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Abstract In this article we present bosonic T-dualization
in double space of the type II superstring theory in the pure
spinor formulation. We use the action with constant back-
ground fields obtained from the general case under some
physically and mathematically justified assumptions. Unlike
Nikolić and Sazdović (EPJ C 77:197, 2017), where we used
the first-order theory, in this article fermionic momenta are
integrated out. Full T-dualization in double space is repre-
sented as a permutation of the initial xμ and T-dual coordi-
nates yμ. Requiring that a T-dual transformation law of the
T-dual double coordinate �ZM = (yμ, xμ) to be of the same
form as for initial one ZM = (xμ, yμ), we obtain the form
of the T-dual background fields in terms of the initial ones.
The advantage of using the action with integrated fermionic
momenta is that it gives all T-dual background fields in terms
of the initial ones. In the case of the first-order theory Nikolić
and Sazdović (2017) a T-dual R-R field strength was obtained
out of the double space formalism under additional assump-
tions.

1 Introduction

T-duality is a feature which cannot be met in the point-particle
theory and represents a novelty brought about by string the-
ory [2–9]. The basic mathematical framework, in which T-
dualization is performed, is the Buscher procedure [5,6].
The starting point of the procedure is the existence of global
isometries along some directions. In the next step we localize
that symmetry introducing world-sheet covariant derivatives
(instead of ordinary ones) and gauge fields. In order to make
the gauge field an unphysical degree of freedom, a term with
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Lagrange multipliers is added to the action. The final phase of
the procedure is using gauge freedom to fix the initial coordi-
nates. Variation of the gauge fixed action with respect to the
Lagrange multipliers produces the initial action, while vari-
ation with respect to the gauge fields gives a T-dual action.
Combining these equations of motion the relations connect-
ing initial and T-dual coordinates are obtained. These rela-
tions are known in the literature as T-dual transformation
laws.

Why is T-duality so important? The answer is concerned
with M-theory. Five consistent superstring theories are con-
nected by a web of T- and S-dualities. It is a well-known fact
in the case of type II superstring theories that T-dualization
along one spatial dimension transforms type IIA(B) to type
IIB(A) theory, while T-dualization along the time-like direc-
tion produces type II� theory, of which the R-R field strength
is the initial one multiplied by the imaginary unit [1,10].
Using double space enables one to unify all three theories.
This could be a way toward better understanding M-theory.

The basic presumption for implementing the Buscher T-
dualization procedure is the existence of global isometry
along some directions. Effectively, it means that we can
find the coordinate basis in which background fields do not
depend on those directions [5–9,11,12].

Except the standard Buscher procedure, there is a gen-
eralized Buscher procedure dealing with T-dualization along
directions on which the background fields depend. In the gen-
eralized Buscher procedure, to be compared with the standard
one, an additional ingredient is present and that is an invari-
ant coordinate, xμ

inv = ∫
dξαDαxμ, where Dα is a world-

sheet covariant derivative. So far the generalized procedure
was applied in two cases: the bosonic string moving in the
weakly curved background [13–15] and the case where the
metric is quadratic in the coordinates and the Kalb–Ramond
field is a linear function of the coordinates [16]. In the first
case isometry is not obvious but actually exists, while in the
second case isometry is absent.
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The Buscher T-dualization procedure was used in Refs.
[17–24] in the context of closed string noncommutativity. In
these articles there was considered the coordinate dependent
background—a constant metric and a Kalb–Ramond field
with only one nonzero component, Bxy = Hz, where the
field strength H is infinitesimal.

The Buscher T-dualization procedure can be considered
as a definition of T-dualization. But there is a illuminating
way of representing T-duality representation using double
space and a permutation group. The name “double” comes
from the way it is constructed. The double space coordinate
ZM consists of initial coordinates xμ and their T-dual ones,
yμ, ZM = (xμ, yμ) (μ = 0, 1, 2, . . . , D − 1). The for-
malism emerged about 20 years ago and it was addressed in
Refs. [25–29]. In recent years the interest for this formal-
ism was revived [30–37]. In these recent articles T-duality
is related with O(d, d) transformations. On the other hand,
in Refs. [1,25,38–40], T-dualization along some subset of
directions is represented as a permutation of that subset of ini-
tial coordinates and the corresponding T-dual ones. T-duality
becomes a symmetry transformation in double space.

In Ref. [1] we demonstrated the equivalence of the
Buscher approach and the double space one for type II super-
string theory. But there is one detail which has to be empha-
sized. In the mentioned article we used the pure spinor type
II superstring action with constant background fields in the
form of the first-order theory, i.e., the fermionic momenta,
πα and π̄α , are not integrated out. In that case the process
of T-dualization is mathematically simple, but the price to
pay is that the T-dual R-R field strength Pαβ could not be
obtained within the double space formalism. The reason is
that the R-R field strength is coupled only with the fermionic
degrees of freedom which are not dualized. To reproduce the
Buscher form of the T-dual R-R field strength we made some
additional assumptions.

In this article we will integrate out the momenta and obtain
the theory in terms of the derivatives of the bosonic coordi-
nates, xμ, and the fermionic coordinates, θα and θ̄ α . After the
fermionic momenta are integrated out, the R-R field strength
is coupled with ∂±xμ. It turns out that Buscher T-dualization
with such an action is slightly more complicated, but, as
expected, gives the same result as in the case of the first-order
theory. The mathematical framework for double space T-
dualization is the same as in [1]. We rewrite the T-dual trans-
formation laws in terms of the double space coordinates ZM ,
introducing the generalized metric ȞMN , the generalized
current J̌±M and the permutation matrix T M

N , which swaps
the initial coordinates xμ and T-dual ones yμ. Requiring that
the T-dual double space coordinates, �ZM = T M

N ZN , sat-
isfy the transformation law of the same form as the initial
coordinates, ZM , we obtain the expressions for the T-dual
generalized metric, �ȞMN = (T ȞT )MN , and T-dual cur-
rent, � J̌±M = (T J̌±)M .

There is an advantage when we perform T-duality within
the double space formalism. The main benefit of the using
the action with integrated fermionic momenta is that we get
all T-dual background fields.

2 Buscher T-dualization of type II superstring theory
with integrated fermionic momenta

In this section we will introduce the type II superstring action
in a pure spinor formulation [41–48] in the approximation of
constant background fields and up to the quadratic terms.
Then we will integrate out the fermionic momenta and apply
the standard Buscher procedure. This leads to more compli-
cated calculations, but in double space an advantage occurs.

2.1 Type II superstring in the pure spinor formulation

The general form of the action is borrowed from [49] and it
is of the form

S =
∫

	

d2ξ(XT )M AMN X̄ N + Sλ + Sλ̄, (2.1)

where the vectors XM and X̄ N are the left and right chiral
supersymmetric variables

XM =

⎛

⎜
⎜
⎝

∂+θα

�
μ
+

dα
1
2 N

μν
+

⎞

⎟
⎟
⎠ , X̄ M =

⎛

⎜
⎜
⎝

∂−θ̄ α

�
μ
−

d̄α
1
2 N̄

μν
−

⎞

⎟
⎟
⎠ , (2.2)

of which the components are defined as

�
μ
+ = ∂+xμ + 1

2
θα(μ)αβ∂+θβ,

�
μ
− = ∂−xμ + 1

2
θ̄ α(μ)αβ∂−θ̄ β , (2.3)

dα = πα − 1

2
(μθ)α

[

∂+xμ + 1

4
(θμ∂+θ)

]

,

d̄α = π̄α − 1

2
(μθ̄)α

[

∂−xμ + 1

4
(θ̄μ∂−θ̄ )

]

, (2.4)

Nμν
+ = 1

2
wα([μν])αβλβ, N̄μν

− = 1

2
w̄α([μν])αβλ̄β .

(2.5)

The supermatrix AMN is of the form

AMN =

⎛

⎜
⎜
⎝

Aαβ Aαν Eα
β �α,μν

Aμβ Aμν Ēβ
μ �μ,νρ

Eα
β Eα

ν Pαβ Cα
μν

�μν,β �μν,ρ C̄μν
β Sμν,ρσ

⎞

⎟
⎟
⎠ . (2.6)
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The world sheet 	 is parameterized by ξm = (ξ0 =
τ, ξ1 = σ) and ∂± = ∂τ ± ∂σ . Superspace is spanned by
the bosonic coordinates xμ (μ = 0, 1, 2, . . . , 9) and the
fermionic ones θα and θ̄ α (α = 1, 2, . . . , 16). The variables
πα and π̄α are canonically conjugate momenta to θα and θ̄ α ,
respectively. The actions for the pure spinors, Sλ and Sλ̄, are
the free field actions

Sλ =
∫

d2ξwα∂−λα, Sλ̄ =
∫

d2ξw̄α∂+λ̄α, (2.7)

where λα and λ̄α are pure spinors and wα and w̄α are
their canonically conjugate momenta, respectively. The pure
spinors satisfy the so-called pure spinor constraints

λα(μ)αβλβ = λ̄α(μ)αβλ̄β = 0. (2.8)

This action (2.1) for type II superstring in the pure spinor
formulation is general and it is constructed as an expansion
in powers of θα and θ̄ α (for details see [49]).

Our plan is to implement full T-dualization, which means
that we T-dualize along all bosonic directions xμ. Conse-
quently, we will assume that the background fields do not
depend on them. On the other hand, because of the way how
the action is constructed, for practical reasons (mathematical
simplification), we will consider just the first components
in the expansion in powers of θα and θ̄ α . Effectively, this
means that the nonzero background fields are constant. The
background fields from the first and last columns and rows
in the matrix AMN are zero (a detailed explanation could be
found in [1,49]). The fields surviving these approximations
are known in the literature as physical superfields because
their first components are supergravity fields.

Finally, all our assumptions produce

�
μ
± → ∂±xμ, dα → πα, d̄α → π̄α, (2.9)

where the physical superfields take the form

Aμν = κ

(
1

2
gμν + Bμν

)

+ 1

4π
ημν�, Eα

ν = −�α
ν ,

Ēα
μ = �̄α

μ, Pαβ = 1

2κ
Pαβ. (2.10)

Here gμν is a symmetric and Bμν is an antisymmetric tensor.
Consequently, the full action S is

S = κ

∫

	

d2ξ

[

∂+xμ�+μν∂−xν + 1

4πκ
�R(2)

]

+
∫

	

d2ξ

[

− πα∂−
(
θα + �α

μx
μ
)

+∂+
(
θ̄ α + �̄α

μx
μ
)
π̄α + 1

2κ
παP

αβπ̄β

]

, (2.11)

where Gμν = ημν + gμν is the metric tensor and

�±μν = Bμν ± 1

2
Gμν. (2.12)

We will neglect the Tseytlin term in the further analysis
because, for a constant dilaton field �, it is proportional to the
Euler characteristic. Consequently, on some given manifold
that term is constant. The actions Sλ and Sλ̄ are decoupled
from the rest and the action, in its final form, is ghost inde-
pendent.

2.2 Full bosonic T-dualization using Buscher rules

Let us now integrate out the fermionic momenta from the
action (2.11) and obtain the theory expressed in terms of the
supercoordinates (xμ, θα, θ̄α) and their world-sheet deriva-
tives. For the equations of motion for fermionic momenta πα

and π̄α ,

πα = −2κ∂+
(
θ̄ β + �̄β

μx
μ
)
(P−1)βα,

π̄α = 2κ(P−1)αβ∂−
(
θβ + �β

μx
μ
)
, (2.13)

the action gets the form

S = κ

∫

	

d2ξ∂+xμ
[
�+μν + 2�̄α

μ(P−1)αβ�β
ν

]
∂−xν

+ 2κ

∫

	

d2ξ
[
∂+θ̄ α(P−1)αβ∂−θβ

+ ∂+θ̄ α(P−1�)αμ∂−xν + ∂+xμ(�̄P−1)μα∂−θα
]
.

(2.14)

We will perform bosonic T-dualization of the action (2.14)
along all directions xμ using the Buscher T-dualization rules.
In order to gauge global symmetry δxμ = λμ, we introduce
covariant derivatives, D±xμ = ∂±xμ + v

μ
±, instead of the

ordinary ones, ∂±xμ, where v
μ
± are gauge fields. Fixing the

gauge (xμ = const.) means effectively that ordinary deriva-
tives ∂±xμ are replaced with gauge fields v

μ
± in the initial

action (2.14), while, in order to make v
μ
± unphysical degrees

of freedom, we add to the action

Sadd = κ

2

∫
d2ξ

(
v

μ
+∂−yμ − v

μ
−∂+yμ

)
. (2.15)

The gauged fixed action is of the form

S f i x = S + Sadd

= κ

∫
d2ξ

[

v
μ
+�+μνv

ν− + 2
(
∂+θ̄ α + �̄α

μv
μ
+
)
(P−1)αβ

(
∂−θβ + �β

ν vν−
) + 1

2
(v

μ
+∂−yμ − v

μ
−∂+yμ)

]

. (2.16)

Varying the gauge fixed action (2.16) with respect to the
Lagrange multipliers yμ, we find that the field strength for
gauge fields v

μ
± is equal to zero,
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∂+v
μ
− − ∂−v

μ
+ = 0 ⇒ v

μ
± = ∂±xμ. (2.17)

In this way we restore the initial theory from the gauge fixed
action. Let us note that we omitted the dilaton term because
this is a classical analysis while the dilaton is treated within
the quantum formalism.

Varying the gauge fixed action with respect to the gauge
fields v

μ
+ and v

μ
−, we get the equations, respectively,

�+μνv
ν− + 2�̄α

μ(P−1)αβ

(
∂−θβ + �β

νv
ν−
) + 1

2
∂−yμ = 0,

(2.18)

vν+�+νμ + 2
(
∂+θ̄ α + �̄α

νv
ν+
)
(P−1)αβ�β

μ − 1

2
∂+yμ = 0.

(2.19)

Here we introduce the notation

�̌+μν ≡ �+μν + 2�̄α
μ(P−1)αβ�β

ν = B̌μν + 1

2
Ǧμν,

(2.20)

where B̌μν and Ǧμν are the antisymmetric and symmetric
parts of �̌+μν , respectively. These expressions are in fact
the Kalb–Ramond field Bμν and metric Gμν improved by
some expressions consisting of the NS-R and R-R back-
ground fields. The above expressions for the gauge fields
can be rewritten in the form

�̌+μνv
ν− + 2�̄α

μ(P−1)αβ∂−θβ + 1

2
∂−yμ = 0, (2.21)

vν+�̌+νμ + 2∂+θ̄ α(P−1)αβ�β
μ − 1

2
∂+yμ = 0. (2.22)

Using the relations

�̌
μν
− �̌+νρ = 1

2κ
δμ

ρ, �̌
μν
− = − 2

κ

(
Ǧ−1

E �̌−Ǧ−1
)μν

,

(2.23)

where

�̌
μν
− = �

μν
− − 4κ�

μρ
− �̄α

ρ(P̃−1)αβ�β
λ�

λν−

= �̌μν + 1

κ

(
Ǧ−1

E

)μν

, (2.24)

P̃αβ ≡ Pαβ + 4κ�α
μ�

μν
− �̄β

ν, (2.25)

�
μν
− = − 2

κ

(
G−1

E �−G−1
)μν

, �
μρ
− �+ρν = 1

2κ
δμ

ν,

(2.26)

we get

v
μ
− = −κ�̌

μν
− ∂−

[
yν + 4�̄α

μ(P−1)αβθβ
]
, (2.27)

v
μ
+ = κ∂+

[
yν − 4θ̄ α(P−1)αβ�β

ν

]
�̌

νμ
− . (2.28)

Equation (2.23) is proved by direct calculation and using
the definition of P̃αβ .

Inserting the expressions (2.27) and (2.28) into the expres-
sion for the gauge fixed action (2.16) we obtain the T-dual
action

�S = κ

∫
d2ξ

[κ

2
∂+yμ�̌

μν
− ∂−yν

+2κ∂+yμ�̌
μν
− �̄α

ν(P
−1)αβ∂−θβ

− 2κ∂+θ̄ α(P−1)αβ�β
μ�̌

μν
− ∂−yν

+ 2∂+θ̄ α(P−1 − 4κP−1��̌−�̄P−1)αβ∂−θβ
]
.

(2.29)

Introducing T-dual background fields marked by �, we write
the T-dual action in the form of the initial action (2.14)

�S = κ

∫
d2ξ

[
∂+yμ

(
��+ + 2��̄�P−1��

)μν

∂−yν

+ 2∂+yμ(��̄�P−1)μα∂−θα

+ 2∂+θ̄ α(�P−1��)α
μ∂−yμ + 2∂+θ̄ α(�P−1)αβ∂−θ

]
.

(2.30)

Comparing the last two equations, we get the T-dual back-
ground fields in terms of the initial ones,

��
μν
+ + 2��̄μα(�P−1)αβ

��βν = κ

2
�̌

μν
− , (2.31)

��̄μβ(�P−1)βα = κ�̌
μν
− �̄β

ν(P
−1)βα, (�P−1)αβ

��βμ

= −κ(P−1)αβ�β
ν�̌

νμ
− , (2.32)

(�P−1)αβ = (P−1)αβ − 4κ(P−1)αγ �γ
μ�̌

μν
− �̄δ

ν(P
−1)δβ .

(2.33)

By direct calculation, solving the above four equations, we
finally get

��
μν
+ = κ

2
�

μν
− , (2.34)

��αμ = −κ�α
ν�

νμ
− , ��̄μα = κ�

μν
− �̄α

ν, (2.35)
�Pαβ = P̃αβ, (2.36)

which is in full agreement with the case where we T-dualize
the same model in the form of the first-order theory.

Combining the equations of motion for the Lagrange mul-
tiplier (2.17) with the equations of motion for the gauge fields,
(2.28) and (2.28), we obtain the relation between the initial
xμ and T-dual coordinates yμ

∂±xμ ∼= −κ�̌
μν
±

[
∂±yν + 4�α±ν(P

−1∓ )αβ∂±θ
β
∓
]
. (2.37)

The inverse of this relation is also useful and it is of the form

∂±yμ ∼= −2�̌∓μν∂±xν − 4�α±μ(P−1∓ )αβ∂±θ
β
∓. (2.38)
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Here we use the notation

θα+ ≡ θα, θα− ≡ θ̄ α, (2.39)

Pαβ
+ ≡ Pαβ, Pαβ

− ≡ Pβα, (2.40)

�α+μ ≡ �α
μ, �α−μ ≡ �̄α

μ, (2.41)

�̌
μν
+ ≡ −�̌

νμ
− . (2.42)

As we see, the two chirality sectors transform differently
under T-dualization. The form of the T-dualization transfor-
mation laws is of the same form as in [1]. Consequently, in
accordance with the results of Refs. [1,50,51], we introduce
the proper fermionic coordinates

•θα+ = θα+, •θ̄ α− = −(11θ̄−)α, (2.43)

and the correct form of the T-dual fields is

��
μν
+ = κ

2
�

μν
− , (2.44)

��αμ = −κ�α
ν�

νμ
− , ��̄μα = −κ�

μν
− (11�̄)αν, (2.45)

�Pαβ = −(P̃11)
αβ. (2.46)

3 T-dualization of type II superstring in double space

In this section we will demonstrate another framework in
which we can perform the T-dualization procedure. Unlike
the case of the T-dualization of type II superstring theory in
the form of the first-order theory [1] where the T-dual R-R
field strength is not obtained within double space framework,
here we will see that, when fermionic momenta are integrated
out, the double space formalism gives all T-dual background
fields. Before the T-dualization procedure we will introduce
double space and the corresponding quantities.

3.1 T-dual transformation law in double space

Let us introduce the double space coordinate

ZM =
(
xμ

yμ

)

, (3.1)

and rewrite the T-dual transformation laws (2.37)–(2.38) in
the form

±∂±yμ ∼= ǦE
μν∂±xν + κǦE

μρ�̌ρν∂±yν

+ 4κGE
μρ�

ρλ
± �α±λ(P

−1∓ )αβ∂±θ
β
∓, (3.2)

±∂±xμ ∼= (Ǧ−1)μν∂±yν + 2(Ǧ−1 B̌)μν∂±xν

+4(Ǧ−1)μρ�α±ρ(P−1∓ )αβ∂±θ
β
∓. (3.3)

These two equations can be rewritten in double space as

±�MN ∂±ZN ∼= ȞMN ∂±ZN + J̌±M , (3.4)

where the generalized metric is of the form

ȞMN =
(
ǦE

μν κǦE
μρ�̌ρν

2(Ǧ−1)μρ B̌ρν (Ǧ−1)μν

)

, (3.5)

and the double current is

J̌±M = 4

(
κǦE

μρ�̌
ρν
±

(Ǧ−1)μν

)

J±μ, J±μ = �α±μ(P−1∓ )αβ∂±θ
β
∓.

(3.6)

The matrix

� =
(

0 1D

1D 0

)

, (3.7)

where 1D denotes the unity matrix in D dimensions, known in
double field theory (DFT) as the invariant SO(D, D) metric.

Note that generalized metric is not of the standard form
because its components contain the improved Kalb–Ramond
field B̌μν and the improved metric Ǧμν . Those additional
factors in B̌μν and Ǧμν have a bilinear form in the NS-R
fields �α

μ and �̄α
μ. Still, we have

ȞT�Ȟ = �, �2 = 1, det Ȟ = 1, (3.8)

which means that Ȟ ∈ SO(D, D).

3.2 Full T-dualization in double space

Let us introduce the permutation matrix

T M
N =

(
0 1D

1D 0

)

, (3.9)

and define the T-dual double coordinate �ZM as

�ZM = T M
N Z

N . (3.10)

We require that the T-dual transformation law for the T-
dual double coordinate �ZM has the same form as for initial
double coordinate ZM (3.4)

±�MN ∂±�ZN ∼= �ȞMQ∂±�ZQ + � J̌±M , (3.11)

which implies that T-dual generalized metric and double cur-
rent are of the form, respectively,

�ȞMN = TM PȞPQT Q
N , � J̌±M = TMN J̌±N . (3.12)

Let us make explicit the first equation in (3.12):
(

�Ǧμν
E κ�Ǧμρ

E
��̌ρν

2(�Ǧ−1)μρ
� B̌ρν (�Ǧ−1)μν

)

123



819 Page 6 of 8 Eur. Phys. J. C (2019) 79 :819

=
(

(Ǧ−1)μν 2(Ǧ−1)μρ B̌ρν

κǦE
μρ�̌ρν ǦE

μν

)

. (3.13)

Equating the (2, 2) block components we get

(�Ǧ−1)μν = ǦE
μν, (3.14)

which produces

�Ǧμν =
(
Ǧ−1

E

)μν

. (3.15)

Using (2, 1) the block components equation

2(�Ǧ−1)μρ
� B̌ρν = κǦE

μρ�̌ρν, (3.16)

combining with (3.14), we obtain

� B̌μν = κ

2
�̌μν. (3.17)

Using these two results we have

��̌
μν
± = �Bμν ± 1

2
�Ǧμν = κ

2

[

�̌μν ± 1

κ

(
Ǧ−1

E

)μν
]

= κ

2
�̌

μν
∓ .

(3.18)

The obtained equation coincides with the equation obtained
by the standard Buscher procedure (2.31). The block com-
ponents (1, 1) and (1, 2) give, respectively,

�Ǧμν
E = (Ǧ−1)μν, �Ǧμρ

E
��̌ρν = 2

κ
(Ǧ−1)μρ B̌ρν. (3.19)

Combining the last two equations produces

��̌μν = 2

κ
B̌μν, (3.20)

and, furthermore, we have

��̌−μν = 2

κ
�̌+μν. (3.21)

Using the relations between the initial and T-dual NS-NS
background fields obtained above and the second equation
in (3.12), we get

� Jμ
± = κ�̌

μν
± J±ν, (3.22)

where the T-dual current � Jμ
± has the same form as the initial

one but in terms of the T-dual background fields and proper
fermionic coordinates (for details see [1])

� Jμ
± ≡ ��

αμ
± (�P−1∓ )αβ∂±•θβ

∓. (3.23)

The proper fermionic coordinates are defined as

•θα+ = θα+, •θα− = −(11θ−)α. (3.24)

From Eq. (3.23) we have

��̌
μν
+ = ��

μν
+ + 2��̄αμ(�P−1)αβ

��βν, (3.25)
��̌−μν = ��−μν − 4κ��−μρ

��̄ρα(� P̃−1)αβ
��βλ��−λν,

(3.26)

and, solving these equations, we get

��αμ = ±κ�α
ν�

νμ
− , ��̄αμ = ±κ�

μν
− (11�̄)αν ,

�Pαβ = − (
Pαγ + 4κ�α

μ�μν�̄γ
ν

)
(11)γ

β . (3.27)

Here the double space formalism produces (3.18) and (3.27)
i.e. all relations (2.44)–(2.46), up to the sign of the T-dual
NS-R background fields. This uncertainty in sign is a conse-
quence of the fact that in both equations, (3.25) and (3.26),
the NS-R fields, ��αμ and ��̄αμ, appear in a bilinear com-
bination. In comparison with the case where the fermionic
momenta are not integrated out [1], this is an improvement
because the double formalism gives all T-dual background
fields. In Ref. [1] we did not obtain the relation for the T-
dual R-R background field and we had to impose additional
conditions. Here the calculation is slightly more complicated,
but we obtain all fields within one formalism. The reason is
that in [1] the R-R field is coupled by fermionic momenta
which are not T-dualized. Consequently, after integration of
the fermionic momenta, there appears a coupling between
the R-R field strength with bosonic coordinates xμ which
results in Eq. (3.27).

4 Conclusion

In this article we considered the type II superstring theory in a
pure spinor formulation with constant background fields. We
integrated out the fermionic momenta and obtained the theory
quadratic in world-sheet derivatives of bosonic and fermionic
coordinates. Our goal was to show the advantage of the T-
dualization within the double space formalism comparing to
the first-order theory [1].

At the beginning we explained how we obtained the action
with constant background field from the general one derived
in [49]. The assumed shift symmetry along the bosonic direc-
tions xμ means that the background fields do not depend on
xμ. On the other hand, for technical simplicity of the cal-
culations, we take just the first terms in the expansions of
background fields in powers of θα and θ̄ α . All these assump-
tions result in constant background fields. In the final form
of the action, just physical superfields are present, while the
auxiliary fields and field strengths are zero.
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The main mathematical difference from Ref. [1] is that
the fermionic momenta are integrated out. In this way we
obtained a theory which is quadratic in the world-sheet
derivatives of the coordinates, ∂±xμ, ∂±θα and ∂±θ̄ α . It is
important to emphasize that in such a formulation R-R field
strength Pαβ is coupled with the derivatives of the bosonic
coordinates ∂±xμ. Then we applied the Buscher procedure
and, beside some slightly more complicated mathematical
calculations, we obtained the same result as in the case for
the first-order theory [1].

Our contribution was to show the benefit in performing
a T-dualization procedure in double space using the action
(2.14), to be compared with the results obtained for the action
(2.11) in Ref. [1].

The double space is spanned by the coordinates ZM =
(xμ, yμ), where xμ are initial bosonic coordinates and yμ
are corresponding the T-dual ones. The T-dual transforma-
tion laws are rewritten in terms of the double space coordi-
nates introducing the generalized metric ȞMN and the cur-
rent J̌±M . Note that their components are expressed in terms
of the improved Kalb–Ramond field and the metric contain-
ing additional terms bilinear in the NS-R background fields
�α

μ and �̄α
μ. Requiring that T-dual double space coordinates

�ZM = T M
N ZN satisfy a transformation law of the same

form as the initial coordinates ZM we found the T-dual gen-
eralized metric �ȞMN and the T-dual current � J±M . The T-
dual generalized metric should have the same form as the
initial ones, so, in this way we obtain relations which pro-
duce the expressions for T-dual background fields in terms
of the initial ones, which agrees with that obtained applying
the Buscher procedure.

In Ref. [1] we obtained the expressions for the T-dual NS-
NS background fields as well as for the NS-R fields. But
because we T-dualized along the bosonic directions which
are not coupled with R-R field strength, the double space
formalism did not give us the expression for the T-dual R-R
field strength. These expressions were obtained under some
additional assumptions out of the double space formalism.

Here we succeeded in obtaining the expressions for all T-
dual background fields, which showed that there is an advan-
tage in performing double space T-dualization in the second-
order theory where the fermionic momenta are integrated
out.

After having summarized the results of this article it is
interesting to discuss their significance and relation to the
results of other articles addressing the same or similar sub-
jects. For example, in Ref. [52] the authors construct the type
II model with T-duality as a manifest symmetry. The way of
construction is partially similar to the one from [49] used in
this paper. In [49] they used (anti)holomorphicity and nilpo-
tency conditions, while in [52] instead of nilpotency con-
ditions they used conditions originating from κ symmetry.

But in [52] they do not study the problem of the RR field
strength as well as an interchange between types IIA/B in
the T-dualization process, which are the subjects addressed
in this article. Furthermore, in [53] one version of the dou-
bled superspace is discussed. It is pretty similar to the space
we used in this article, but it is obtained by multiplication
of the left and right chiral sectors with N = 1 supersym-
metry in D = 10. The space which is obtained is spanned
by the initial bosonic coordinates, their T-dual ones and two
fermionic coordinates. Our doubled coordinate contains just
the bosonic part of this doubled supercoordinate because we
consider here just bosonic T-dualization and, consequently,
we do not consider a fermionic sector. The obvious difference
is that in [53] they obtained a type II action in the Green–
Schwarz formalism, while we study here a pure spinor action.
In [54] the geometry of superspace is developed with a type
II model as the main example. One of the things discussed is
the relation of some sectors with pure spinor fields. Finnaly,
it is useful to mention also Ref. [55]. In this article a reduc-
tion of type IIA/B superstring theory from 10d to 9d is done,
which effectively could be T-dualization. The L∞ isomor-
phisms relate two coefficient L∞ algebras. Also one derived
the Buscher rules for the RR field strength, which is done in
this article using simpler mathematical methods.

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: This paper does
not include any additional information.]

Open Access This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creativecomm
ons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit
to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made.
Funded by SCOAP3.

References
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7. M. Roček, E. Verlinde, Nucl. Phys. B 373, 630 (1992)
8. A. Giveon, M. Porrati, E. Rabinovici, Phys. Rep. 244, 77 (1994)
9. E. Alvarez, L. Alvarez-Gaume, J. Barbon, Y. Lozano, Nucl. Phys.

B 415, 71 (1994)
10. C.M. Hull, JHEP 07, 021 (1998)
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