
Eur. Phys. J. C (2019) 79:678
https://doi.org/10.1140/epjc/s10052-019-7205-6

Regular Article - Theoretical Physics

Spacetime mappings of the Brown–York quasilocal energy

Jeremy Côtéa, Marianne Lapierre-Léonardb, Valerio Faraonic

Department of Physics and Astronomy, Bishop’s University, 2600 College Street, Sherbrooke, QC J1M 1Z7, Canada

Received: 23 May 2019 / Accepted: 6 August 2019 / Published online: 13 August 2019
© The Author(s) 2019

Abstract In several areas of theoretical physics it is useful
to know how a quasilocal energy transforms under conformal
rescalings or generalized Kerr–Schild mappings. We derive
the transformation properties of the Brown–York quasilocal
energy in spherical symmetry and we contrast them with
those of the Misner–Sharp–Hernandez energy.

1 Introduction

The mass of a non-isolated system in General Relativity (GR)
has been the subject of intense study but there is no agree-
ment as to what the mass–energy should be. Due to the equiv-
alence principle, the energy of the gravitational field cannot
be localized and the mass–energy of a self-gravitating sys-
tem includes also this energy. Unless the geometry reduces
asymptotically to Minkowski (in which case the ADM energy
[1] is appropriate), one resorts to quasilocal energy defi-
nitions. There are several quasilocal constructs in the lit-
erature, which differ from each other (see [2] for a recent
review). Overall, quasilocal energy has been studied in the
domain of formal relativity, but one ought to do better. First,
the mass of a gravitating system is one of its most basic
properties in astrophysics and a mass–energy definition is
ultimately of no use if it cannot be employed in practical
calculations (for example, in astrophysics and/or in cosmol-
ogy). Second, various authors are already using, implicitly,
the Hawking–Hayward quasilocal energy [3,4] (usually in its
Misner–Sharp–Hernandez form defined for spherical sym-
metry [5,6]) in black hole thermodynamics [7–18], in which
this quasilocal energy plays the role of the internal energy of
the system.

Black hole thermodynamics (especially the thermody-
namics of time-dependent apparent horizons) is usually stud-
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ied in the context of GR and most often in spherical sym-
metry, where the Misner–Sharp–Hernandez mass is adopted
almost universally [7–18] (see, however, Ref. [19] for an
analogous study using the Brown–York mass). The Misner–
Sharp–Hernandez mass is also the quasilocal construct used
in spherical fluid dynamics and in black hole collapse [5,6]
and is the Noether charge associated with the covariant con-
servation of the Kodama energy current [52]. But there are
several other definitions of quasilocal energy [2] and one
wonders what changes the use of another quasilocal con-
struct, for example the Brown–York energy, would bring.
When a black hole is dynamical, it is difficult to calculate its
temperature unambiguously and the recent literature on the
thermodynamics of dynamical black holes focuses on this
quantity. If the definition of internal energy is also uncer-
tain, the problems accumulate. Quasilocal energies have been
used also in the now rather broad field of thermodynamics of
spacetime [20–36].

A full discussion of which quasilocal mass should be
used, and why, requires more insight on quasilocal ener-
gies than is presently available. Here we consider a par-
ticular aspect, more related to tool-building than to core
issues, which has been discussed recently in the literature.
Since several analytic solutions of the Einstein field equa-
tions which describe dynamical black holes are generated by
using the Schwarzschild (or another static black hole) solu-
tion as a seed and performing a conformal or a Kerr–Schild
transformation [37–50], the transformation properties of the
Misner–Sharp–Hernandez mass under these spacetime map-
pings were discussed [51]. Later, relinquishing the simpli-
fying assumption of spherical symmetry, the transformation
properties of the Hawking–Hayward quasilocal energy [3,4]
(which reduces to the Misner–Sharp–Hernandez prescription
[5,6] in spherical symmetry [52]) were also obtained [53].
Generalizations of the Hawking–Hayward energy to scalar-
tensor gravity have also been introduced ([54–57], see also
[58–62], and [63,64] for the case of Lovelock gravity), fol-
lowing earlier generalizations of the Brown–York mass to
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these theories [65–67]. A useful trick consists of remember-
ing that these theories admit a representation in the Einstein
conformal frame which is formally very similar to GR. If
one chooses a different quasilocal energy, it becomes impor-
tant to establish how this construct transforms under these
spacetime mappings.

There are also other motivations for studying the trans-
formation properties of quasilocal energies. As noted above,
these quantities are defined rather formally and are not yet
used in practical calculations in astrophysics and cosmology,
with the exception of the recent works [68–70]. There, the
Hawking–Hayward quasilocal construction was employed
in a new approach to cosmological problems in which the
expansion of the universe competes with the local dynamics
of inhomogeneities, namely the Newtonian simulations of
large scale structure formation in the early universe [68], the
turnaround radius in the present accelerated universe [69],
and lensing by the cosmological constant or by dark energy
[70]. To first order in the metric perturbations present in these
problems, the Brown–York energy yields the same results as
the Hawking–Hayward energy, provided that an appropriate
gauge is chosen for the gauge-dependent Brown–York energy
in the comparison [71]. Conformal transformations were
used in these works as a mere calculational tool, not for any
conceptual reason. This is one more reason to establish how
the Brown–York mass behaves under spacetime mappings,
if it was going to replace the Hawking–Hayward/Misner–
Sharp–Hernandez construct.

In this work we restrict to spherical symmetry and, corre-
spondingly, to a line element expressed in the gauge1

ds2 = −A(t, R)dt2 + B(t, R)dR2 + R2dΩ2
(2), (1)

where R is the areal radius, a well-defined geometric invari-
ant once spherical symmetry is assumed, and dΩ2

(2) ≡
dθ2 + sin2 θ dϕ2 is the line element on the unit 2-sphere.
It is well known that, in this gauge, the Brown–York mass is
given by [73–75]

MBY = R

(
1 − 1√

B

)
. (2)

The general definition of Brown–York mass is based on
an integral of the extrinsic curvature of a 3-surface in the real
space minus the same quantity evaluated on the same Rie-
mannian surface but with a Riemannian 3-space as a refer-
ence [73]. It is clear from the definition that the Brown–York
mass is gauge-dependent. By contrast, the Misner–Sharp–
Hernandez mass MMSH is given by the scalar equation

1 − 2MMSH (R)

R
= ∇c R∇c R (3)

1 We follow the notations of Ref. [72].

and is, therefore, gauge-independent, which is a significant
practical advantage over the Brown–York mass.

Since the Brown–York mass is gauge-dependent, it makes
sense to derive its transformation properties under conformal
and Kerr–Schild spacetime mappings only when a certain
gauge is preserved by the map. This is what we do in the
following sections. Since both the expression and the value of
the Brown–York mass are very different in different gauges,
it is meaningless to compare them in these different gauges.

2 Conformal transformations

A conformal transformation of the metric is the point-
dependent rescaling

gab → g̃ab = Ω2gab, (4)

where the conformal factor Ω is a smooth positive function
of the spacetime point. We require the conformal factor to
respect the spherical symmetry, Ω = Ω(t, R). Under such a
mapping, the line element (1) becomes

ds̃2 = Ω2ds2 = −Ω2Adt2 + Ω2BdR2 + R̃2dΩ2
(2),

(5)

where the “new” areal radius is R̃ = ΩR. The line ele-
ment (5) is not in the form (1). To bring it to this form with
tilded quantities, i.e.,

ds̃2 = − Ã dt̃2 + B̃d R̃2 + R̃2dΩ2
(2), (6)

one has to introduce a new time coordinate. Begin by substi-
tuting the differential

dR = d R̃ − Ω,t Rdt

Ω,R R + Ω
(7)

in the line element (1), obtaining

ds̃2 = −Ω2

[
A − Ω2

,t R
2B(

Ω,R R + Ω
)2
]
dt2

+ Ω2B(
Ω,R R + Ω

)2 d R̃2

− 2Ω2Ω,t BR(
Ω,R R + Ω

)2 dtd R̃ + R̃2dΩ2
(2). (8)

In order to bring this line element back to the gauge (1), one
eliminates the term proportional to dt d R̃ by changing the
time coordinate to t̃(t, R̃) defined by

dt̃ = 1

F

(
dt + βd R̃

)
, (9)

where β(t, R) is a function to be determined in such a way
that the dtd R̃ term disappears and F(t, R̃) is a (non-unique)
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integrating factor satisfying

∂

∂ R̃

(
1

F

)
= ∂

∂t

(
β

F

)
(10)

to guarantee that dt̃ is an exact differential. Using dt =
Fdt̃ − βd R̃ in the line element gives

ds̃2 = −Ω2

[
A − Ω2

,t R
2B(

Ω,R R + Ω
)2
]
F2dt̃2

+
{

−β2

[
Ω2A − Ω2

,t R
2Ω2B(

Ω,R R + Ω
)2
]

+ Ω2B(
Ω,R R + Ω

)2

+ 2βΩ,tΩ
2BR(

Ω,R R + Ω
)2
}
d R̃2 + 2FΩ2 ·

·
{

β

[
A − Ω2

,t R
2B(

Ω,R R + Ω
)2
]

− Ω,t RB(
Ω,R R + Ω

)2
}
dt̃ d R̃

+R̃2dΩ2
2 . (11)

By imposing that

β (t, R) = Ω,t BR[
A − Ω2

,t R2B

(Ω,R R+Ω)
2

] (
Ω,R R + Ω

)2 (12)

the line element becomes

ds̃2 = −Ω2

[
A − Ω2

,t BR2

(
Ω,R R + Ω

)2
]
F2dt̃2

+ ABΩ2

A
(
Ω,R R + Ω

)2 − Ω2
,t BR2

d R̃2 + R̃2dΩ2
2 . (13)

Therefore, we have

B̃ = ABΩ2

A
(
Ω,R R + Ω

)2 − Ω2
,t BR2

. (14)

Using this expression, Eq. (2) gives the Brown–York mass
in the conformally rescaled world and in the chosen gauge

M̃BY = ΩR

⎡
⎣1 −

√
A
(
Ω,R R + Ω

)2 − Ω2
,t BR2

√
AB Ω

⎤
⎦ . (15)

In general, there is no simple expression of the “new”
Brown–York mass in terms of the “old” one plus a simple
correction, analogous to the one previously obtained for the
Misner–Sharp–Hernandez mass [51]. One could, for exam-
ple, rewrite Eq. (15) as

M̃BY = ΩMBY + R√
AB

×
(

Ω
√
A −

√
A
(
Ω,R R + Ω

)2 − Ω2
,t BR2

)
(16)

but this decomposition is arbitrary and not particularly
enlightening anyway, even in the simplest situations in which

the scale factor depends only on one of the variables (t, R).
For comparison, the transformation property of the Misner–
Sharp–Hernandez mass under a conformal rescaling is [51]

M̃MSH = ΩMMSH − R3

2Ω
∇aΩ∇aΩ − R2∇aΩ∇a R. (17)

The first term ΩMBY in Eq. (16) can be interpreted by intro-
ducing Newton’s constant and remembering that, in a simple
intepretation (dating back to Dicke) lengths and times scale
with Ω , while masses scale with Ω−1 [77]. However, the
quasilocal energy is a complicated construct and cannot be
expected to scale in a simple way under conformal trans-
formations. As a consequence, the second term in the right
hand side of Eq. (16) defies simple physical interpretation
(the same can be said for the transformation property (17) of
the Misner–Sharp–Hernandez mass).

The effect of the transformation (16) on black hole ther-
modynamics is difficult to interpret. A Smarr relation was
derived in Ref. [19] for vacuum, static, spherical black holes
of the form (1):

2T S = MBY + 2pA, (18)

where T and S are the temperature and area of the event
horizon, S is the entropy, and

p = 1

8π

(
A′
H

2AH
√
BH

+ 1

rH
√
BH

− 1

rH

)
, (19)

while the subscript H denotes quantities evaluated at the
horizon. Assuming that, under a conformal transformation,
T̃ � T/Ω in an adiabatic approximation (as argued in [39,
78]), S = A/4, and Ã = Ω2A, Eq. (19) would yield

2T̃ S̃ = M̃BY − R√
AB

×
(

Ω
√
A −

√
A
(
Ω,R R + Ω

)2 − Ω,t BR2

)

+2p Ã

Ω
(20)

in the tilded world. Not much should be construed from this
complicated relation between tilded quantities: a conformal
transformation with Ω = Ω(t, r) preserving the spherical
symmetry has changed the situation in which Eq. (19) was
derived [19]. Vacuum is no longer vacuum and, if Ω,t �= 0,
the black hole is not static, the event horizon is no longer
present, and the notion of black hole is now defined by an
apparent (instead of event) horizon, which is not null [79].
The time dependence of the (apparent) horizon must be taken
into account even in an adiabatic approximation [39,78].
Therefore, simple statements on the effect of the conformal
transformation on thermodynamics cannot be made.
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3 Kerr–Schild transformations

A generalized Kerr–Schild transformation has the form

gab → ḡab = gab + 2λ lalb, (21)

where λ is a positive function and la is a null and geodesic
vector field of gab, that is,

gabl
alb = 0, la∇al

b = 0. (22)

It is easy to see that la is null and geodesic also with respect
to ḡab:

ḡabl
alb = gabl

alb + 2λ(lcl
c)2 = 0, (23)

ḡabl
a∇blc = 0, (24)

and that the inverse metric of ḡab is ḡab = gab − 2λlalb

since ḡμν ḡνα = δ
μ
α [51]. In order to respect the spherical

symmetry of the geometry (1) we require that λ = λ(t, R)

and

lμ(t, R) =
(
l0, l1, 0, 0

)
(25)

in this gauge. The generalized Kerr–Schild transforma-
tion (21) gives

ds̄2 = ds2 + 2λlalbdx
adxb

= −
[
A − 2λ(l0)

2
]
dt2

+
[
B + 2λ(l1)

2
]
dR2 + 4λl0l1dtdR

+R2dΩ2
(2). (26)

We now repeat the procedure of Ref. [51] in order to elim-
inate the cross-term in dtdR. To this end, it is necessary to
introduce a new time coordinate T defined by

dT = 1

F
(dt + βdR) , (27)

where β(t, R) is a function to be determined and F(t, R) is
an integrating factor. The substitution of dt = FdT − βdR
into the line element yields

ds̄2 = −
[
A − 2λ(l0)

2
]
F2dT 2

+
{
B + 2λ(l1)

2 − β2
[
A − 2λ(l0)

2
]

− 4λl0l1β
}
dR2

+2F
{
β
[
A − 2λ(l0)

2
]

+ 2λl0l1
}
dTdR

+R2dΩ2
(2), (28)

from which one deduces that the required form of the function
β is

β(t, R) = −2λl0l1
A − 2λ(l0)2 . (29)

With this choice, the metric is brought back to the
gauge (1),

ds̄2 = −
[
A − 2λ(l0)

2
]
F2dT 2

+
{
B + 2λ(l1)

2 + 4λ2(l0)2(l1)2

A − 2λ(l0)2

}
dR2

+R2dΩ2
(2) , (30)

where we note that

B̄ = B + 2λA(l1)2

A − 2λ(l0)2 (31)

and there is residual gauge freedom due to the non-
uniqueness of the integrating factor F . The Brown–York
mass of the barred spacetime is then given by the expres-
sion (2) as

M̄BY = R

⎛
⎝1 − 1√

B + 2λA(l1)2

A−2λ(l0)2

⎞
⎠ . (32)

Because of the normalization lclc = 0 of the null vector la ,
it is possible to rescale its components so that, say, l0 = −1.
Then

lμ =
(

1

A
,

±1√
AB

, 0, 0

)
(33)

and Eq. (32) simplifies to

M̄BY = R

(
1 −

√
A − 2λ√
AB

)

= MBY + R√
B

(
1 −

√
1 − 2λ

A

)
. (34)

For comparison, the transformation property of the Misner–
Sharp–Hernandez mass under a generalized Kerr–Schild map
is [51]

M̄MSH = MMSH + λR

AB
. (35)

Again, the action of the Kerr–Schild transformation aris-
ing from a nonvanishing λ cannot be given a simple inter-
pretation due to the fact that quasilocal energies are rather
complicated constructs.

4 Examples

Here we present examples illustrating the transformation
properties of the Brown–York mass.
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4.1 Conformal transformation

Consider the Minkowski line element in polar coordinates

ds2 = −dη2 + dr2 + r2dΩ2
(2), (36)

where r = R is trivially the areal radius. The spatially flat
Friedmann–Lemaître–Robertson–Walke (FLRW) line ele-
ment

ds̃2 = a2(η)
(
−dη2 + dr2 + r2dΩ2

(2)

)
(37)

where η is the conformal time, is manifestly conformally
flat. The conformal transformation ds̃2 = Ω2ds2 relating
(36) and (37) has conformal factor Ω = a(η), the scale
factor of the universe. The FLRW areal radius is R̃ = a(η)r
and the Hubble parameters in comoving time t (given by
dt = adη) and conformal time η are, respectively, H ≡ ȧ/a
and H = aη/a = aH (an overdot denoting differentiation
with respect to t).

To write the FLRW line element (37) in Schwarzschild-
like coordinates, we introduce the new time T by

dT = 1

F

(
dt + βd R̃

)
, (38)

which transforms (37) to

ds̃2 = −
(

1 − H2 R̃2
)
F2dT 2

−2F
[
−
(

1 − H2 R̃2
)

β + H R̃
]
dTd R̃

+
[
−
(

1 − H2 R̃2
)

β2 + 2H R̃β + 1
]
d R̃2

+R̃2dΩ2
(2). (39)

The choice

β(t, R̃) = H R̃

1 − H2 R̃2
(40)

reduces the line element to the Schwarzschild-like gauge (6)

with Ã =
(

1 − H2 R̃2
)
F2, B̃ =

(
1 − H2 R̃2

)−1
. As a con-

sequence, the expression (16) of the Brown–York mass in
spherical symmetry yields

M̃ (FLRW )
BY = R̃

(
1 −

√
1 − H2 R̃2

)

= R̃

(
1 −

√
1 − 8π

3
ρ R̃2

)

= R̃

⎛
⎝1 −

√
1 − 2M (FLRW )

MSH

R̃

⎞
⎠ , (41)

where M (FLRW )
MSH = H2 R̃2/2 = 4π

3 ρ R̃3 is the Misner–
Sharp–Hernandez mass of FLRW space and we used the
Friedmann equation H2 = 8πρ/3, with ρ the energy den-
sity of the cosmic fluid. The relation (41) between the two

quasilocal masses in this example mirrors that holding in the
Schwarzschild geometry

ds2 = −
(

1 − 2m

r

)
dt2 + dr2

1 − 2m/r
+ r2dΩ2

(2) (42)

with (constant) massm. The Misner–Sharp–Hernandez mass
contained in a sphere of radius r is M (Schw)

MSH = m for any
value of r > 2m and the Brown–York mass is

M (Schw)
BY = r

(
1 −

√
1 − 2m

r

)
, (43)

and it asymptotes to m as r → +∞. However, on the
Schwarzschild event horizon r = 2m, it is M (Schw)

BY =
2M (Schw)

MSH .

4.2 Kerr–Schild transformation

As an example of Kerr–Schild transformation, consider the
map between the Minkowski geometry (36) and the Reissner-
Nordström one

ds̃2 = −
(

1 − 2m

r
+ q2

r2

)
dt2

+ dr2

1 − 2m
r + q2

r2

+ r2dΩ2
(2) , (44)

which corresponds to

λ(t, r) = m

r
− q2

r2 , lμ = (1,−1, 0, 0) (45)

and to the time redefinition t → T with

dT = dt −
(

2m
r + q2

r2

)

1 − 2m
r + q2

r2

dr. (46)

Minkowski space has vanishing Brown–York mass and
the transformation property (34) of the Brown–York mass
under Kerr–Schild transformations yields

M̄BY = r

⎛
⎝1 −

√
1 − 2m

r
+ q2

r2

⎞
⎠ , (47)

which coincides with the well known expression calculated
directly using Eq. (2).

5 Conclusions

There are several reasons to derive the transformation prop-
erties of a quasilocal energy under conformal or (gen-
eralized) Kerr–Schild transformations. This procedure is
part of the tool-building process useful in various areas of
theoretical gravity (black hole thermodynamics, analytical
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solutions of GR describing dynamical black holes, space-
time thermodynamics, etc.). The relativity community seems
to have concentrated on the Hawking–Hayward/Misner–
Sharp–Hernandez quasilocal energy (see, however, Refs. [19,
75,76]) but the Brown–York energy is also interesting in
principle because it is based on the Hamilton-Jacobi for-
mulation of GR. However, contrary to the Misner–Sharp–
Hernandez mass, the Brown–York constructs suffers from
a daunting gauge-dependence even in spherical symmetry.
For this reason, the comparison of the “new” Brown–York
energy after a spacetime mapping with the “old” one is mean-
ingful only after restoring the gauge which is altered by the
spacetime mapping. Having done this and having obtained
the “new” Brown–York mass in terms of the “old” one and
of the geometry, the result cannot be encapsulated in a sim-
ple formula analogous to Eqs. (17) or (35) obtained for the
Misner–Sharp–Hernandez mass in [51]. From a pragmatic
point of view, the Misner–Sharp–Hernandez construct looks
definitely more attractive than the Brown–York one.
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