the gauge symmetries that have been used to find the cou-
plings in (2), (3) and (6). It has been shown in [27] that the
T-duality symmetry can fix correctly the couplings in (2), (3)
up to overall factors at each order of α′. In the next section,
we show that imposing the T-duality on the couplings in (6)
can also fix all 60 parameters in terms of the overall factor at
order α′.

3 T-duality invariance constraint

The T-duality constraint on the D-dimensional effective
action Seff , in the most simple form, is to reduce the the-
ory on a circle with U (1) isometry to find the (D − 1)-
dimensional effective action Seff(ψ) where ψ represents all
massless fields in the (D− 1)-dimensional base space. Then
one has to transform it under the T-duality transformations to
produce Seff(ψ

′) where ψ ′ represents the T-duality transfor-
mations of the massless fields in the base space. The T-duality
invariance constraint is then

Seff(ψ) − Seff(ψ
′) =

∫
dD−1x

√−ḡ∇a

(
e−2φ̄ Ja

)
(9)

where ḡab, φ̄ are the metric and dilaton in the base space,
and Ja is an arbitrary covariant vector made of the (D − 1)-
dimensional fields. It has the following α′-expansion:

Ja =
∞∑

n=0

α′n Jan (10)

where Jan is an arbitrary covariant vector at order α′n .
To have a background withU (1) isometry, it is convenient

to use the following background for the metric, B-field and
dilaton:

Gμν =
(
ḡab + eϕgagb eϕga

eϕgb eϕ

)
,

123
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Bμν =
(
b̄ab + 1

2bagb − 1
2bbga ba

−bb 0

)
,

� = φ̄ + ϕ/4 (11)

where b̄ab is the B-field in the base space, and ga, bb are two
vectors in this space. Inverse of the above D-dimensional
metric is

Gμν =
(
ḡab −ga

−gb e−ϕ + gcgc

)
(12)

where ḡab is the inverse of the base metric which raises the
index of the vectors.

The T-duality transformations at the leading order of α′
on the (D − 1)-dimensional fields are given by the Buscher
rules [20,21]. In the above parametrisation, they become the
following linear transformations:

ϕ′ = −ϕ, g′
μ = bμ, b′

μ = gμ, ḡ′
αβ = ḡαβ, b̄′

αβ

= b̄αβ, φ̄′ = φ̄ (13)

They form a Z2-group, i.e., (x ′)′ = x where x is any field in
the base space. At higher orders of α′, the above transforma-
tions receive higher derivative corrections, i.e.,

ψ ′ =
∞∑

n=0

α′nψ ′
n (14)

where ψ ′
0 is the Buscher rules (13), ψ ′

1 contains corrections
to the Buscher rules at order α′ and so on. The deformed
transformations must satisfy the Z2-group.

3.1 T-duality constraint at orders α′0, α′

To impose the constraint (9) on the diffeomorphism invariant
couplings (6), we first review how imposing this constraint
on the couplings at orders α′0 and α′ can fix their parameters
[27]. The constraint (9) at order α′0 is

S0(ψ) − S0(ψ
′
0) =

∫
dD−1x

√−ḡ∇a

(
e−2φ̄ Ja0

)
(15)

where Ja0 is an arbitrary vector at the leading order of α′, and
ψ ′

0 is the Buscher rules (13). Reduction of different scalar
terms in S0 are the following [27]:

e−2�
√−G = e−2φ̄

√−ḡ

a1R = a1

(
R̄ − ∇a∇aϕ − 1

2
∇aϕ∇aϕ − 1

4
eϕV 2

)

a2∇μ�∇μ� = a2

(
∇a φ̄∇a φ̄+1

2
∇aφ̄∇aϕ+ 1

16
∇aϕ∇aϕ

)

a3H
2 = a3(H̄abc H̄

abc + 3e−ϕW 2) (16)

where Vab is field strength of the U (1) gauge field ga , i.e.,
Vab = ∇agb − ∇bga , and Wμν is field strength of the U (1)

gauge field ba , i.e., Wab = ∇abν − ∇bba . The three-form
H̄ is defined as H̄abc = H̃abc − gaWbc − gcWab − gbWca

where the three-form H̃ is field strength of the two-form
b̄ab + 1

2bagb − 1
2bbga in (11). The three-form H̄ is invariant

under the Buscher rules and is not the field strength of a
two-form. It satisfies the following Bianchi identity [24]:

∇[a H̄bcd] = −3

2
V[abWcd] (17)

which is invariant under the Buscher rules (13).
The transformations of different terms in (16) under the

Buscher rules (13) can easily be found. Then the T-duality
constraint (15) fixes the parameters a1, a2, a3 in the D-
dimensional action [27], i.e.,

S0 = −2a1

κ2

∫
dDxe−2�

√−G

×
(
R + 4∇a�∇a� − 1

12
H2

)
. (18)

which is the standard effective action at order α′0, up to an
overall factor. The overall factor must be a1 = 1 to be the
effective action of string theory. The constraint (15) fixes also
the form of vector Ja0 in which we are not interested.

The constraint (9) at order α′ is

S0(ψ) + α′S1(ψ) − S0(ψ
′
0 + α′ψ ′

1) − α′S1(ψ
′
0)

=
∫

dD−1x
√−ḡ∇a

[
e−2φ̄

(
Ja0 + α′ Ja1

)]
(19)

where Ja1 is an arbitrary vector at order of α′, and ψ ′
0 +α′ψ ′

1
is the Buscher rule plus its deformation at order α′, i.e.,

ϕ′ = −ϕ + α′�ϕ(1), g′
a = ba + α′eϕ/2�g(1)

a ,

b′
a = ga + α′e−ϕ/2�b(1)

a ,

ḡ′
ab = ḡab + α′�ḡ(1)

ab ,

H̄ ′
abc = H̄abc + α′�H̄ (1)

abc, φ̄′ = φ̄ + α′�φ̄(1) (20)

where �ϕ(1), . . . , �φ̄(1) contains some contractions of
∇ϕ,∇φ̄, eϕ/2V, e−ϕ/2W, H̄ , R̄ and their covariant deriva-
tives at order α′. Since the constraint (19) should have terms
up to order α′, in expanding S0(ψ

′
0 +α′ψ ′

1), one should keep
the terms up to order α′, i.e.,

S0(ψ
′
0 + α′ψ ′

1) = S0(ψ
′
0) + α′δS(1)

0 + · · · (21)

Using this expansion and the constraint (15), one can simplify
the constraint (19) to the following constraint which is only
at order α′:

S1(ψ) − S1(ψ
′
0) − δS(1)

0

=
∫

dD−1x
√−ḡ∇a

[
e−2φ̄ Ja1

]
(22)

It has been shown in [27] that the above constraint can fix the
parameters in the effective action (3) as well as the parameters
in the corrections to the Buscher rules up to an overall factor.
The result is that L2

1 is zero and all terms in L1
1 are non-zero,

i.e.,

123
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S1 = −2b1

κ2 α′
∫

dDxe−2�
√−G

×
(
Rαβγ δR

αβγ δ − 1

2
Hα

δεHαβγ Rβγ δε

+ 1

24
Hεδζ H

ε
α

βH δ
β

γ H ζ
γ

α

−1

8
Hαβ

δHαβγ Hγ
εζ Hδεζ

)
(23)

Up to the overall factor b1, the above couplings are the stan-
dard effective action of the string theory which has been
found in [1] by the S-matrix calculations. For the bosonic
string theory b1 = 1/4, for the heterotic theory b1 = 1/8
and for the superstring theory b1 = 0.

The corrections to the Buscher rules corresponding to the
above action are the following [27]:

�ḡ(1)
ab = 2b1

(
eϕVa

cVbc − e−ϕWa
cWbc

)

�φ̄(1) = b1

2

(
eϕV 2 − e−ϕW 2

)

�ϕ(1) = 2b1

(
∇aϕ∇aϕ + eϕV 2 + e−ϕW 2

)

�g(1)
a = b1

(
2e−ϕ/2∇bWab + eϕ/2 H̄abcV

bc

−4e−ϕ/2∇bφ̄Wab

)

�b(1)
a = −b1

(
2eϕ/2∇bVab + e−ϕ/2 H̄abcW

b

−4eϕ/2∇bφ̄Vab
)

�H̄ (1)
abc = 12b1∇[a(Wb

dVcd]) − 3eϕ/2V[ab�g(1)
c]

−3e−ϕ/2W[ab�b(1)
c] (24)

Replacing these corrections into (20), one finds the corre-
sponding T-duality transformations at order α′ satisfy the
Z2-group as well as the Bianchi identity (17) [27]. The con-
straint (22) fixes also the vector Ja1 in which we are not
interested.

3.2 T-duality constraint at order α′2

We now study in details the constraint (9) at order α′2 to fix
the 60 parameters in (6). This constraint at order α′2 is

S0(ψ) + α′S1(ψ) + α′2S2(ψ) − S0(ψ
′
0

+α′ψ ′
1 + α′2ψ ′

2) − α′S1(ψ
′
0 + α′ψ ′

1) − α′2S2(ψ
′
0)

=
∫

dD−1x
√−ḡ∇a

[
e−2φ̄

(
Ja0 + α′ Ja1 + α′2 Ja2

)]
(25)

where Ja2 is an arbitrary vector at order α′2, α′ψ ′
1 represents

the corrections to the Buscher rules at order α′, e.g., (24),
and α′2ψ ′

2 represents the corrections to the Buscher rules at
order α′2, i.e.,

ϕ′ = −ϕ + α′�ϕ(1) + 1

2
α′2�ϕ(2),

g′
a = ba + α′eϕ/2�g(1)

a + 1

2
α′2eϕ/2�g(2)

a

b′
a = ga + α′e−ϕ/2�b(1)

a + 1

2
α′2e−ϕ/2�b(2)

a ,

ḡ′
ab = ḡab + α′�ḡ(1)

ab + 1

2
α′2�ḡ(2)

ab

H̄ ′
abc = H̄abc + α′�H̄ (1)

abc + 1

2
α′2�H̄ (2)

abc

φ̄′ = φ̄ + α′�φ̄(1) + 1

2
α′2�φ̄(2) (26)

where �ϕ(2), . . . , �φ̄(2) contains all contractions of ∇ϕ,

∇φ̄, eϕ/2V, e−ϕ/2W, H̄ , R̄ and their covariant derivatives
at order α′2 with unknown coefficients. Since the con-
straint (25) should have terms up to order α′2, in expanding
S0(ψ

′
0 + α′ψ ′

1 + α′2ψ ′
2) and α′S1(ψ

′
0 + α′ψ ′

1), one should
keep the terms up to order α′2, i.e.,

S0(ψ
′
0 + α′ψ ′

1 + α′2ψ ′
2) = S0(ψ

′
0) + α′δS(1)

0

+α′2δS(2)
0 + · · ·

α′S1(ψ
′
0 + α′ψ ′

1) = α′S1(ψ
′
0) + α′2δS(1)

1 + · · · (27)

Using these expansions and the constraints (15) and (22), one
can simplify the constraint (25) to the following constraint
which is only at order α′2:

S2(ψ) − S2(ψ
′
0) − δS(2)

0 − δS(1)
1

=
∫

dD−1x
√−ḡ∇a

[
e−2φ̄ Ja2

]
(28)

The speculation is that this constraint as well as the con-
straint that the T-duality transformations should satisfy the
Z2-group and the anomalous Bianchi identity (17) may fix
all parameters in the diffiomorphism invariant couplings (6).

The T-duality transformations (26) should satisfy the Z2-
group. This produces the following constraint between the
corrections at orders α′ and α′2:

− �ϕ(2)(ψ) + �ϕ(2)(ψ ′
0) + 2δ�ϕ(1)(ψ ′

0) = 0

�b(2)
a (ψ) + �g(2)

a (ψ ′
0) + 2δ�g(1)

a (ψ ′
0) = 0

�g(2)
a (ψ) + �b(2)

a (ψ ′
0) + 2δ�b(1)

a (ψ ′
0) = 0

�ḡ(2)
ab (ψ) + �ḡ(2)

ab (ψ ′
0) + 2δ�ḡ(1)

ab (ψ ′
0) = 0

�H̄ (2)
abc(ψ) + �H̄ (2)

abc(ψ
′
0) + 2δ�H̄ (1)

abc(ψ
′
0) = 0

�φ̄(2)(ψ) + �φ̄(2)(ψ ′
0) + 2δ�φ̄(1)(ψ ′

0) = 0 (29)

where we have used the Z2-constraint at order α′ which are
[27]

− �ϕ(1)(ψ) + �ϕ(1)(ψ ′
0) = 0

�b(1)
a (ψ) + �g(1)

a (ψ ′
0) = 0

�g(1)
a (ψ) + �b(1)

a (ψ ′
0) = 0

�ḡ(1)
ab (ψ) + �ḡ(1)

ab (ψ ′
0) = 0

�H̄ (1)
abc(ψ) + �H̄ (1)

abc(ψ
′
0) = 0

123
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�φ̄(1)(ψ) + �φ̄(1)(ψ ′
0) = 0 (30)

The perturbations δ�ϕ(1)(ψ ′
0), . . . , δ�φ̄(1)(ψ ′

0) in (29) are
defined as

�ϕ(1)(ψ ′
0 + α′ψ ′

1)

= �ϕ(1)(ψ ′
0) + α′δ�ϕ(1)(ψ ′

0) + · · ·
eϕ/2(ψ ′

0 + α′ψ ′
1)�g(1)

a (ψ ′
0 + α′ψ ′

1)

= e−ϕ/2�g(1)
a (ψ ′

0) + α′e−ϕ/2δ�g(1)
a (ψ ′

0) + · · ·
e−ϕ/2(ψ ′

0 + α′ψ ′
1)�b(1)

a (ψ ′
0 + α′ψ ′

1)

= eϕ/2�b(1)
a (ψ ′

0) + α′eϕ/2δ�b(1)
a (ψ ′

0) + · · ·
�ḡ(1)

ab (ψ ′
0 + α′ψ ′

1)

= �ḡ(1)
ab (ψ ′

0) + α′δ�ḡ(1)
ab (ψ ′

0) + · · ·
�H̄ (1)

abc(ψ
′
0 + α′ψ ′

1)

= �H̄ (1)
abc(ψ

′
0) + α′δ�H̄ (1)

abc(ψ
′
0) + · · ·

�φ̄(1)(ψ ′
0 + α′ψ ′

1)

= �φ̄(1)(ψ ′
0) + α′δ�φ̄(1)(ψ ′

0) + · · · (31)

where dots represent the perturbations at higher orders of α′
which do not appear in our calculations.

The Bianchi identity (17) in terms of 3-form H and 1-
forms g, b is dH = −(3/2)dg∧db. The T-dual fields should
satisfy this identity as well, i.e.,

d(H̄ + α′�H̄ (1) + 1

2
α′2�H̄ (2) + · · · )

= −3

2
d(b + α′eϕ/2�g(1) + 1

2
α′2eϕ/2�g(2) + · · · )

∧d(g + α′e−ϕ/2�b(1) + 1

2
α′2e−ϕ/2�b(2) + · · · ) (32)

This relation at order α′0 gives the Bianchi identity (17). At
order α′ it gives the following relation between the correc-
tions to the Buscher rules at order α′:

�H̄ (1) = H̃ (1) − 3

2

[
db ∧ (e−ϕ/2�b(1)) + (eϕ/2�g(1)) ∧ dg

]
(33)

where H̃ (1) is a U (1) × U (1) invariant closed 3-form, i.e.,
d H̃ (1) = 0, at order α′ which is odd under parity. The cor-
rections (24) satisfy this relation. At order α′2, the Bianchi
identity (32) produces the following relation between the cor-
rections at orders α′ and α′2:

�H̄ (2) = H̃ (2) − 3

2

[
db ∧ (e−ϕ/2�b(2)) + (eϕ/2�g(2)) ∧ dg

+(eϕ/2�g(1)) ∧ d(e−ϕ/2�b(1))

+d(eϕ/2�g(1)) ∧ (e−ϕ/2�b(1))
]

(34)

where H̃ (2) is a closed 3-form, i.e., d H̃ (2) = 0, which con-
tains all contractions of ∇ϕ, ∇φ̄, eϕ/2V, e−ϕ/2W , H̄ , R̄ and
their covariant derivatives at order α′2 with unknown coeffi-
cients.

Therefore, the second order corrections �ϕ(2),

�g(2)
a , �b(2)

a , �ḡ(2)
ab and �φ̄(2) should be all contractions

of∇ϕ,∇φ̄, eϕ/2V, e−ϕ/2W, H̄ , R̄ and their covariant deriva-
tives at order α′2 with unknown coefficients. The correction
�H̄ (2)

abc is then can be calculated from (34). All corrections
should satisfy the Z2-relations (29). They produce some alge-
braic equations between the parameters of the corrections at
order α′2 and the parameter b1 in the corrections at order
α′, i.e., (24). These parameters and the 60 parameters in the
action (6) should satisfy the constraint (28) as well.

To use the constraint (28) one needs to reduce the cou-
plings in (6). The reduction of each term at order α′2 is a very
lengthy expression. However, the final result for the reduction
of each term must be an invariant term under theU (1)×U (1)

gauge transformations. Using this fact as a constraint, the
calculations of the reduction of S2 can be simplified greatly.
The couplings in (6) have only Riemann curvature, H , ∇H ,
∇� and ∇∇�. So we need to reduce these terms and then
contract them with the metric (12). In the reduction of these
terms, there are many terms which contains gauge field ga
without its field strength. These terms must be cancelled at
the end of the day for the scalar couplings. Hence, to sim-
plify the calculation we drop those terms in the reduction of
Rμναβ , Hμνα , ∇μHναβ , ∇μ�, ∇μ∇ν� and Gμν which have
the gauge field ga . Using this simplification, the reduction of
Riemann curvature becomes1

Rabcd = R̄abcd + 1

4
eϕ(VadVbc − VacVbd − 2VabVcd)

Rabcy = 1

4
eϕ(Vbc∇aϕ − Vac∇bϕ − 2Vab∇cϕ − 2∇cVab)

Raycy = 1

4
eϕ

(
eϕVa

bVcb − ∇aϕ∇cϕ − 2∇c∇aϕ
)

(35)

All other components are either zero or related to the above
terms by the Riemann symmetries. The reduction of different
components of ∇∇� and ∇� become

∇a∇b� = ∇a∇bφ̄ + 1

4
∇a∇bϕ

∇a∇y� = −1

2
eϕ

(
Vab∇bφ̄ + 1

4
Vab∇bϕ

)

∇y∇y� = 1

2
eϕ

(
∇aϕ∇a φ̄ + 1

4
∇aϕ∇aϕ

)

∇a� = ∇a φ̄ + 1

4
∇aϕ; ∇y� = 0 (36)

The reduction of different components of ∇H and H become

∇aHbcd = 1

2
(VadWbc − VacWbd + VabWcd + 2∇a H̄bcd

∇aHbcy = 1

2
(eϕ H̄bcdVa

d − Wbc∇aϕ + 2∇aWbc)

∇y Hbcd = 1

2
eϕ(H̄bdaVc

a − H̄cdaVb
a − H̄bcaVd

a)

1 We have used the package “xAct” [31] for performing the calculations
in this paper.

123
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+1

2
(Wbd∇cϕ − Wcd∇bϕ − Wbc∇dϕ)

∇y Hbcy = 1

2
eϕ(H̄bca∇aϕ − Vc

aWba + Vb
aWca)

Habc = H̄abc; Haby = Wab (37)

The covariant derivatives on the right-hand side of (35), (36)
and (37) are (D− 1)-dimensional, and the indices are raised
by the inverse metric ḡab. The reduction of inverse of the
D-dimensional metric in this case also becomes

Gμν =
(
ḡab 0
0 e−ϕ

)
(38)

Using above reductions, one can calculate the reduction of
different scalar terms in (6).

Then using the constraint (28), one finds some equations
involving the 60 parameters in (6), the arbitrary parameters
of Ja2 and the parameters of �ϕ(2), �g(2)

a , �b(2)
a , �ḡ(2)

ab ,

�φ̄(2) and H̃ (2). The parameters of �ϕ(2), �g(2)
a , �b(2)

a ,

�ḡ(2)
ab , �φ̄(2) and H̃ (2) should also satisfy the constraints

(29) and (34). To solve these constraints, one has to write the
couplings in them in terms of independent couplings. Then
coefficients of the independent couplings which involve the
above parameters should be zero. To perform this last steps,
one has to impose the following Bianchi identities into the
constraints as well:

R̄a[bcd] = 0,

∇[a R̄bc]de = 0

[∇,∇]O = R̄O
∇[aVbc] = 0

∇[aWbc] = 0

∇[a H̄bcd] + 3

2
V[abWcd] = 0 (39)

To impose the last identity above, we contract it with tensors
∇ϕ, ∇φ̄, eϕ/2V, e−ϕ/2W , H̄ , R̄ and their derivatives with
arbitrary parameters and then add them to the constraints.
To impose the first three identities above, we use the locally
inertial frame in which these identities are automatically sat-
isfied. In the locally inertial frame, the metric ḡab takes its
canonical form and its first derivatives are all vanish, i.e., ,

ḡab = ηab, ∂a ḡbc = 0

The second and higher derivatives of metric, however, are
non-zero. In this coordinate, by rewriting the covariant
derivative in terms of partial derivatives, one finds the first
three identities in (39) are satisfied. To satisfy the Bianchi
identities dV = 0 = dW as well, in the couplings which
involve derivatives of V and W , we rewrite them in terms
of their gauge fields, i.e., Vab = ∂agb − ∂bga and Wab =
∂abb − ∂bba .

After using the above steps to write the couplings in the
constraints (28), (29) and (34) in terms of independent cou-

plings in the local frame, one can set their coefficients to
zero to produce some algebraic equations involving only the
parameters. Interestingly, these algebraic equations fix all the
60 parameters in (6) in terms of b1, the overall factor at order
α′ which should be b1 = 1/4 for the bosonic string theory.
All 20 parameters in (7) are non-zero and only 7 parameters
in (8) are non-zero. They are

S2 = −2b1

κ2 α′2
∫

dDxe−2�
√−G

×
(

− 1

12
Hα

δεHαβγ Hβδ
ζ Hγ

ικHει
μHζκμ

+ 1

30
Hαβ

δHαβγ Hγ
εζ Hδ

ικHεζ
μHικμ

+ 3

10
Hαβ

δHαβγ Hγ
εζ Hδε

ιHζ
κμHικμ

+13

20
Hα

εζ Hβ
ικHγ εζ Hδικ R

αβγ δ

+2

5
Hα

εζ Hβε
ιHγ ζ

κHδικ R
αβγ δ

+18

5
Hαγ

εHβ
ζ ιHδζ

κHεικ R
αβγ δ

−43

5
Hαγ

εHβ
ζ ιHδε

κHζ ικ R
αβγ δ

−16

5
Hαγ

εHβδ
ζ Hε

ικHζ ικ R
αβγ δ

−2Hβε
ιHδζ ιRα

ε
γ

ζ Rαβγ δ − 2Hβδ
ιHεζ ιRα

ε
γ

ζ Rαβγ δ

−4

3
Rα

ε
γ

ζ Rαβγ δRβζδε + 4

3
Rαβ

εζ Rαβγ δRγ εδζ

+3Hβ
ζ ιHεζ ιR

αβγ δRγ
ε
αδ

+2Hβε
ιHδζ ιR

αβγ δRγ
ε
α

ζ + 2HαβεHδζ ιR
αβγ δRγ

εζ ι

+13

10
Hα

γ δHβγ
εHδ

ζ ιHεζ ι∇β∇α�

+13

5
Hγ

εζ Hδεζ Rα
γ

β
δ∇β∇α�

−52

5
Hβδ

ζ Hγ εζ Rα
γ δε∇β∇α�

−26

5
Hαγ εHβδζ R

γ δεζ ∇β∇α�

+13

5
∇β∇α�∇εHβγ δ∇εHα

γ δ

+13

10
Hβγ

εHβγ δHδ
ζ ι∇α�∇ιHαεζ

−13

20
Hα

βγ Hδε
ιH δεζ ∇α�∇ιHβγ ζ

+ 1

20
Hα

δεHαβγ ∇ιHδεζ ∇ ιHβγ
ζ

+1

5
Hα

δεHαβγ ∇ζ Hγ ει∇ ιHβδ
ζ

−6

5
Hα

δεHαβγ ∇ιHγ εζ ∇ ιHβδ
ζ

−6

5
Hαβ

δHαβγ ∇ζ Hδει∇ ιHγ
εζ

123
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+17

10
Hαβ

δHαβγ ∇ιHδεζ ∇ ιHγ
εζ

)
(40)

Note that the 60 parameters are fixed when the Bianchi con-
straint (34) is imposed as well as the T-duality constraint (28)
and (29). If one only uses the constraint (28) and (29), then
12 parameters of (6) remain arbitrary. It is the constraint (34)
which fixes these 12 parameters as well.

The algebraic equations also fix some of the parameters
in the T-duality transformations and the parameters of total
derivative terms at order α′2 in terms of b1, and leave many of
them to be arbitrary. Some of the arbitrary parameters in the
T-duality transformations may be removed by the Bianchi
identities and some of them are related to the coordinate
transformations at order α′2. Even when all the arbitrary
parameters are set to zero, there are still too may terms in
the T-duality transformations at order α′2, so we do not write
them explicitly. On the other hand, those corrections are only
needed if one would like to extend the above couplings to
the order α′3 in the bosonic theory in which we are not inter-
ested in this paper. The important part of the calculations is
that there are 60 relations between the 60 parameters in (6)
and the parameter b1, i.e., the T-duality constraint fixes all
60 parameters at order α′2 in terms of the overall factor of
the couplings at order α′! This ends our illustration of the
fact that the T-duality constraint on the effective action can
fix uniquely the effective action of bosonic string theory at
order α′2.

4 Discussion

In this paper, we have shown that imposing the gauge sym-
metries and the T-duality symmetry on the effective action
of string theory for metric, B-field and dilaton at order α′2,
can fix the effective action, i.e., (40), up to an overall factor
which is the overall factor of the effective action at order
α′. This is extension of the similar calculation at order α′
done in [27] which fixes the effective action at order α′ up to
the overall factor b1, i.e., (23). In fact, the gauge symmetries
require to have 60 couplings at order α′2 with unfixed coeffi-
cients [2], and the T-duality symmetry which is imposed on
the reduction of the effective action on a circle, fixes these
60 parameters.

In the base space, we have done the calculations in the
local frame in which the first derivatives of the base metric
is zero. After solving the constraints, we have imposed the
solution for the parameters in the constraints (28), (29), (34)
and found that they are satisfied even when the first derivative
of metric is non-zero. It is as expected, because the constraints
are some covariant identities. If they satisfy in one particular
frame like the local inertial frame, they would satisfy in all
other frames as well.

Most of the couplings in (40) are new couplings which
have not been found in the literature by other methods in
string theory. When B-field is zero, the couplings (40) reduce
to two Riemann cubed terms that their coefficients, after
using the cyclic symmetry of the Riemann curvature, become
exactly the same as the coefficients that have been found in
[30] by the S-matrix method. These couplings are invariant
under the field redefinitions. However, the couplings which
have B-field are not invariant under the field redefinitions.
When B-field is non-zero, one may check the couplings
involving four fields with the corresponding four-point S-
matrix elements in bosonic string theory. To check this com-
parison, one has to use a field redefinition that change the Rie-
mann squared terms in (23) to the Gauss-Bonnet combination
in which the propagators do not receive α′-correction. That
field redefinitions would then change the form of the cou-
plings in (40). The resulting couplings then may be checked
with the corresponding S-matrix elements. We leave the
details of this calculation for the future works.

We have found that seven dilaton couplings in (8) are non-
zero. On the other hand, it is known that the couplings at order
α′2 depends on the effective action at order α′ [28]. We have
used the minimal action (23) and the corresponding T-duality
transformations (24). Using another scheme for the couplings
at order α′, some of the parameters in (40) may be changed.
It would be interesting to check if there is a scheme for the
couplings at order α′ for which all the dilaton couplings in
(8) become zero.

We have found the effective action (40) by imposing only
the symmetries of string theory, i.e., the B-field gauge invari-
ance, diffeomorphism and T-duality invariances. As a result,
the effective action (40) is background independent. How-
ever, the total derivative terms are ignored in imposing the
T-duality constraint. Hence the effective action (40) is valid
for all backgrounds that have no boundary. It would be inter-
esting to take into account in details the total derivative terms
to find the boundary terms as well as the bulk terms for the
general case that the background has boundary.

We have done the calculations in the curved base space to
make sure that the constraints (28), (29), (34) are satisfied in
full details. We have performed the calculations in flat base
space as well and found exactly the same parameters for (6)
as in (40). In the T-duality calculations at order α′ [27] which
have correctly reproduced the effective action at order α′, it
is also assumed that the base space is flat. Hence, for the
calculations at the higher orders of α′ which would be very
lengthy calculations, one may safely assume the base space
is flat. The most simple calculations at order α′3 is for super-
string theory in which the T-duality transformations have no
deformation at orders α′ and α′2. It would be interesting to
perform this calculations at order α′3 in the superstring to find
the B-field couplings which are not known in the literature.

123
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If one extends the calculations in the bosonic theory to the
order α′3, one would find a set of couplings which are pro-
portional to b1 and another set of couplings that their overall
factor is arbitrary. The comparison with the four-point S-
matrix elements dictates that this factor should be ζ(3). At
order α′4, again one should find a set of couplings which are
proportional to b1, a set of couplings proportial to ζ(3) and
some other sets of couplings that their overall factor may be
fixed by the corresponding S-matrix elements. Continuing
these logic, one would find sets of couplings at each order
of α′ which are proportional to b1. Hence, one expects the
T-duality constraint produces a set of couplings at each order
of α′ that are proportional to b1. They form a complete set of
couplings which would be invariant under the T-duality trans-
formations at all orders of α′. That T-dual set of couplings
may have de Sitter solution [32]. It would be interesting to
find this T-dual set.

In this paper, while we have deformed the T-duality trans-
formations, we have assumed the gauge transformations are
the standard diffeomorphisms and B-field gauge transfor-
mations which are the correct transformations in the bosonic
and superstring theories. In the superstring theory b1 = 0,
hence, the couplings (40) are zero in the superstring theory
as expected. On the other hand, the 60 parameters in (40) do
not dependent on the dimension of spacetime. That does not
indicate the result (40) is valid also for the heterotic theory
for b1 = 1/8. The reason is that in the heterotic theory the
B-field gauge transformation is deformed at order α′ which
is resulted from the Green-Schwarz anomaly cancellation
mechanism [33]. To produce the heterotic result, one has to
add to the couplings (6) the fixed couplings at order α′2 which
are resulted from the deformed gauge transformations, i.e.,
−α′2

12 �μνα�μνα where � is the three-form Chern–Simons
which can be written in terms of spin connection,

�μνα = ω[μi j∂νωα] j i + 2

3
ω[μi jων j

kωα]k i ;
ωμi

j = ∂μeβ
j eβ

i − �μβ
γ eγ

j eβ
i (41)

where eμ
i eν

jηi j = Gμν . Adding this term, the correspond-
ing T-duality transformations and the 60 parameters in (6)
may be fixed in the heterotic theory. We didn’t perform this
calculations, however, one expects all parameters in (6) to be
zero. Similar calculation at order α′ has been done in [27].
The T-duality structure of the couplings in the heterotic the-
ory has been studied in [34–38] in the DFT formalism.

There is another deformation of B-field gauge transfor-
mations which correspond to the Chiral string theory [39].
The deformation at order α′ is the same as the deformation
in the heterotic theory in which spin connection is replaced
by the Christoffel connection [40]. The low energy effec-
tive action of this theory at the leading order, is given by
the T-duality invariant action (18) and at the order α′, it is

given by the T-duality invariant coupling Hμνα�μνα [41]2

where the three-form Chern–Simons �μνα is resulted from
the deformed gauge transformation, i.e.,

�μνα = �[μβ
γ ∂ν�α]γ β + 2

3
�[μβ

γ �νγ
λ�α]λβ (42)

To find the effective action at order α′2, one has to add
to the couplings (6) the fixed couplings at order α′2, i.e.,
−α′2

12 �μνα�μνα . Adding this term, the corresponding T-
duality transformations and the 60 parameters in (6) may be
fixed in the Chiral string theory by the T-duality constraint
method. It would be interesting to perform this calculation
to find the α′2-order terms. This theory has been studied in
the DFT formalism in [42,43].

In general, both the diffeomorphisms and the B-field
gauge transformations may receive higher derivative defor-
mations in a general gauge invariant higher-derivative the-
ory. One may impose these gauge transformations and the
deformed T-duality transformations to study the effective
action of a higher-derivative theory which is invariant under
the gauge transformations and under the T-duality transfor-
mations. The effective action at the leading order of α′ is
given by (18). At order α′, the parity invariant part of the
effective action would be more general than the action (23).
It would be interesting to find this effective action.
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