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Abstract We study the matter power spectra in the viable
f (R) gravity models with the dynamical background evolu-
tion and linear perturbation theory by using the CosmoMC
package. We show that these viable f (R) models generally
shorten the age of the universe and suppress the matter den-
sity fluctuation. We examine the allowed ranges of the model
parameters and the constraints of the cosmological variables
from the current observational data, and find that the dynam-
ical evolution of ρDE (z) plays an important role to constrain
the neutrino masses.

1 Introduction

According to the recent cosmological observations, our uni-
verse is undergoing a late-time accelerating expansion phase,
which can be realized by introducing a time independent
vacuum energy, called dark energy, built in the �CDM
model [1]. Although this standard model of cosmology fits
well with the observational data, it fails to solve the cos-
mological constant problem, related to the hierarchy [2,3]
and coincidence [4–6] ones. These problems have motivated
people to explore new theories beyond �CDM, such as those
with the dynamical dark energy [7]. A typical model of such
theories is to modify the standard general relativity (GR) by
promoting the Ricci scalar of R in the Einstein-Hilbert action
to an arbitrary function, i.e., f (R) [8].

In this study, we concentrate on the viable f (R) gravity
theories, which satisfy several conditions based on the theo-
retical and observational constraints [8]. Some of the typical
viable f (R) gravity models have been discussed to fit the cos-
mological evolutions [9]. It has been shown that the viable
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f (R) gravity can perfectly describe the power spectrum of
the matter density fluctuation [10–14] and the formation of
the large scale structure (LSS) [15–18]. To investigate the
dynamical dark energy models, one needs to use the existing
open-source programs. However, most of these programs are
written with either the parametrization in term of the equa-
tion of state or the background evolution being the same as
the �CDM model as used in Refs. [13,14]. In this analy-
sis, we would explore the allowed parameter spaces of the
cosmological observables in the viable f (R) gravity mod-
els when the dynamical background evolution is taken into
account. In particular, we will show that the allowed windows
for the active neutrino masses are further constrained, indi-
cating that the dynamical background is indeed important in
these viable f (R) theories.

One of the useful program to examine the viable f (R)

models is the Modification of Growth with Code for
Anisotropies in the Microwave Background (MGCAMB) [19,
20], in which the growth equations of the scalar perturba-
tions and density fluctuations in the Newtonian gauge are
modified. In addition, we take the dynamical background
evolution of dark energy and test these viable models by
using the Cosmological MonteCarlo (CosmoMC) [21] pro-
gram together with the latest cosmological observational
data.

The paper is organized as follows. In Sect. 2, we review
some basic concepts of the viable f (R) gravity models. In
particular, we include the perturbation equations of the back-
ground evolution of these models. In Sect. 3, we present our
numerical results for the model parameters as well as con-
straints on the cosmological variables in the models. We give
the conclusion in Sect. 4.
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2 Viable f (R) gravity

2.1 Viable f (R) models

The action of f (R) gravity is to extend the Ricci scalar of R
in the Einstein-Hilbert action to an arbitrary function, given
by

S =
∫

d4x

√−g

2κ2 f (R) + SM (1)

where κ2 = 8πG with G the Newton’s constant, g is the
determinant of the metric tensor gμν and SM is the action of
the relativistic and non-relativistic matter. Varying the action
of Eq. (1) with respect to gμν , we derive the modified Einstein
equation [22],

fR Rμν − f

2
gμν − (∇μ∇ν − gμν�

)
fR = κ2T (M)

μν (2)

where fR ≡ d f (R)/dR, ∇μ is the covariant derivative, � ≡
gμν∇μ∇ν is the d’Alembert operator, and T (M)

μν is the energy
momentum tensor.

To describe the late-time dark energy problem, f (R) grav-
ity has to satisfy several viable conditions [1,23,24], includ-
ing (1) a positive effective gravitational coupling, leading to
fR > 0; (2) a stable cosmological perturbation and a pos-
itivity of the gravitational wave for the scalar mode, caus-
ing to fRR > 0; (3) an asymptotic behavior to the �CDM
model in the large curvature region, i.e., f (R) → R − 2�

at z � 0; (4) a late-time stable de-Sitter solution; and (5)
a suitable chameleon mechanism that makes f (R) gravity
passing the local system constraints. The models who meet
with these five conditions are so-called viable f (R) gravity
models. Note that, due to the viable condition (4), the viable
f (R) models approach to the �CDM model in the high red-
shift regime, allowing us to classify these models into two
classes: the power law and exponential types [25], corre-
sponding to the two popular viable models: the Starobin-
sky [26] and exponential [27–30] gravity ones, which have
the explicit forms,

f s(R) = R − λs Rch

[
1 −

(
1 + R2

R2
ch

)−n]
, (3)

f e(R) = R − λe Rch

(
1 − e−R/Rch

)
, (4)

respectively, where λi and n are the dimensionless model
parameters, and Rch is the constant characteristic curva-
ture in each model. At the high z region, we can see that
f (R) → R − λRch , which plays the role of the cosmologi-
cal constant and has the same order of magnitude as the dark
energy density at the present time, leading to Rch ∼ �obs/λ,
where �obs = κ2ρ

(0)
DE is defined from the current value of

the dark energy density. As a result, a smaller Rch is required
for a bigger λ to fit the observations, resulting in a relatively
larger value of R/Rch . Clearly, f (R) gravity approaches the
�CDM model when λ � 1 and Rch → 0.

2.2 Cosmological evolution

We describe the universe by using the Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric,

ds2 = gμνdx
μdxν = −dt2 + a2 (t) dx2 (5)

where a(t) is the scale factor. By introducing this metric into
the modified Einstein field equation in Eq. (2), we obtain the
modified Friedmann equations,

3 fRH
2 = 1

2
( fR R − f ) − 3H ḟR + κ2ρM , (6)

2 fR Ḣ = − f̈ R + H ḟR − κ2 (ρM + PM ) , (7)

where the dot represents the derivative with respect to the
cosmic time t , H ≡ ȧ/a is the Hubble parameter, and ρM =
ρr +ρm (PM = Pr + Pm) is the energy density (pressure) of
relativistic (r ) and non-relativistic (m) fluids. Comparing to
the original Friedmann equations of

3H2 = κ2 (ρM + ρDE ) and 2Ḣ

= −κ2 (ρM + PM + ρDE + PDE ) , (8)

the effective energy density and pressure of dark energy can
be defined by

κ2ρDE = 1

2
( fR R − f (R)) − 3H ḟR + 3 (1 − fR) H2,

(9)

κ2PDE = −1

2
( fR R − f (R)) + f̈ R + 2H ḟR

− (1 − fR)
(

2Ḣ + 3H2
)

, (10)

respectively, which are easily checked to satisfy the continu-
ity equation,

ρ̇DE + 3H (ρDE + PDE ) = 0. (11)

Following the same processes in Refs. [31,32], Eqs. (6)
and (7) can be reduced to a second order differential equation,

y′′
H + J1y

′
H + J2yH + J3 = 0, (12)

with

yH ≡ ρDE

ρ
(0)
m

= H2

m2 − a−3 − χr a
−4, yR ≡ R

m2 − 3a−3

(13)
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Fig. 1 ρDE/ρ
(0)
DE as functions of the redshift z with ρ

(0)
DE ≡ ρDE (z =

0), where the solid and dashed lines represent the exponential and
Starobinsky gravity models with λ−1

e = 0.56 and (λ−1
s , n) = (0.28, 1),

respectively, while H0 = 67.8 (km/s · Mpc) and the initial condition
is (	m , 	r , 	DE ) = (0.306, 7.88 × 10−5, 0.694)

and

J1 = 4 + 1

yH + a−3 + χa−4

1 − fR
6m2 fRR

, (14)

J2 = 1

yH + a−3 + χa−4

2 − fR
3m2 fRR

, (15)

J3 = −3a−3

− (1− fR)
(
a−3+2χa−4

)+(R− f ) /3m2

yH +a−3+χa−4

1

6m2 fRR
,

(16)

where m2 ≡ κ2ρ
(0)
m /3, ρ

(0)
i ≡ ρi (z = 0), and χr ≡

ρ
(0)
r /ρ

(0)
m is the energy density ratio between relativistic and

non-relativistic fluids at present time. Here, the prime in
Eq. (12) denotes the derivative with respect to ln a.

In Fig. 1, we illustrate the evolutions of the dark energy
densities as functions of the redshift z by solving Eq. (12)
with H0 = 67.8 (km/s · Mpc) and the initial condition
of (	m,	r ,	DE ) = (0.306, 7.88 × 10−5, 0.694), where
λ−1
e = 0.56 and (λ−1

s , n) = (0.28, 1), corresponding to the
exponential (solid line) and Starobinsky (dashed line) mod-
els, are taking from the central values in Table. 2, respec-
tively. One can observe that the evolutions of ρDE for the
two viable f (R) models are frozen in the high redshift
regime, and start to evolve at the late-time of the universe.
The dynamical behaviors become important for z � 4 and 2
in the Starobinsky and exponential models, respectively. The
dark energy density increases in time at the beginning and
decreases when the redshift close to zero, i.e. z → 0, lead-
ing to ρDE (z � 0.5) ≥ ρ

(0)
DE , which covers the dark energy

dominated epoch. As a result, we obtain

t�CDM
age = 13.83 (Gyrs) (�CDM model) (17)

t sage = 13.78 (Gyrs) (Starobinsky model) (18)

teage = 13.80 (Gyrs) (exponential model), (19)

where we have used

tage = 1

H0

∫ 1

0

da

a
√

	r a−4 + 	ma−3 + 	DE (a)
(20)

as the age of the universe. Note that the bigger tage is, the
longer time the LSS of the universe has to grow. From
Eqs. (17)–(19), one finds that t sage < teage < t�CDM

age , so
that the dynamical background evolutions in the viable f (R)

gravity theories suppress the matter density fluctuations.

2.3 Linear perturbation theory

We review the linear perturbation theory with two scalar-
mode perturbations, 
 and �. Following the similar pro-
cesses in Refs. [33,34], the metric in the Newtonian gauge
is

ds2 = − (1 + 2
) dt2 + a (t) (1 − 2�) dx2, (21)

Substituting Eq. (21) into Eq. (2), the perturbation equations
in the k space are given by,

k2

a2 � = −3H
(
�̇ + H


)

− 1

2 fR

[
−3H ˙δ fR +

(
3H2 + 3Ḣ − k2

a2

)
fRRδR

]

− 1

2 fR

[
3 ḟ R

(
�̇ + H


) + 3H ḟR
 + κ2δρM

]
,

(22)

� = 
 + fRR
fR

δR, (23)

resulting in

k2

a2 
 = −4πGμ (k, a) ρMM and
�



= γ (k, a) (24)

with

μ (k, a)= 1

fR

1 + 4 k2

a2
fRR
fR

1 + 3 k2

a2
fRR
fR

and γ (k, a)= 1 + 2 k2

a2
fRR
fR

1 + 4 k2

a2
fRR
fR

,

(25)

where k is the comoving wavenumber and M ≡ δM +
3H (1 + ωM ) vM/k is the gauge-invariant matter density
perturbation with wM = PM/ρM the equation of state and
vM the velocity for matter. The growth equation for the mat-
ter density perturbation at the matter dominated epoch can
be derived from Eqs. (22) and (23) with vm = 0, given by

δ̈m + 2H δ̇m − 4πGμ(k, a)ρmδm = 0. (26)

Both the Starobinsky and exponential f (R) models have
the conditions of 0 < fR < 1 and fRR > 0, implying
that (i) the larger k is, the bigger μ(k, a) behaves, and (ii)
μ(k, a) 
 f −1

R > 1 at the super-horizon scale with k → 0,
indicating that the matter density fluctuations are enhanced
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due to the scale independent and dependent factors of f −1
R

and
(

1 + 4 k2

a2
fRR
fR

)
/
(

1 + 3 k2

a2
fRR
fR

)
, respectively, the these

models.
To simplify the calculations, the background evolution of

the dark energy density is usually taken to be the same as
that in the �CDM model, so that the Hubble parameter in
Eq. (26) is approximately given by

H 
 H0

√
	r a−4 + 	ma−3 + 	

(0)
DE (27)

with 	
(0)
DE = 	DE (z = 0), the constant ρDE . It is clear

that the f (R) gravity theory becomes the �CDM limit of
f (R) = R − 2� at z � 0, corresponding to μ = γ = 1.
One can further see from Eq. (26) that the scale dependent
μ(k, a) is bigger when k is larger, indicating that the growth
of δm at the sub-horizon scale is faster than that at the super-
horizon. On the other hand, the massive neutrino suppresses
the matter density fluctuation at the scale smaller than the
free-streaming length [35], which is opposite to the f (R)

enhancement. Thus, the allowed windows for the neutrino
masses sum, �mν , in these f (R) gravity models can be
broader than that in the �CDM one [36,37].

In Refs. [13,36,37], the matter power spectrum of P(k)
and the active neutrino masses were explored in the viable
f (R) gravity models with the �CDM background evolu-
tion. However, with the dynamical background, the Hubble
parameter in Eq. (26) should be replaced by

H = H0

√
	r a−4 + 	ma−3 + 	DE (z), (28)

and tage is shortened as well. Clearly, the behavior for P(k)
and the constraint for �mν with ρDE (z) �= constant would
be slightly different from those with the �CDM background
one. We modify the dynamical background evolution ρDE (z)
in the MGCAMB program to study the difference between
the viable f (R) and �CDM models. To achieve this goal,
we calculate a lookup table for ρDE (z), which is the evolu-
tion of the dark energy density with the boundary condition
	

(0)
DE = ρDE (z = 0)/ρc. By using the interpolation method,

the MGCAMB program is able to use the redshift depen-
dent dark energy density, in which the Hubble parameter is
evaluated from

H2 = κ2ρ(z)

3

= κ2

3

[
ρc

(
	ma

−3 + 	r a
−4

)
+ ρDE (z)

]
. (29)

Subsequently, δm,r can be obtained with the dynamical back-
ground evolution.

The growth of δm in the f (R) gravity model is suppressed
due to the shorter tage, but enhanced at the linear perturbation
level. To estimate which effect plays a more important role
in the evolution history, the numerical calculation is used.

Fig. 2 δm ≡ (δ
f (R)
m /δ�CDM

m )−1 as functions of k, where δ
f (R)
m and

δ�CDM
m are the matter densities of perturbations in the f (R) gravity

models with the dynamical background and that in the �CDM model,
respectively, while the legends are the same as those in Fig. 1

Table 1 List of the prior for the cosmological parameters, where θMC
is the sound horizon to the angular diameter distance, and As is the
primordial superhorizon power in the curvature perturbation on 0.05
Mpc−1 scales

Parameters Priors

Model parameter 10−4 < λ−1
i < 1

Baryon density 5 × 10−3 < 	bh2 < 0.1

CDM density 10−3 < 	ch2 < 0.99

Neutrino mass 0 < �mν < 1 eV

Spectral index 0.8 < ns < 1.2

Scalar power spectrum amplitude 2 < ln(1010As) < 4

Reionization optical depth 0.01 < τ < 0.8

100 θMC 0.5 < 100 θMC < 10

Hubble parameter (km/s · Mpc) 20 < H0 < 100

In Fig. 2, we present δm ≡ (δ
f (R)
m /δ�CDM

m ) − 1 as func-

tions of k, where δ
f (R)
m and δ�CDM

m are the matter densities
of perturbations in the f (R) gravity models with the dynam-
ical background and that in the �CDM one. To plot this
figure, we choose the same primordial matter density fluc-
tuation for the Starobinsky and exponential models as well
as the �CDM one, i.e., δ�CDM

m (z � 0) = δ
f (R)
m (z � 0).

The other boundary conditions and model parameters are the
same as those in Fig. 1, while the solid and dashed lines repre-
sent the results with the exponential and Starobinsky gravity
models, respectively. We can see that the shorter value of tage
in f (R) gravity is more important at the super-horizon scale,
leading to δm < 0 for k � 10−3, whereas the f (R) effect
overcomes the suppression and δm turns into positive at a
large k. In addition, from Eqs. (17)–(19), we can estimate that
the suppression for the Starobinsky model should be more
significant than that for the exponential one, but this behavior
is flipped by the scale independent effect from f (R) gravity,
resulting in δsm < δem < 0 when k → 0.
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Table 2 Our results within 95% confidence level (C.L.) in the �CDM
and viable f (R) gravity models, where λ−1

i (i = e, s) with 68% C.L. are
the inverses of the model parameters in the exponential and Starobinsky
models, respectively

Exponential Starobinsky �CDM

�mν (eV) < 0.221 < 0.221 < 0.202

100	bh2 2.23 ± 0.03 2.23+0.03
−0.02 2.23 ± 0.03

	ch2 0.118 ± 0.002 0.118 ± 0.003 0.118 ± 0.002

ns 0.969 ± 0.007 0.970+0.008
−0.007 0.969+0.008

−0.007

ln(1010As) 3.047+0.057
−0.059 3.026 ± 0.061 3.071+0.054

−0.052

τ 0.059+0.030
−0.031 0.049+0.032

−0.031 0.071 ± 0.028

100 θMC 1.0409 ± 0.0006 1.0410 ± 0.0006 1.0409 ± 0.0006

σ8 0.877+0.046
−0.065 0.942+0.040

−0.044 0.811+0.025
−0.026

H0 67.32+1.38
−1.40 67.22+1.45

−1.91 67.69+1.14
−1.24

tage/Gyrs 13.80+0.08
−0.06 13.81+0.07

−0.06 13.81+0.07
−0.06

λi (68% C.L.) 0.566+0.285
−0.174 0.282+0.099

−0.216 −
χ2

best−fit 13458.85 13458.76 13459.29

3 Constraints from cosmological observations

We merge our version of MGCAMB into the CosmoMC
package to extract the allowed windows for the cosmologi-
cal parameters together with the latest cosmological obser-
vational data, including the Cosmic Microwave Background

radiation (CMB) from Planck 2015 [38], Baryon Acoustic
Oscillations (BAO) from Baryon Oscillation Spectroscopic
Survey (BOSS) [39], and type Ia supernova from Supernova
Legacy Survey (SNLS) [40]. The prior is listed in Table 1, and
our fitting results are shown in Table 2. We illustrate the con-
tour plots in the exponential and Starobinsky gravity models
in Figs. 3 and 4, respectively. The �CDM limit can be recov-
ered at λ−1

i → 0 in the both models. One finds that the cen-
tral values of λ−1

e = 0.566 and λ−1
s = 0.282, deviating from

zero, and the best fitted χ2 values of χ2
best−fit = 13458.85

and 13458.76 in the exponential and Starobinsky models are
both slightly smaller than that in the �CDM one. It is inter-
esting to note that the corresponding characteristic curvature
for the exponential (Starobinsky) model is given by Rch =
6rλ−1

e 	DE H2
0 
 2.206H2

0 (1.192H2
0 ) with 	DE = 0.694

and r = ρDE (z � 0)/ρDE (z = 0) = 0.936(1.015), as
shown in Fig. 1. These results imply that the viable f (R)

models are good enough in describing the evolution of the
universe.

It is well known that the neutrino masses play an important
role in both cosmology and particle physics. From Table 2,
our numerical results show that the allowed regions for �mν

in both the exponential and Starobinsky models are 10%
released from the �CDM model, which are a little different
from the conclusions in Refs. [13,14], in which the power-
law type model has the capacity to have a larger neutrino
mass sum. This phenomenon may come from the inclu-

Fig. 3 Two-dimensional
contour plots of 	b, 	c, �mν

and λ−1
e in the exponential

gravity model
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Fig. 4 Legend is the same as
Fig. 3 but in the Starobinsky
gravity model with n = 1

sion of the dynamical background evolution, which short-
ens the age of the universe and suppresses the growth of δm .
Furthermore, from Fig. 2 we can expect that the enhance-
ment of the matter density fluctuation raises σ8, especially
for the Starobinsky model, so that the primordial power
As is lowered down in order to fit the observational data,
Astar
s |best− f i t� Aexp

s |best− f i t� A�CDM
s |best− f i t . In addi-

tion, the data prefers the age of the universe to be 13.8 Gyrs,
even if the dynamical background evolution is included,
which means that the best fit of H0 is reduced in the f (R)

models. The effects on tage are cancelled out with each other
between the larger value of H0 and the dynamical background
evolution. As a result, the dynamical evolution of ρDE in
f (R) gravity plays a significant role at the linear perturbation
level. Clearly, one should not ignore this when investigating
the CMB polarization and LSS formation.

4 Conclusions

We have chosen the exponential and Starobinsky gravity
models to represent the exponential and power-law types of
the viable f (R) models and explored the effects from the
dynamical background evolution when we perform the obser-
vational constraints on these models. We have shown that the
best-fitted χ2 values in both models are slightly less than that

in the�CDM model. Even though the linear perturbation the-
ory of f (R) gravity enhances the matter power spectrum at
the small scale by modifying the effective Newtonian con-
stant, the dynamical evolution of ρDE gives a significant con-
tribution at the low redshift regime and shortens the age of the
universe, which equivalently suppresses δm at the small scale.
Clearly, the f (R) enhancement at the small scale is partially
compensated when the time-dependent ρDE is taken into
account. As a result, the allowed neutrino masses are differ-
ent from those predicted in the previous studies [13,14]. We
conclude that the dynamical background evolution is a non-
negligible effect in the viable f (R) gravity theories, so that
one has to treat the background carefully when f (R) grav-
ity is investigated. Additionally, our conclusion may occur in
other kind of modified gravity theories, such as the Horndeski
models, which should be studied.

Finally, we have two remarks. First, the model parame-
ters in the Starobinsky model as well as the other power law
type models have been strongly constrained by the observa-
tions at the scale deep inside the horizon, i.e., the nonlinear
cosmological structure region [41–43], but fortunately the
exponential gravity approaches the �CDM model rapidly
when R � Rch , with which this type of the models escapes
from the fifth force problem, even if λe ∼ O(1). Second,
it should be emphasized that our results of the viable f (R)

models based on the linear perturbation work well only for
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k � 0.1hMpc−1, whereas those for a large value of k of the
non-linear regime may not be trustable [20,44,45]. Clearly,
the dynamical background effect with the non-linear pertur-
bation theory should be throughly investigated in the future.
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