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Abstract In this paper we study the quantisation of scalar
field theory in κ-deformed space-time. Using a quantisation
scheme that use only field equations, we derive the quan-
tisation rules for deformed scalar theory, starting from the
κ-deformed equations of motion. This scheme allows two
choices; (1) a deformed commutation relation between the
field and its conjugate which leads to usual oscillator algebra,
(2) an undeformed commutation relation between field and
its conjugate leading to a deformed oscillator algebra. This
deformed oscillator algebra is used to derive modification to
Unruh effect in the κ-space-time.

1 Introduction

Non-commutative space-time was introduced long back as
an approach to handle divergences in quantum field theory
[1]. Efforts to construct a renormalisable quantum theory of
gravity brought the non-commutative space-time into intense
scrutiny in last decades [2]. Appearance of Moyal space-time,
a specific type of non-commutative space-time, in the low
energy limit of a string theory [3] fueled major activities in
the area of non-commutative theories(for detailed surveys,
see the reviews [4,5]). Non-commutative space-time also
emerged naturally in the discussions of different approaches
to quantum gravity [6,7].

The characteristic features of field theory on non-com-
mutative space-time are their intrinsic non-locality and non-
linearity. They also incorporate a minimal length, in an effi-
cient way into the discussion. This notion of minimal length
is a common feature of different approaches to microscopic
theory of gravity, such as string theory [3], dynamical triangu-
lation [8], asymptotically safe models, fuzzy physics [9,10]
etc. The field theories on non-commutative space-time also
show a mixing of UV and IR divergences [11]. The analysis
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of symmetries of field theories on non-commutative space-
time brought out the important role played by Hopf algebras
[12–14].

Two widely investigated non-commutative space-times
are Moyal space-time and κ-deformed space-time. In Moyal
space-time [3] , the commutation relation between space-
time coordinate is a constant tensor. i.e.,

[x̂μ, x̂ν] = �μν, (1.1)

whereas in κ space-time, the space-time coordinates satisfy
a Lie algebra type commutation relation

[x̂0, x̂i ] = iax̂i , [x̂i , x̂ j ] = 0. (1.2)

κ-deformed space-time appear in the low energy limits of
loop gravity models and it is also the space-time associ-
ated with Deformed/Doubly Special Relativity (DSR). Since
quantum gravity effects are expected to be important below
a fundamental length scale, attempts were made to incorpo-
rate such a length scale with principle of relativity, leading to
DSR model [6,15,16] and it was shown that the κ-space-time
is the natural arena of DSR [17].

Different aspects of field theory models defined on κ-
space-time have been studied in recent times [18–27]. In most
of these studies one start with the deformed dispersion rela-
tion, compatible with the κ-Poincare algebra and arrive at
the consistent field equations. These field equations involve
higher derivatives terms, signaling the underlying non-local
nature of these models. Lagrangians are constructed so as to
lead to these field equations as Euler-Lagrange equations and
hence involve higher derivatives. This makes the canonical
quantisation of these models a problematic one. Gauge theo-
ries in κ-space-time were constructed and studied in [28–30].

The canonical quantisation procedure requires the knowl-
edge of the explicit form of the Lagrangian, but there is an
alternative quantisation method discussed in [31,32], which
does not require the Lagrangian, rather it uses the equations
of motion as the starting point for quantisation. In [33] the

123

http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-019-7246-x&domain=pdf
mailto:harisp@uohyd.ernet.in
mailto:vishnurajagopal.anayath@gmail.com


735 Page 2 of 11 Eur. Phys. J. C (2019) 79 :735

massive spin one gauge field in commutative space-time was
quantised using this procedure. This quantisation method,
unlike the canonical scheme, does not use the notion of con-
jugate momentum. The first step here is to define unequal
time commutation relation between the field and its adjoint
such that the field equations are compatible with Heisen-
berg’s equations of motion. This, then leads to commuta-
tion relations between the creation and annihilation opera-
tors that appear in the mode expansion of fields. Apart from
the quantisation, this procedure also provides an elagant way
to construct conserved currents directly from the equation
of motion, without any reference to Lagrangian. Using this
method one can also obtain the currents corresponding to
discrete symmetries [34].

The non-commutative field theories are non-local and
non-linear, and they also posses higher derivative terms. So
construction of Lagrangian and quantisation of such non-
commutative field theories are not trivial. Hence the canoni-
cal quantisation for such non-commutative field theories are
difficult. In [35] the quantisation of Klein–Gordon field in κ-
deformed space-time was studied and shown that the compat-
ibility between quantisation and action of twisted flip opera-
tor [36] leads to deformed oscillator algebra in κ-Minkowski
space-time.

Equations satisfied by different field theory models in κ-
deformed space-time were derived, with out any reference to
Lagrangians in recent times. In [37], Maxwell’s equations in
κ-space-time were derived using Feynman’s approach and in
[38] the κ-deformed Maxwell’s equations in terms of fields
defined in the commuttaive space-time were derived by ele-
vating the principle of minimal coupling to non-commutative
space-time. κ-deformed geodesic equation was derived by
generalising the Feynman’s approach to κ space-time in
[39]. κ-deformed Dirac equation was analysed in [40]. The
approach used in this paper can be employed for quantising
these models also.

In this paper, we adapt the quantisation scheme of
[31–33] and apply it to κ-deformed scalar field equation,
valid up to first order in the deformation parameter. This
scalar field equation was derived using the quadratic Casimir
of the undeformed κ-Poincare algebra [21]. This field equa-
tion contains infinitely many derivatives and in the com-
mutative limit, reduced to the well known Klein–Gordon
equation. There is another generalisation of κ-deformed
Klein–Gordon equation, which also reduce to the cor-
rrect commutative limit [21]. In this paper, we derive the
unequal time commutation relation between the field and
its adjoint, satisfying the modified Klein–Gordon equa-
tion. Then by appealing to the higher derivative theory
methods [41–43], we introduce the conjugate momentum
correspodning to the field and (1) derive the canonical com-
mutation relation between them and show that this leads
to the usual oscillator algebra between the creation and

annihilation operators; (2) starting with a specific deformed
algebra satisfied by the creation and annihilation opera-
tors, show that the field and conjugate momentum satisfy
usual commutation relation as in the commutative space-
time. We then investigate the modification to the Unruh
effect [44–46] due to κ-deformation using this deformed
oscillators. We show that the total number of particles
seen by an accelerated observer in the Minkowski vacuum
is modified due to the non-commutativity of the space-
time, but the Unruh temperature is unaffected. In [47–49],
Unruh effect in κ-space-time was analysed using different
approaches and modifications to Unruh temperature was
obtained.

Organisation of this paper is as follows, In Sect. 2 we
briefly discuss the procedure involved in quantising a scalar
field using its equation of motion. We also recall the con-
struction of conserved current for free fields corresponding
to the symmetry transformations using this formalism. In
Sect. 3 we start with κ-space-time whose coordinates satisfy
a Lie algebra type commutation relation given in Eq. (1.2)
Using the quadratic Casimir of the undeformed κ-Poincare
algebra we set up κ-deformed Klein–Gordon equation for
a particular choice of realisation, valid upto first order in
a. Now we follow the quantisation procedure [31,32] out-
lined in Sect. 2 and quantise the Klein–Gordon theory liv-
ing in κ-space-time. Here we find the unequal time com-
mutation relation between the field and its adjoint, which is
modified due to the space-time non-commutativity. In Sect.
3.1, we derive the modified commutation relation between
deformed field and its conjugate momentum and show that
the corresponding creation and annihilation operators satisfy
the usual oscillator algebra. In Sect. 3.2 we take an alter-
nate route. Here we propose a generic, deformed oscilla-
tor algebra for the deformed creation and annihilate opera-
tors and show that this leads to usual commutation relation
between deformed field and its conjugate momentum as in
the commutative space-time. Using this deformed oscilla-
tor algebra we find that the eigen values of deformed num-
ber operator get modified by a multiplicative factor. This
factor is the same as the one appearing in the modification
of the commutation relation between deformed creation and
deformed annihilate operators. In Sect. 4 we derive modi-
fications to Unruh effect due to κ-deformation, by expand-
ing the κ-deformed Klein–Gordon field in 1 + 1 dimensions
defined in Minkowski space-time and Rindler space-time,
whose frequency modes are connected through Bogoliubov
transformation. We show that the Unruh effect gets a mod-
ification due to the non-commutativity but the Unruh tem-
perature is unaffected. In Sect. 5 we give our concluding
remarks. In appendix we show the calculational details of
the construction of deformed conjugate momentum using the
formalism of higher derivative theories. Here we work with
ημν = diag(−1,+1,+1,+1).
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2 Quantisation of Klein–Gordon field

In [32] Y. Takahashi and H. Umezawa have shown that the
quantisation of the fields can be done using their equations
of motion. The most interesting part of this procedure is that
it does not employ the canonical Lagrange formalism for
quantisation. Similarly the conserved currents can also be
derived directly from the equations of motion [31,33].

According to this scheme, if a free field possess an equa-
tion of motion then one can represent it using an operator,
�(∂), which is a polynomial of derivative operators ∂μ and
it is given as

�(∂) =
N∑

l=0

�μ1μ2···μl ∂
μ1∂μ2 · · · ∂μl

= � + �μ∂μ + �μν∂
μ∂ν + �μνρ∂μ∂ν∂ρ

+ · · · + �μ1μ2μ3···μN ∂μ1∂μ2∂μ3 · · · ∂μN

(2.1)

This construction is valid when �’s are symmetric in its
indices. Using this �(∂) operator we express the equations
of motion for the field theory under study as

�(∂)φ(x) = 0. (2.2)

Similarly the equation of motion for the adjoint field, φ̄(x)
is given by

φ̄(x)�(−←−
∂ ) = 0. (2.3)

In this procedure equation of motion, Eq. (2.2) reduces to
Klein–Gordon wave equation
(
� − m2)φ(x) = 0, (2.4)

by applying an operator called Klein–Gordon divisor, denoted
by d(∂), such that it obeys the relations

�(∂)d(∂) = � − m2, [�(∂), d(∂)] = 0 (2.5)

It is to be emphasised that the operator d(∂) should have
non-vanishing eigen values, i.e, det[d(∂)] �= 0, (see [31] for
details). The Eq. (2.5) is known as the I st identity of this
quantisation method. For Klein–Gordon field d(∂) is I.

Following [31,32], the field operator defined using cre-
ation and annihilate operators takes the form

φ(x) =
∫

d3 p√
(2π)32Ep

(
u p(x)a(p) + u∗

p(x)a
†(p)

)
.

(2.6)

Here, u p(x) is a solution of �(∂)u p(x) = 0 and u∗
p(x) sat-

isfies u∗
p(x)�(−←−

∂ ) = 0. The creation and annihilate oper-
ators appearing in the above mode expansion follow canon-
ical commutation relation if the field is bosonic, they follow
canonical anti-commutation relation if they are fermionic

fields. Thus for a Klein–Gordon field the creation and anni-
hilate operators obey the relations

[a(k), a(k′)] = [a†(k), a†(k′)] = 0,

[a(k), a†(k′)] = δ3(k − k′). (2.7)

Once the field operator, given in Eq. (2.6) is bosonic (such
that their creation and annihilate operators obey Eq. (2.7)),
then they follow an unequal time commutation relation in the
light cone, [31,32], given by

[φ(x), φ̄(x ′)] = id(∂)�(x − x ′) (2.8)

where

�(x − x ′) =
∫

d3 p

(2π)32Ep

(
e−i p(x−x ′) − eip(x−x ′)).

Next one constructs the conserved current using the equations
of motion [31,32,34]. In order to calculate the conserved
current, one defines an operator μ(∂,−←−

∂ ) which is given
by

μ(∂,−←−
∂ )

=
N−1∑

l=0

l∑

i=0

�μμ1···μl ∂μ1 · · · ∂μi (−
←−
∂ μi+1) · · · (−←−

∂ μl )

= �μ + �μν(∂
ν − ←−

∂ ν)

+�μνρ(∂ν∂ρ − ∂ν←−∂ ρ + ←−
∂ ν←−∂ ρ) + · · · (2.9)

and it satisfies the identity

(∂μ + ←−
∂ μ)μ(∂,−←−

∂ ) = �(∂) − �(−←−
∂ ). (2.10)

This identity allows one to construct the conserved currents
corresponding to the symmetry of the field equation.

Now we assume that the field equation and its adjoint are
invariant under the transformations

φ(x) → F[x] and φ̄(x) → G[x] (2.11)

where F[x] and G[x] are some functionals of the field oper-
ator. Now under these transformations Eqs. (2.2) and (2.3)
become

�(∂)F[x] = 0 and G[x]�(−←−
∂ ) = 0, (2.12)

respectively. Now using the identity given in Eq. (2.10) we
get the conserved current as

Jμ(x) = G[x]μ(∂,−←−
∂ )F[x]. (2.13)

We can easily verify that the covariant derivative of the con-
served current, given above, vanishes, i.e, ∂μ Jμ = 0. Thus
the Noether current can be derived without the prior knowl-
edge of the exlipict form of the Lagrangian.

For an infinitesimal translation, we have δφ(x) =
−θμ∂μφ(x), and take F = δφ(x) and G = φ̄(x) [34]. Using
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the conserved current given in Eq. (2.13), we construct the
conserved momentum as

Pμ =
∫

d3x
1

4

(
∂μφ̄(x)0(∂,−←−

∂ )φ(x)

−φ̄(x)0(∂,−←−
∂ )∂μφ(x)

)
. (2.14)

Only when the field satisfies i h̄∂μφ(x) = [φ(x), Pμ] were
the RHS is evaluated using Eq. (2.8), this quantisation
scheme is deemed to be consistent.

3 κ-deformed scalar theory and deformed oscillators

In this section we quantise the κ-deformed Klein–Gordon
equation using the formulation discussed in Sect. 2 and obtain
a deformed commutation relation between creation and anni-
hilate operators. Using this we evaluate the deformed eigen
values of creation, annihilate and number operators, defined
in κ-space-time.

The space-time coordinates of κ-deformed space-time
obey Lie-algebra type commutation relations given by

[x̂i , x̂ j ] = 0, [x̂0, x̂i ] = iax̂i (3.1)

where a = 1
κ

. We choose a specific realisation of κ-deformed
space-time, given by [21]

x̂μ = xαϕα
μ. (3.2)

Under the undeformed κ-Poincare algebra, which is the sym-
metry algebra of the κ-space-time, the derivatives that trans-
form as component of a 4-vector are called Dirac derivatives,
and given by

Di = ∂i
e−A

ϕ
, D0 = ∂0

sinhA

A
− ia∂2

i
e−A

2ϕ2 . (3.3)

The quadratic Casimir of the undeformed κ-Poincare algebra
is given by

DμD
μ = �

(
1 + a2

4
�

)
, (3.4)

where the deformed Laplacian is

� = ∂2
i
e−A

ϕ2 + 2∂2
0
(1 − coshA)

A2 . (3.5)

With a particular choice of realisation, ϕ = e−ap0 , we get
the κ-deformed Klein–Gordon equation valid upto first non-
vanishing term in a as

(
∂2
i − ∂2

0 − m2 − ia∂0∂
2
i

)
φ̂(x) = 0. (3.6)

Now we quantise the scalar field obeying this κ-deformed
Klein–Gordon equation, valid upto first order in a, using the
method summarised in Sect. 2. We start by defining

�̂(∂)d̂(∂) =
(
� − m2 − ia∂0∂

2
i

)
d̂(∂)

= � − m2 − ia∂0∂
2
i (3.7)

Here we take d̂(∂) = I and we have �̂(∂) = ∂2
i −∂2

0 −m2 −
ia∂0∂

2
i . Thus in this formalism the deformed Klein–Gordon

equation is written as

�̂(∂)φ̂(x) = 0 (3.8)

As in Eq. (2.6) here we decompose the deformed field oper-
ator as

φ̂(x) =
∫

d3 p√
(2π)32Ep

(
û p(x)â(p) + û∗

p(x)â
†(p)

)
. (3.9)

Here û(x) appearing in the above deformed wave equation
satisfy

�̂(∂)û(x) = 0. (3.10)

Next we find û(x) explicitly by solving Eq. (3.10), using
perturbrative method. Thus we take �̂(∂) and û(x) to be

�̂(∂) = �(0)(∂) + a�(1)(∂),

û(x) = u(0)(x) + aαu(1)(x) (3.11)

where α has the dimesion of L−1. We use Eq. (3.11) in Eq.
(3.10) and keep the terms valid upto first order in a. This
gives us two equations corresponding to a independent and
a dependent coefficients given by

�(0)(∂)u(0)(x) = 0, �(1)(∂)u(0)(x)

+α�(0)(∂)u(1)(x) = 0 (3.12)

By solving the first equation we get u(0)(x) as the plane wave
solution of the commutative Klein–Gordon equation

u(0)(x) = e−i px . (3.13)

Substituting this in second equation we get
(
� − m2

)
u(1)(x) = 1

α
Ep(pi )

2e−i px , (3.14)

where Ep, is the commutative energy defined as Ep =√
p2 + m2. We use Green’s function method to solve

this inhomogenous differential equation. Using j (x) =
1
α
Ep(pi )

2e−i px , and the Green’s function
(
� − m2

)
G(x − x ′) = δ4(x − x ′), (3.15)

the solution of Eq. (3.14) is written as

u(1)(x) = u(0) +
∫

G(x − x ′) j (x ′)d4x ′. (3.16)
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The Green’s function, G(x − x ′) is given by

G(x − x ′) = −
∫

d4 p

(2π)4

1

p2 + m2 e
−i p(x−x ′)

=
∫

d4 p

(2π)4

1

p2
0 − E2

p

e−i p(x−x ′).
(3.17)

Here the poles of the integrand are at p0 = Ep and p0 =
−Ep respectively. In order to evaluate the integral, we shift
the poles by iε, so the above integral becomes

G(x − x ′) =
∫

d4 p

(2π)4

1

p2
0 − (Ep − iε)2

e−i p(x−x ′)

=
∫

d3 p

(2π)3

e−ip·(x−x′)

2Ep

∫
dp0

2π
eip0(t−t ′)

×
{

1

(p0 − Ep) + iε
− 1

(p0 + Ep) − iε

}

=
∫

d3 p

(2π)3

e−ip·(x−x′)

2Ep

×
{
−iθ(t ′ − t)ei Ep(t−t ′)

−iθ(t − t ′)e−i E p(t−t ′)
}

= −
∫

d3 p

(2π)3

i

2Ep

{
θ(t ′ − t)eip(x−x ′)

+ θ(t − t ′)e−i p(x−x ′)
}

(3.18)

Using this we calculate u(1)(x) as

u(1)(x) = u(0)(x) +
∫

d4x ′G(x − x ′) j (x ′)

= e−i px +
∫

d4x ′G(x − x ′)
Ep(p)2

α
e−i px ′

= e−i px −
∫

d4x ′
∫

d3 p′

(2π)3

i

2Ep′

×
{
θ(t ′ − t)eip

′(x−x ′) + θ(t − t ′)e−i p′(x−x ′)
}

× Ep

α
(p)2e−i px ′

= e−i px − 2π i
∫

d3 p
1

2Ep′

×
{
θ(t ′ − t)eip

′x
∫

d4x ′

(2π)4 e
−i(p′+p)x ′

+ θ(t − t ′)e−i p′x
∫

d4x ′

(2π)4 e
−i(p−p′)x ′} Ep

α
(p)2

=
[

1 − iπ

α
(p)2

{
− θ(t ′ − t) + θ(t − t ′)

}]
e−i px .

(3.19)

Here the first term on RHS is due to homogenous part and
remaining terms come from the inhomogenouspart of solu-

tion. Thus the total solution û(x), valid upto first order in a,
is written as

û(x) =
[

1 + aα − iaπ(p)2
{

− θ(t ′ − t) + θ(t − t ′)
}]

e−i px

=
(
u(0)
p (x) + aαu(1)

p (x)
)
e−i px (3.20)

Now we denote entire terms in square bracket to be ũ(p).
It should be noted that at equal times ũ∗(p) = ũ(p). We
see that û(x) ∝ u0(x) upto first order in the deformation
parameter a. Hence the solution to the κ-deformed Klein–
Gordon equation valid upto first order in a is

φ̂(x) =
∫

d3 p√
(2π)32Ep

(
ũ(p)e−i px â(p)

+ũ∗(p)eipx â†(p)
)
. (3.21)

In the commutative limit, i.e, when a → 0, ũ(p) becomes 1,
we get back the usual solution to Klein–Gordon equation.

Being scalar theory we assume the deformed creation
and annihilate operators to have their commutation relations
defined in the usual sense as

[â(k), â(k′)] = [â†(k), â†(k′)] = 0,

[â(k), â†(k′)] = δ3(k − k′). (3.22)

Using Eq. (2.8) we consider a κ-deformed version of this
commutation relation as

[φ̂(x), ˆ̄φ(x ′)] = id(∂)�̂(x − x ′)
= id(∂)

(
�(x − x ′) + a f (x − x ′)

)
(3.23)

where we have assumed the �̂(x − x ′) to have an a depen-
dent correction term, which is expressed as �̂(x − x ′) =
�(x − x ′) + a f (x − x ′). Hence for a field operator obey-

ing κ-deformed real Klein–Gordon equation ( ˆ̄φ(x ′) becomes
φ̂(x ′)), Eq. (3.23) becomes

[φ̂(x), φ̂(x ′)] = i�̂(x − x ′) = i(�(x − x ′) + a f (x − x ′))
(3.24)

Using the explicit form of the field operator φ̂(x), i.e, Eq.
(3.21) in Eq. (3.24), we e valuate f (x − x ′). We find

[φ̂(x), φ̂(y)]
=

∫
d3 pd3 p′

(2π)3
√

2Ep2Ep′

((
u(0)
p (x)u∗(0)

p′ (y)

−u∗(0)
p (x)u(0)

p′ (y)
)
[â(p), â†(p′)]

+aα
(
u(1)
p (x)u∗(0)

p′ (y)

+u(0)
p (x)u∗(1)

p′ (y) − u∗(0)
p (x)u(1)

p′ (y)

−u∗(1)
p (x)u(0)

p′ (y)
)
[â(p), â†(p′)]

)
(3.25)
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By using Eq. (3.22) and using the solution for u(1)(x), this
reduces to

[φ̂(x), φ̂(y)] = i�(x − y)(1 + 2aα)

+ia2π
(
θ(t ′ − t) − θ(t − t ′)

)

∫
d3 p

2Ep(2π)3 p2
(
e−i p(x−y) − eip(x−y)

)

(3.26)

Note that last integral vanishes as it is an odd function. We
identify the coefficients of the a dependent terms on the RHS
as f (x − y), which is giving

f (x − y) = 2α�(x − y) (3.27)

and Eq. (3.24) becomes

[φ̂(x), φ̂(y)] = i(1 + 2aα)�(x − y) (3.28)

3.1 Case 1

In this subsection we derive deformed equal time commuta-
tion relation between scalar field and its conjugate momen-
tum defined in κ-space-time.

Now we start with the deformed conjugate momentum,
defined as π̂(x) = ∂0φ − ia∂2

i φ (see appendix for details),
which comes from the Ostrogradsky’s higher derivative for-
malism [41–43] (note that the approach of [32] does not
use any conjugate momentum definitions.). In the commuta-
tive limit, i.e., a→ 0, we retrive the commutative conjugate
momentum as π(x) = ∂0φ(x). This definition facilitates us
to calculate the canonical equal time commutation relation
between the field operator and its conjugate momentum, valid
upto first order in a as

[φ̂(x, x0), π̂(y, x0)]
= (∂y0 − ia∂2

yi )
[
φ̂(x), φ̂(y)

]
x0=y0

= i(1 + 2aα)
∂

∂y0

�(x − y)
∣∣∣
x0=y0

+ a∂2
yi �(x − y)

∣∣∣
x0=y0

(3.29)

at equal times, i.e, x0 = y0 we have

∂

∂y0

�(x − y)
∣∣∣
x0=y0

= δ3(x − y), and

∂2
yi �(x − y)

∣∣∣
x0=y0

= 0. (3.30)

Hence the κ-deformed canonical equal time commutation
relation between field and conjugate momentum takes the
form

[φ̂(x, t), π̂(y, t)] = i(1 + 2aα)δ3(x − y). (3.31)

Here, the creation and annihilation operators satisfy the usual
harmonic oscillator algebra (see Eq. (3.22)).

3.2 Case 2

In this subsection we derive an undeformed equal time com-
mutation relation between field and its conjugate momentum
by proposing a deformed commutator between creation and
annihilate operators in κ-space-time.

In the previous subsection, we obtained the deformed
commutation relation between field and conjugate momen-
tum by assuming Eq. (3.22) to be true. Now instead of using
Eq. (3.22), let us assume the creation and annihilate operators
to have a κ-deformation factor in their commutation relation,
given as

[â(k), â(k′)] = [â†(k), â†(k′)] = 0,

[â(k), â†(k′)] = h(a)δ3(k − k′). (3.32)

where h(a) is an arbitrary linear function in a, and lim a →
0, h(a) = 1. Now we use this modified commutation relation
in Eq. (3.25) and follow the above steps to get canonical equal
time commutation relation between non-commutative field
operator and its conjugate momentum as

[φ̂(x, t), π̂(y, t)] = iδ3(x − y) (3.33)

This is obtained for the choice h(a) = 1 − 2aα.
It is to be noticed that even though the field operator and its

conjugate momentum are non-commutative, their commuta-
tion relation Eq. (3.33) does not have any dependency on non-
commutative parameters. After substituting h(a) = 1 − 2aα

in Eq. (3.32) we get the κ-deformed commutation relation
between creation and annihilate operators as

[â(k), â(k′)] = [â†(k), â†(k′)] = 0,

[â(k), â†(k′)] = (1 − 2aα)δ3(k − k′). (3.34)

The conservation law given in Eq. (2.13) can be used to con-
struct the conserved momentum for the field obeying the
deformed Klein–Gordon equation. Using this, one can obtain
the Hamiltonian for the same. Now using the deformed alge-
bra one can verify the compatibility with Heisenberg’s equa-
tion of motion.

The corresponding deformed vacuum state, |0〉 is defined
as â(p)|0〉 = 0. Now we define the action of â(p) and â†(p)
on the state |n〉 as

â(p)|n〉 = c−|n − 1〉 (3.35)

and

â(p)|n〉 = c+|n + 1〉 (3.36)

respectively. Next we define the κ-deformed number operator
as

N̂ (p) = â†(p)â(p), (3.37)

whose action on state |n〉 is

N̂ (p)|n〉 = g(a)n|n〉, (3.38)
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where g(a) is an arbitrary linear function in a, such that in
the limit a → 0, g(a) becomes 1. Now we use Eq. (3.34)
and Eq. (3.38) in Eq. (3.36) and evaluate c− to be

c− = √
g(a)n. (3.39)

Similarly, using Eqs. (3.34) and (3.38) in Eq. (3.36), we
obtain c+ as

c+ = √
1 + g(a)n − 2aα. (3.40)

We write down the expectation value of κ-deformed number
operator using Eq. (3.37) as

〈n|N̂ (p)|n〉 = 〈n|â†(p)â(p)|n〉 (3.41)

Using Eq. (3.38), LHS of above equation is written as

〈n|N̂ (p)|n〉 = g(a)n (3.42)

Similarly using Eqs. (3.36), (3.36), (3.39) and (3.40) in RHS
of Eq. (3.41), we get

〈n|â†(p)â(p)|n〉 = √
g(a)n

√
1 + (n − 1)g(a) − 2aα.

(3.43)

By comparing Eqs. (3.42) and (3.43) we get g(a) = 1−2aα

and thus Eqs. (3.36), (3.36) and (3.38) become

â(p)|n〉 = √
n(1 − 2aα)|n − 1〉 (3.44)

â†(p)|n〉 = √
(n + 1)(1 − 2aα)|n + 1〉 (3.45)

and

N̂ (p)|n〉 = n(1 − 2aα)|n〉. (3.46)

Here we see that the eigen values of all the operators
â(p), â†(p) and N̂ (p) get modified by a multiplicative factor
(1 − 2aα) under κ-deformation. This modification is due to
the deformed oscillator algebra. We recover the commutative
eigen values of the above mentioned operators in the limit
a → 0.

4 Deformed Unruh effect

In this section we use the deformed oscillator algebra given
in Eq. (3.34) and study the modifications in Unruh effect due
to κ-deformation.

A uniformly accelerating (with constant proper acceler-
ation A) observer in Minkowski space-time, observes the
particles in a thermal bath with temperature, T = Ah̄

2πk in
the Minkowski vacuum and this is known as Unruh effect
[44–46].

In [47] a dependent correction term to the Unruh effect
was obtained by considering the interaction between detector
and scalar field defined in κ-space-time. In [48] correction
to Unruh effect, valid up to order a2 that comes from the

response function of a uniformly accelerating detector cou-
pled to κ-deformed Klein–Gordon field written in commuta-
tive space-time was discussed. Similarly in [49] a dependent
correction to the Unruh effect was calculated by analysing
the response function of a uniformly accelerating detector
coupled to massless κ-deformed Dirac field.

Here we use an alternative approach used in the commuta-
tive space-time in calculating the Unruh efect. This method
uses the Bogoliubov transformations, relating the creation
and annihilation operators appearing in the mode expansion
of fields in two different basis. Using this relation, one cal-
culate the vacuum expectation value of the number operator
defined in one basis(by accelerating observer), over the vac-
uum defined in the second basis (by a stationary observer).
This expectation value is shown to be non-zero and in the
commutative space-time, the value obtained shows the exis-
tence of particle in thermal bath with a temperature related
to the constant acceleration of the observer, in the vacuuum
defined by the stationary observer in the Minkowski space-
time. We use this approach to calculate the modification to
Unruh effect in the κ-deformed space-time.

We expand the κ-deformed scalar field in 1+1 dimensions
defined in two different basis, namely Minkowski space-time
and Rindler space-time. Then we use Bogoliubov transfor-
mation to connect the frequency modes of the left moving
sectors of Minkowski space-time with that of the Rindler
space-time. Now use this Bogoliubov coefficients and the
deformed oscillator algebra to derive the κ-deformed modi-
cations to the Unruh effect.

In 1 + 1 dimensions the Minkowski metric takes the form

ds2 = −dt2 + dz2 (4.1)

By inspecting the line element itself we notice that the metric
is static. The metric has both the Right Rindler Wedge (RRW)
and Left Rindler Wedge (LRW) defined by the regions |t | < z
and |t | < −z respectively. Now in RRW, we do a coordinate
transformation defined by [45,46]

t = eAζ

A
sinhAτ, z = eAζ

A
coshAτ (4.2)

where A is a positive constant. Thus the Minkowski line
element defined in Eq. (4.1) takes the form

ds2 = −e2Aζ (dt2 − dz2). (4.3)

Next we consider the massless deformed scalar field satisfy-
ing the deformed Klein–Gordon equation in 1+1 dimension
given by

(∂2
z − ∂2

t − ia∂t∂
2
z )φ̂(x) = 0 (4.4)

The deformed field operator is decomposed in κ-Minkowski
space-time as
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φ̂(z, t) =
∫

dk√
4πk

(
b̂−ke

−ik(t−z)ũ(k)

+b̂+ke
−ik(t+z)ũ(k) + b̂†

−ke
ik(t−z)ũ∗(k)

+b̂†
+ke

ik(t+z)ũ∗(k)
)

(4.5)

where the Minkowski vacuum state |0〉M is defined as
b̂+k |0〉M = 0 and b̂−k |0〉M = 0 and the deformed com-
mutation relation is given by

[b̂±k, b̂
†
±k′ ] = (1 − 2aα)δ(k − k′) (4.6)

and all other commutators vanish. Now we define the coor-
dinates in terms of the light cone variables

U = t − z, V = t + z (4.7)

and we write the deformed field operator as a sum of left and
right moving parts as

φ̂(t, z) = φ̂+(V ) + φ̂−(U ). (4.8)

Here φ̂+(V ) and φ̂−(U ) represents the left and right moving
sectors of the deformed field in κ-Minkowski space-time,
respectively. Since φ̂−(U ) and φ̂+(V ) do not interact each
other, we consider only the left moving sector, φ̂+(V ), i.e,

φ̂+(V ) =
∫

dk√
4πk

(
b̂+ke

−ikV ũ(k) + b̂†
+ke

ikV ũ∗(k)
)
.

(4.9)

From Eqs. (4.1) and (4.3), we see that theses metrics are con-
formally invariant in 1 + 1 dimensions. Therefore the solu-
tion corresponding to the deformed Klein–Gordon equation
in RRW has the form given by

φ̂+(V ) =
∫

dw√
4πw

(
â R+we

−iwv ũ(w) + â†R
+we

iwv ũ∗(w)
)

=
∫

dw
(
â R+wgw(v)̃u(w) + â†R

+wg
∗
w(v)̃u∗(w)

)

(4.10)

where gw(v) = e−iwv√
4πw

, v = τ +ζ and u = τ −ζ . Thus using
Eqs. (4.2) and (4.7), U and V becomes

U = −e−Au

A
, V = eAv

A
(4.11)

Now we define g̃w(v) = gw(v)̃u(w) and reexpress Eq. (4.10)
as

φ̂+(V ) =
∫

dw
(
â R+w g̃w(v) + â†R

+w g̃
∗
w(v)

)
. (4.12)

Here â R+w(k), â†R
+w(k) satisfy deformed algebra (given in Eq.

(3.34)),

[â R+w(k), â†R
+w(k′)] = (1 − 2aα)δ(k − k′) (4.13)

and all other commutators vanish. Similarly one can express
the left moving sector of deformed field operator φ̂+(V ) in

LRW with the condition V < 0 < U . Using LRW coordi-
nates (τ̄ , ζ̄ ) defined by

t = eAζ̄

A
sinhAτ̄ , z = eAζ̄

A
coshAτ̄ , (4.14)

and with the definitions v̄ = τ̄ − ζ̄ and ū = τ̄ + ζ̄ , U and V
become

U = eAū

A
, V = −e−Av̄

A
(4.15)

Hence in LRW, the deformed field operator takes the form

φ̂+(V ) =
∫

dw
(
âL+w g̃w(v̄) + â†L

+w g̃
∗
w(v̄)

)
(4.16)

where the creation and annihilate operators in LRW satisfy
the deformed algebra (given in Eq. (3.34))

[âL+w(k), â†L
+w(k′)] = (1 − 2aα)δ(k − k′) (4.17)

and all other commutation relations vanish. The static vac-
uum state in RRW and LRW, i.e., the Rindler vacuum, |0〉R ,
is defined by â R+w|0〉R = âL+w|0〉R = 0.

We use Bogoliubov coefficients αR
wk , β

R
wk, α

L
wk and βL

wk , to
connect the coefficients of the creation and annihilate opera-
tors in Minkowski space-time with the Right and Left Rindler
Wedges given by [45,46]

�(V )g̃w(v) =
∫

dk√
4πk

(αR
wke

−ikV + βR
wke

ikV ) (4.18)

�(−V )g̃w(v̄) =
∫

dk√
4πk

(αL
wke

−ikV + βL
wke

ikV ) (4.19)

where �(V ) is the usual step function. We first evaluate αR
wk .

We multiply Eq. (4.18) by eikV
2π

for k > 0 and integrating over
V and we obtain,

αR
wk = √

4πk
∫

dV

2π
eikV g̃w(v) (4.20)

Now using Eq. (4.11) this is rewritten as

αR
wk = 1

2π

√
k

w
ũ(w)

∫
dV (AV )−

iw
A eikV (4.21)

Next we do a change of variable, V = i x
k and using the

Gamma function we get

αR
wk = 1

2π

√
k

w
ũ(w)

∫
idx

k

(
A
ix

k

)− iw
A

e−x

= ie
πw
2A

2π
√

wk
ũ(w)

(
A

k

)− iw
A



(
1 − iw

A

) (4.22)
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We find βR
wk by multiplying Eq. (4.18) by e−ikV and fol-

lowing the above procedure and by changing the variable to
V = − i x

k , βR
wk as

βR
wk = − ie− πw

2A

2π
√

wk
ũ(w)

(
A

k

)− iw
A



(
1 − iw

A

)
(4.23)

Similarly, repeating the above procedures using Eq. (4.19),
we get αL

wk and βL
wk as

αL
wk = − ie

πw
2A

2π
√

wk
ũ(w)

(
A

k

) iw
A



(
1 + iw

A

)
,

βL
wk = ie− πw

2A

2π
√

wk
ũ(w)

(
A

k

) iw
A



(
1 + iw

A

)
. (4.24)

On inspecting the above relations we find the Bogoliubov
coefficients satisfy the relations given by

βL
wk = −e− πw

A αR∗
wk , βR

wk = −e− πw
A αL∗

wk (4.25)

By substituting the above relations in Eqs. (4.18) and (4.19)
and after grouping them as positive and negative frequency
modes, we observe that the functions defined by Gw(V ) and
Ḡw(V ) are the coefficients of the positive frequency modes,
e−ikV in Minkowski space-time given by Eq. (4.5). In this
way we find

Gw(V ) = �(V )g̃w(v) + �(−V )g̃∗
w(v̄)e− πw

A , (4.26)

Ḡw(V ) = �(V )g̃w(v̄) + �(−V )g̃∗
w(v)e− πw

A , (4.27)

and thus we get

�(V )g̃w(v) ∝ Gw(V ) − Ḡ∗
w(V )e− πw

A (4.28)

�(−V )g̃w(v̄) ∝ Ḡw(V ) − G∗
w(V )e− πw

A (4.29)

After substituting these equations into the mode decomposi-
tion of the field in the Rindler space-time, i.e.,

φ̂+(V ) =
∫

dw
(
�(V )

(
â R+w g̃w(v) + â†R

+w g̃
∗
w(v)

)

+�(−V )
(
âL+w g̃w(v̄) + â†L

+w g̃
∗
w(v̄)

))
, (4.30)

we find that the integrand is proportional to

Gw(V )
(
â R+w − e− πw

A â†L
+w

)
+ Ḡw(V )

(
âL+w − e− πw

A â†R
+w

)

+G∗
w(V )

(
â†R
+w − e− πw

A âL+w

)

+ Ḡ∗
w(V )

(
â†L
+w − e− πw

A âR+w

)
(4.31)

Here Gw(V ) and Ḡw(V ) are the co-efficients of the positive
frequency modes in Minkowski space-time, so the opera-
tors â R+w − e− πw

A â†L
+w and âL+w − e− πw

A â†R
+w annihilate the

Minkowski vacuum, i.e.,
(
âL+w − e− πw

A â†R
+w

)
|0〉M = 0 (4.32)

(
â R+w − e− πw

A â†L
+w

)
|0〉M = 0 (4.33)

where creation and annihilate operators in the RRW and LRW
obey the commutation relations given by Eqs. (4.13) and
(4.17), respectively. By using Eqs. (4.13) and (4.17) in Eqs.
(4.32) and (4.33) we find

M 〈0|â†R
+wâ

R+w|0〉M = e− 2πw
A (1 − 2aα)

+e− 2πw
A M 〈0|â†L

+wâ
L+w|0〉M (4.34)

M 〈0|â†L
+wâ

L+w|0〉M = e− 2πw
A (1 − 2aα)

+e− 2πw
A M 〈0|â†R

+wâ
R+w|0〉M (4.35)

We solve this equations simultaneously and we obtain

M 〈0|â†L
+wâ

L+w|0〉M = M 〈0|â†R
+wâ

R+w|0〉M = 1 − 2aα

e
2πw
A − 1

.

(4.36)

Here we notice that the vacuum expection value of the
deformed number operator for the Rindler particles get mod-
ified by a (1 − 2aα) factor. The deformation in the vacuum
expectation value of the Rindler particle number operator is
due to the deformed oscillator algebra derived in Eq. (3.34).
Note that in the commutative limit the a dependent correc-
tion in Eq. (4.36) vanishes, reducing it to the commutative
value. In [47–49] also, corrections to the Unruh effect were
obtained. But in these cases the κ-deformation leads to cor-
rection in Unruh temperature unlike in the present case. Since
û(x) ∝ u0(x) (see Eq. (3.20)) upto first order in a, we note
that the frequency, w is not modified. This may not be true if
corrections to all orders in a are included in the calculation.
Since f requency is not modified upto first order in a, from
Eq. (4.36) we see that Unruh temperature is unaffected.

5 Conclusions

In this paper we have quantised the κ-deformed scalar field,
which staisfies deformed Klein–Gordon equation in the κ-
space-time, for a particular choice of realisation. This equa-
tion is construced from the quadratic Casimir of the cor-
responding symmetry algebra, viz; undeformed κ-Poincare
algebra.

In the κ-space-time, different possible generalisations of
Klein–Gordon field equations, all of which reduced to cor-
rect commutative limit have been studied. Construction of
field equation is guided by the conditions (1) that they all,
in the limit of vanishing non-commutative parameter, give
well established equations of commutative space-time, (2)
they all should give same deformed energy-momentum rela-
tions valid for the non-commutative space-time. In the case
of κ-deformed space-time, Maxwell’s equations [37,38],
geodesic equation [39] and Dirac equation [40] were con-
structed without any reference to Lagrangian.
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Starting from the deformed equation of motion for the
scalar field theory, after constructing the operators �(∂),
Klein–Gordon divisor and μ operator, we have derived,
deformed, unequal time commutation relation between field
and its adjoint, valid upto first order in the deformation
parameter a. We then adopted the definition of (deformed)
conjugate momentum given by the formalism of higher
derivative theories [41–43] and derived equal time commu-
tation relations between the field and its conjugate momen-
tum. In Sect. 3.1 we have derived a deformed commutation
relation between scalar field and its conjugate momentum in
κ-space-time, valid upto first order in a. This leads to usual
harmonic oscillator algebra between the deformed creation
and annihilate operators. In Sect. 3.2 we showed that it is pos-
sible to obtain deformed commutation relations between cre-
ation and annihilation operators. Using this set of deformed
operators, we have constructed number basis and showed that
under κ-deformation, eigen values of the creation, annihilate
and number operators pick up a (1 − 2aα) factor. This fac-
tor is the same as the κ-deformed modification present in
the deformed oscillator algebra. Similar modification in the
eigen values were seen in the context of q-deformed oscilla-
tors also [50].

In [35] quantisation of the scalar field satisfying κ-
deformed Klein–Gordon equation given by (�−m2)φ̂(x) =
0, was studied. The compatibility between the flip operator
and the modified product rule resulted in the modification to
the commutation relation between scalar fields defined at two
different points. These modified commutation relation was
used to derive the deformed oscillator algebra. In the present
case product rule is not modified under κ-deformation, but
the unequal time commutation relation between field and its
adjoint is modified. This resulted in the deformed oscillator
algebra (which is different from one obtained in [35]).

We used the deformed oscillator algebra derived to study
the modification in the Unruh effect, due to κ-deformation
of the space-time. We employed the approach of Bogoli-
ubov transformations in deriving the modification to Unruh
effect. We showed that the vacuum expectation value of the
deformed number operator defined by the Rindler observer
gets modified by a factor which is same as the one that
appeared in the deformed oscillator algebra. Interestingly,
this modification does not alter the Unruh temperature and it
remains unchanged under κ-deformation.
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Appendix

In this appendix, we summarise the definition of conjugate
momenta for Lagrangian having higher derivatives. Then
using this, we derive the conjugate momenta valid upto first
order in the deformation parameter for the κ-deformed scalar
theory.

We consider the Lagrangian of form L(φ, ∂μφ, ∂μ∂νφ)

and vary the action as

δS = δ

∫ t2

t1
dt

∫
d3xL(φ, ∂μφ, ∂μ∂νφ) = 0

such that δφ(t1) = δφ(t2) = 0, δ ˙φ(t1) = δ ˙φ(t2) = 0 [42].

�⇒ δS = δ

∫ t2

t1
dt

∫
d3x

{(
∂L
∂φ

− ∂μ

(
∂L

∂(∂μφ)

)

+∂μ∂ν

(
∂L

∂(∂μ∂νφ)

))
δφ + ∂μ

(
∂L

∂(∂μφ)
δφ

−∂ν

(
∂L

∂(∂μ∂νφ)

)
δφ + ∂L

∂(∂μ∂νφ)
δ(∂νφ)

)}

where, the Euler–Lagrange equation of motion is [43]

∂L
∂φ

− ∂μ

(
∂L

∂(∂μφ)

)
+ ∂μ∂ν

(
∂L

∂(∂μ∂νφ)

)
= 0.

Thus on simplyfing we get

δS =
∫

d3x

{(
∂L

∂(∂0φ)
+ ∂0

(
∂L

∂(∂0∂0φ)

)

−2∂i

(
∂L

∂(∂i∂0φ)

))
δφ − ∂L

∂(∂0∂0φ)
δ(∂0φ)

}
.

We define conjugate momenta as

π(1) = − ∂L
∂(∂0φ)

− ∂0

(
∂L

∂(∂0∂0φ)

)

+2∂i

(
∂L

∂(∂i∂0φ)

)

and

π(2) = ∂L
∂(∂0∂0φ)

respectively. Now the Lagrangian of κ-deformed Klein–
Gordon field is written using Dirac derivatives as

L = 1

2
DμφDμφ + 1

2
m2φ2.
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Using the components of Dirac derivative, above Lagrangian,
valid upto first order in a becomes

L = 1

2
∂μφ∂μφ + 1

2
m2φ2 − ia∂μφ∂μ∂λφδμ0δνiδλi .

Using the above definition we find conjugate momenta as

π(1) = ∂0φ − ia∂2
i φ, π(2) = 0. (5.1)
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