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Abstract We present a technique for infrared subtraction
in next-to-leading order QCD calculations that preserves the
virtuality of resonant propagators. The approach is based on
the pseudo-dipole subtraction method proposed by Catani
and Seymour in the context of identified particle produc-
tion. As the first applications, we compute the e+e− →
W+W−bb̄ and pp → W+W− jb jb cross-section, which
are both dominated by top-quark pair production above the
threshold. We compare the efficiency of our approach with a
calculation performed using the standard dipole subtraction
technique.
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1 Introduction

The production and decay of heavy resonances like the top
quark is of greatest interest in particle-physics phenomenol-
ogy [1]. It presents a window into new physics, which is
commonly believed to emerge in the form of new interactions
at high energy. Precision measurements of Standard Model
parameters at current collider energies may reveal parts of
this structure if they can be made at high precision. The nec-
essary theoretical predictions for top-quark pair production
have been computed at next-to-leading order (NLO) [2–5]
and next-to-next-to leading order (NNLO) [6–8] QCD pertur-
bation theory, and combined with NLO electroweak results
[9]. In these calculations, top quarks are considered to be
asymptotic final states, and finite width effects are neglected.
When including top quark decays, a problem arises that
is related to the very definition of the inclusive final state
and can most easily be explained using Fig. 1. Diagram (a)
represents the top-quark pair production process in leading
order perturbation theory. Diagram (b) can be obtained from
diagram (a) by including the decay of one of top quarks.
It may also be considered as a real radiative correction to
the single-top quark production process represented by dia-
gram (c). Quite obviously, diagram (b) is resonant when
|(pW + pb)2 − m2

t | � �2
t . In this region of phase space

the NLO calculation of pp → Wt therefore overlaps with
the calculation of pp → t[t̄ → Wb] and spoils the defini-
tion of a NLO cross section for pp → Wt . This problem has
traditionally been addressed by techniques such as diagram
removal or diagram subtraction [10]. However, both methods
introduce theoretical uncertainties and violate gauge invari-
ance. The natural approach is instead to not view single-top
and top-pair production as two separable channels and to con-
sider only the fully decayed final state [11–13]. In addition
to being theoretically robust, this technique matches the real-
ity of performing an experimental measurement, where the
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Fig. 1 Representative diagrams
for a t t-production, b
single-top-production + jet and
c single-top-production
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existence of the top quark as an intermediate state is inferred
from the decay products.

Higher-order radiative corrections to both the production
and the decay of top quarks can also be simulated numerically
in computer programs called event generators, which allow
to map experimental signatures associated with top-quark
production to the parameters of the theory. It is the factor-
ized approach of these simulations that presents a problem
when the precision target of the experimental measurement
lies below the resonance width, because the narrow width
approximation can no longer be applied [14]. Again, the nat-
ural solution is to perform the computation for the complete
final state and match the NLO fixed-order result to the parton
shower [10,15–17]. Since the process is an interplay of con-
tinuum contributions and resonant top-quark production as
in Fig. 1c, it could in principle be treated in the narrow-width
approximation if |(pW + pb)2 −m2

t | � �2
t . This mandates a

special choice of kinematics mapping in the transition from
Born to real-emission final states in the matching procedure,
which has been discussed in great detail [18–22] in the con-
text of the Frixione-Kunszt-Signer subtraction method [23].
However, no attempt has so far been made to implement
a solution based on Catani–Dittmaier–Seymour–Trocsanyi
dipole subtraction [24,25]. In this manuscript we therefore
discuss a new technique that is based on the identified parti-
cle methods presented in [24] and apply the procedure to the
computation of top-quark pair production at a future linear
collider [26,27] and at the Large Hadron Collider (LHC),
where measurements of singly- and doubly-resonant top-
quark pair production have just been reported [28].

The outline of this paper is as follows: Sect. 2 introduces
the problem of resonances in NLO calculations, reviews the
pseudo-dipole subtraction formalism as introduced in [24]
and shows how it can be applied to resonance-aware subtrac-
tion. Section 3 presents first applications, and Sect. 4 gives
an outlook.

2 Pseudo-dipole subtraction

The calculation of observables at NLO requires the compu-
tation of real and virtual corrections to the Born cross sec-
tion. After renormalisation both these contributions are still
separately infinite, although their sum is finite for infrared
safe observables. In order to calculate such observables effi-
ciently, general next-to-leading order infrared subtraction

schemes have been devised, the most widely used being the
methods by Frixione, Kunszt and Signer (FKS) [23] and the
ones by Catani and Seymour (CS) [24,25]. Both methods
are based on the extraction of the singular limits of the real-
emission corrections, their analytic integration and combi-
nation of the result with the virtual corrections to render
both real-emission and virtual corrections separately infrared
finite. Focusing, for simplicity, on the total cross section in a
process with no initial state hadrons, we can write schemat-
ically

σNLO =
∫
m

(
dσB + dσV + dσ I

)
+
∫
m+1

(
dσR − dσ S

)
.

(2.1)

Here
∫
m dσ I = ∫

m+1 dσ S is the subtraction term, which
is analytically integrated over the phase-space of the addi-
tional parton in the real correction and

∫
m indicates that

the phase-space integral corresponds to m final-state par-
tons.1 In the remainder of this paper we will focus on CS
dipole subtraction [24]. In processes with intermediate res-
onances, this technique exhibits an undesired feature, which
can most easily be explained using a concrete example, say
e+e− → W+W−bb̄. If the center-of-mass energy is greater
than the top pair threshold

√
s � 2mt , this process is domi-

nated by on-shell t t̄-production and decay. One possible real
emission correction to this process is depicted on the left-
hand side of Fig. 2. The subtraction term associated to the
b̄g collinear sector is constructed from the Born-diagram on
the right-hand side of Fig. 2, and its kinematics is obtained
by mapping the on-shell final-state momenta of the real cor-
rection to Born kinematics using the algorithm in [24]. In
the canonical method, the momenta of the emitter (the b̄-
quark) and the spectator (the b-quark) are adjusted, while
all other momenta remain the same. This procedure gener-
ates a recoil that is indicated by the dashed line in Fig. 2.
The recoil leads to the subtraction term being evaluated at
different virtualities of the intermediate top-quarks than the
real-emission diagrams whose divergences it counteracts. As
the top-quark propagator scales like (p2

t − m2
t + imt�t )

−1

and �t � mt , the change in virtuality may cause numeri-
cally large deviations between the real-emission corrections
and the corresponding subtraction terms. Though the cancel-

1 Our analysis focuses on NLO QCD corrections, though the method
can be extended to include NLO electroweak corrections.
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Fig. 2 Possible real correction
configuration for W+W−bb̄
production and Born
configuration of associated
standard CS-dipole. The curved
arrow on the right indicates the
flow of the recoil
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lation of infrared divergences still takes place, the associated
large weight fluctuations may significantly affect the conver-
gence of the Monte-Carlo integration. The problem becomes
manifest when interfacing the fixed-order NLO calculation
to a parton shower. The difference in matrix-element weights
arising from resonant propagators being shifted off resonance
by means of adding radiation and mapping momenta from
Born to real-emission kinematics bears no relation with the
logarithms to be resummed by the parton shower, yet its
numerical impact may be similar. This motivates the usage
of an improved kinematics mapping by means of pseudo-
dipoles.

2.1 Catani–Seymour pseudo-dipole formalism

The concept of pseudo-dipoles was introduced in [24] to cope
with the situation where a subset of the final-state partons
lead to the production of identified hadrons. In such a sce-
nario, both emitter and spectator of a dipole may be “identi-
fied” in the sense that they fragment into identified hadrons.
Because the directions of the identified hadrons are measur-
able, neither emitter nor spectator parton in the dipole can be
allowed to absorb the recoil when mapping the momenta of
the real-emission final state to a Born configuration. Instead
the kinematics is balanced by adjusting the momenta of all
non-identified final-state particles (not just partons). This
idea is reminiscent of standard dipoles with initial-state emit-
ter and initial-state spectator. In fact, pseudo-dipoles may be
thought of as a generalization of these configurations.

In order to satisfy the constraint that both emitter and spec-
tator retain their direction, an additional momentum must be
introduced that can absorb the recoil in the momentum map-
ping from real-emission to Born kinematics. This auxiliary
momentum is defined as

nμ = pμ
in −

∑
α∈{id}

pμ
α , (2.2)

where pin is the total incoming momentum in the process,
and the sum runs over all outgoing identified particles. The
eventual dependence of the subtraction term on nμ accounts
for the term pseudo-dipole. An immediate consequence of
this definition is that there are only two types of pseudo-

dipoles, because the spectator momentum is always in the
final state. This is in contrast to standard Catani–Seymour
dipoles, which have four different types, corresponding to all
combinations of initial-state or final-state emitter with initial-
state or final-state spectator. We denote pseudo-dipoles with
final-state emitter as D(n)

ai,b and pseudo-dipoles with initial-

state emitter as D(n)ai
b .

2.1.1 Final-state singularities: differential form

The pseudo-dipole for splittings of final-state partons reads
[24]

D(n)
ai,b = − 1

2pa pi〈
. . . , ãi, . . . , b, . . .

∣∣∣∣∣
TbTai

T2
ai

V(n)
ai,b

∣∣∣∣∣ . . . , ãı, . . . , b, . . .
〉

m,a,... m,a,...

,

(2.3)

where a refers to an identified final-state parton (the emitter)
and the color spectator b may either be another identified
final-state parton or an initial-state parton. This situation is
depicted in Fig. 3. The kinematics in the correlated Born
matrix element is given as follows: The momentum of the
emitter is scaled as

p̃μ
ai = 1

zain
pμ
a where zain = pan

(pa + pi )n
. (2.4)

All non-identified particles (not just partons) in the final state
are Lorentz-transformed by

k̃μ
j = �μ

ν(K , K̃ )kν
j where (2.5)

�μ
ν(K , K̃ ) = gμ

ν − 2(K + K̃ )μ(K + K̃ )ν

(K + K̃ )2
+ 2K̃μKν

K 2 .

(2.6)

The momenta Kμ and K̃μ are given by

Kμ = nμ − pμ
i (2.7)

K̃μ = nμ − (1 − xain)p
μ
a where xain = (pa − pi )n

pan
.

(2.8)
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Fig. 3 Labeling for
pseudo-dipoles with final-state
singularity. Left: identified
final-state spectator. Right:
initial-state spectator Mm+1
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The remaining momenta, namely those of identified and
initial-state particles (in particular of the color spectator: par-
ton b) remain unchanged.

The complete list of pseudo-dipole insertion operators is
given in [24]. As we focus on processes with no final-state
gluons at Born level, the only one relevant to our computa-
tions is the q → qg insertion operator, which reads

〈
s
∣∣∣V(n)

qagi ,b

∣∣∣ s′〉 = 8πμ2εαsCF

×
[

2
vi,ab

zain
−(1+zain)−ε(1−zain)

]
δss′ ,

(2.9)

where

vi,ab = pa pb
pi (pa + pb)

. (2.10)

The integrated splitting kernel is defined as

αs

2π

1

�(1 − ε)

(
4πμ2

2pa pb

)ε

V̄ai,a

:=
∫

[dpi (n, pa, z)]
1

2pa pi
〈V(n)

ai,b(zain; viab)〉. (2.11)

where [dpi (n, pa, z)] is the one-emission phase-space differ-
ential obtained by factorizing the real-emission phase space.
One obtains

V̄q,q(z; ε; pa, pb, n) = − 1

ε
Pqq(z) + δ(1 − z)Vqg(ε)

+ K̃ qq(z) + K̄ qq(z) + Pqq(z)lnz

+ Lq,q(z; pa, pb, n) + O(ε),

(2.12)

where Vqg(ε) comprises all singularities needed to cancel the
poles present in the virtual corrections. It is given in Eq. (5.32)
of [24], and all other functions are listed in Appendix C
of [24]. The single poles proportional to the Altarelli-Parisi
splitting functions do not appear in the integrated standard
CS-dipole terms. They are canceled by collinear mass fac-
torization counterterms, which – in our approach – can be

viewed as the one-loop contribution to the partonic frag-
mentation function to be convoluted with the subtracted hard
cross section.

2.1.2 Initial-state singularities: differential form

The pseudo-dipole with an initial-state emitter and identified
final-state or initial-state spectator reads

D(n)ai
b = − 1

2pa pi

1

xain〈
. . . , ãı, . . . , b, . . .

∣∣∣∣∣
TbTai

T2
ai

V(n)ai
b

∣∣∣∣∣ . . . , ãı, . . . , b, . . .
〉

m,a,... m

.

(2.13)

The two cases are sketched in Fig. 4. The momentum map-
ping is chosen as follows:

p̃μ
ai = xain p

μ
a , k̃μ

j = �μ
νk

μ
j . (2.14)

The momenta of all identified final-state partons and the other
initial-state parton are left unchanged. The Lorentz transfor-
mation matrix is the same as in Eq. (2.6) and xain is defined
in Eq. (2.8). The splitting functions are given by

〈
s
∣∣∣V(n)qagi

b

∣∣∣ s′〉 = 8πμ2εαsCF

× [2vi,ab − (1 + xain) − ε(1 − xain)
]
δss′ ,〈

s
∣∣∣V(n)gaq̄i

b

∣∣∣ s′〉 = 8πμ2εαsTR [1−ε−2xain(1−xain)] δss′ ,

〈
μ

∣∣∣V(n)qaqi
b

∣∣∣ ν
〉
= 8πμ2εαsCF

[
− gμνxain

+ 1 − xain
xain

4pi pa
2(pan)(pin) − n2 pi pa

×
(

npa
pi pa

pμ
i − nμ

)(
npa
pi pa

pν
i − nν

)]
,

〈
μ

∣∣∣V(n)gagi
b

∣∣∣ ν
〉
= 16πμ2εαsCA

×
[
−gμν

(
vi,ab − 1+xain(1−xain)

)+(1 − ε)
1 − xain
xain

× 2pi pa
2(pan)(pin) − n2 pi pa

(
npa
pi pa

pμ
i − nμ

)

×
(

npa
pi pa

pν
i − nν

)]
, (2.15)
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Fig. 4 Labeling for
pseudo-dipoles with initial-state
singularity. Left: identified
final-state spectator. Right:
initial-state spectator Mm+1
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The integrated splitting functions are defined by:

αs

2π

1

�(1 − ε)

(
4πμ2

2pa pb

)ε

Ṽa,ai (x; ε; pa, pb, n)

:=
∫

[dpi (n, pa, x)]
1

2pa pi

ns(ãı)

ns(a)
〈V(n)ai

b (x; viab)〉,
(2.16)

where ns(a) is the number of polarisations of parton a. The
result is identical to the final-state case, i.e. Eq. (2.12):

Ṽa,b(x; ε; pa, pb, n) = V̄a,b(x; ε; pa, pb, n). (2.17)

2.2 Application to resonance-aware subtraction

We will now explain how to apply pseudo-dipoles to resonant
processes, starting with the simplest case of processes with-
out hadronic initial states. Pseudo-dipole subtraction terms
for final-state singularities that preserve the invariant mass
of intermediate resonances can be constructed using the fol-
lowing algorithm:

1. If the emitter is the decay product of a resonance and the
spectator is not a decay product of the same resonance, the
dipole is replaced by a pseudo-dipole where the emitter
and all particles except for the emission and the remaining
decay products of the resonance are identified.

2. If the emitter is not a decay product of a resonance but
the spectator is, the dipole is replaced by a pseudo-dipole
where the emitter and all particles, which are not decay
products of the resonance to which the spectator belongs
are identified.

3. If emitter and spectator are decay products of the same
resonance, the standard CS-subtraction formalism is
used.

This technique can be used in a variety of processes, for
example the highly relevant case of top-quark pair produc-
tion, both at lepton and at hadron colliders. However, it does
not generalize to decay chains.2 Consider again the example

2 In particular, it would not be possible in this method to define a
resonance-aware subtraction for the full six-jet (four-jet) final state in
fully hadronic (semi-leptonic) t t̄ production at hadron colliders.

e+e− → W+W−bb̄. If
√
s > 2mt the dominant contribu-

tion to the cross section stems from diagrams like the one on
the left-hand side of Fig. 2. The standard CS-dipole to cover
the soft and collinear singularity associated to this diagram
is constructed by using the Born-level diagram on the right-
hand side of Fig. 2. In this situation the recoil from the emitter
parton b̄ to the spectator parton b affects the potentially res-
onant top quark propagators. To avoid this, we replace by
means of the above algorithm the standard CS-dipole by a
pseudo-dipole and formally “identify” particles. As the first
rule takes precedence we identify b̄, W+ and b. In this man-
ner, the W− boson is the only particle left to absorb the recoil.
Hence the momentum of the top-quarks are unaltered and we
have achieved our aim. The momentum flow corresponding
to this situation is depicted in Fig. 5. The same reasoning
is applied to the pseudo-dipole in which the b quark is the
emitter.
When considering initial-state partons, there are in principle
three more dipoles types, namely those with final-state emit-
ter and initial-state spectator (FI), initial-state emitter and
final-state spectator (IF) and finally initial-state emitter and
spectator (II). As already alluded to in Sect. 2.1, FI-pseudo-
dipoles are the same as FF-pseudo-dipoles. Hence, the rules
from above apply.3 The case of IF-pseudo-dipoles can be
generally treated by the following rule:

1. If the emitter is in the inital state and the spectator is the
decay product of a resonance, the dipole is replaced by a
pseudo-dipole where no particle is identified.

Thus the recoil is the same as for standard II-CS-dipoles. For
II-pseudo-dipoles, we choose the same recoil scheme as for
IF-pseudo-dipoles. In doing so, pseudo- and standard CS-
dipoles of II-type are identical, which stresses the fact that
standard II-CS-dipoles are already resonance-aware. This is
because the momentum mapping is given in the form of
a Lorentz transformation, which preserves the virtuality of
all final-state particles and thus all intermediate resonances,

3 In order to be applicable to initial-state spectators, we have to rephrase
the second rule to: If the emitter is not the decay product of a resonance
and the spectator is an initial-state parton, the dipole is replaced by a
pseudo-dipole where the emitter and all particles, which are not decay
products of any resonance are identified.
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Fig. 5 Possible real correction
configuration for W+W−bb̄
production and Born
configuration of associated
pseudo-dipoles. The curved
arrow on the right indicates the
flow of the recoil
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Fig. 6 Exemplary momentum
mapping for gg → bW+b̄W−
from a real configuration to an
underlying Born configuration
for an initial-state singularity.
The curved arrow on the right
indicates the flow of the recoil
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hence rendering the mapping resonance-aware. Figure 6 dis-
plays the recoil flow for pseudo-dipoles with initial-state sin-
gularities at the example of gg → W+W−gbb̄.

In view of our application example pp → W+W− jb jb
in Sect. 3, we like to comment on the situation in which
one has to deal with multiple (sub-)processes. To ensure that
pseudo-dipoles are used only if potentially resonant diagrams
occur, we replace standard CS- with pseudo-dipoles only
if both real and underlying Born-configuration comprise at
least one b- and one b̄-quark in the final state. In this concrete
example this means that sub-processes, which do not feature
a resonance, like bb → W+W−bb, are treated with standard
CS-dipoles.

We stress at this point two vital differences of the use
of pseudo-dipoles for resonance-aware subtraction and their
original purpose:

• We do not identify particles throughout the calculation,
but identify different particles depending on the subtrac-
tion term.

• We integrate over the momenta of the identified partons
by means of adding partonic fragmentation functions.

We will show in the following how this affects the H-,
K- and P-terms given in [24], by focusing on the case of
final-state singularities in some detail before we quote the
analogous results for initial-state singularities.

2.2.1 Final-state singularities: integrated form

For simplicity, we first consider a configuration with no
initial-state partons and m final-state (anti-)quarks at Born

level. In the following, the integration over non-QCD parti-
cles shall be understood whenever we write

∫
m dφm .

For now we will not integrate over the momentum of the
merged parton ãı . We denote this with a subscript −1 at the
integral sign. The integral over the pseudo-dipoles is then
given by

∫
m+1−1

dσ S
∣∣∣ID
FF

= Nin

∑
{m+1}

∫
m+1−1

dφm+1−1

× 1

S{m+1}

∑
pairs
a,i

∑
b 	=a,i

D(n)
ai,bF

(m)
J

∣∣∣∣a∈{fin}
b∈{fin}

= −Nin

∫ 1

0

dz

z2−2ε

m∑
ãı=1

∑
{m}

∫
m−1

dφm−1

× 1

S{m}
F (m)
J

m∑
b=1
b 	=ãı

∣∣∣Mãı b
m

∣∣∣2

× αs

2π

1

�(1 − ε)

(
4πμ2

2pa pb

)ε

× 1

T2
ãı

V̄ãı,a(z; ε; pa, pb, n)δãı a

∣∣∣∣ãı∈{fin}
b∈{fin}

. (2.18)

Here z is used as a shorthand notation for zain , given in
Eq. (2.4). Again, we use the notation from Ref. [24] where
Nin includes all non-QCD related factors,

∑
{m+1} stands

for the sum over all m + 1 parton configurations, S{m+1} is
the symmetry factor for identical partons in the final state,
F (m)
J denotes a jet-defining function and Mãı b

m is a color-
correlated m-parton matrix element. As we only consider
ãı → a + i as q → q + g splittings, ãı and a are always
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quarks. The corresponding integrated splitting function is
given in Eq. (2.12). Each identified final-state parton con-
tributes a collinear mass factorization counterterm

∫
m−1

dσC
a (pa)

∣∣∣ID
FF

= − αs

2π

1

�(1 − ε)

∫ 1

0

dz

z2−2ε
δãı a

×
[
−1

ε

(
4πμ2

μ2
F

)ε

Pãı a(z) + HF.S.
ãı a (z)

]

×
∫
m−1

dσB
ãı

(
pa
z

)∣∣∣∣
ãı∈{fin}

. (2.19)

where the Born cross-section is given by

∫
m−1

dσB = Nin

∑
{m}

∫
m−1

dφm−1
1

S{m}
F (m)
J |Mm |2 .

(2.20)

To avoid cluttering the notation, we drop the sub- and super-
scripts indicating pseudo-dipoles with final-state emitter and
(color-)spectator. When we add Eq. (2.18) and sum Eq. (2.19)
for all identified partons, we can define an insertion operator:

m∑
ãı=1

σ I(pa) :=
∫
m+1−1

dσ S +
m∑

a=1

∫
m−1

dσC
a

=:
m∑

ãı=1

∫ 1

0

dz

z2−2ε

∫
m−1

dσ B
(
pa
z

)
· Îãı

(2.21)

where dσ B
(
pa
z

)
· Îãı indicates that the squared Born

matrix element |Mm |2 = 〈p1, . . . , pm |p1, . . . , pm〉m m in
Eq. (2.20) is replaced by the spin- and color-correlated Born
matrix element
〈
p1, . . . ,

pa
z

, . . . , pm

∣∣∣∣ Îãı
∣∣∣∣p1, . . . ,

pa
z

, . . . , pm

〉
m m

.

(2.22)

Note that the parton ãı in this expression carries momentum
p̃ai = pa/z. The insertion operator is given by

Îãı = − αs

2π

1

�(1 − ε)

⎧⎪⎪⎨
⎪⎪⎩

m∑
b=1
b 	=ãı

TãıTb

T2
ãı

×
(

4πμ2

2pa pb

)ε

δãı aV̄q,q(z; ε; pa, pb, n)

+ δãı a

[
−1

ε

(
4πμ2

μ2
F

)ε

Pãı a(z) + HF.S.
ãı a (z)

]⎫⎪⎪⎬
⎪⎪⎭

.

(2.23)

From this expression we extract the insertion operator Iãı ,
which comprises all singularities and is identical to the one
for standard FF-dipoles:

Iãı (p1, . . . , pa, . . . , pm; ε)

= − αs

2π

1

�(1 − ε)

m∑
b=1
b 	=ãı

TãıTb

T2
ãı

(
4πμ2

2pa pb

)ε

Vqg(ε).

(2.24)

We split the remainder into H- and P-operators as

Îãı = δ(1 − z)Iãı + Hãı + Pãı . (2.25)

In order to combine the μF -dependent terms with the
collinear counterterms, we used the identity

∑m
b=1
b 	=ãı

Tb =
−Tãı , which arises from color conservation [24]. After a
few steps, we find up to O(ε):

Pãı

(
p1, . . . ,

pa
z

, . . . , pm; z;μF

)

= αs

2π

m∑
b=1
b 	=ãı

TãıTb

T2
ãı

ln
zμ2

F

2pa pb
δãı a Pãı a(z) (2.26)

and

Hãı (p1, . . . , pa, . . . , pm; n; z)

= − αs

2π

⎧⎪⎪⎨
⎪⎪⎩

m∑
b=1
b 	=ãı

TãıTb

T2
ãı

δãı a

[
K̄ ãı a(z) + 2Pãı a(z)lnz

+ K̃ ãı a(z) + Lãı a(z; pa, pb, n)
]

+ δãı a H
F.S.
ãı a (z)

⎫⎪⎪⎬
⎪⎪⎭

.

(2.27)

In contrast to the original pseudo-dipole approach, we now
replace the integration over pa by an integration over the
Born momentum p̃ai = pa/z (see e.g. Ref. [29], p.24). This
leads to the following transformation:

∫
dD−1 pa

2| 
pa | = z2−2ε

∫
dD−1 p̃a

2| 
̃pa |
. (2.28)

The Jacobian of the transformation cancels the prefactor
1/z2−2ε in Eq. (2.21), and we obtain

m∑
ãı=1

∫
dD pa

(2π)D−1 δ(p2
a) σ I(pa) =

m∑
ãı=1

∫
m

dσB(p1, . . . , pm)

×
∫ 1

0
dz
[
δ(1 − z)Iãı + Hãı + Pãı

]
. (2.29)
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The momentum of parton ãı is p̃ai and thus no longer z-
dependent. This allows to simplify the operators. Setting
HF.S.
qq (z) = 0 (which corresponds to the M̄S–scheme), we

obtain

∫ 1

0
dz δ(1 − z)Iãı (p1, . . . , pm; ε)

= − αs

2π

1

�(1 − ε)

m∑
b=1
b 	=ãı

TãıTb

T2
ãı

(
4πμ2

2 p̃ai pb

)ε

Vqg(ε),

(2.30)∫ 1

0
dz Pãı (p1, . . . , pm; z;μF )

=
∫ 1

0
dz

αs

2π

m∑
b=1
b 	=ãı

TãıTb

T2
ãı

ln
μ2
F

2 p̃ai pb
Pqq(z) = 0 . (2.31)

Note that Pãı vanishes because Pqq(z) is a pure plus distri-
bution. We finally obtain

∫ 1

0
dz Hãı (p1, . . . , pa, . . . , pm; n; z)

= − αs

2π

m∑
b=1
b 	=ãı

TãıTb

T2
ãı

∫ 1

0
dz

×
(
K̄ qq(z)+2Pqq(z)lnz+ K̃ qq(z)+Lqq(z; pa, pb, n)

)

= − αs

2π

m∑
b=1
b 	=ãı

TãıTb

{
1

4
+2

[
Li2

(
1− 1+v

2

( p̃ai + pb)n

p̃ai n

)

+ Li2

(
1 − 1 − v

2

( p̃ai + pb)n

p̃ai n

)]

+
∫ 1

0
dz (1 + z)ln

n2
z p̃ai pb

2z( p̃ai nz)2

}
. (2.32)

The last line of Eq. (2.32) is the only z-dependent contribu-
tion which cannot be integrated analytically. Note in partic-
ular that in the last term n implicitly depends on z through
Eq. (2.2), where the momentum of the emitter particle is
given by pa = z p̃ai . To make this explicit, we denote it by
nz .

We remark that the introduction of the collinear coun-
terterms in Eq. (2.19) is actually unnecessary, since they
give a vanishing contribution to the cross-section. This is
due to Pqq(z) being a pure plus-distribution and the test-
function with which it is convoluted not being z-dependent
after we substituted pa = z p̃ai . This is also true for dif-
ferential cross-sections, since any partonic observable can
be expressed without reference to z. The vanishing effect of
collinear counterterms may also be understood from another
point of view: As we do not actually restrict the momenta of

the “identified” partons, but integrate over them eventually,
we have already collected all singularities necessary to cancel
those present in the virtual corrections. Hence, no collinear
mass factorization counterterms are required.

In summary, the integrated pseudo-dipoles for final-state
singularities are given by

∫
m+1

dσ S
∣∣∣ID
FF

=
m∑

ãı=1

∫
m

dσB(p1, . . . , pm)

×
[
Iãı +

∫ 1

0
dz Hãı

]
ãı∈{fin}
b∈{fin}

, (2.33)

where the I- and H-operator are given in the Eqs. (2.30)
and (2.32) respectively. Pseudo-dipoles describing final-state
singularities with final-state and initial-state spectators are
identical, apart from the replacement of b being the initial-
state spectator instead of a final-state one. Hence we obtain
the same formulae for

∫
m+1 dσ S

∣∣ID
FI

. In contrast to standard
FI-dipoles, we do not obtain a K-operator at this stage. For
completeness, we quote the integrated standard FI-dipoles
(Da

i j ) as those contribute to the difference when changing the
implementation from standard to pseudo-dipoles. Labeling
the emitter parton j and the initial-state colour spectator b,
its integral reads

∫
m+1

dσ S
∣∣∣CS

FI
= Nin

∫
m+1

∑
{m+1}

dφm+1

× 1

S{m+1}

∑
pairs
j,i

∑
b

Db
i j F

(m)
J

∣∣∣∣ j∈{fin}
b∈{in}

(2.34)

=
m∑

ı̃j=1

∫
m

[
dσB(pa; p1, . . . , pm)Iı̃j

+
∫ 1

0
dx dσB(xpb; p1, . . . , pm)KCS−FI

ı̃j

]
ı̃j∈{fin}
b∈{in}

,

(2.35)

where the sum over j (ı̃j ) extend over all non-identified final-
state partons and the sum over b extends over all initial-state
spectators. Iı̃j is given in Eq. (2.30) (with ãı → ı̃j ) and

KCS−FI
ı̃j (x) = − αs

2π

∑
b

Tı̃jTb

{(
2

1 − x
ln

1

1 − x

)
+

+ 2

1 − x
ln(2 − x)

− γı̃j

T2
ı̃j

[(
1

1 − x

)
+

+ δ(1 − x)

]}
(2.36)

with γı̃j the collinear anomalous dimensions given for exam-
ple in Appendix C of Ref. [24].

123



Eur. Phys. J. C (2019) 79 :728 Page 9 of 16 728

2.2.2 Initial-state singularities: integrated form

In the following we will quote results of the integrated
pseudo-dipoles for initial-state singularities. We follow the
labelling in Fig. 4, i.e. parton a is the initial-state emitter
and b the final-state spectator. As for standard dipoles we
have to sum over all possible internal parton flavors ãı which
can be obtained in the branching a → ãı + i , and which
lead to a non-vanishing Born matrix element. Including the
collinear mass factorization counterterms, we obtain the fol-
lowing result:
∫
m+1

dσ S
∣∣∣ID
IF

= Nin
1

ns(a)(pa)

∫
m+1

∑
{m+1}

dφm+1

× 1

S{m+1}

∑
pairs
a,i

∑
b

D(n)ai
b F (m)

J

∣∣∣∣a∈{in}
b∈{fin}

, (2.37)

∫
m+1

dσ S
∣∣∣ID
IF

+
∫
m

dσC

=
∑
ãı

∫
m

[
dσB(pa, p1, . . . , pm)δaãı Iãı

+
∫ 1

0
dx dσB(xpa, p1, . . . , pm)

(
KID−IF

a,ãı + PIF
a,ãı

) ]
ãı∈{in}
b̃∈{fin}

,

(2.38)

Next to the sum over all possible (a, i)-pairs the sum over b
includes all identified final-state colour spectators. Note that
in Eq. (2.38) we refer to the color spectator as b̃ rather than b.
This is due to our identification scheme for IF-pseudo-dipoles
described in Sect. 2.2, where the momentum of the colour
spectator is mapped from pb → p̃b. Due to this scheme
which is opposed to the original use case in Ref. [24], we
are required to substitute pb with p̃b in the differential form
of the IF-pseudo-dipoles as well. Apart from the correlated
Born matrix-element, the momentum of parton b enters only
in the kinematic variable vi,ab (see Eq. (2.10)). We can adjust
for this by making the replacement

vi,ab → ṽi,ab = pa p̃b
pi (pa + p̃b)

(2.39)

in the splitting functions in Eq. (2.15). The soft and collinear
limit of the splitting function are not affected by this change.

The insertion operator Iãı in Eq. (2.38) is obtained by
replacing b → b̄ in Eq. (2.30) and using

KID−IF
a,ãı (p1, . . . , pm; pa, n, x)

= − αs

2π

⎧⎨
⎩

m∑
b̃=1

Tb̃Tãı

T2
ãı

[
K

a,ãı
(x) + K̃ a,ãı (x)

+La,ãı (x; pa, p̃b, n)
]+ Ka,ãı

F.S. (x)

⎫⎬
⎭ . (2.40)

The PIF
a,ãı (p1, . . . , pm; xpa, x, μ2

F )-operator is the same as
for standard dipoles and given in Eq. (8.39) of Ref. [24]. This
result differs from the one using standard dipoles only by the
K-operator, which is given by

KCS−IF
a,ãı (x) = − αs

2π

{
m∑

k=1

TkTãı

T2
ãı

[
K

a,ãı
(x) − δa ãıT2

a

×
[(

2

1 − x
ln

1

1 − x

)
+

+ 2

1 − x
ln(2 − x)

]]

+Ka,ãı
F.S. (x)

}
. (2.41)

For the case of initial-state spectators there is no difference
to the standard dipole.

3 Application to W+W−bb̄ production

We have tested the above described resonance-aware subtrac-
tion by means of pseudo-dipoles in two reactions: e+e− →
W+W−bb̄ and pp → W+W− jb jb. In the following we are
going to compare results obtained with standard CS dipoles
to those obtained with pseudo-dipoles for fixed NLO QCD
predictions. In Sect. 3.1, we first examine the cancellation
of divergences between the real-emission matrix elements
and the different dipoles using ensembles of trajectories in
phase-space, which approach the collinear and soft limits in
a controlled way. Following this, we compare physical cross-
sections calculated with the different subtraction techniques
while paying special attention to the rate of convergence in
the Monte-Carlo integration.

3.1 Singular limits

In this section we validate the implementation of the dif-
ferential form of the dipole insertion operators in Eqs. (2.3)
and (2.13) by testing the behavior of the subtracted real-
emission corrections in their singular limits.

3.1.1 e+e− → W+W−bb̄

The sole real-emission correction to the process e+e− →
W+W−bb̄ at NLO is the process with an additional gluon in
the final state. It develops singularities when the gluon is soft,
and when it is collinear to the b (anti-)quark. To parametrize
these limits we use the scaled virtualities,

ygb = 2pg pb(
pg + pb + pb

)2 and ygb̄ = 2pg pb̄(
pg + pb + pb

)2 .

(3.1)
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Fig. 7 Matrix elements R = |MR |2 and sum of associated dipoles
S = ∑D (standard CS-dipoles in red, pseudo-dipoles in blue) for the
process e+e− → W+W−gbb̄. Both dipole-types are evaluated on the

same trajectory like described in the text. Right: Average over trajec-
tories in phase-space with increasingly soft gluon, left: Average over
trajectories with increasingly collinear qg-pair

Fig. 8 Matrix elements R = |MR |2 and sum of associated dipoles
S = ∑D (standard CS-dipoles in red, pseudo-dipoles in blue) for the
processes uū → W+W−gbb̄ (top) and gg → W+W−gbb̄ (bottom).
Both dipole-types are evaluated on the same trajectories like described in

the text. Left: average over trajectories in phase-space with increasingly
soft gluon. Right: average over trajectories with increasingly collinear
partons
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Fig. 9 Matrix elements R = |MR |2 and sum of associated dipoles
S = ∑D (standard CS-dipoles in red, pseudo-dipoles in blue) for the
process ug → W+W−ubb̄. Both dipole-types are evaluated on the
same trajectories, with increasingly collinear partons, like described in

the text. Left: the u-quark in the final state becomes collinear to the
first initial-state parton. Right: the u-quark in the final state becomes
collinear to the second initial-state parton

Table 1 NLO cross sections for e+e− → W+W−bb̄ at μR = mt and
varying center-of-mass energy, computed using standard CS subtrac-
tion terms (CS) or pseudo-dipoles (ID). The subtracted real-emission

contributions (RS) were calculated using 107 phase-space points. The
Born, virtual corrections and integrated subtraction terms (BVI) were
calculated using 3 · 106 phase-space-points

σ [fb] √
s = 3mW

√
s = 2mt

√
s = 4mt

CS ID CS ID CS ID

RS − 0.00772 (6) − 0.00140 (5) − 0.52 (3) − 2.85 (1) − 9.5 (4) − 5.3 (1)

BVI 0.16143 (13) 0.15506 (13) 148.07 (9) 150.55 (9) 230.0 (2) 226.0 (2)∑
0.15371 (14) 0.15366 (14) 147.55 (9) 147.70 (9) 220.5 (4) 220.7 (2)

In the collinear regions, ygb → 0 or ygb̄ → 0, while in the
soft limit ygb ygb̄ → 0. We construct ensembles of phase-
space points that we refer to as phase-space trajectories as
follows: random phase-space points are sampled according to
the real-emission cross section in the narrow-width approx-
imation, while requesting three identified jets according to
the Durham jet algorithm [30]. For each phase-space point,
the kinematical configuration is scaled according to the algo-
rithm described in Appendix A in order to obtain a sequence
of points that approach the soft or collinear limit.

Figure 7 shows the values of the real-emission matrix-
element, R = |MR |2 and the sum of the associated dipoles
(S =∑D), as well as their ratio for the soft limit (left) and
the bg–collinear limit (right) limit. We have averaged – for all
sub-plots – over all entries within a bin. In doing so, the ratio
plots enable us to assess the pointwise convergence of S/R
best. It can be seen that the cancellation of divergences occurs
in both the standard CS subtraction method and in the pseudo-
dipole approach, but that the pseudo-dipoles converge faster
towards the real-emission matrix element, which can be seen
in the lower panels of the figures.

3.1.2 pp → W+W− jb jb

Next we consider the analogue to the above example at
hadron colliders, namely the reaction pp → W+W− jb jb,
where jb indicates a b-tagged jet. To parametrize the soft
and collinear trajectories in this process, we use the follow-
ing variables

v0
i = pi p0

p0 p1
and v1

i = pi p1

p0 p1
(3.2)

where p0 and p1 are the momenta of the initial-state par-
tons and pi is the momentum of the additional parton in the
real correction. The phase-space trajectories are again con-
structed by generating random phase-space points with well
separated partons, which are then modified according to the
algorithm in Appendix A to obtain additional phase-space
points that approach the singular limits.

Figures 8 and 9 display the average values of the real-
emission matrix element and the corresponding dipole sub-
traction terms, as well as their ratio – averaged within each
bin – for processes with an additional gluon (Fig. 8) and
an additional quark (Fig. 9) in the final state. The former
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develop both soft and collinear singularities, shown in the
left and right panels of Fig. 8, respectively, while the latter
only feature collinear singularities. Combining all tests, we
validate all four initial-state splitting functions in Eq. (2.15).

It can be seen that both the standard CS- as well as the
pseudo-dipoles converge towards the real correction. In the
soft limit, which is the numerically more important one, the
pseudo-dipoles converge faster. This is also the case for the
collinear limit probed in Fig. 9. However, for the collinear
limits tested on the right-hand side of Fig. 8 this is not the
case. As a reason for this we suspect that the pseudo-dipole
splitting functions Eq. (2.15) converge more slowly towards
the associated Altarelli-Parisi functions than the standard CS
ones.

3.2 Physical cross sections

In this section we present first results validating the pseudo-
dipole subtraction method for resonance-aware processes
at the level of observable cross sections and distributions.
Results are cross-checked using two different implementa-
tions of our new algorithm within the public event genera-
tion framework Sherpa [31,32], one using the matrix-element
generator AMEGIC++ [29,33], and one using the new inter-
face between Sherpa and OpenLoops [34]. In this inter-
face, the color-correlated Born matrix-elements are imported
from OpenLoops libraries [35], while the splitting function
is calculated in Sherpa and the integration is performed
using the techniques implemented in AMEGIC++ [33].

3.2.1 e+e− → W+W−bb̄

Again we investigate first the reaction e+e− → W+W−bb̄.
We vary the center-of-mass energy of the collider to obtain
predictions below, at and above the top-quark pair production
threshold, and we do not include the effects of initial-state
radiation. We require two hard jets at y = (5 GeV/Ecms)

2

defined according to the Durham jet algorithm [30]. The
running of the strong coupling is evaluated at two loops,
and the reference value is set to αs(M2

Z ) = 0.118, where
MZ = 91.1876 GeV.

Table 1 shows the total cross sections as well as the indi-
vidual contributions from the subtracted real-emission terms
(RS) as well as Born, virtual corrections and integrated sub-
traction terms (BVI). As expected, the RS and BVI contribu-
tions differ between the standard CS subtraction method and
the pseudo-dipole approach, but their sum agrees within the
statistical accuracy of the Monte-Carlo integration. The cross
section is significantly enhanced at and above the production
threshold for a top-quark pair. For those two center-of-mass
energies, we expect the pseudo-dipoles to give a more phys-
ical interpretation of the subtraction term and thus a reduced
variance during the integration. This is confirmed in Fig. 10,

Fig. 10 Evolution of the Monte-Carlo integration results for the sub-
tracted real-emission contribution to the total cross section in e+e− →
W+W−bb̄ at varying center-of-mass energy over number of sampled
phase-space points N . From top to bottom:

√
s = 3mW ,

√
s = 2mt

and
√
s = 4mt . Red solid lines show results from standard CS-dipoles,

while blue dashed lines correspond to pseudo-dipoles. The colored
bands in the upper panels and the lines in the lower panels show the one
σ statistical uncertainty of the Monte-Carlo integration

which shows the evolution of the Monte-Carlo error during
the integration. In the case of pseudo-dipole subtraction at or
above threshold, the uncertainty is indeed substantially lower
than for standard CS-dipoles. Below threshold the perfor-
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Fig. 11 Invariant mass of the (anti-)top quark reconstructed at the level of the W+W−bb̄ final state from the W -boson and a b-jet with a matching
signed flavor tag

mance of pseudo-dipole subtraction is similar to the standard
technique.

Our validation is completed by a comparison of a few
selected differential cross sections in the two subtraction
schemes. Figure 11 displays the invariant mass of the (anti-
)top quark reconstructed at the level of the W+W−bb̄ final
state from the W -boson and a b-jet with a matching signed
flavor tag. The deviation plot shows excellent statistical
compatibility between the two simulations. It also displays
clearly that the pseudo-dipole subtraction technique gener-
ates smaller statistical uncertainties than the standard CS sub-
traction method.

3.2.2 pp → W+W− jb jb

As a second application we consider the reaction pp →
W+W− jb jb, where jb indicates a b-tagged jet with pT >

25 GeV. We use the anti-kT jet algorithm [36] with R = 0.4.
The total cross section and the individual contributions to
the RS- and the BVI-cross-section for both standard CS- and
pseudo-dipoles are given in Table 2. Again it can be seen that
the convergence of the Monte-Carlo integration of the RS-
cross-section for pseudo-dipoles is significantly better than
the one for standard CS-dipoles. This can also be observed in
Fig. 12, which is the analogue of Fig. 10 for the proton-proton
initial state for a center-of-mass energy of

√
s = 13 TeV.

Finally, in Fig. 13 we confirm the agreement between stan-
dard CS-dipoles and pseudo-dipoles for the differential cross-
sections as a function of the combined W+ jb and W− jb̄
invariant mass. The two subtraction schemes agree within the
statistical uncertainty and pseudo-dipoles exhibit a smaller
statistical uncertainty.

Table 2 NLO cross section for pp → W+W− jb jb at μR = μF = mt
and

√
s = 13 TeV, computed using standard CS subtraction terms (CS)

or pseudo-dipoles (ID). The subtracted real-emission contributions (RS)
were calculated using 108 phase-space points. The Born, virtual cor-
rections and integrated subtraction terms (BVI) were calculated using
8.5 · 106 phase-space-points

σ [pb] √
s = 13 TeV

CS ID

RS − 62.03 (59) − 93.21 (13)

BVI 360.02 (39) 391.53 (39)∑
297.99 (71) 298.32 (41)

Fig. 12 Evolution of the Monte-Carlo integration results for the sub-
tracted real-emission contribution to the total cross section in pp →
W+W− jb jb at

√
s = 13 TeV over number of sampled phase-space

points N . Red solid lines show results from standard CS-dipoles, while
blue dashed lines correspond to pseudo-dipoles. The colored bands in
the upper panels and the lines in the lower panels show the one σ sta-
tistical uncertainty of the Monte-Carlo integration
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Fig. 13 Invariant mass of the (anti-)top quark reconstructed at the level of the W+W− jb jb final state from the W -boson and a b-jet with a matching
flavor tag

4 Conclusions

We have presented a technique that allows to preserve the
virtuality of intermediate propagators in the computation of
subtracted real-emission corrections to processes involving
resonances. We have validated this approach in a simple
fixed-order calculation and outlined how it can be gener-
alized to more complicated processes. Due to the close cor-
respondence with standard Catani–Seymour dipole subtrac-
tion, a matching to parton showers can be carried out in the
MC@NLO or POWHEG methods in the future, thus paving
the way for a precision measurement of processes involving
for example single-top and top-quark pair production.
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A Construction of phase-space trajectories

In this appendix we describe a generic method to gener-
ate phase-space trajectories approaching the soft or collinear
limits of the hard matrix element, as used in Sect. 3.1. The
technique is based on a suitable scaling of the Lorentz invari-
ants parametrizing the desired limit. The corresponding kine-
matical configuration is determined by combining the appro-
priate final-state momenta using the massive dipole kinemat-
ics of [25] and subsequently constructing a new real-emission
configuration by applying the techniques in [37].

We use the notation and definitions of [24] for final-state
splittings with final-state spectator

z̃i = pi pk
(pi + p j )pk

, yi j,k = pi p j

pi p j + (pi + p j )pk
,

(A.1)

and for initial-state splitting with initial-state sepctator

xi,ab = pa pb − pi pa − pi pb
pa pb

, vi = pi pa
pa pb

. (A.2)

Table 3 gives the assignment of the momenta to the labels i , j
and k / a, b and i for the pseudo-dipoles and shows how y and
z̃ / v and x are rescaled in order to construct the phase-space
trajectories.

The construction of momenta in the final-state splitter case
proceeds as follows: We first combine the three momenta pi ,
p j and pk into intermediate momenta p̃k and p̃i j = q − p̃k ,
where q = pi + p j + pk .
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Table 3 Scaling of
Catani–Seymour parameters
defined in Eqs. (A.1) and (A.2)
used to construct the
phase-space trajectories in
Sect. 3.1. The scaling parameter
is denoted by λ, and the gluon is
labeled as particle i

Initial state Final state
a → emit, b → spec i → g, j → W , k → b

Soft Collinear Soft Collinear

v′
i λvi λvi y′ λy y

1 − λz̃(1 − y)

1 − z̃(1 − y)

x ′
i,ab 1 − λ(1 − xi,ab) xi,ab z̃′ λz̃

1 − y

1 − λy
λz̃(1 − y)

[
1 − y

1 − λz̃(1 − y)

1 − z̃(1 − y)

]−1

p̃ μ
k =

(
p μ
k − q · pk

q2 qμ

) √√√√λ(q2,m2
i j ,m

2
k)

λ(q2, si j ,m2
k)

+ q2 + m2
k − m2

i j

2 q2 qμ ,

(A.3)

where the Källen function is given by λ(a, b, c) = (a −
b − c)2 − 4 bc. Using the scaled parameters y and z̃ from
Table 3 we compute the new mass of the pseudoparticle i j
as si j = y (q2 −m2

k)+ (1− y) (m2
i +m2

j ), and use Eq. (A.3)
with p̃k ↔ pk and mi j ↔ si j to recalculate pk and pi j . The
new momentum pi is then constructed as

pμ
i = z̄

γ (q2, si j ,m2
k) p

μ
i j − si j p

μ
k

β(q2, si j ,m2
k)

+ m2
i + k2⊥
z̄

pμ
k − m2

k/γ (q2, si j ,m2
k) p

μ
i j

β(q2, si j ,m2
k)

+ kμ
⊥ ,

(A.4)

whereβ(a, b, c) = sgn(a−b−c)
√

λ(a, b, c) and 2 γ (a, b, c)
= (a−b− c)+β(a, b, c). The parameters z̄ and k2⊥ = −k2⊥
of this decomposition are given by

z̄ = q2 − si j − m2
k

β(q2, si j ,m
2
k)

[
z̃ − m2

k

γ (q2, si j ,m
2
k)

si j + m2
i − m2

j

q2 − si j − m2
k

]
,

k2⊥ = z̄ (1 − z̄) si j − (1 − z̄)m2
i − z̄ m2

j , (A.5)

The transverse momentum is constructed using an azimuthal
angle, φi

kμ
⊥ = k⊥

(
cos φi

nμ
⊥

|n⊥| + sin φi
l μ
⊥

|l⊥|
)

, (A.6)

where

nμ
⊥ = ε0μ

νρ p̃ ν
i j p̃

ρ
k , l μ

⊥ = εμ
νρσ p̃ ν

i j p̃
ρ
k nσ⊥ . (A.7)

In kinematical configurations where 
̃pi j = ±
̃pk , n⊥ defined
as in Eq. (A.6) vanishes. It can then be computed as nμ

⊥ =

ε
0 iμ

ν p̃ ν
i j , where i may be any index that yields a nonzero

result.
In the case of initial-state splitters, the construction pro-

ceeds as follows: We first combine the two momenta pa and
pi into the intermediate momentum p̃ai .

p̃ μ
ai =

(
p μ
a − m2

a

γ (sab,m2
a,m

2
b)

p μ
b

) √
λ(q2, m̃2

ai ,m
2
b)

λ(sab,m2
a,m

2
b)

+ m̃2
ai j

γ (q2, m̃2
ai j ,m

2
b)

p μ
b , (A.8)

where q = pa + pb − pi and sab = (pa + pb)2. We then
apply a Lorentz transformation to all final-state momenta as
p̃μ = �

μ
ν pν , where

�(q̃, q)μν = gμ
ν − 2 (q + q̃)μ(q + q̃)ν

(q + q̃)2 + 2 q̃μqν

q2 , (A.9)

Using the scaled parameters v and x from Table 3 we com-
pute the new invariant mass squared of the initial state as
sab = (q2 − mi )

2/xi,ab − (m2
a + m2

b)(1 − xi,ab)/xi,ab and
use the inverse transformation of Eq. (A.8) to construct the
initial-state momentum pa . The new momentum pi is then
defined as

p μ
i = (1 − z̄ai )

γ (sab,m2
a,m

2
b) p

μ
a − m2

a p μ
b

β(sab,m2
a,m

2
b)

+ m2
i + k2⊥

1 − z̄ai

p μ
b − m2

b/γ (sab,m2
a,m

2
b) p

μ
a

β(sab,m2
a,m

2
b)

− kμ
⊥ ,

(A.10)

with the transverse components constructed according to
Eq. (A.6). The parameters z̄ai j and k2⊥ = −k2⊥ of this decom-
position are given by

z̄ai = sab − m2
a − m2

b

β(sab,m2
a,m

2
b)

×
[
xi,ab + vi − m2

b

γ (sab,m2
a,m

2
b)

sai + m2
a − m2

i

sab − m2
a − m2

b

]
,

k2⊥ = z̄ai (1 − z̄ai )m
2
a − (1 − z̄ai ) sai − z̄ai m

2
i , (A.11)
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Finally we boost all remaining final-state particles according
to Eq. (A.9) with q ↔ q̃ .
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