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Abstract Physical observables cannot depend on the basis
one chooses to describe fields. Therefore, all physically rel-
evant properties of a model are, in principle, expressible
in terms of basis-invariant combinations of the parameters.
However, in many cases it becomes prohibitively difficult to
establish key physical features exclusively in terms of basis
invariants. Here, we advocate an alternative route in such
cases: the formulation of basis-invariant statements in terms
of basis-covariant objects. We review several examples where
the basis-covariant path is superior to the traditional approach
in terms of basis invariants. In particular, this includes the
formulation of necessary and sufficient basis-invariant con-
ditions for various physically distinct forms of CP conserva-
tion in two- and three-Higgs-doublet models.

1 Introduction

When describing the Standard Model (SM) or building mod-
els beyond the SM, one always faces the notorious freedom
of basis choices. By rephasing complex fields, which rep-
resents a basis change, one can shift the phases of complex
parameters of the Lagrangian, but this rephasing cannot alter
the physical predictions of the model. In models with sev-
eral fields with identical quantum numbers, the freedom of
basis choices is even larger and includes arbitrary rotations
in the space of these fields. One may fix a basis for the initial
fields, then arrive at the physical (mass eigenstate) fields and
explore their phenomenology. Or one can switch to a differ-
ent basis and explore the phenomenology there. Although
the Lagrangian and the intermediate calculations may look
vastly different in different bases, the observables must be
the same.

a e-mail: igor.ivanov@tecnico.ulisboa.pt
b e-mail: celso.nishi@ufabc.edu.br
c e-mail: trautner@mpi-hd.mpg.de

This utterly obvious statement may look less obvious
when one actually gets down to practical calculations.
Parameters of the Lagrangian depend on the basis choice,
and attributing physical importance to them can only be
done when the basis choice is also specified. For exam-
ple, in the two-Higgs-doublet model (2HDM) [1,2], the
two doublets can acquire non-zero vacuum expectation val-
ues v1, v2, whose ratio is customarily denoted as tan β =
v2/v1. Although the vast majority of papers on 2HDM
phenomenology describe measurable quantities in terms of
tan β, this parameter is by itself basis-dependent and not
an observable. It can become an observable in bases fixed
by additional requirements, such as when the Z2 symme-
try responsible for natural flavor conservation is manifest
[3].

Another vivid example, still within the class of N -Higgs-
doublet models (NHDM), are the conditions for explicit CP-
conservation [4]. A common approach is to simply define a
CP transformation in the space of complex scalar fields φa

(a = 1, . . . , N ), via φa(�r , t) → φ∗
a (−�r , t). Using such a

definition, one would naively think that the model explicitly
violates CP symmetry, if the scalar potential contains com-
plex coefficients. This is, however, not true in general. This
standard definition of how CP acts on scalar fields is basis-
dependent. One can define the generalCP transformation via
[5–8]

φa(�r , t) → Xabφ
∗
b (−�r , t), X ∈ U (N ). (1)

If a model is invariant under such a transformation with any
matrix X , then it is explicitly CP conserving, regardless of
whether the potential has complex coefficients [9]. Although
the matrix X does depend on the basis choice, the presence
of such a symmetry certainly is a basis-independent fact and
has observable consequences. We stress, however, that this
basis-independent statement is of limited practical use, as
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one still needs an algorithm to detect the presence of such a
symmetry if we were unable to scan all possible X matrices.

These and other simple examples have led the model build-
ing community to appreciate basis-invariant combinations
of the parameters of the Lagrangian, or more simply basis
invariants. The general procedure for construction of such
quantities was presented1 in [10]: recognize transformation
properties of the parameters under general basis changes,
rewrite them as tensors, and fully contract various tensors
to obtain basis invariants of the model. A nice illustration
of this strategy is given by the NHDM scalar sector and,
in particular, by the issue of CP conservation in the 2HDM
[4,10,12–16].

There is no doubt that, in any model, all physical observ-
ables must be expressible in terms of basis invariants. A
major problem is that, beyond the simplest cases, these
expressions become exceedingly or even prohibitively com-
plicated. The key message of our paper is: it is not obliga-
tory to formulate physically relevant, basis-invariant state-
ments exclusively in terms of basis invariants. Rather, it is
also possible to formulate them in terms of basis-covariant
objects. These objects do transform under basis changes but,
loosely speaking, their relative properties are basis invari-
ant.

Perhaps surprisingly, formulating basis-invariant state-
ment in terms of basis-covariant objects sometimes leads
to dramatic simplifications as compared to equivalent state-
ments formulated in terms of basis invariants directly. Below,
focusing on CP conservation in 2HDMs and 3HDMs, we
will collect a few remarkable illustrations. In particular,
this includes cases where results in terms of basis invari-
ants are not yet known due to their exceeding complex-
ity. This gives convincing arguments that in sufficiently
sophisticated models, working with basis-covariant objects
is the method of choice. Although each individual result
shown here is not new, the set of examples we gather
in one place stresses our point that statements in terms
of basis-covariant objects are often much easier to formu-
late.

The paper is organized as follows. In the next sec-
tion we will review the bilinear formalism, which is par-
ticularly useful in order to find basis-covariant in the
NHDM. Then we describe the problem of explicit CP
conservation and various possibilities which exist in the
NHDM. Next, we describe how this issue was solved in
the 2HDM and 3HDM, and finally summarize our find-
ings.

1 Here we refer to a systematic recipe (perturbative procedure) to con-
struct CP odd invariants laid out in [10]. Of course, the strategy of using
CP odd invariants to detect CP violation within particular settings had
been extensively explored in earlier works, see for instance [11].

2 Bilinear formalism

2.1 Bilinears

Let us start with a brief review of the bilinear formalism of
the 2HDM [17–24]. The most general renormalizable 2HDM
Higgs potential constructed from two Higgs doublets φa , a =
1, 2 can be compactly written as

V = Yab(φ
†
aφb) + Zabcd(φ

†
aφb)(φ

†
cφd). (2)

It depends on the Higgs fields via gauge-invariant combi-
nations φ

†
aφb, which can be arranged into components of a

real-valued bilinears

r0 = φ†
aφa, ri = φ†

a(σ
i )abφb, i = 1, 2, 3, (3)

where σ i are the familiar Pauli matrices. Each (r0, ri ) in (3)
is in one-to-one correspondence with an electroweak gauge
orbit in the space of doublets φa . The map (3) from doublets
φa to (r0, ri )does not cover the entire 1+3-dimensional space
but only the region defined by inequalities r0 ≥ 0 and r2

0 −
r2
i ≥ 0. A basis change transformation φa → φ′

a = Uabφb

with U ∈ U (2) leaves r0 invariant and induces an SO(3)

rotation of the vector ri . Since the map SU (2) → SO(3) is
surjective, any SO(3) rotation in the bilinear space can be
realized as a basis change in the space of two doublets.

Beyond two Higgs doublets, the approach remains the
same but the complexity of the problem skyrockets. In the
3HDM [19,25,26], we define 1 + 8 gauge-invariant bilinear
combinations (r0, ri ):

r0 = 1√
3
φ†
aφa, ri = φ†

a(t
i )abφb, i = 1, . . . , 8,

a = 1, 2, 3. (4)

Here, ti = λi/2 are the generators of the SU (3) algebra
satisfying

[ti , t j ] = i fi jk tk, {ti , t j } = 1

3
δi j13 + di jk tk, (5)

with the SU (3) structure constants fi jk and the fully sym-
metric SU (3) invariant tensor di jk . Explicit expressions for
the components of ri and a list of non-zero components of
the SU (3) invariant tensors are given in the appendix. Group-
theoretically, r0 is an SU (3) singlet while ri transforms in
the adjoint representation of SU (3).

Unlike in the 2HDM, where the bilinears only had to sat-
isfy r0 ≥ 0 and r2

0 − r2
i ≥ 0, in the 3HDM they must satisfy

an additional constraint [25]:

di jkri r j rk + 1

2
√

3
r0(r

2
0 − 3r2

i ) = 0. (6)
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Under a basis change in the space of Higgs doublets, φa →
φ′
a = Uabφb with U ∈ SU (3), r0 is invariant while ri rotates

as a vector of SO(8). However, not all SO(8) rotations in
the adjoint space can be obtained in this way; they must in
addition obey the constraint (6) and, therefore, conserve the
contraction di jkri r j rk .

2.2 Constructions in the adjoint space

When passing from Higgs doublets to bilinears, the space we
work in becomes more complicated but the objects we study
get simpler. The potential V becomes a quadratic, rather than
quartic function of variables,

V = M0r0 + Miri + �0r
2
0 + Lir0ri + �i j ri r j . (7)

The bilinear approach and the generic expression for V above
hold for any NHDM. All components of the tensors Yab and
Zabcd in (2) fill M0, �0, the entries of the real vectors M
and L (lying in the adjoint space2

R
N2−1), as well as the

(N 2 − 1) × (N 2 − 1) real symmetric matrix �.
In the 2HDM, any SO(3) rotation can be induced by a

basis change. Therefore, the matrix � can always be diago-
nalized and its eigenvectors can always be aligned with the
axes of the adjoint space (x1, x2, x3). These eigenvectors as
well as the vectors M , L are covariant objects and transform
in the same way under basis changes. Using SO(3) invariant
tensors δi j and εi jk , one can contract these vectors and obtain
basis invariants.

For the 3HDM, the potential (7) contains two 8D vectors
M and L and the 8 × 8 real symmetry matrix �. The lack of
complete SO(8) rotational freedom implies that it is not guar-
anteed anymore that � can be diagonalized by a Higgs-basis
change. Nevertheless, � can always be expanded over its
eigensystem, and eigenvalues and eigenvectors can be found
numerically.

The fact that SU (3) basis changes do not offer the full
SO(8) rotational freedom in the adjoint space certainly feels
like a major nuisance factor. However it also offers at our
disposal two additional invariant tensors fi jk and di jk . One
can use them to define f - and d-products of any pair of
vectors a and b from the adjoint space:

Fi := fi jka j bk, Di :=
√

3di jka j bk . (8)

These products respect group covariance: vectors F and D
transform as the adjoint SU (3) representations. These new

2 Here, we distinguish between the adjoint space of arbitrary real vec-
tors x ∈ R

N2−1 transforming under the adjoint representation of SU (N )

and the orbit space which is spanned by those vectors r ∈ R
N2−1 which

can be constructed from the doublets and satisfy (6) and the inequalities
above.

products are at the heart of the basis-invariant algorithms for
detection of various CP symmetries in the 3HDM [19,27].

3 Explicit CP-conservation in the 2HDM

3.1 Different forms of CP symmetry in the 2HDM

Consider the scalar sector of the 2HDM and suppose that
it explicitly conserves CP. Does this statement unambigu-
ously specify the model (up to basis changes)? The answer
is no. There exist several distinct forms of CP symme-
try, which cannot be mapped one to another by any basis
change. Depending on what kind of CP symmetry one
imposes, one obtains physically distinct models. This fact
is known since long ago [4,8,28,29]; its application to the
2HDM was discussed at length, for example, in [30,31].
Here, we briefly repeat the classification to set up the nota-
tion.

The general CP transformation defined in (1) depends
on the matrix X , whose form is basis-dependent. How-
ever any CP transformation possesses a basis-invariant
feature: its order, that is, how many times one must
apply it to obtain the identity transformation. Starting
from an arbitrary unitary X , one can bring it to a block-
diagonal form [8,28], which has on the diagonal either
pure phase factors or 2 × 2 matrices of the following
type:

(
cα sα

−sα cα

)
as in Ref. [8], or

(
0 eiα

e−iα 0

)
as in Ref. [28].

(9)

Applying the CP transformation twice results in a Higgs
family transformation with matrix XX∗. If it happens that
XX∗ = 1, which takes place at α = 0 or π , the CP trans-
formation is of order 2, which we will generically denote by
CP2. If XX∗ 	= 1 but (XX∗)k = 1, which requires α to be
a multiple of π/k, we get a CP transformation of order 2k
denoted as CP2k. If no finite k exists such that (XX∗)k = 1,
that is, if α/π is not a rational number, we say that the CP
transformation is of infinite order, which we will denote as
CP∞.

Let us now list the options available in the 2HDM.

1. CP2. For a CP2 transformation, there always exists a
basis in which it takes the standard form φa → φ∗

a , that
is, X = 1. This model is referred to as theCP-conserving
2HDM; in the classification of [30,31] it was denoted as
CP1.3 In the adjoint space, the standard CP transforma-

3 Reference [30] introduced the notation, also used in [31], of CP1,
CP2, and CP3, for models obtained in the 2HDM by a GCP symmetry
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tion corresponds to the mirror reflection: x1,3 → x1,3,
x2 → −x2. In a different basis, this transformation is
still a mirror reflection but with respect to a different axis
in the bilinear space. Due to the full SO(3) rotational
freedom, any mirror reflection with respect to an arbi-
trary direction in the bilinear space can be transformed
via a basis change to the reflection with respect to x2.
The necessary and sufficient condition for the 2HDM
potential to possess a CP2 symmetry is the existence of
the real basis, that is, a basis in which all coefficients are
real [14]. The challenge is how to detect the existence of
the real basis in a basis-invariant way. Below, we will list
two approaches to solve this problem.

2. CP4. This transformation implies XX∗ 	= 1, but
(XX∗)2 = 1, which requires α = π/2 in (9). This
transformation has a remarkably simple geometric inter-
pretation in the adjoint space: it is the point reflection
xi → −xi . In the classification of [30,31] it was denoted
as CP2. The 2HDM incorporating CP2 was dubbed in
[32] the maximally CP-symmetric model.
This geometric picture clearly shows that imposing CP4
on the 2HDM scalar potential is equivalent to simulta-
neously imposing three CP2s, each performing a mir-
ror reflection with respect to axes x1, x2, and x3. Thus,
the maximally CP-symmetric model is certainly distinct
from the usual CP-conserving 2HDM.

3. Higher-order CP. If α in Eq. (9) is not a multiple of
π/2, there is no further simplification possible, and the
transformation manifests itself in the bilinear space as
a generic rotary reflection (improper rotation). It was
dubbed as CP3 in the classification of [30,31]. Group-
theoretically, one can define transformations of finite or
infinite order, but all of them have the same effect on the
scalar potential of the 2HDM: the potential will be invari-
ant under a O(2) × Z2 symmetry group in the bilinear
space.

4. Combining two CP2s. Finally, one can construct a
2HDM by imposing two different CP2 symmetries at
once. Depending on the choice of these symmetry trans-
formations and on their commutation properties, one can
end up with different models. In particular, one can arrive
in this way at a model which cannot be obtained just by
imposing any single GCP. For example, if one CP2 is the
standard CP (mirror reflection with respect to x2) and
the other CP2 is based on X = diag(1, −1) (reflection
with respect to x1), then the two GCPs commute, and the
resulting model is known as the Z2-symmetric 2HDM as

where XX∗ = 1, XX∗ = − 1, and neither 1 nor − 1, respectively.
We use here the fraktur symbol because our CPn refers to a symmetry
where (CP)n = 1. Thus, in the 2HDM, CP2 =̂ CP1, CP4 =̂ CP2, and
CPn with n > 4 or CP∞ =̂ CP3.

it can be enforced by a single sign flip of one of the Higgs
doublets.4

It turns out that for all of the cases listed above, the total
symmetry group can always be factorized as CP2×H , where
H is a family symmetry not involving any CP transforma-
tion. In other words, the more exotic CP transformations of
the cases 2–4 above are related to CP2 by adjoining it with
elements from H , which act in the adjoint space as

2. 180◦ rotation in the (x1, x3) plane;
3. rotation by any angle in the (x1, x3) plane and 180◦ rota-

tion in the (x1, x2) plane;
4. 180◦ rotation in the (x1, x2) plane.

Consequently, for the 2HDM there are two ways to detect the
enlarged symmetry groups: either by detecting the presence
of multiple CP symmetries (corresponding to the composi-
tion of usual CP with unitary symmetries), or by directly
detecting the unavoidable presence of the additional unitary
symmetries. Crucially, this does not apply for the 3HDM
where there are genuinely distinct CP symmetries that can-
not be factored out, see Sect. 4. Here, for the 2HDM, we focus
on the first strategy and show how to detect the presence of
multiple CP symmetries.

3.2 Explicit CP-conservation via CP-odd basis invariants

All the different forms of CP symmetry have a common con-
sequence: all CP-odd physical observables are zero. Thus, to
detect physical CP invariance with respect to any form of CP
transformation, one has to make sure that all CP-odd basis
invariants are zero.

Constructing aCP-odd basis invariant out of the couplings
Yab and Zabcd is a rather straightforward exercise [10]. The
challenge is to find the minimal number ofCP-odd invariants
such that setting them to zero implies that all other CP-odd
invariants are zero as well. This problem was first solved
in 1994 for the 2HDM after electroweak symmetry break-
ing [33], while the solution for the 2HDM before symmetry
breaking was discovered in the mid-2000s [12–14]. FourCP-
odd basis-invariant combinations were constructed, labeled
IY3Z , I2Y2Z , I3Y3Z , I6Z in [14], according to the powers
of tensors Yab and Zabcd used. Setting these invariants to
zero (Ii = 0) implies that all other CP-odd invariants van-
ish, too. This gives the necessary and sufficient condition
for the 2HDM scalar sector to be explicitly CP-conserving,
which can be checked in any basis. Very recently, a powerful

4 Group-theoretically, imposing two different GCPs, in this case, is
equivalent to imposing one GCP and a group of family symmetries.
Thus, in this way one does not arrive at a completely new, previously
overlooked 2HDM.
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method based on Hilbert series and plethystic logarithm was
proposed in [16] which allows one to efficiently construct
the full ring of CP-even and CP-odd invariants. This offers
a shortcut to find these four CP-odd basis invariants, and
allows for a concise proof that the vanishing of these four
invariants is indeed sufficient for explicit CP conservation.

CP-odd basis invariants can also be constructed using
the bilinear formalism [18,19,21]. SinceCP-transformations
always correspond to reflections in the adjoint space,CP-odd
invariants can be constructed as triple products of the vectors
constructed from L , M , and �. Defining L(p)

i := (�p)i j L j

and M (p)
i := (�p)i j M j , and denoting the triple product as

(A, B,C) := εi jk Ai B jCk , one can construct the four CP-
odd invariants

I1 = (M, M (1), M (2)), I2 = (L , L(1), L(2)),

I3 = (M, L , M (1)), I4 = (M, L , L(1)). (10)

Also, one can prove that the model is explicitly CP-
conserving if and only if all four invariants Ii = 0. The
relation between these Ii and IY3Z , I2Y2Z , I3Y3Z , and I6Z of
[14] was established in [19].

The conditions Ii = 0 or Ii = 0 indicate that the 2HDM
possesses a CP symmetry. However, one cannot distinguish
whether it is just a single CP2, or a higher-orderCP, or a com-
bination of several CP symmetries imposed simultaneously.
These different forms of CP invariance do lead to physically
distinct CP-conserving 2HDMs. But CP-odd invariants, by
construction, cannot tell the difference between the physi-
cally distinct models as they are not sensitive to the matrix X
in (1). Thus, it is mandatory to go beyond CP-odd invariants
in order to recover this information.

3.3 Explicit CP-conservation via CP-even basis invariants

It is known that the presence of CP violation can be detected
exclusively viaCP-even invariants. For example, in the Stan-
dard Model, precise quark sector measurements of |VudVus |,
|VcdVcs |, and |VtdVts | imply that the unitarity triangle has a
non-vanishing area, which is a measure of CP violation;5 for
an explicit construction, see [34]. What is more important is
that CP-even invariants, being non-zero for CP conserving
models, can reveal which form of CP symmetry is imposed.
The distinction appears in the form of additional relations
among these invariants.

Let us illustrate this statement using the bilinear formal-
ism. For the sake of the argument it suffices to treat the sim-
plified case where L = 0 by assumption. We are then left
with one real 3D vector M and the real symmetric 3 × 3
matrix �. In total, they have 6 + 3 = 9 components. The

5 We thank João Silva and Gustavo Branco for reminding us of this
example.

basis-change freedom is characterized in the bilinear space
by the group SO(3). Thus, all inequivalent models can be
characterized by 9 − 3 = 6 basis-invariant parameters. A
possible choice is6

Tr�, Tr�2, Tr�3, m0 ≡ MiMi ,

m1 = Mi�i j M j , m2 = Mi (�
2)i j M j . (11)

All higher-order invariants are then expressible in terms of
these six invariants, for example,

m3 = m2Tr� − 1

2
m1[(Tr�)2 − Tr�2] + m0 det �, (12)

m4 = m3Tr� − 1

2
m2[(Tr�)2 − Tr�2] + m1 det �. (13)

Suppose, the model had a CP2 symmetry. Since we have set
L = 0, the only remaining non-trivial CP-odd invariant in
Eq. (10) is

I = I3Y3Z = εi jkMi (�M) j (�
2M)k . (14)

The condition I = 0 is compact and basis invariant, but it
does not distinguish what particular CP2 we have imposed:
The usual CP, which amounts to x2 → −x2, a different
mirror reflection x1 → −x1, or both of them simultaneously.
One can also square I in order to express it exclusively via
CP-even invariants,

I2 = m0m2m4 + 2m1m2m3 − m0m
2
3 − m3

2 − m4m
2
1. (15)

Using (12) and (13), this can further be reduced to the invari-
ants of Eq. (11). Setting this expression to zero represents the
basis-invariant condition for explicitCP conservation written
in terms of CP-even invariants. However, this single relation
is still equivalent to I = 0 and cannot by itself distinguish
which, or how many reflections are imposed in addition. We
need an additional relation among CP-even invariants to set-
tle the issue.

To derive it, let us first fix the basis. The intermediate
relations will rely explicitly on this basis choice, but the
final result will be basis-independent.7 We choose the basis
in which � is diagonal, with eigenvalues λ1,2,3, which are,
generically, non-zero and distinct, while M has initially three
non-zero components. In this basis, invariance under the

6 As stressed in [16], the trace basis for invariants of � may not be the
most convenient choice for many applications. Nevertheless, it suffices
for our argument here.
7 It is crucial that basis-independent relations are sought in the end.
The specific basis choice is just an auxiliary tool for constructing basis-
independent relations. In general, it is not recommended to start the
classification of symmetries in a basis where � is diagonal. One may
run into conditions which are not renormalization group invariant. That
is, they would not correspond to actual symmetry classes. A specific
example is given in Eqs. (129)–(136) of [31].
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usual CP (CP1) implies M2 = 0, which allows us to write
the invariants mk as

mk = λk1M
2
1 + λk3M

2
3 , k = 0, 1, . . . (16)

From here we deduce an extra relation among invariants mk :

CP(x2 → −x2) : m2 − m1(λ1 + λ3) + m0λ1λ3 = 0. (17)

Although the set of eigenvalues is basis-independent, their
ordering depends on the basis choice, and this relation explic-
itly distinguishes λ2 from λ1,3.

Imposing a different mirror reflection would produce the
analogous relations,

CP(x1 → −x1) : m2 − m1(λ2 + λ3) + m0λ2λ3 = 0. (18)

CP(x3 → −x3) : m2 − m1(λ1 + λ2) + m0λ1λ2 = 0. (19)

Thus, after fixing the basis, we do distinguish among different
mirror-reflection symmetries. As a cross check, to return to
the basis-independent formulation of the same condition, one
can multiply all three expressions and set the product to zero.
After some algebra we get

[M1M2M3(λ1 − λ2)(λ2 − λ3)(λ3 − λ1)]
2 = 0, (20)

which is exactly I2 = 0.
Let us now return to the fixed basis and impose (17)

and (18) simultaneously. Assuming that the λi are differ-
ent, we first get two simplified basis-dependent relations,
m1 = m0λ3 and m2 = m1λ3, and in general mk+1 = mkλ3,
from which we deduce a new basis-independent relation:

m2
1 = m0m2. (21)

Thus, imposing condition (21) not only guarantees that the
model isCP-conserving (which follows from direct substitu-
tion in Eq. (15), showing that I2 vanishes), but also fixes the
specificCP-symmetry to be the one of case 4: namely, simul-
taneously imposing two commuting mirror reflections. This
relation also signals the presence of a unitary Z2 symmetry,
distinct of CP, with a clear geometrical interpretation, see
Sect. 3.4. This demonstrates that relations between CP-even
invariants can indicate the presence of symmetries other than
CP.

If one imposes the three commuting CP2 symmetries
simultaneously, which in the 2HDM is equivalent to impos-
ing CP4, one notices, in the �-diagonal basis, that each com-
ponent of the vector M must be zero, and therefore m0 = 0.
This is the CP-even basis-invariant condition for existence
of the CP4 symmetry.

Notice that we needed to fix a basis here and perform
the intermediate calculations in a basis-dependent manner in
order to arrive at a new relation among CP-even invariants.

This is not necessary in general and a universal approach to
derive such relations, even in the absence of the simplifying
assumption L = 0, has recently been introduced in [16].
Because the final relation occurs between basis-invariant
quantities, and since it does correspond to a legitimate sym-
metry, it is also renormalization group invariant.

3.4 Explicit CP-conservation via basis-covariant objects

The bilinear space approach outlined in Sect. 2 offers a more
direct insight into the structural properties of the scalar poten-
tial. Due to the full SO(3) rotational freedom in the adjoint
space, the scalar sector of the 2HDM is fully specified by
the eigenvalues of the matrix � and by the orientation of
the two real vectors L and M with respect to the eigenvec-
tors of �. We stress that although all of these vectors are
basis covariant objects, their relative orientation can be spec-
ified in basis-invariant terms. It is this relative orientation that
encodes various forms of CP symmetry in the 2HDM [31].

1. A model is explicitly CP-conserving if and only if there
exists an eigenvector of � which is orthogonal to both M
and L [18,19,21,31]. This geometric criterion is basis-
invariant. Using linear algebra, one can rewrite this geo-
metric observation in the form of four CP-odd invariants
being equal to zero, cf. (10). In fact, this is how these
invariants were found in [19].

2. Since CP4 implies the point reflection in the bilinear
space, xi → −xi , imposing it on the 2HDM implies
M = 0 and L = 0, with no restriction on �. Each indi-
vidual mirror reflection x1 → −x1, x2 → −x2, and
x3 → −x3 along each eigenvector of � is then a valid
CP symmetry.

3. Imposing symmetry under a higher-orderCP transforma-
tion implies that, in addition to M = L = 0, the matrix
� has a pair of degenerate eigenvalues. This implies
infinitely many mirror reflections as symmetries.

4. Finally, imposing two commuting CP2 symmetries
means that there exist two eigenvectors of � orthogo-
nal to both M and L . Within the 3D adjoint space, this
is equivalent to the statement that there exists an eigen-
vector of � parallel to both M and L . The algebraic
expression (21) encodes precisely this information.

There are two lessons that we learn from this list. Firstly,
formulating physically relevant features of the model solely
in terms of basis invariants is not the only option. Basis-
invariant statements can also be expressed in terms of basis-
covariant objects. Secondly, and perhaps more importantly,
we see that basis-invariant statement in terms of basis-
covariant objects can often be formulated more concisely
and derived more directly than via the brute force contrac-
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tion of tensors. This applies to both, CP-even and CP-odd
invariants.

Having seen the three approaches to establishing various
forms of explicit CP conservations in the 2HDM and hav-
ing established a “dictionary” between some of them, one
may be tempted to think that it is just a matter of taste which
approach to use. However, in the next section we will con-
sider the problem of explicit CP conservation in the 3HDM
and demonstrate that working with basis-covariant objects
substantially simplifies the analysis as compared to working
only with CP-even or CP-odd invariants.

4 Explicit CP conservation in the 3HDM

Let us first remark that in the 3HDM, necessary and suf-
ficient conditions for explicit CP conservation in terms of
basis invariants are not known. Of course, one could fol-
low the standard procedure and construct an arbitrary num-
ber of CP-odd invariants out of Yab and Zabcd and require
them to vanish, [4,10,12–15]. However, it is not known when
one can stop this routine such that it is guaranteed that all
higher-powerCP-odd invariants also vanish. Also, construct-
ing invariants and checking their algebraic independence is a
cumbersome task, which is unavoidably delegated to a com-
puter. In addition, as in the 2HDM above, CP-odd invariants
by themselves do not distinguish physically distinct forms of
CP symmetry. Therefore, one is again forced to involve CP-
even invariants to distinguish different cases. The method
proposed in [16] may help overcome these difficulties, but it
must first be extended to SU (3).

It turns out that all of these conditions have been derived
using basis-covariant objects, derived in the bilinear formal-
ism. The necessary and sufficient conditions for explicit CP2
conservation in the 3HDM were formulated already in 2006
in [19]. The conditions for CP4 symmetry, as well as for
simultaneously occurring CP2 and CP4 symmetries were
derived recently in [27]. All these results are based on the
(relative orientation between) vectors M and L and on the
eigenvectors and eigenvalues of the 8 × 8 real symmetric
matrix �. We will briefly recapitulate these results in this
section.

4.1 CP2 conservation in the 3HDM

For any CP2 transformation, there exists a basis in which X is
the unit matrix and the CP transformation takes the standard
form: φa

CP−−→ φ∗
a , a = 1, 2, 3. A necessary and sufficient

condition for the potential (2) to be explicitly CP2-conserving
is that in this basis all coupling coefficients are real.

In the adjoint space, in the basis where X is the unit matrix,
the CP2 transformation leaves invariant all vectors in the 5D
subspace V+ = (x3, x8, x1, x4, x6), while it flips the sign of

all vectors in the 3D subspace V− = (x2, x5, x7). Therefore,
the 3HDM potential is explicitly CP2-invariant if and only if
there exists a basis in which the vectors M, L ∈ V+ and �

is block-diagonal with a 5 × 5 block in V+ and a 3 × 3 block
in V−.

The challenge then is to formulate this splitting in a
basis-invariant form. This problem was solved in [19] with
the aid of the eigenvectors of the matrix �. First, consider
the 3 × 3 block of the matrix � in the 3D subspace V−.
Using the explicit expressions for the tensor fi jk given in
(A1), one can verify that vectors of this subspace are closed
under the f -product defined in (8): if a, b ∈ V−, then
Fi = fi jka j bk ∈ V−. Thus, CP2 invariance implies that there
exist three mutually orthogonal eigenvectors of �, which we
denote e, e′, and e′′, which are closed under the f -product.

Next, associating a vector a in the adjoint space to a trace-
less Hermitian 3 × 3 matrix A à la A:=2ai ti , one can recog-
nize that the f -product of a and b corresponds to the com-
mutator of A and B [27]. Thus, CP2 invariance implies that
the three traceless Hermitian matrices E , E ′, and E ′′, corre-
sponding to the three eigenvectors e, e′, and e′′, are closed
under taking commutators. In short, E , E ′, and E ′′ form a
3D subalgebra of su(3).

There exist two options for 3D subalgebras of su(3): su(2)

or so(3). In the adjoint space, the former corresponds, in a
suitable basis, to the subspace (x1, x2, x3) while the latter
corresponds to V−. The difference between them is numeri-
cal: f123 = 1 while f257 = 1/2. Therefore, if one finds that
three orthonormal eigenvectors of � are closed under the f -
product, in order to decide whether one has found the correct
subalgebra, one computes the invariant

IN = 2| fi jkei e′
j e

′′
k |. (22)

If IN = 1, we have found three eigenvectors which, in a
suitable basis, span V−. The last step is to check whether
or not the vectors M and L have components in V−. If not,
Miei = Mie′

i = Mie′′
i = 0 and Liei = Lie′

i = Lie′′
i = 0.

If and only if all these conditions are satisfied, we have an
explicitly CP2 conserving 3HDM [19].

This sequence of checks represents the necessary and suf-
ficient conditions for a CP2 symmetry in the 3HDM. Despite
involving basis-covariant objects, the ultimate conditions are
basis-invariant and, therefore, can be checked in any basis. It
is clear that there must exist a formulation of these conditions
in terms of basis invariants, either CP-even or CP-odd. How-
ever, such a formulation is likely to be extremely complicated
as it has not been found yet.

4.2 CP4 conservation in the 3HDM

Using three Higgs doublets, it is possible to construct a model
whose only symmetry is a CP-symmetry of order 4 (CP4)
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[35]. This model, proposed in [36] and denoted CP4 3HDM,
has a peculiar property: despite explicit CP conservation,
it contains irremovable complex coefficients in the scalar
potential. Unlike in the 2HDM, imposing a CP4 symmetry
on the 3HDM does not produce any accidental CP2 sym-
metry. Thus, CP4 opens the path to a new model, physically
distinct from any CP2-conserving situation and bearing its
own interesting phenomenology [37–41]. The basis-invariant
necessary and sufficient conditions for the CP4 invariance in
the 3HDM are not known in terms of basis invariants. How-
ever, they are known in terms of basis-covariant objects [27],
and we will briefly review them here.

ACP transformation of order 4 is a transformation φa
CP−−→

Xabφ
∗
b , whose matrix X , in an appropriate basis, takes the

form

X =
⎛
⎝ 0 1 0

−1 0 0
0 0 1

⎞
⎠ . (23)

In this basis, CP4 acts on the adjoint space as

x8 → x8, (x1, x2, x3) → −(x1, x2, x3)

x4 → x6, x6 → −x4, x5 → −x7, x7 → x5. (24)

For the potential to be CP4 invariant, M and L must be
aligned with x8, the only 1D subspace invariant under CP4,
while � must have the block diagonal form

� =
⎛
⎜⎝ 3×3 0 0

0 4×4 0
0 0 �88

⎞
⎟⎠ , (25)

with an arbitrary 3×3 block in the subspace (x1, x2, x3) and
very specific correlation patterns in the 4 × 4 block of the
(x4, x5, x6, x7) subspace, cf. [27].

The block-diagonal form of � in Eq. (25) has two key
features: the stand-alone direction x8 and the 3D block in
the subspace (x1, x2, x3). Both features can be detected in a
basis-invariant way.

First, one can take the d-product (8) of any vector a with
itself: ai → √

3di jka j ak . If the resulting vector is parallel
to a, we call it self-aligned. If a vector is self-aligned, then
there exists a basis in which it lies along the x8 direction [27].
Therefore, the basis-invariant criterion for splitting the �88

entry from the rest is that there exists an eigenvector of �

which is self-aligned. Let us denote this eigenvector as e(8).
Next, the 3 × 3 block in the subspace (x1, x2, x3) implies

that there are three eigenvectors lying in this subspace. Vec-
tors in this subspace have a remarkable property: they are
f -orthogonal to the previously identified e(8). The converse
also holds: if there is a vector a which is both orthogonal to
e(8) (meaning ai e

(8)
i = 0) and f -orthogonal to it (meaning

the vector fi jka j e
(8)
k = 0), then it must lie in the (x1, x2, x3)

subspace and nowhere else. Thus, we arrive at the basis-
invariant condition for the 3 × 3 block to split from the rest:
there must exist three mutually orthogonal eigenvectors of
� which are both orthogonal and f -orthogonal to the previ-
ously identified e(8).

Once the block-diagonal form of � is established, what
remains to be checked for the CP4 invariance is that all vec-
tors are aligned with e(8). This concerns not only M and L
but also vectors Ki = di jk� jk and K (2)

i = di jk(�2) jk . A
byproduct of these checks is that the eigenvalues of � in the
(x4, x5, x6, x7) subspace are, at least, pairwise degenerate.
Having established the block-diagonal form of � and hav-
ing checked that M , L , K , and K (2) are aligned with e(8),
one concludes that the model respects a CP4 symmetry, see
details in [27].

4.3 Combining CP4 and CP2

From the classification of all discrete symmetry-based
3HDMs presented in [42,43], it follows that if CP4 is com-
bined with any other symmetry, the resulting symmetry group
will unavoidably include a CP2 transformation. Thus, if one
wishes to detect the presence of CP4-symmetry in the 3HDM
while at the same time excluding the presence of any other
accidental symmetry, it is sufficient to check the absence of
any CP2 symmetry.

In principle, one can check the conditions for CP2 inde-
pendently from CP4. However, using the algorithm explained
above it turns out that it is actually shorter to check CP2 in
addition to CP4 [27]. For this, one simply checks whether
the f -product of eigenvectors of the previously identified
(x4, x5, x6, x7)-subspace is itself an eigenvector of �. If this
is not the case, one has found a pure CP4 3HDM model
without any accidental symmetry.

The problem of the basis-invariant recognition of an addi-
tional CP2 symmetry in a CP4 symmetric 3HDM was also
studied recently in [40]. Starting with a CP4 symmetric
3HDM, the authors discovered a CP-even basis-invariant,
called N , which is zero if and only if the model possesses
an additional CP2 symmetry that commutes with CP4. How-
ever, the constructed invariant is quite involved, being a high-
degree polynomial of the quartic coefficients of the poten-
tial and the vacuum expectation values of the doublets. In
contrast, the algorithm presented in [27] is short, transpar-
ent, covers both commuting and non-commuting cases, and
does not rely on vacuum expectation values. This nicely
illustrates the power of working with eigenvectors of �,
i.e. basis covariant objects, as compared to manipulations
directly with invariants. Since in the end one also wishes to
link the basis invariant statements to physical observables, as
partly achieved in [40], it seems likely that a combination of
the different techniques could be fruitful.
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5 Conclusions

Physical observables must be independent of arbitrary
choices of basis and, therefore, expressible in terms of basis-
invariant combinations of the Lagrangian parameters. In
addition, the potentially vast number of basis choices can
obscure physically relevant features of a model. Together
this justifies efforts to formulate various physically impor-
tant features of New Physics models, such as the issue of
detecting explicit CP conservation in multi-Higgs models,
in terms of basis invariants.

However, in many cases it turns out to be prohibitively dif-
ficult to corner a physical feature of a model directly in terms
of basis invariants. The main message of the present paper is
that in such cases it is still possible to establish basis-invariant
statements as relations between basis-covariant objects.

Using relations between basis-covariant objects often
offers a more direct and transparent way to basis-invariant
statements. This is firmly supported by the fact that a recently
proposed systematic method for construction of basis invari-
ants uses basis-covariant objects as building blocks [16].
Resolving the substructure of basis invariants in terms of
basis-covariant objects is essential there, also to derive rela-
tions between different basis invariants. In the present paper,
we have supported this message with many examples of con-
ditions for CP conservation in the two- and three-Higgs-
doublet models. Taken individually, these examples are not
new but they are scattered in the literature. We gather them
here and discuss in a uniform language to support the mes-
sage.

The 2HDM here serves as a warm-up exercise because
the conditions are known both in terms of invariants, and
in term of basis-covariant objects. Therefore, a “dictionary”
could be established. We have shown that expressing various
forms of CP conservation via vectors in the adjoint space,
including the eigenvectors of the matrix �, leads directly to
the basis-invariant conditions.

In the 3HDM, the power of using the (basis-covariant)
eigenvectors of � becomes evident. All cases of necessary
and sufficient conditions for the 3HDM scalar potential to be
invariant under CP2, CP4, or CP2 and CP4 simultaneously,
were derived in this approach. A reformulation of these con-
ditions directly in terms of basis invariants is not yet known.

All these examples support our point that, when deal-
ing with sophisticated models with a large number of basis-
choices, it can be much more efficient to work with basis-
covariant building blocks rather than with basis invariants
directly. These building blocks do not have to be derived
from the bilinear approach; alternative paths are conceivable
[16].

Finally, we stress that the entire approach is in no way
limited to our illustrative example of CP violation in multi-
Higgs models. Analogous methods can be applied to achieve

the basis-invariant detection of other symmetries in other
models.
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Appendix A: Invariant tensors of SU(3)

In this appendix we give explicit expressions for the SU (3)

invariant tensors fi jk and di jk of Eq. (5), as well as for the
1 + 8 gauge-invariant bilinear combinations (r0, ri ) defined
in (4). With the usual choice of basis for the Gell–Mann
matrices λi , the totally anti-symmetric fi jk and symmetric
di jk have the non-zero components

f123 = 1, f147 = − f156

= f246 = f257 = f345 = − f367 = 1

2
,

f458 = f678 =
√

3

2
, (A1)

as well as

d146 = d157 = −d247 = d256 = 1

2
,

d344 = d355 = −d366 = −d377 = 1

2
,

d118 = d228 = d338 = −d888 = 1√
3
,

d448 = d558 = d668 = d778 = − 1

2
√

3
. (A2)

The coefficient in the definition of the SU (3) singlet r0 is not
fixed by the bilinear construction, but the exact normalization
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is inessential here. We use the definition adopted from [25]
but alternative normalization factors are possible, see e.g.
[26]. In the Gell–Mann basis, the bilinears ri read

r1 + ir2 = φ
†
1φ2, r4 + ir5 = φ

†
1φ3, r6 + ir7 = φ

†
2φ3,

r3 = 1

2
(φ

†
1φ1 − φ

†
2φ2),

r8 = 1

2
√

3
(φ

†
1φ1 + φ

†
2φ2 − 2φ

†
3φ3). (A3)
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