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Abstract We investigate weak lensing effect on cosmic
microwave background (CMB) in the presence of a super-
horizon mode which leads to a dipole anisotropy in the CMB
power spectrum and in large scale structures. The approach of
flat-sky approximation is considered. We determine the func-
tions σ 2

0 and σ 2
2 that appear in expressions of the lensed CMB

power spectrum in the presence of the dipole anisotropy. We
determine the correction to B-mode power spectrum which is
found to be appreciable at low multipoles (l), around 15% at
l = 10. However, the temperature and E-mode power spec-
trum are not altered significantly.

1 Introduction

In unveiling the dynamics and contents of the universe, cos-
mic microwave background radiation has been one of the
essential tools. CMB constrains cosmological parameters,
and it provides a path in developing modern cosmology. The
precision level of the experiments for the CMB spectrum and
hence the accuracy of prediction of a theoretical model has
been increasing year by year. The CMB anisotropy can be
determined by the Physics of last scattering surface (LSS)
and the medium effects due to the propagation of photons
from LSS to the observer. The primary contribution to the
anisotropy is due to the strength of the metric perturbations
at LSS. Some other effects such as ISW effect, reionization
give additional modifications. The lensing effect is associ-
ated with the geodesics of photons from LSS to us. It can be
considered as a secondary contribution in modifying CMB
anisotropy, and it must be taken into account to reliably pre-
dict the CMB signal. The lensing gives a very small contri-
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bution on the reionization and the ISW signal as these are
associated with the large scale. However, on degree-scale of
primary acoustic peaks, weak lensing effect is expected at
the order of arc minute on the CMB spectrum [1].

In this paper, we are interested in the weak lensing effect
on the CMB spectrum arising due to a superhorizon mode in
the Newtonian potential [2,3]. The unexpected observation
of anisotropy at large scale leads us to study the implica-
tions of such a model. Some of the anomalies were discov-
ered in the WMAP data [4]. These include the alignment
between low multipoles [5–7], large cold spot in the south-
ern hemisphere [8–10], hemisphere power asymmetry [11]
etc. The Planck data has further confirmed the existence of
such anomalies [12]. According to Planck, the dipole modu-
lation of power lies in the range l = 2 − 600 at 1.1–3.5 σ . In
addition, it confirmed octopole-quadrupole alignment at 98%
level and a power deficit below l = 40. Other observables,
such as, radio polarization from radio galaxies and optical
polarization of quasars also indicate anisotropy on large dis-
tance scales. Remarkably, orientations of dipole axis of radio
polarization [13], dipole, quadrupole and octopole axes of the
CMB [14] and the direction of alignment of the pattern of
two-point correlation in the optical polarization [15,16] all
point towards the Virgo direction. In this paper we study the
gravitational lensing in the model proposed by Gordon et al.
[2]. The model was originally proposed in order to explain
the power deficit at low l and the alignment of quadrupole
and octopole axes. It has also been studied in Refs. [3,17,18].
The CMB spectrum in this model has been investigated in
Refs. [19–21]. We assume a long wavelength mode of the
form [3,18]

ψd(�x) = β sin(�k · �x + ω) (1)

with ω = 0. The model has 4 parameters, β and the three
components of the fixed vector �k. We choose the coordinate
system such that the direction of this vector is x̂ and denote its
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magnitude as κs . In Refs. [3,18] it was chosen to be ẑ. In Ref.
[3], it has been shown that the hemispherical power asymme-
try in CMB can be obtained by a super-horizon mode gener-
ated during inflation. It is also explained how the variation of
background value of scalar field across the observable Uni-
verse assists a large amplitude super horizon fluctuation in
generating the power asymmetry. It further showed that a sin-
gle scalar field cannot provide the observed power asymmetry
without violating constraints arising due to homogeneity of
the Universe. The task of generating the desired power asym-
metry without violating homogeneity constraints requires
additional fields, such as the curvaton field. The measured
rms values of quadrupole and octupole lead to an observa-
tional constraint, κ3

s β � 1.26 × 10−5H3
0 , [3,18]. The super-

horizon mode also leads to a dipole anisotropy in the matter
distribution at large distance scales [18].

In this paper, we study the weak lensing effect on the CMB
spectrum with the flat-sky approximation in the model given
in Eq. (1). The contribution of the standard weak lensing
effect to the CMB power spectrum, without including the
inhomogeneous term given in Eq. (1), has been computed in
Refs. [22–24]. In Sect. 2, we generalize the two-point corre-
lation function due to the weak lensing by including the super
horizon mode. In this section, we also calculate the expecta-
tion value of a term which arises due to the isotropic part of
lensing potential. In Sect. 3, we estimate the modification to
this term in presence of the inhomogeneous term. In Sect. 4,
we obtain the expressions for the CMB power spectrum. In
Sect. 5, we conclude.

2 Gravitational lensing effect on two-point correlation
functions in the presence of dipole anisotropy

The observed CMB spectrum is different from that produced
at LSS due to the lensing effect. These are related as [24]

X (θ) = X̃(θ + δθ)

= 1

(2π)2

∫
d2lei l .(θ+δθ) X̃(l), (2)

where, X (θ) is the observed physical quantity, such as the
temperature T (θ), the Stokes parameters Q(θ) andU (θ) etc.,
and X̃(θ + δθ) is the corresponding physical quantity pro-
duced at LSS. Writing these variables in the explicit form,
we have,

T (θ) = T̃ (θ + δθ)

= 1

(2π)2

∫
d2l ei l·(θ+δθ)T̃ (l), (3)

Q(θ) = Q̃(θ + δθ)

= 1

(2π)2

∫
d2l ei l·(θ+δθ) Q̃(l),

Fig. 1 In this plot the observer is located at O . We compute the correla-
tions of CMB observables, such as temperature and Stokes parameters,
between two points A and B. The coordinate system is chosen such
that point A is at pole and B lies in the x − z plane. The projection of
point B on a plane tangent at A is B’. Projection of A itself is at A. Both
projected points lie on the x’ axis

= 1

(2π)2

∫
d2l eil·(θ+δθ)

×[Ẽ(l) cos(2φl ) − B̃(l) sin(2φl )], (4)

U (θ) = Ũ (θ + δθ)

= 1

(2π)2

∫
d2l ei l ·(θ+δθ)Ũ (l)

= 1

(2π)2

∫
d2l ei l ·(θ+δθ)

×[Ẽ(l) sin(2φl ) + B̃(l) cos(2φl )], (5)

where, the standard definitions of Q(l) and U (l) are used.
Using Eqs. (3), (4) and (5), we can compute correlation func-
tion of such quantities at two points θ1 and θ2. In general,
these two points can be anywhere on the two dimensional
plane in small scale limit formalism. However for simplicity,
we rotate our frame such that projection of these two points
fall on x ′−axis (see Fig. 1). We can also shift θ1 at θ1 = 0 or
θ2 at θ2 = 0 keeping other point at the separation of θ . Now,
the correlation function corresponding to the temperature is
given by,

CT (θ) = 〈T (θ1)T (θ2)〉
= 〈T̃ (θ1 + δθ1)T̃ (θ2 + δθ2)〉
=

∫
d2l

(2π)2 e
ilθ cos(φl )〈ei l ·(δθ1−δθ2)〉CT̃ l , (6)

where, we have used

〈Ỹ (l)Ỹ (l ′)〉 = (2π)2C̃Y lδ
2(l − l ′). (7)

The vector quantity l , which is conjugate to θ , makes the
angle φl with the x-axis. In the similar way, we obtain the
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following relation for CQ(θ) and CU (θ),

CQ(θ) =
∫

d2l
(2π)2 eilθ cos φl 〈ei l·(δθ1−δθ2)〉

×
[
CẼl cos2(2φl ) + CB̃l sin2(2φl )

]

CU (θ) =
∫

d2l
(2π)2 eilθ cos φl 〈ei l·(δθ1−δθ2)〉

×
[
CẼl sin2(2φl) + CB̃l cos2(2φl )

]
. (8)

The quantity 〈ei l·(δθ1−δθ2)〉 is important since we are inter-
ested in the weak lensing effect in the presence of the dipole
anisotropy. We compute this quantity following Ref. [24]
including the contribution from the superhorizon mode given
in Eq. (1). Let us define the deflection angles as α = δθ1 and
α′ = δθ2. The deflection angle is given by,

α = ∇n̂ψ(n̂), (9)

where, ∇n̂ is angular derivative, n̂ is direction of observation
and ψ(n̂) is lensing potential and it is connected to gravita-
tional potential ψ(χ n̂, η0 − χ) via,

ψ(η̂) ≡ −2
∫ χ∗

0
dχ

fK (χ∗ − χ)

fK (χ∗) fK (χ)
ψ(χ n̂, η0 − χ). (10)

Here χ∗ is conformal distance of LSS from us. In our case, the
gravitational potential has two parts, the homogeneous part
ψhand the part ψd corresponding to the dipole distribution:

ψ = ψh + ψd . (11)

Expanding ψh by Fourier expansion, we have

ψ(θ) = 1

(2π)2

∫
d2lei l·θψh

l + ψd . (12)

Now we calculate the correlation tensor,

〈αiα
′
j 〉 = 〈∇iψ∇ jψ

′〉. (13)

We obtain

〈αiα
′
j 〉 = 〈∇iψ∇ jψ

′〉,
= 〈∇iψ

h∇ jψ
′h〉 + 〈∇iψ

d∇ jψ
′d〉,

=
∫

d2l
(2π)2 l i l j e

i l·θCψψ ′
l + 〈∇iψ

d∇ jψ
′d〉, (14)

where, 〈ψh
l ψh∗

l ′ 〉 = (2π)2δ2(l − l ′)Cψψ ′
l is used. The poten-

tial ψd(η∗, n̂) is computed later and it is uncorrelated to ψh .
In Eq. (14), we denote the first term, which is the homo-
geneous part, by 〈αh

i α′h
j 〉. The correlation function 〈αh

i α′h
j 〉

should be proportional to δi j and the trace-free tensor is given
by 〈r̂i r̂ j 〉 = r̂i r̂ j − 1

2δi j . Using this fact, the first , homoge-
neous part, simplifies as
∫

d2l
(2π)2 l i l j e

i l·θCψψ ′
l = 1

2
Cglδi j − Cgl,2〈r̂i r̂ j 〉, (15)

where,

Cgl(θ) =
∫

dl

2π
l3Cψψ ′

l J0(lθ), (16)

Cgl,2(θ) =
∫

dl

2π
l3Cψψ ′

l J2(lθ). (17)

We next consider the term 〈ei l·(α−α′)〉 in which we are
interested in order to understand the lensing effects including
the dipole distribution. It can be shown that [1]

〈ei l·(α−α′)〉 = e− 1
2 〈[l·(α−α′)]2〉. (18)

Expanding the term 〈[l · (α − α′)]2〉, we have

〈[l · (α − α′)]2〉 = li l j 〈(α − α′)i (α − α′) j 〉
= li l j [〈αiα j 〉 + 〈α′

iα
′
j 〉 − 2〈αiα

′
j 〉]

= li l j
[
〈αiα j 〉 + 〈α′

iα
′
j 〉 − 2〈αiα

′
j 〉

]h

+li l j
[
〈αiα j 〉+〈α′

iα
′
j 〉−2〈αiα

′
j 〉

]d
.

(19)

We obtain the terms due to homogeneous part as well as
dipole part, since 〈αiα j 〉, 〈α′

iα
′
j 〉 and 〈αiα

′
j 〉 all have two

parts as in Eq. (14). The homogeneous part becomes

〈[l · (α − α′)]2〉h
= l2[Cgl(0) − Cgl(θ) + cos(2φl)Cgl,2(θ)],
= l2[σ 2

0 (θ) + σ 2
2 (θ) cos(2φl)], (20)

where, we define σ 2
0 (θ) = Cgl(0) − Cgl(θ) and σ 2

2 (θ) =
Cgl,2. These notations, σ 2

0 (θ) and σ 2
2 (θ), have been used in

the literature [24].

3 Dipole anisotropy correction

In this section, we estimate first the correction to 〈[l · (α −
α′)]2〉due to the dipole distribution. In Eq. (14), the additional
second term is due to the dipole. To calculate it, we expand
ψd in 3-dimensional Fourier space as follows [25],

ψd(η∗, n̂) = −2
∫ χ∗

0
dχ1

fK (χ∗ − χ1)

fK (χ∗) fK (χ1)

×
∫

d3k

(2π)3 ψd(k)eik.(η0−η1)n̂Tψ(η1, k). (21)

The dipole distribution ψd(k) is the Fourier transform of the
potential given in Eq. (1) and is given by,

ψd(k) = β

2i
(2π)3

[
δ3(k − κs x̂) − δ3(k + κs x̂)

]
, (22)

where, β and κs are two parameters which define the dipole.
As explained earlier the coordinate system has been chosen
such that the dipole is aligned in x-direction. We keep ψd in
generalized form of 3D. Now, we redefine the momentum k
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in terms of l, by �l = χ∗�k,
∫
d3kψd(k) → ∫

d3lψd(l) and
η0−η
χ∗ = χ

χ∗ = ω. In this definition,

ψd(k)

χ∗3 = β

2i

(2π)3

χ∗3 [δ3(k − κs x̂) − δ3(k + κs x̂)]

= β

2i
(2π)3[δ3(χ∗k−χ∗κs x̂) − δ3(χ∗k+χ∗κs x̂)],

= β

2i
(2π)3[δ3(l − κ x̂) − δ3(l + κ x̂)] = ψd(l),

(23)

where, κ = χ∗κs . Under this definition, Eq. (21) can be
written as,

ψd(η∗, n̂) = −2
∫ χ∗

0
dχ1

fK (χ∗ − χ1)

fK (χ∗) fK (χ1)

×
∫

d3l

(2π)3 ψd(l)ei l .n̂ωTψ(η1, l). (24)

We assume that the transfer function is nearly unity at large
scale and set it as unity in the further calculation. We can
now simplify the term 〈∇iψ

d∇ jψ
′d〉 as follows,

〈∇iψ
d(η∗, n̂1)∇ jψ

∗d(η∗, n̂2)〉

= 4
∫ χ∗

0

∫ χ∗

0
dχ1dχ2

(χ∗ − χ1)

(χ∗χ1)

(χ∗ − χ2)

(χ∗χ2)

×
∫ ∫

d3ld3l ′ω1ω2li l
′
j

(
β2

4

)

×[δ3(�l − κ x̂)δ3(�l ′ − κ x̂) − δ3(�l − κ x̂)δ3(�l ′ + κ x̂)

−δ3(�l + κ x̂)δ3(�l ′ − κ x̂) + δ3(�l + κ x̂)δ3(�l ′ + κ x̂)]
× eil̂.n̂1ω1e−i l̂ ′.n̂2ω2 . (25)

Here, η is the conformal time at the point of observation.
The operator ∇i has two components corresponding to the
directions x and y and in the flat sky approximation these are
equivalent to ∂

∂nx
and ∂

∂ny
respectively. Here nx and ny are

x and y components of n̂, the unit vector in the direction of
observation from us. The two points of observation could be
anywhere on the sphere, however, we consider these points
on the great circle in the x − z plane. The unit direction n̂,
which is given by

n̂ = sin θ cos φ x̂ + sin θ sin φ ŷ + cos θ ẑ (26)

becomes sin θ x̂ + cos θ ẑ (φ = 0) in this case. The dipole
correlation tensor turns out to be (see Appendix A)

〈∇iψ
d(η∗, n̂1)∇ jψ

∗d(η∗, n̂2)〉
= 2β2δxi δxj

[
1 − cos [κ sin θ ]

sin2 θ

]
. (27)

In the notation of αi ,

〈αd
i α′d

j 〉 = 2β2δxi δxj

[
1 − cos [κ sin θ ]

sin2 θ

]
, (28)

and so,

〈αd
i αd

j 〉 = 〈α′d
i α′d

j 〉 = lim
θ→0

〈αd
i α′d

j 〉 = β2κ2δxi δxj . (29)

Our motivation is to calculate 〈|�l.( �αi − �αi
′)|2〉d . Keeping all

quantities in hand, in flat-sky approximation (l lying in x–y
plane), we can simplify this quantity as,

〈|�l.(�α − �α′)|2〉d
= li l j

[
〈αd

i αd
j 〉 + 〈α′d

i α′d
j 〉 − 2〈αd

i α′d
j 〉

]

= β2l2 (1 + cos 2φl)
[
κ2 − 2

(1 − cos [κ sin θ ])
sin2 θ

]
. (30)

4 CMB power spectrum

We observe that the dipole anisotropy modifies the quantities
Cgl(0)−Cgl(θ) (≡ σ 2

0 ) and Cgl,2 (≡ σ 2
2 ) with equal weight.

Therefore,〈ei l ·(α−α′)〉 turns out to be,

〈ei l·(α−α′)〉 = exp

{
− l2

2

[
σ 2

0T + cos(2φl)σ
2
2T

]}
, (31)

where, we define new quantities σ 2
0T and σ 2

2T as,

σ 2
0T = Cgl(0) − Cgl(θ) + β2

[
κ2 − 2

(1 − cos [κ sin θ ])
sin2 θ

]
,

= σ 2
0 + σ 2

d , (32)

and,

σ 2
2T = Cgl,2(θ) + β2

[
κ2 − 2

(1 − cos [κ sin θ ])
sin2 θ

]

= σ 2
2 + σ 2

d . (33)

Here, σ 2
d is given by

σ 2
d = β2

[
κ2 − 2

(1 − cos [κ sin θ ])
sin2 θ

]
. (34)

In Eq. (31), we note that the term is similar to what we get
in the standard lensing. The only difference here is that all
the effects of anisotropy are absorbed in σ 2

0T and σ 2
2T . This

facilitates us in using further construction of standard weak
lensing. Therefore, from Eqs. (6) and (8), we obtain,

CT (θ) =
∫

ldl

2π
CT̃ l

[
J0(lθ)

[
1 − l2

2
σ 2

0T (θ)

]

+ l2

2
σ 2

2T (θ)J2(lθ)

]
,

CQ(θ) + CU (θ) =
∫

ldl

2π
(CẼl + CB̃l)

×
[
J0(lθ)

[
1 − l2

2
σ 2

0T (θ)

]
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Fig. 2 The left panel shows plot for σ 2
0 , σ 2

2 and σ 2
d . On the right panel, blue curve is B-mode power spectrum for the standard weak lensing and

red curve is for the weak lensing with the dipole distribution. The fractional change in l(l+1)CB
2π

due to dipole is also plotted on right side vertical
axis

Fig. 3 Left: fractional contribution to E- and T-mode due to lensing including the contribution from the long wavelength mode (1). Right: the
fractional change in power spectrum due to the long wavelength mode in comparison to standard lensing

+ l2

2
σ 2

2T (θ)J2(lθ)

]
,

CQ(θ) − CU (θ) =
∫

ldl

2π
(CẼl − CB̃l)

×
[
J4(lθ)

[
1 − l2

2
σ 2

0T (θ)

]

+ l2

4
σ 2

2T (θ) [J2(lθ) + J6(lθ)]

]
. (35)

We can now estimate the power spectrum in Fourier space
from widely used definitions,

CTl = 2π

∫ π

0
θdθ CT (θ) J0(lθ),

CEl = 2π

∫ π

0
θdθ [[CQ(θ) + CU (θ)] J0(lθ)

+[CQ(θ) − CU (θ)] J4(lθ)],
CBl = 2π

∫ π

0
θdθ [[CQ(θ) + CU (θ)] J0(lθ)

−[CQ(θ) − CU (θ)] J4(lθ)]. (36)

From Eqs. (35) and (36), we can write the expressions for
all the modified power spectra which reveal how these differ

from the primordial power. These are as follows,

CTl = CT̃ l + W l ′
1l CT̃ l ′ ,

CEl = CẼl + 1

2

[
W l ′

1l+W l ′
2l

]
CẼl ′ +

1

2

[
W l ′

1l−W l ′
2l

]
CB̃l ′ ,

CBl = CB̃l+
1

2

[
W l ′

1l−W l ′
2l

]
CẼl ′ +

1

2

[
W l ′

1l + W l ′
2l

]
CB̃l ′ ,

(37)

where we sum implicitly over all l ′ and W l ′
1l and W l ′

2l are
defined as,

W l ′
1l = l ′3

2

∫ π

0
θdθ J0(lθ)

[
σ 2

2T (θ)J2(l
′θ) − σ 2

0T (θ)J0(l
′θ)

]
,

W l ′
2l = l ′3

2

∫ π

0
θdθ J4(lθ)

×
[

1

2
σ 2

2T (θ)
[
J2(l

′θ) + J6(l
′θ)

] − σ 2
0T (θ)J4(l

′θ)

]
. (38)

We note that in Eq. (37), the modified power spectra are
determined by functions Wl ′

1l , W
l ′
2l and Wl ′

3l which depend
on σ 2

0T and σ 2
2T . Since theoretically, the primordial CB̃l has

nearly zero contribution, the correction to CẼl is propor-

tional to Wl ′
1l + Wl ′

2l and the only contribution to CBl comes

from the correction which is proportional to Wl ′
1l − Wl ′

2l . In
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Fig. 4 The l ′ dependence of Wl ′
1l − Wl ′

2l and Wl ′
1l + Wl ′

2l for l = 10 is shown in the left and right panels respectively

Fig. 5 The plot of Wl ′
1l with respect to l ′ for l = 10

Fig. 2, on the left panel, we plot σ 2
0 , σ 2

2 which are due to
standard weak lensing. The function σ 2

d due to dipole dis-
tribution is also plotted. We emphasize here that the term
σd is due to superhorizon mode in gravitational potential
perturbation. As mentioned in the introduction, such a term
can explain the observed dipole anisotropy in CMB power
spectrum. One of the mechanism to produce such a large
scale mode is multi-field inflation. For example, the cur-
vaton model can explain the observed deviation in power
spectrum [3]. The deviation of background value of scalar
field across the observable Universe plays important role
in generating power asymmetry. Fitting the observed val-
ues leads to the constraint |κ3

s β| � 1.26 × 10−5H3
0 , where,

H0 is the Hubble constant [3,18]. We considered β = 1
and κ = 0.046 which satisfies |κ3

s β| ≤ 1.26 × 10−5H3
0

or |κ3β| ≤ 10−4 [18]. This provides an estimate of max-
imum possible change that can arise due to the dipole. We
observe a reasonable value of σ 2

d comparable to σ 2
0 . In Fig. 3,

on left panel, we plot the fractional changes
(

�CEl
CEl

,
�CTl
CTl

)
due to weak lensing with dipole distribution. These are very
small due to presence of the leading order terms C̃El and
C̃T l . The term Wl ′

1l + Wl ′
2l is oscillatory as well as roughly

symmetric (see right panel of Fig. 4). Therefore, we do not
get much contribution to the CEl due to the dipole distribu-

tion. This can be seen on right panel of Fig. 3 where we plot
(�Cd

El − �Cs
El)/�Cs

El and (�Cd
Tl − �Cs

Tl)/�Cs
Tl , where

�Cd
El ,�Cd

Tl are changes due to weak lensing in the pres-
ence of dipole and �Cs

El ,�Cs
T l are changes due to standard

lensing. Similarly, Wl ′
1l forms a roughly symmetric pattern

(see Fig. 5) and it does not give much change to CTl in the
standard weak lensing modification due to dipole anisotropy.
The fractional changes observed in lensing for CEl and CTl

are shown in the left panel of Fig. 3. Those values at l = 10
are around 10−3 and 10−7 respectively. Fractional contribu-
tions from dipole are shown in right panel of the plot. Those
values are approximately 0.05 and 10−3 respectively. So, in
total, dipole gives very tiny change in these spectra, e.g. for
CEl it is ∼ 10−5.

The contribution of σ 2
d appears in the B-mode spectrum.

The dipole distribution marginally decreases its value due
to the presence of function Wl ′

1l − Wl ′
2l . In the right panel

of Fig. 2, we plot the B-mode power spectrum including
the dipole contribution. We also show its absolute fractional
change on right side vertical axis in this plot. The standard
weak lensing result is shown for comparison. In plotting the
lensed CBl , we use unlensed C̃Bl = 0 and C̃El from CAMB
package. We restrict this curve for l > 10 for which the
Flat sky approximation is expected to be reliable [26]. We
find that the dipole contribution leads to a small downward
shift of the spectrum at low values of l. The shift is large at
low l and roughly 1% at l of order 40. Hence it is small but
not negligible. At higher values l ≥ 40, the fraction change
becomes smaller and becomes ∼ 0.1% at l ∼ 100. In Fig. 4,
on the left panel, we note that Wl ′

1l − Wl ′
2l is oscillatory and

mainly lie in positive-value quadrant. Due to this asymmetry,
dipole distribution leads to a modification of CBl .

5 Conclusions

We generalized the formalism of weak lensing by adding
a superhorizon mode in the gravitational potential. Such a
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mode leads to a dipole modulation in the CMB power spec-
trum as well as a dipole anisotropy in the large scale struc-
tures. We estimated the effect of lensing on the CMB power
spectrum in this model. We followed the approach of the
flat sky approximation. Weak lensing mixes E and B mode
and hence we necessarily find some contribution to CBl due
to weak lensing. The correction to CBl is proportional to
C̃El . We observed that adding dipole anisotropy changesCBl

for the lower range of l. However, dipole anisotropy does
not lead to an appreciable change in CEl , since the correc-
tion is much smaller than the leading order term C̃El . We
did not even observe much change for lower l in the stan-
dard weak lensing modification due to the dipole anisotropy,
since Wl ′

1l + Wl ′
2l has an approximately symmetric pattern.

The same argument applies to CTl . In the case of CBl we
obtain a correction since in this case the leading order C̃Bl

is zero and Wl ′
1l − Wl ′

2l is not symmetric. For this case we
computed the maximum possible correction to CBl by fixing
the direction of dipole along the line on which, the projec-
tions of the observation points lie. A more reliable calcula-
tion would use the spherical harmonics approach. Flat sky
approximation and the spherical harmonics approach devi-
ate below l = 10 [26]. Thus, our calculation is reliable for
l > 10, where we still find an observable correction to CBl .
Due to dipole term, the low multipoles get a significant cor-
rection for the B-mode. We may detect the resulting lens-
ing effect as the polarization noise in CMB observations
planned for near future is expected to be around one-fifth
of lensing-B mode spectrum [27]. Our calculation would be
useful in extracting the information about B-mode from the
future experiments as long as dipole asymmetry persists in
observations.
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Appendix A: Dipole correlation tensor

The momentum integrals in Eq. (25) contains four terms, we
calculate these one by one. The first term is given by,

β2

4

∫ ∫
d3ld3l ′ω1ω2li l

′
j [δ3(�l − κ x̂)δ3(�l ′ − κ x̂)]eil̂.n̂1ω1e−i l̂ ′.n̂2ω2

= β2

4
ω1ω2κ

2δxi δxj e
iκ(ω1 sin θ1−ω2 sin θ2),

similarly second, third and last terms can be written as,

−β2

4

∫ ∫
d3ld3l ′ω1ω2li l

′
j [δ3(�l − κ x̂)δ3(�l ′ + κ x̂)]eil̂.n̂1ω1e−i l̂ ′.n̂2ω2

= β2

4
ω1ω2κ

2δxi δxj e
iκ(ω1 sin θ1+ω2 sin θ2),

−β2

4

∫ ∫
d3ld3l ′ω1ω2li l

′
j [δ3(�l + κ x̂)δ3(�l ′ − κ x̂)]eil̂.n̂1ω1e−i l̂ ′.n̂2ω2

= β2

4
ω1ω2κ

2δxi δxj e
−iκ(ω1 sin θ1+ω2 sin θ2),

and

β2

4

∫ ∫
d3ld3l ′ω1ω2li l

′
j [δ3(�l + κ x̂)δ3(�l ′ + κ x̂)]eil̂.n̂1ω1e−i l̂ ′.n̂2ω2

= β2

4
ω1ω2κ

2δxi δxj e
−iκ(ω1 sin θ1−ω2 sin θ2),

respectively. Summing all the terms, we obtain the total con-
tribution, which is given by,

β2ω1ω2κ
2δxi δxj cos (κω1 sin θ1) cos (κω2 sin θ2) (A1)

As already mentioned, we may shift one point to the pole.
Here we accomplish this shift by making θ2 → 0. We can
also now redefine θ1 as only θ , therefore, above term can be
written as,

β2ω1ω2κ
2δxi δxj cos (κω1 sin θ). (A2)

Now we integrate this term with respect to conformal time
to simplify Eq. (25) by recalling ω = χ

χ∗ . This leads to,

〈∇iψ
d(η∗, n̂1)∇ jψ

∗d(η∗, n̂2)〉
= 2β2δxi δxj

[1 − cos [κ sin θ ]
sin2 θ

]
. (A3)
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