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Abstract In this work, we propose a new class of smooth
thick string-like braneworld in six dimensions. The brane
exhibits a varying brane-tension and an AdS asymptotic
behavior. The brane-core geometry is parametrized by the
Bulk cosmological constant, the brane width and by a geo-
metrical deformation parameter. The source satisfies the
dominant energy condition for the undeformed solution and
has an exotic asymptotic regime for the deformed solution.
This scenario provides a normalized massless Kaluza–Klein
mode for the scalar, gravitational and gauge sectors. The near-
brane geometry allows massive resonant modes at the brane
for the s state and nearby the brane for l = 1.

1 Introduction

The braneworld paradigm brought new geometrical solutions
for some of the most intriguing problems in physics, as the
hierarchy problem [1,2] and the origin of the dark energy
[3] and the dark matter [4]. The warped geometry allows the
bulk fields to propagate into an infinite extra dimension [5]
and provides rich internal structure for the brane [6]. In five
dimensions, the brane can be realized as a four dimensional
domain wall, whose topological features guarantees the brane
stability [7–9].

In the codimension-2, the vortex scenarios are a suitable
source for an axisymmetric brane, known as a string-like
braneworld [10,11]. By adding one more extra dimension to
the Bulk spacetime, the correction to the Newtonian grav-
itational potential turns out to be smaller than in 5D [12].
Moreover, in the thin string-like brane limit, no fine-tunning
between the Bulk cosmological constant and the brane ten-
sion is needed [12]. The conical behaviour nearby the brane
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also provides a mechanism for the brane cosmological prob-
lem [13].

However, a global vortex geometry exhibits a mild singu-
larity [14] and a regular local Abelian 3-brane which satisfies
the dominant energy condition [15] and a baby skyrmion
brane [16] which was only accomplished numerically. In
the thin string-like brane limit, a vacuum AdS6 traps the
massless modes of the bosonic and fermionic fields and
provides a smaller correction to the gravitational potential
[12,17,19,20]. By considering a vanishing Bulk cosmolog-
ical constant, a braneworld with a supersymmetric scalar
fields and a cigar shape was found [21]. Some brane-core
geometries were proposed considering more involved trans-
verse spaces, such as the soliton cigar [22], the resolved coni-
fold [23], the catenoid [24], an apple shapped manifold [25],
the torus [26] and other.

In this article, we present a new class of smooth thick
string-like model and explore some of its physical and geo-
metrical features. The brane-tension varies inside the brane-
core and attains the AdS regime asymptotically. The inclu-
sion of a deformation parameter enables a continuous flow
from the thin string into a thick brane with a core struc-
ture. The deformation parameter modifies the core proper-
ties, such as the behaviour of the stress-energy components
and the variation of the curvature inside the core. Among
the thick string-like solutions, we analyzed the properties of
two models: the first solution has a bell-shaped source sat-
isfying the dominant energy and the second, whose source
exhibits an exotic asymptotic behaviour. For the dynamics
of bulk bosonic fields in these thick brane scenarios, the
Kaluza–Klein modes reveal interesting near and far brane
characteristics.

This work is organized as follows. In Sect. 2 we present the
smooth and deformed solutions and study their source and
geometry properties. In Sect. 3, the Kaluza–Klein modes for
the scalar, vector gauge and gravitational fields are studied
and their features discussed. In Sect. 4, final remarks and
perspectives are outlined.
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2 Smooth string-like geometries

Consider a six-dimensional spacetime M6 whose bulk
dynamic is governed by the Einstein Hilbert action with bulk
cosmological constant Λ, namely [10–12,14,15,17–20]

Sg =
∫

M6

(
R

2κ6
+ Λ + Lm

)√−gd6x, (1)

where κ6 = 8π/M4
6 , M4

6 is the six-dimensional bulk Planck
mass and Lm is the matter Lagrangian for the source of the
geometry. A string-like braneworld is an axially symmetric
bulk M6 whose metric can be written as [10–12,14,15,17–
20]

ds2
6 = σ(r)ημνdx

μdxν + dr2 + γ (r)dθ2, (2)

where 0 ≤ r ≤ rmax and θ ∈ [0, 2π ). In order to guaran-
tee a smooth geometry at the origin, we have the regularity
conditions [12,15,17–20]

σ(0) = (
√

γ (0))′ = 1 and σ ′(0) = 0, (3)

where the primes denote derivatives with respect to r . For
a 3-brane at the origin, we impose the condition [10–12,14,
15,17–20]

γ (0) = 0. (4)

From the matter Lagrangian Lm we define the stress-
energy tensor as an axisymmetric and static stress-energy
tensor in the form [10–12,14,15,17–20]

T = t0(r)eμ ⊗ eμ + tr (r)er ⊗ er + tθ (r)eθ ⊗ eθ . (5)

Defining A(r) := σ ′/σ , B(r) := γ ′/γ , the bulk Einstein
equation yields to the system of coupled equations

3

2
A′ + 3

2
A2 + 3

4
AB + 1

4
B2 + 1

2
B ′ = −κ6(Λ + t0(r)),

(6)
3

2
A2 + AB = −κ6(Λ + tr (r)), (7)

2A′ + 5

2
A2 = −κ6(Λ + tθ (r)). (8)

The Eqs. (6), (7) and (8) form a complex system of coupled
equations. For a global vortex source, the geometry exhibits
a mild singularity [14]. For a local vortex, only numerical
solutions are known [15].

The angular Einstein Eq. (8) is a nonlinear non-homogene-
ous Riccati equation for A. For A = B = −c =√

2κ6(−Λ)/5, we obtain an AdS6 vacuum solution describ-
ing a thin string-like braneworld [12]. For Λ < 0, the most

general vacuum solution is A(r) = c tanh(λr + c1), where
λ = √−5κ6Λ/8 and c1 is an integration constant. Nonethe-
less, this solution does not vanish asymptotically and then, it
does not provide a localized gravitational massless mode.

Since we are looking for thick smooth and localized
geometries, let us assume an ansatz for the warp function
A(r) extending the thin string-like solution in the form

Ac,p,λ(r) = −c tanhp(λr), (9)

where the parameter c controls the asymptotic value of the
warp function, p modifies its variation inside the brane core
and λ determines the brane width. Note that for p = 0 or for
p �= 0 and far from the origin the warp function ansatz (9)
reduces to the thin string-like solution. Therefore, the ansatz
(9) represents a varying brane-tension solution. Integrating
Eq. (9) we obtain the warp factor σ in terms of the hyperge-
ometric function as

σc,λ,p(r) = exp

[
−c tanhp+1(λr)

λ(p + 1)
2F1

(
1,

p + 1

2
; p + 3

2
; tanh2(λr)

)]
. (10)

We plotted the warp factor (10) in Fig. 1. For p = 1 we
obtain the bell-shaped σ

σc,λ(r) = sech
c
λ (λr), (11)

whereas for p = 3 and p = 6, the warp factor exhibits a
plateau around the origin. The deformed p = 2 warp factor
reduces to the string-cigar model [22]. For p ∈ N, the source
for the warp function A has the angular pressure

tθ (r) = 2cpλ tanhp−1(λr)sech2(λr)

+5c2

2

( p∑
i=1

(−1)i+1sech2i (λr)

)
. (12)
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Fig. 1 Warp factor for p = 1 (thick line), p = 3 (thin line) and p = 6
(dotted line)
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Fig. 2 Angular pressure for p = 1 (thick line), p = 3 (thin line) and
p = 6 (dotted line)

The Fig. 2 shows the behaviour of the angular pressure for
p = 1 (thick line), p = 3 (thin line) and p = 6 (dotted
line). For p = 1 the angular pressure has a bell-shape tθ =
(c(5c + 4λ)/2)sech2(λr) localized around the origin. For
p > 1, the angular pressure exhibits two modified patterns
inside the brane core. Therefore, we recognize the solutions
for p > 1 as deformed string-like branes.

The radial Einstein Eq. (7) provides a constraint between
A and B. Let us consider the ansatz for B in the form

B(r) = A(r) + f (r). (13)

For f = 0 and c = 2λ, the bulk metric has the form
ds2 = sech2(λr)ημνdxμdxν +dr2 + R2

0sech2(λr)dθ2 [24].
Likewise the thin string-like model, this metric does not sat-
isfy the condition expressed in Eq. (4), and then, at r = 0,
we have a 4-brane.

Since we seek for a regular geometry converging asymp-
totically to the AdS6 spacetime and satisfying the regularity
condition at the origin, let us adopt two models.

2.1 Warped disk

Consider f1(r) := m
λr . For this choice the metric has the form

ds2 = σc,p,λ(r)ημνdx
μdxν + dr2 + rm/λσc,p,λ(r)dθ2.

(14)

In order to satisfy the regularity conditions, we have to set
m = 2λ. Then, the metric Eq. (14) represents a warped prod-
uct of the 3-brane and the two dimensional flat disk. The
angular metric component is shown in Fig. 3 for p = 1
where the high of the function increases with the ratio c/λ.
Figure 4 shows the Ricci scalar which for p = 1 has a bell-
shape and for p = 10 exhibits a plateau near the origin. The
components of the stress-energy tensor for p = 1 are
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Fig. 3 Angular metric component for c/λ = 2 (thick line), c/λ = 4
(thin line) and c/λ = 6 (dotted line)
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Fig. 4 Ricci scalar for p = 1, c = 2λ (dotted line), p = 1, c = 2.5λ

(thin line) and c = 2λ and p = 10 (thick line)

t0(r) = κ6

(
(5c + 4λ)

2
sech2(λr) + 5c

2

tanh(λr)

r

)
,

tr (r) = κ6

(
5c2

2
sech2(λr) + 2c

tanh(λr)

r

)
. (15)

We plotted these components for c = 2λ in Fig. 5. Note
that the source of this geometry is localized around the origin
and satisfies the dominant energy condition. For p = 6, the
core shows an internal structure where the peak of the com-
ponents are shifted from the origin and the radial pressure is
almost constant (Fig. 6). The relationship between the bulk
and brane Planck masses is given by

M2
4 = 2πM4

6

λ

∞∫

0

rsech
3c
2λ λrdr . (16)

For c/λ = 4/3, we obtain M2
4 = 2π ln 2

λ3 M4
6 . Then, the ratio

M4/M6 increases as the brane width decreases.
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Fig. 5 Energy density (thick line), radial pressure (thin line) and the
angular pressure (dotted line) for p = 1 and c/λ = 2
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Fig. 6 Energy density (thick line), radial pressure (dotted line) and the
angular pressure (thin line) for p = 6 and c = 2λ

2.2 Exotic string-brane

For f (r) = m
tanh(λr) , the bulk metric has the form

ds2 = sechc/λ(λr)ημνdx
μdxν + dr2

+ 1

λ
m
λ

sinh
m
λ (λr)sechc/λ(λr)dθ2. (17)

The regularities conditions are satisfied for m = 2λ. The
components of the stress-energy tensor are

t0(r) = κ6

(
c(5c + 4λ)

2
sech2(λr) + λ(5c − 2λ)

2

)
,

tr (r) = κ6

(
5c2

2
sech2(λr) + 2cλ

)
, (18)

whose are sketched in Fig. 7 for c/λ = 2. The source satisfies
the dominant energy condition inside the core and exhibits
an exotic radial pressure asymptotically. For c = 2λ

5 , t0 = tθ
and the source is dominated by the radial pressure. Figure
8 shows the behaviour of the Ricci scalar as we change the
deformation parameter p. For p = 1, the curvature smoothly
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Fig. 7 Energy density (thick line), radial pressure (thin line) and angu-
lar pressure (dotted line) for p = λ = 1, c = 2
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Fig. 8 Ricci scalar for c = 2
5 , λ = 1 and p = 1 (dotted line), p = 2

(thin line), p = 10 (thick line)

goes to an asymptotic AdS6 spacetime whereas for p =
10 there is a AdS6 plateau near the origin. In this scenario
the bulk-brane relation mass is M2

4 = 4π
(3cλ−2)λ2 M

4
6 , which

increases as the source width λ decreases.

3 Bosonic fields

In this section we study the effects of the warped disk and
exotic string-like models have upon the gravitational, scalar
and vector gauge fields.

3.1 Gravity perturbations

Assuming the metric perturbation ds2
6 = σ(ημν +hμν(xζ , r,

θ, k)dxμdxν + dr2 + γ dθ2, using the traceless transverse
gauge hμ

μ = ∇μhμν = 0 and performing the KK decomposi-
tion hμν(xζ , r, θ) = ĥμν(xζ )

∑∞
l=0 χ(r)eilθ , the linearized

Einstein equation yields to the radial graviton equation
[23]
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χ ′′
g (r) +

(
5

2

σ ′

σ
+ 1

2

β ′

β

)
χ ′
g(r) + 1

σ

(
m2 − l2

β

)
χg(r) = 0,

(19)

where m is the KK mass satisfying �4ĥμν = −m2ĥμν and
β = γ /σ . For a factorizable Bulk, i.e., σ = 1 and γ = r2, the
gravitational KK solutions are χg = c1 Jl(mr) + C2Yl(mr).
Thus, for a noncompact extra dimension the massive KK
modes form a tower of non-normalized states. For a com-
pact transverse space, the asymptotic behaviour of the mas-
sive spectrum is mn ≈ nπ/R. The warped scenarios bring
a strong dependence of the cosmological constant and the
brane source upon the KK modes, as we show in next sec-
tions.

3.2 Scalar field

Consider a minimally coupled massless scalar field Φ whose
bulk action is given by

SΦ = −1

2

∫
gMN∇MΦ∇NΦ

√−Gd6x . (20)

The Bulk scalar field satisfies the equation of motion (EoM)

1√−G
∂M (

√−GgMN ∂NΦ) = 0, (21)

which after the Kaluza–Klein (KK) reduction Φ(xμ, r, θ) =
Φ̂(xμ)

∑
l χs(r)eilθ yields to

χ ′′
s (r) +

(
5

2

σ ′

σ
+ 1

2

β ′

β

)
χ ′
s(r) + 1

σ

(
m2 − l2

β

)
χs(r) = 0.

(22)

It is worthwhile to stress that the graviton Eq. (19) has the
same form of the radial equation for a massless scalar field
Eq. (22). Accordingly, hereinafter we shall concern ourselves
to the graviton radial function and the results extend to the
scalar field straightforward.

3.3 Vector field

For the vector gauge field we assume a Maxwell action on
the Bulk in the form

SA = −1

4

∫
gMRgNSFMN FRS

√−Gd6x, (23)

where FMN := ∂[M AN ]. Thus, the Bulk photon obeys the
equation ∂M (

√−GFMN ) = 0 and assuming the gauge
∂μAμ = Aθ = 0, the radial function χA(r) of the Kaluza–

Klein decomposition Aμ(xM ) = ∑∞
l=0 A(l)

μ (xμ)χA(r)Yl(θ)

for l = 0 satisfies [27]

χ ′′
A(r) +

(
3

2

σ ′

σ
+ 1

2

β ′

β

)
χ ′
A(r) + m2

σ
χA(r) = 0. (24)

It is worthwhile to stress the resemblance among the grav-
itational (scalar) and the gauge radial equations. In fact, for
l = 0, it is possible to unify these equation as

y′′
q (r) +

(
q

2

σ ′

σ
+ 1

2

β ′

β

)
y′
q(r) + m2

σ
yq(r) = 0, (25)

where q = 5 for the gravitational and scalar fields and q =
3 for the gauge vector field. In the following, we use the
compact form in Eq. (25) in order to compare the properties
among the bosonic fields.

3.4 Massless modes

For m = 0 (massless KK mode) and l = 0 (s-state), the only
normalizable solutions are the constants χg0 = χs0 = Ng

and χA0 = NA. In the conformal variable z = ∫ r
0 σ− 1

2 dr ′,
these gravitational (scalar) and gauge normalizable massless
modes can be rewritten as

Ψ0g = Ngσβ
1
4 , (26)

Ψ0A = NAσ
1
2 β

1
4 . (27)

For c = 2λ, the conformal variable is given by z =
sinh(λr)/λ whereas for c = 6λ, z = (9 sinh(λr) +
sinh(3λr))/12. For the warped disk model and c = 2λ,
the warp factor has the form σ(z) = 1/(1 + λ2z2) and
β(z) = (sinh−1 λz)2/λ2. We plotted the graviton (scalar)
and photon massless modes for λ = 1 in Figs. 9 and 10.
Note that even though the massless modes are constant in
the radial coordinate they exhibit a normalized profile in the
conformal coordinate. The asymptotic exponential behaviour
reflects the AdS regime similar to the thin string-like sce-
narios [12]. The divergence near the origin stems from the
change to the conformal coordinate.

3.5 Massive modes

For m �= 0, the KK radial equation in the warped disk model
becomes

y
′′
m,l,q +

(
1

r
− qc

2
tanh(λr)

)
y

′
m,l,q

+ cosh(λr)c/λ
(
m2 − l2

r2

)
ym,l,q = 0, (28)

where q = 5 for the graviton (and the scalar field) and q = 3
for the photon. Near the brane, by expanding Eq. (28) up to
first order, we obtain
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Fig. 9 Gravitational (thick line) and vector gauge (thin line) massless
modes for l = 0 in the warped disk model (c = 2λ)
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Fig. 10 Gravitational (thick line) and vector gauge (thin line) massless
modes for l = 0 in the exotic string model (c = 2λ)

y
′′
m,l,q +

(
1

r
− qcλr

2

)
y

′
m,l,q +

(
m2 − l2

r2

)
ym,l,q = 0,

(29)

whose solutions are

ym,l,q(r)= Am,l,q

∞∑
k=0

[(
qcλl − 2m2

)k
m2k(2k)! +(qcλ)k

] (mr)2k+l

22k(l)k
,

(30)

where Am,l,q is an integration constant. The KK modes have
a zero of order l at the origin. Then, for l = 0, ym,0,q(r) →
Am,l,q as r → 0, whereas for l �= 0, ym,l,q(r) → 0. For
r <<

√
2/qcλ the KK modes are described by ym,l,q(r) =

Am,l,q Jl(mr). Hence, only the s-wave l = 0 state is allowed
on the brane. Asymptotically, Eq. (28) becomes the thin
string-like equation y

′′
m,l,q − qc

2 y
′
m,l,q + m2 ecr

2c/λ
ym,l,q = 0,

whose solution is [12]:

yq,m,l(r) = e
qcr

4

(
A1 Jq/2

(
2

2λ−c
2λ me

cr
2

c

)

+A2Yq/2

(
2

2λ−c
2λ me

cr
2

c

))
. (31)

For the exotic string model, the KK tower satisfies

y
′′
m,l,q +

(
λ coth(λr) − qc

2
tanh(λr)

)
y

′
m,l,q

+ cosh(λr)c/λ
(
m2 − (lλ)2

sinh2(λr)

)
ym,l,q = 0, (32)

which has the same near brane behavior of the warped disk
model. However, far from the brane the KK eigenfunctions
are given by

yq,m,l(r) = e
(qc−2λ)r

4

(
A1 J(qc−2λ)/2c

(
2

2λ−c
2λ me

cr
2

c

)

+A2Y(qc−2λ)/2c

(
2

2λ−c
2λ me

cr
2

c

))
. (33)

The presence of the width brane parameter λ shows that
the exotic source modifies the KK tower even outside the
brane core.

Unlike the massless modes, the massive states forms a
tower of non-normalizable states. Important qualitative fea-
tures about the massive spectrum, as its stability and mass
gap, can be obtained from the analogue Schrödinger poten-

tial. In the conformal coordinate z = ∫ r
0 σ− 1

2 dr ′ and defining

Ψg = σβ
1
4 χ and ΨA = σ

1
2 ζ

1
4 , we transform the Eqs. (19)

and (24) into a Schrödinger-like equation [28]

−Ψ̈ (z) +U (z)Ψ (z) = m2Ψ (z), (34)

whereUg(z) = Ẇg(z)+W 2
g + l2

β
, andUA(z) = ẆA(z)+W 2

A

are the analogue Schrödinger potential andWg(z) = σ̇
σ
+ 1

4
β̇
β

,

and WA(z) = 1
2

σ̇
σ

+ 1
4

β̇
β

are the respective gravitational and
gauge super potential [28]. The existence of such super poten-
tials guarantees the absence of tachyonic (unstable) massive
states [28].

We plotted the graviton Schrödinger potential for the
warped disk in Fig. 11 and for the exotic string in Fig.
12. Since asymptotically both potentials vanish, the massive
modes are gappless free states. The scalar and vector gauge
potentials have similar behavior.

The potential exhibits an infinite well at the origin for
l = 0 and an infinite barrier for l �= 0. Then, only the l = 0
states are allowed at the brane, as previously discussed. For
l = 1, it turns out that the potential has a finite well displayed
from the origin, where resonant massive KK gravitons can
be found.
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Fig. 11 Gravitational (and scalar field) Schrödinger potential in the
warped disk model for λ = 0.3 and c = 0.6. Thick line l = 0, thin line
l = 1 and dashed line l = 2
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Fig. 12 Gravitational (and scalar field) Schrödinger potential in the
exotic string model for λ = 0.1) and c = 0.6. Thin line (l = 0), thick
line (l = 1) and dashed line l = 2

4 Conclusions and perspectives

We proposed a new class of smooth thick string-like model
with an AdS6 asymptotic regime. A localized and bell-shaped
source satisfying the dominant energy condition was found,
where the properties of the source and the geometry are
dependent on the ratio between the cosmological constant
and the brane width. A richer internal brane structure can be
introduced by means of a varying brane-tension, which mod-
ifies how the curvature and the energy density vary inside
the brane core. Amidst the thick string-like branes found, a
bell-shaped source satisfying the dominant energy condition
shares a great resemblance with the numerical Abelian vortex
brane [15].

The scalar, gravitational and vector gauge sectors were
also analysed. They showed similar features, as normalizable
massless Kaluza–Klein modes and an attractive potential for
the massive KK tower at the origin for the l = 0 states. For
l �= 0, the infinite barrier at the origin avoids the detection of
these modes at the brane. Nevertheless, for l = 1, we found

a potential well besides the origin, where massive resonant
states could be detected.

As perspectives, we point out the use of numerical analy-
sis to deduce these geometrical solutions from a Lagrangian
model, such as a deformed Abelian vortex [15]. For the KK
spectrum and its phenomenological consequences, as the cor-
rection to the Newtonian and Coulomb potentials, numerical
methods should also be carried out. We expect a strong influ-
ence of the brane width parameter and the bulk cosmological
constant on the KK spectrum. The behavior of the mass-
less mode and divergence the Schrödinger potential near the
brane suggests the inclusion of an interaction term between
the fields and the brane, as performed in the DGP models
[29].
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