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Abstract An exact cosmological solution of Einstein’s
field equations (EFEs) is derived for a dynamical vac-
uum energy in f (R, T ) gravity for Friedmann–Lemaitre–
Robertson–Walker (FLRW) space-time. A parametrization
of the Hubble parameter is used to find a deterministic solu-
tion of the EFE. The cosmological dynamics of our model is
discussed in detail. We have analyzed the time evolution of
the physical parameters and obtained their bounds analyti-
cally. Moreover, the behavior of these parameters are shown
graphically in terms of the redshift ‘z’. Our model is con-
sistent with the formation of structure in the Universe. The
role of the f (R, T ) coupling constant λ is discussed in the
evolution of the equation of state parameter. The statefinder
and Om diagnostic analysis is used to distinguish our model
with other dark energy models. The maximum likelihood
analysis has been reviewed to obtain the constraints on the
Hubble parameter H0 and the model parameter n by tak-
ing into account the observational Hubble data set H(z), the
Union 2.1 compilation data set SNeIa, the Baryon Acoustic
Oscillation data BAO, and the joint data set H(z) + SNeIa
and H(z)+ SNeIa + BAO. It is demonstrated that the model
is in good agreement with various observations.

1 Introduction

The late-time elusive behavior of the Universe is one of the
major challenges in modern cosmology. The current obser-
vational data of SNeIa confirms the late-time cosmic speed
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up of the Universe. At present, much observational data is
in support of the current acceleration of the Universe [1–4].
In order to explain this faster rate, a new form of energy
is needed in the Universe which has some anti-gravitational
effect that drives the acceleration. This distinct type of energy
with negative pressure is termed dark energy (DE) [5–7].
According to the Planck mission team, it is estimated that
the Universe is composed of three main components, 4.9%
ordinary matter, 26.8% dark matter (DM) and 68.3% DE.
The DM and DE are really different in nature. DM is attrac-
tive and responsible for formation of structure and clustering
of the galaxies, whereas DE seems to be some kind of energy
intrinsic to empty space which keeps getting stronger with
time. There are multiple ideas on DE: one idea is that DE is a
property of space itself, or some kind of dynamic energy fluid
which has some opposite effects on the Universe to ordinary
energy and matter. Although DE is a popular explanation
for the expansion mystery supported by many observational
experiments, there remain many unanswered questions.

The two main models proposed in the literature to explain
the nature of DE are the model of the cosmological con-
stant �, i.e. assuming a constant energy density filling in
space homogeneously, and a scalar field model, which con-
siders a dynamical variable energy density in space-time.
The simplest and most favorable candidate of DE is the Ein-
stein cosmological constant � [8,9], which works as a force
that counteracts the force of gravity. Adding the cosmolog-
ical constant � to EFE of the FLRW metric leads to the
�CDM model, which serves as the agent of an accelerating
Universe. In spite of its theoretical and phenomenological
problems [10], the �CDM model has been referred to as
the most efficient answer to the question of cosmic acceler-
ation in many aspects because of its consistency with obser-
vations. According to the GR, the equation of state (EoS)
in cosmology specifies the expansion rate of the Universe.
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Nowadays, the great challenge in observational cosmology
is the attempt to analyze the EoS ω = p

ρ
of various DE

models, where ρ and p are the energy density and isotropic
pressure of the fluid. The quintessence and phantom models,
which are dynamic scalar fields, are two specific cases of dark
energy models having EoS parameter ω > −1 and ω < −1,
respectively. The first scenario of the quintessence model
was proposed by Ratra and Peebles [11]. The quintessence
model differs from �CDM in the explanation of DE as a
quintessence model is dynamic, changing with respect to
time, unlike �, which always stays constant [12,13]. The
phantom model [14–16] could cause a big rip in the Uni-
verse due to the growing energy density of DE [17–19].
Also a number of other scalar fields DE models have been
proposed: the spintessence [20], k-essence [21,22], quintom
[23], tachyon [24,25], Chameleon [26] having EoS parame-
ter ω ∈ (−1, 0) model etc. Another class of alternative ideas
concerns the theory of dark fluid that unifies both DM and
DE as a single phenomenon [27]. In order to understand the
behavior of the Chaplygin gas in detail, one can review some
excellent work published by Singh et al. [28–30]. In addition,
holographic dark energy (HDE) is also a suitable choice for
DE (among other alternatives) that might be originated from
the quantum fluctuations of space-time [31–34].

Another possibility of DE that might affect the expansion
history of the Universe concerns the dissipative phenomena
in the form of bulk and shear viscosity. After the discov-
ery of acceleration of the Universe, the concept of viscous
cosmology has been reconsidered again. Some recent papers
provide an application of viscous cosmology to the acceler-
ating Universe [35,36]. For an isotropic and homogeneous
cosmic expansion, the negative pressure of a bulk viscous
fluid might play the role of an exotic fluid and could account
for the effects usually attributed to DE. It is observed that the
primordial inflation and present cosmic accelerated expan-
sion can be achieved in the Universe by the inclusion of vis-
cosity concepts in which various cosmic aspects have been
considered [37]. There are a number of articles in the lit-
erature which discuss the DE phenomenon as an effect of
dissipative processes such as bulk viscosity, which has been
thoroughly studied in a cosmic medium (for a detailed review
see [38,39]).

In the other direction, the accelerating expansion of the
Universe can be revealed by modifying the Einstein–Hilbert
action. The standard Einstein Lagrangian can be modified by
replacing the scalar curvature R with some arbitrary function
of R; this is known as f (R) gravity. Moreover, the replace-
ment of the Ricci scalar R with scalar torsion T is known
as f (T ) gravity, and replacement with the gravitational con-
stant G is known as f (G) gravity. Many other modifications
of the underlying geometry can cause a modified theory dif-
ferent from GR. Among the wide range of alternative ideas
of modified gravity, f (R) gravity theory is the most viable

alternative theory of gravity [40]. f (R) gravity is consid-
ered good on large scales, but it fails to show consistency as
regards some of the observational tests, e.g. rotation of curved
spiral galaxies [41,42], or the solar system regime [43,44]. A
more generic extension of f (R) gravity could be considered,
as f (R, Sm), where the matter Lagrangian Sm is a function
of the trace T of the energy momentum tensor and is taken as
f (R, T ) gravity [45]. The main reason to introduce the term
T is to take the quantum effects and exotic imperfect fluids
into account, and f (R, T ) gravity is also capable of explain-
ing the late-time cosmic speed up. Some observational tests
[46,47] have been applied to f (R, T ) gravity in order to
resolve the issues entailed by f (R) gravity. To understand
f (R, T ) theory in detail, one may refer to some excellent
work [48–59]. For recent reviews on modified gravity theo-
ries, see, for instance, [60–64].

Shabani et al. [65] have studied a minimal g(R) + h(T )

Lagrangian, a pure non-minimal g(R)h(T ) Lagrangian and
a non-minimal g(R)(1+h(T )) Lagrangian in f (R, T ) mod-
ified gravity with a dynamical systems approach against the
background of the FLRW metric. Shabani et al. have dis-
cussed the cosmological and solar system consequences of a
non-interacting generalized Chaplygin gas (GCG) with bary-
onic matter, late-time solutions of the �CDM subclass of
f (R, T ) gravity using a dynamical system approach, late-
time cosmological evolution of the Universe in f (R, T )grav-
ity with minimal curvature–matter coupling via considering
linear perturbations in the neighborhood of equilibrium, and
bouncing cosmological models against the background of
f (R, T ) = R+h(T ) gravity in FLRW metric with a perfect
fluid [66–71]. Singh et al. [72] have studied a bouncing Uni-
verse in the framework of f (R, T ) gravity using a specific
form of the Hubble parameter.

In the Palatini formalism of f (R) gravity called �(T )

gravity, first proposed by Poplawski [73], one considered as
the most general case where a �-term is present the gen-
eral gravitational Lagrangian, which is taken as a function of
T , where T is the trace of energy momentum tensor. More-
over, the Palatini version of f (R) gravity can be brought
back when we ignore the pressure dependent term from �(T )

gravity. Also, the dynamical cosmological constant � is sup-
ported by this theory to solve the cosmological constant prob-
lem [10] and it is in good agreement with �(T ) gravity. A
detailed review of �(T ) cosmology in f (R, T ) modified
gravity can be found in [74–76]. Bamba et al. [77] have
studied various types of dark energy models e.g. �CDM,
pseudo-rip Universes, little rip Universes, quintessence and
phantom cosmological models with Type-I, -II, -III, and -IV,
and non-singular DE models.

In this paper, the work is organized as follows: Sect. 1
provides a brief introduction on dark energy and alterna-
tive ideas to cosmic acceleration. In Sect. 2, we review the
derivation of the field equations with variable cosmological
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parameter and obtain exact solutions to the EFE using a spe-
cific parametrization of the Hubble parameter. In Sect. 3, we
discuss the dynamics of the obtained model and briefly ana-
lyze the behavior of the geometrical and physical parameters
with the help of some graphical representations. In Sect. 4,
we study the energy conditions and perform the diagnostic
analysis for our model, and in Sect. 5, we observe the con-
sistency of our model with some cosmological observations.
Finally, we conclude with our results in Sect. 6.

2 Basic equations and its solutions

2.1 Field equations in f (R, T ) gravity

f (R, T ) gravity [45] is a more generic extended theory
of f (R) gravity or more precisely GR which explains the
curvature–matter coupling in the Universe. The formalism
of the f (R, T ) model depends on a term which is gener-
ally considered as a source in the Lagrangian matter Sm . The
action of f (R, T ) gravity is defined as

S =
∫ (

1

16πG
f (R, T ) + Sm

) √−gdx4. (1)

In the above action, we consider the functional form of
f (R, T ) = f1(R) + f2(T ), the sum of two independent
functions of the Ricci scalar and the trace of the energy
momentum tensor, respectively. We assume the forms of
f1(R) = λR and f2(T ) = λT , where λ is any arbitrary
coupling constant of f (R, T ) gravity.

On taking the variation of (1) with respect to gi j and
neglecting the boundary terms, we have

f ′
1(R)Ri j − 1

2
( f1(R) + f2(T ))gi j + (gi j� − ∇i∇ j ) f

′
1(R)

= 8πTi j − f ′
2(T )Ti j − f ′

2(T )θi j , (2)

where the prime denotes the derivative with respect to the
argument, and the operator � defined above is De Alembert’s
operator (� ≡ ∇ i∇i ). The term θi j is defined as

θi j ≡ glm
δTlm
δgi j

. (3)

Also if the matter content filling the Universe shows a perfect
fluid behavior then in this case θi j becomes θi j = −2Ti j −
pgi j , the matter Lagrangian density Sm can be considered as
Sm = −p, and the energy momentum tensor (EMT) takes
the form Ti j = (ρ+ p)uiu j − pgi j . Here, ui = (0, 0, 0, 1) is
the 4-velocity vector, which satisfies the condition uiui = 1,
and ui∇ j ui = 0 in a co-moving coordinate system.

Using the values of the functions f (R) and f (T ) in
Eq. (2), where (gi j� − ∇i∇ j )λ = 0, the field Eq. (2) takes
the form

Gi j = Ri j − 1

2
Rgi j =

(
8π + λ

λ

)
Ti j +

(
p + 1

2
T

)
gi j . (4)

The Einstein field equations with cosmological constant
(in units of G = c = 1) in the general theory of relativity is

Gi j = 8πTi j + �gi j , (5)

and comparing Eqs. (4) and (5) by taking a non-negative
small value of the arbitrary coupling constant λ such that the
signs of the RHS of Eqs. (4) and (5) remain the same. Thus
we have

� ≡ �(T ) =
(
p + 1

2
T

)
, (6)

which regards the effective cosmological constant � as a
function of the trace T [73]. Therefore, the EMT yields

� = �(T ) = 1

2
(ρ − p). (7)

Consider the flat FLRW metric against the background
which expresses a curvature-less homogeneous and isotropic
Universe as

ds2 = dt2 − a2(t)(dx2 + dy2 + dz2), (8)

where a(t) is the expansion scale factor.
In the background of the metric (8) in the f (R, T ) gravity

for �(T ) cosmology, the EFEs (4) yield the following two
independent equations:

3H2 =
(
A + 1

2

)
ρ − 1

2
p, (9)

3H2 + 2Ḣ = −
(
A + 1

2

)
p + 1

2
ρ, (10)

where A = 8π+λ
λ

, H = ȧ
a is the Hubble parameter, which

measure the fractional rate of change of the scale factor a(t),
and an overhead dot indicates the time derivative. In the next
section, we solve the cosmological equations with a particu-
lar parametrization of the Hubble parameter.

2.2 Parametrization of H and exact solution

The composition of the above two evolution Eqs. (9) and (10)
involves three unknowns a, ρ and p. In order to accomplish
a unique and consistent solution of the field equations, an
additional constrain equation is needed. In general, the EoS
parameter for the matter content of the Universe is considered
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as a supplementary condition. But there are other approaches
too, which have been discussed by many authors regarding
the parametrization of the cosmological variables involved
in the field equations, e.g. the Hubble parameter, deceleration
parameter, EoS parameter, energy density, pressure, and the
cosmological constant [78,79]. From Eqs. (9) and (10) ρ, p
and ω can also be represented in terms of H and q as

ρ = 1

(A + 1)

[
3 + (q + 1)

A

]
H2, (11)

p = 1

(A + 1)

[
−3 + (q + 1)(2A + 1)

A

]
H2, (12)

ω = (2A + 1)q − (A − 1)

(3A + q + 1)
. (13)

Here, q is a dimensionless quantity which is a measure of
cosmic acceleration in the Universe and is called deceleration
parameter (DP). q < 0 indicates the accelerated expansion
in the Universe, whereas q > 0 shows the expansion in the
Universe as it is decelerated. The DP in terms of the scale
factor a and the Hubble parameter H is defined as

q = − äa

ȧ2 = −1 − Ḣ

H2 . (14)

From Eqs. (11) and (12), we obtain the solution for q or H
explicitly. Equation (13) represents the general expression of
the EoS in the presence of f (R, T ) gravity. As recent astro-
nomical observations acknowledge, the accelerating phase of
the Universe was preceded by a decelerating phase. Taking
the phase transition scenario in our present study, we choose
an appropriate parametrization of the Hubble parameter H
[80,81]:

H(a) = α(1 + a−n), (15)

where α > 0 and n > 1 are constants, called model parame-
ters, which are to be constrained through observations. Inte-
grating Eq. (15), we obtain the scale factor in explicit form
as

a(t) = (enαt − 1)
1
n + c, (16)

where we get the point type singularity at t = 0 by taking
the arbitrary integration constant c as zero. The deceleration
parameter q is given by

q(t) = n

enαt
− 1. (17)

Using Eqs. (15) and (17) in Eqs. (11), (12) and (13), we obtain
the physical parameters as

ρ(t) = λ

(8π + 2λ)

[
3 + nλ

enαt (8π + λ)

]
α2e2nαt

(enαt − 1)2 , (18)

p(t) = λ

(8π + 2λ)

[
−3 + n(16 + 3λ)

enαt (8π + λ)

]
α2e2nαt

(enαt − 1)2 ,

(19)

ω(t) = −3(8π + λ)enαt + n(16π + 3λ)

3(8π + λ)enαt + nλ
, (20)

and

�(t) =
[

3λ

(8π + 2λ)
− nλ

enαt

]
α2e2nαt

(enαt − 1)2 . (21)

2.3 Bounds on the cosmological parameters

Here, we evaluate the cosmological parameters at two
extreme values of time t → 0 and t → ∞, to examine
the behavior of the model at the initial singularity as well as
late time (see Table 1). From Table 1, we can have a range of
these cosmological parameters, which depend on the param-
eter n and the f (R, T ) coupling constant λ, where λ = 8π

A−1 .
By choosing suitable values of n and λ, we can explain the
history of the expansion in terms of the various cosmological
parameters. The role of the f (R, T ) coupling constant λ can
be seen clearly from Table 1. The Universe starts with infi-
nite velocity and a finite acceleration and expands indefinitely
with constant velocity and constant acceleration. The energy
density and isotropic pressure start from infinitely large val-
ues at the time of the early evolution of the Universe and
decrease gradually to constant values in late time. The EoS

parameter ω varies in the range
[−3A+n(2A+1)

3A+n ,−1
]
. The role

of the f (R, T ) coupling constant bounds and the limit for
the EoS parameter will be discussed in another subsection.

We shall examine the behaviors of the physical and geo-
metrical parameters in the following section more explicitly
with the help of a graphical representation by expressing the
cosmological parameters in terms of the redshift z.

3 Dynamics of the model

In this study, we are trying to evaluate a cosmological model
mathematically which can determine the dynamics of the
Universe by explaining the behavior of its geometrical as
well as physical parameters on large scale. There are around
4 to 20 cosmological parameters through which the dynam-
ical behavior of the Universe can be quantified. Among
these, the most fundamental cosmological parameters are
the Hubble parameter H(t) and the deceleration parameter
q(t). The other geometrical parameters can be determined
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Table 1 Behavior of cosmological parameters

Time (t) a H q ρ p ω �

t → 0 0 ∞ n − 1 ∞ ∞ −3A+n(2A+1)
3A+n ∞

t → ∞ ∞ α −1 3α2

(A+1)
−3α2

(A+1)
−1 3α2

(A+1)

by expanding the scale factor a(t) in the neighborhood of t0
by the Taylor theorem as [30]

a(t) = a(t0 + t − t0) = a0 + (t − t0)

1! ȧ0

+ (t − t0)2

2! ä0 + (t − t0)3

3!
...
a0 + · · · , (22)

where a0 represents the value of a(t) at the present time t0.
The parameters H and q specify the significance of Ein-
stein field equations and explain the recent astronomical
observations accomplished by Eq. (22). The involvement of
higher derivative terms of the scale factor a(t) in Eq. (22)
extends the cosmographic analysis of the geometrical param-
eters [82,83]. From Eq. (22), one can define some geomet-
rical parameters such as the jerk, snap, and lerk parameters,
including the Hubble and deceleration parameters, through
the higher derivatives of the scale factor as

H = ȧ

a
, q = − ä

aH2 , j =
...
a

aH3 , s =
....
a

aH4 , l =
....
ȧ

aH5
.

(23)

In the following subsections, we discuss the behaviors
of all these geometrical parameters for our model in detail.
Moreover, we express the cosmological parameters in terms
of the redshift (1+z = a0

a ) with normalized scale factor a0 =
1. Here, we establish the t–z relationship, which turns out to
be t (z) = 1

nα
log

(
1 + (1 + z)−n

)
. The Hubble parameter H

which explains the dynamics of the Universe can be written
in terms of the redshift as

H(z) = α(1 + (1 + z)n), (24)

or

H(z) = H0

2
(1 + (1 + z)n). (25)

In the next subsection we will discuss the different phases of
the evolution of the deceleration parameter with respect to
the redshift z and examine the phase transition.

3.1 Phase transition from deceleration to acceleration

The deceleration parameter is examined as one of most influ-
ential cosmological parameters among the various cosmolog-
ical parameters which describe the dynamics of the Universe.

In this section, we discuss the different phases of the evolu-
tion of deceleration parameter. Cosmological observations
indicate that the Universe experiences a cosmic speed up
at late time, implying that the Universe must have passed
through a slower expansion phase in the past [1,2]. More-
over, a decelerating phase is also necessary for the formation
of structure. The cosmic transit from deceleration to accel-
eration or the phase transition may be treated as a necessary
phenomenon, while describing the dynamics of the Universe.
The above considered parametrization of the Hubble param-
eter in Eq. (15), which yields a time dependent expression of
the deceleration parameter in Eq. (17), is rational with a phase
transition. The present cosmic accelerating behavior can be
estimated through the values of the deceleration parameter q
that belong to the negative domain. Keeping all these things
in mind, we plot the graph of q with respect to the redshift z
and choose the model parameter n suitably so that we have
a phase transition redshift (ztr) exhibiting early deceleration
to late acceleration. The deceleration parameter in terms of
the redshift z can be written as

q(z) = (n − 1)(1 + z)n − 1

1 + (1 + z)n
. (26)

From this expression, we find the range of the decelera-
tion parameter q ∈ [(n − 1),−1]. As n > 1, we see that
the lower limit is positive and the upper limit is negative,
showing a signature flip. The present value of the decelera-
tion parameter q is given by q0 = n

2 − 1 at z = 0. Here, we
are interested in examining the present era of the Universe as
suggested by the observations [1–4]. Therefore, we assume
the restriction 1 < n < 2 on our model parameter in such a
way that a phase transition from early deceleration to present
acceleration occurs. Thus, in this context, to have a negative
value of the deceleration parameter, we have to choose the
value of the model parameter n in such a range. Choosing the
model parameter n suitably, q(z) can be plotted for a close
view to discuss the behavior of the deceleration parameter as
shown in Fig. 1.

In Fig. 1, it is clearly observed that the deceleration param-
eter q is positive and negative for high and low redshift z,
respectively, in the range 1 < n < 2 of the model parameter
n. It has also been noticed explicitly that the phase transi-
tion from decelerating to accelerating regimes of the Uni-
verse depends on the variation of the model parameter n. For
n ≤ 1, the model exhibits eternal acceleration; for n = 2, the
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n 1
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n 1.45
n 1.65
n 1.85
n 2
n 2.25

Eternal Acceleration
DEC ACC 
phase transition 
redshift 

No Acceleration today

Acceleration in future

1 0 1 2 3 4 5
1.5

1.0

0.5

0.0

0.5

1.0

1.5

2.0

z

q
z

ztr) 

Fig. 1 The plots of the deceleration parameter vs. redshift z for dif-
ferent n

Universe shows no acceleration at present, and for n > 2,
acceleration of the Universe is possible in the near future.
The plot shows the phase transition redshift (ztr) for various
values of n in the feasible range, n ∈ (1, 2). For n = 1.25,

q = 0 at ztr = 1.988, for n = 1.45, q = 0 at ztr = 0.73, for
n = 1.65, q = 0 at ztr = 0.29 and for n = 1.85, q = 0 at
ztr = 0.091. The present values of the deceleration param-
eter q0 corresponding to n = 1.25, n = 1.45, n = 1.65
and n = 1.85 are − 0.371,− 0.275,− 0.179 and − 0.077,
respectively. The best fit values of the model parameter n
from various observations are discussed in Sect. 5.

3.2 Physical significance of λ in the evolution of the
Universe

In order to explain formation of structure, we know that,
along with decelerated expansion, which is responsible for
the structure formation, one must require a kind of matter
fluid that could produce a Jeans instability [84], and this is
possible only when a low pressure fluid occurs in the Uni-
verse. To understand the formation of structure in detail, a
force of gravity is required which puts the gas molecules
together because as gravity pushes gas molecules closer,
pressure and heat are produced, which then tends to push
the molecules further apart. In 1902 Jeans was the first per-
son who calculated the region of influence mathematically,
called the Jeans length1 required to cause gravity to push
atoms together and merge into structures like stars, galaxies
or in fact global clusters.

1 The Jeans length in a region can be calculated by the formula L J =√
πkT
mGρ

, where k is the Boltzmann constant, T is the temperature of the

gas, m is the mass of the atom in the gas, G is the gravitational constant
and ρ is the density of the gas. The Jeans length at the time of decoupling
was approx. 108 light years.

In the present study, for formation of structure we must
have pressure p > 0 in the early phase of the Universe
and p < 0 in the late phase, which could produce anti-
gravitational effects to accelerate the Universe. This simply
implies that the EoS parameter ω must be positive in the
early Universe and negative in the late Universe with ω = 0
at a certain time of the cosmic evolution. For non-vanishing
denominator of Eq. (13), we find a restriction on the cou-
pling constant λ as q 
= −(24π + 4λ) for λ 
= 0. Moreover,
ω transits from early positive to late negative value, passing
through ω = 0, which gives a relation for the deceleration
parameter:

q = 8π

16π + 3λ
, (27)

and using Eqs. (26) and (27), we have ω = 0 at redshift z
given by

z =
[
n

(
16π + 3λ

24π + 3λ

)
− 1

]−1
n − 1. (28)

From Eqs. (27) and (28), we see that the redshift z, cou-
pling constant λ and the model parameter n are closely
related. In this study we have chosen four particular val-
ues of n, n = 1.25, n = 1.45, n = 1.65 and n = 1.85. We
obtained the values of λ as −39.0954,−47.2191,−64.627
and −128.456, corresponding to n = 1.25, 1.45, 1.65 and
1.85, respectively, from the analysis of Eq. (28) at present
time z = 0. By various observations it is confirmed that our
Universe is accelerating due to the presence of a mysterious
form of energy known as dark energy, containing high nega-
tive pressure at the present, which produces a repulsive force.
To achieve this kind of scenario in our study, it is essential
to consider the value of the coupling constant λ in such a
way that ω changes its sign in the redshift range 0 < z < 1,
which is consistent with observations. Therefore, we choose
the values of λ accordingly for all the four values of n and
find a fixed particular value of λ as λ = −130. This value
of λ is consistent with the current cosmic behaviors of the
physical parameters ρ, p, ω and �. One may also consider a
positive coupling constant λ accordingly such that ω changes
sign from positive to negative but we find that, for some large
positive values of λ, ω = 0 does not seem to be consistent at
high redshift (z > 1) and for small positive values of λ, the
model exhibits eternal acceleration, since ω remains negative
throughout the evolution (ω < 0). Therefore, we choose a
suitable value of λ = −130 from a wide range of values of the
coupling constant λ, by examining numerically, which could
meet the requirements of the current observations and we
shall discuss a particular model with λ = −130 (see Fig. 2).
The plot of the EoS parameter ω vs. redshift z explains it
well.
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Fig. 2 The plot of ω vs. z for n = 1.45

Here, we fix n = 1.45 where the phase transition redshift
is ztr ≈ 0.7. Now we observe the role of coupling constant
λ played in the evolution of the EoS parameter ω by taking
different values of λ. For λ = 0, the case of GR and λ = −10,
EoS parameter ω remains negative throughout the evolution.
If we increase the value of λ from a small positive number
to a large positive number, the redshift transition time gets
shifted from right to left. Also if we take high negative values
of λ from −50 to −150, the redshift phase transition time
gets shifted from left to right and ultimately remains in the
interval z ∈ (0, 1). For all the cases of λ plotted here other
than λ = 0,−10, it is important to notice that the matter
content in the Universe behaves like a perfect fluid in the
initial phase of the Universe and later on the Universe enters
into a quintessence regime and finally approaches ω = −1
as z → −1 but it never crosses the phantom divide line.
Hence, the coupling constant λ has great importance in the
reconstruction of the cosmic evolution of our model.

3.3 Physical parameters and their evolution

In the following section, we analyze the evolution of the
energy density ρ, isotropic pressure p, EoS parameter ω

and the cosmological constant � for our model from the
parametrization (15). Using the t–z relationship, we get the
expressions for ρ, p, ω and � in terms of the redshift as
follows:

ρ(z)

H2
0

= 3λ

4(8π + 2λ)

[
(1 + (1 + z)n)2

]
[

λ2

(8π + λ)(8π + 2λ)
n(1 + z)n(1 + (1 + z)n)

]
,

(29)

p(z)

H2
0

= − 3λ

4(8π + 2λ)

[
(1 + (1 + z)n)2

]

+ λ(16π + 3λ)

(8π + λ)(8π + 2λ)
n(1 + z)n [(1

+(1 + z)n)
]
, (30)

ω(z) = −3(8π + λ)(1 + (1 + z)−n) + n(16π + 3λ)

3(8π + λ)(1 + (1 + z)−n) + nλ
,

(31)
�(z)

H2
0

= 3λ

(8π + 2λ)

[
1 + (1 + z)n

]2

−
(

λ

(8π + 2λ)

)
n(1 + z)n

[
1 + (1 + z)n

]
. (32)

The evolution of the physical parameters in Eqs. (29)–(32)
are shown in the figures.

Figure 3a depicts the evolution of the energy density ρ

with respect to the redshift z for different values of the model
parameter n mentioned in the plot. For a high redshift, the
energy density is very high, as expected; then the energy
density falls as time unfolds and later on it approaches 3α2

(A+1)

as z → −1.
Figure 3b highlights the picture of the isotropic pressure

for the specified values of n. In the initial phases of the early
Universe for a very high redshift, the isotropic pressure p

attains a very large value and approaches −3α2

(A+1)
in the future

as z → −1. The negative values of the cosmic pressure
are corresponding to the cosmic acceleration according to
the standard cosmology. Hence our model shows acceler-
ated expansion at present as well as in the future evolution.
We know that, discussing the primordial nucleosynthesis in
the early Universe in a model, it is obvious that a deviation
of more than 10% in the expansion rate with respect to the
standard model during the nucleosynthesis era conflicts with
the observed He4

2 abundance. Therefore, according to our
model, in the early Universe at high redshift, the matter all
throughout the Universe was fairly dense so that regions of
about 100 light years (the Jeans length) across matter would
coalesce and form global clusters, corresponding to a high
positive pressure. Therefore, our present model is in good
agreement with the fact of the formation of structure in the
Universe.

The profile of the EoS parameter ω and the cosmolog-
ical constant �

H2
0

is investigated in Fig. 4. The behavior of

ω with respect to the redshift z can be seen in Fig. 4a. For
all values of the model parameter n and a fixed value of the
coupling constant λ = −130, ω takes positive values in the
early Universe; then ω starts changing its sign from positive
to negative and ω = 0 at z = 1.31678, 0.481009, 1.060876
and z = 0.001195 corresponding ton = 1.25, 1.45, 1.65 and
n = 1.85, respectively. After this, ω enters the quintessence
region, and ω → −1 in late time as z → −1, which sug-
gests that matter in the Universe behaves like a perfect fluid
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Fig. 3 The plots of the energy density ρ and pressure p vs. redshift z with λ = −130

1.0 0.5 0.0 0.5 1.0 1.5 2.0
1.0

0.8

0.6

0.4

0.2

0.0

0.2

0.4

z

n 1.85

n 1.65

n 1.45

n 1.25

1.0 0.5 0.0 0.5 1.0 1.5 2.0
0

2

4

6

8

10

12

14

z

H
0

2

n 1.85

n 1.65

n 1.45

n 1.25

(a) (b)

Fig. 4 The plots of the EoS parameter ω and cosmological constant � vs. redshift z with λ = −130

initially. Later on the model is similar to a dark energy model
and behaves like a quintessence model and finally approaches
−1 without entering the phantom region. Figure 4b depicts

the variation of the cosmological constant

(
�

H2
0

)
with respect

to the redshift z. It has been observed that the cosmological
constant remains positive throughout the cosmic evolution,
decreasing in nature and reaching a small positive value at
present epoch z → 0, favoring the observations [1,2,85,86]
and � → 3α2

(A+1)
as z → −1. The outcome from these obser-

vations suggests a very minute positive value having magni-
tude ∼ 10−123.

3.4 Physical significance of jerk, snap, lerk parameters

For our model, the expressions for jerk parameter j , snap
parameter s and lerk parameter l are obtained in terms of
redshift z, given by

j (z) = (1 + n(n − 3)[(1 + (1 + z)−n)−1

+n2(1 + (1 + z)−n)−2], (33)

s(z) = 1 + n[−n2(1 + (1 + z)−n)−3

−n(4n − 7)(1 + (1 + z)−n)−2

−(6 + n(n − 4))(1 + (1 + z)−n)−1], (34)

l(z) = [1 + n4(1 + (1 + z)−n)−4

+n3(11n − 15)(1 + (1 + z)−n)−3

+n2(25 + n(11n − 30))(1 + (1 + z)−n)−2n

(−10 + n(10 + n(n − 5)))(1 + (1 + z)−n)−1].
(35)

Figure 5 depicts the evolution of jerk j , snap s and lerk
parameter l with respect to the redshift z. In Fig. 5a, the evolu-
tion of the jerk parameter is represented for all the four values
of n, and it can be observed that the j parameter lies in the
positive range throughout its course. Also j → 1 as z → −1,
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Fig. 5 The plots of jerk j , snap s and lerk l parameters vs. redshift z

∀n, which is consistent with observations of standard �CDM
but at present z = 0, j 
= 1, ∀n. Therefore, our model is sim-
ilar to the dark energy model, different from �CDM, ∀n, at
the present time. Figure 5b enacts the profile of snap param-
eter s during its evolution. In the early Universe s assume
value in the negative range ∀n then as Universe evolves, s
take values in the positive range, i.e. in the entire evolution
of s, there is one transition from negative to positive range.
Also it can be directly seen from Fig. 5b that the transition
of s depends on the model parameter n, i.e., the transition
redshift of s is delayed as n takes values from 1.25 to 1.85.
Figure 5c shows the variation of the lerk parameter l over the
redshift z. The lerk parameter l assumes only positive values
without any redshift transition. In addition to j , both s and l
approach 1 as in late time z → −1.

4 Physical analysis and geometrical diagnostic

4.1 Energy conditions

In the general theory of relativity, energy conditions (ECs)
have great advantage for broad understanding of the singu-
larity theorem of space-time. ECs are considered as the basic
ingredient to describe the role of different geodesics, i.e., null
geodesics, space-like, time-like or light-like geodesics. The
additional privilege of EC is to provide the elementary tool
for study certain ideas as regards black holes and worm holes.
There are several ways in which ECs can be formulated, e.g.
geometric way, physical way or in effective way. The viabil-
ity of various types of point-wise ECs could be discussed by
the well-known Raychaudhuri equation [87]. The situation
of exploring ECs in GR is to relate cosmological geometry
with the general energy momentum tensor in such a way that
the energy remains positive [88]. But generally this is not the
case in modified gravity theories. Therefore, one has be con-
cerned while expressing such a relation in modified gravity.

For the literature review of ECs that have been already been
examined in the general theory of relativity, see [89–91]. Sev-
eral issues in exploring the ideas of ECs have been proposed
in modified gravity also. For a brief and recent reviews see
[92,93] in f (R) gravity and [94–96] in f (G) gravity. The
expressions for four types of EC in f (R, T ) gravity with
effective energy density ρ and isotropic pressure p can be
represented as follows:

• NEC ⇔ ρ + pi ≥ 0, ∀i ,
• WEC ⇔ ρ ≥ 0, ρ + pi ≥ 0, ∀i ,
• SEC ⇔ ρ + ∑3

i=1 pi ≥ 0, ρ + pi ≥ 0, ∀i ,
• DEC ⇔ ρ ≥ 0 , |pi | ≤ ρ, ∀i , i = 1, 2, 3.

Also, if the energy density ρ and isotropic pressure p are
described in terms of the scalar field φ (real), then the energy
conditions in terms of the scalar field φ satisfies:

• NEC: ∀ V (φ),

• WEC ⇔ V (φ) ≥ φ̇2

2 ,
• SEC ⇔ V (φ) ≤ φ̇2,
• DEC ⇔ V (φ) ≥ 0.

Here NEC, WEC, SEC and DEC are defined as the null
energy condition, weak energy condition, strong energy con-
dition and dominant energy condition, respectively.
Here, we present the graphs of NEC, SEC and DEC for all
four values of the model parameter n and a fixed value of
f (R, T ) coupling constant λ. We observe that, from Fig. 6a–
c, NEC and DEC hold for all values of n, while SEC fails for
all values of n.

4.2 Statefinder diagnostic

As is well known, the role of geometric parameters has great
importance in order to study the dynamics of a cosmological
model. In what follows, in Sect. 4.2, we have discussed the
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Fig. 6 The plots of NEC, SEC and DEC for the model λ = −130

different phases of the evolution of the deceleration param-
eter and concluded that the deceleration parameter alters its
sign from positive to negative, corresponding to high red-
shift to low redshift, respectively. The phase transition of the
deceleration parameter provides hope to discover the source
of the recent acceleration. Through the requirement of a more
general dark energy model other than �CDM and the devel-
opment in the accuracy of current cosmological observational
data, there arises the problem of looking into the quantities
involving higher derivatives of the scale factor a.

In order to have a general study of different dark energy
models, a geometrical parameter pair technique, known as
statefinder diagnostic (SFD), has been proposed [97,98]; the
pair are denoted by {r, s}, where r and s are defined as

r =
...
a

aH3 s = r − 1

3
(
q − 1

2

) , (36)

where q 
= 1
2 .

Various dark energy scenarios can be examined by the
distinct evolutionary trajectories of the geometric pair {r, s}
emerging in the r–s plane in Fig. 7a. A symbolic feature of
the SFD is that the standard �CDM model of cosmology is
represented by the pegged point {r, s} = {1, 0}, whereas the
standard matter dominated Universe, SCDM, corresponds
to the fixed point {r, s} = {1, 1}. Other than the �CDM
and SCDM model, the SFD analysis can successfully dis-
criminate among the several dark energy candidates such as
quintessence, braneworld dark energy models, Chaplygin gas
and some other interacting dark energy models by locating
some particular region in the said diagram in the distinctive
trajectories [28,99–101].

Now we implement the SFD approach in our dark energy
model to discuss the behavior of our model and study its
converging and diverging nature with respect to the SCDM
and �CDM model. The expression for the r, s parameters
for our model are

r = 1 + n[e−2nαt (n − 3) + n] (37)

and

s = 2n[3 − n(1 + e−nαt )]
9enαt − 6n

. (38)

Figure 7a represents the time evolution of four trajectories
for different values of n in r–s plane. All the trajectories
corresponding to different values of n evolve with time but
deviate from the point SCDM, i.e., {r, s} = {1, 1}, which
corresponds to a matter dominated Universe. The directions
of the r–s trajectories in the plane diagram are represented by
arrows. Initially, we have examined that cases corresponding
to n = 1.25 and n = 1.45; the trajectories remain in the
domain r < 1, s > 0, which relate our dark energy model
to the quintessence model. Also trajectories corresponding
to n = 1.65 and n = 1.85 start evolving from the region
r > 1, s < 0, which resembles the behavior of dark energy
with a Chaplygin gas and this region is highlighted by CG
in the top leftmost part of the plot. The downward pattern
of trajectories representing the CG behavior and the upward
trend of the trajectories representing quintessence behavior
are eventually met at the point {r, s} = {1, 0}, i.e., we have
the �CDM model. This suggests that our model behaves like
�CDM in the late time of cosmic evolution. In addition we
have presented one more horizontal line in the above diagram,
which shows the transformation of trajectories from a matter
dominated Universe SCDM to �CDM as time unfolds. The
point having coordinates {r, s} = {1, 2

3 } on the horizontal
line represents the holographic dark energy model with future
event horizon as IR cut-off labeled as HDE in Fig. 7a, begins
the evolution from the point {r, s} = {1, 2

3 } and ultimately
ends its evolution at �CDM [102–104]. Therefore, the plot of
{r, s} for our model is effectively discriminant among other
dark energy model for different n.
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Fig. 7 The s − r and q − r diagrams for our model

Figure 7b represents the time evolution of four trajecto-
ries for different values of n in r–q plane. Since we have seen
the complete description of the phase transition of decelera-
tion parameter in Sect. 3.2, we can again observe the phase
transition of our model by looking into the trajectories of
r–q diagram as q changes its sign from positive to nega-
tive. The evolution of the trajectories for different values of
n commences in the vicinity of a matter dominated Universe
SCDM but never converges to SCDM. As time evolves, the
values of r and q start to decline and they attain their min-
imum position, after which both r and q start to increase
towards SS, which is located in the diagram at (1,−1). The
progression of the trajectories to SS suggests that our dark
energy model may behave like the steady state model in late
time.

4.3 Om diagnostic

In this section, we use one more technique to differentiate the
standard �CDM model from other dark energy models. This
approach has been developed to examine the dynamics of the
dark energy models by connecting the geometric parameter
H with redshift z, and it is known as Om diagnostic [105–
107]. It is worth mentioning that Om diagnostic can make a
distinction among various dark energy models without actu-
ally referring to the exact present value of density parameter
of matter and without comprising the EoS parameter. Also
the Om diagnostic yields a null test for the cosmological
constant � as Om takes same constant value irrespective of
the redshift z for �CDM, which exhibits the non-evolving
behavior of Om when dark energy is a cosmological con-
stant. Also Om diagnostic is a single parameter evaluation
technique; therefore it is quite simple to formulate, as com-
pared to SFD. Om diagnostic is defined as
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Fig. 8 The plot of Om(z) vs. z

Om(z) =
(
H(z)
H0

)2 − 1

z(z2 + 3z + 3)
. (39)

The contrasting behavior of dark energy models from
�CDM depend on the slope of the Om(z) diagnostic. A
quintessence (ω > −1) type behavior of dark energy can
be identified by its negative curvature with respect to z, and
a phantom type behavior (ω < −1) can be diagnosed by its
positive curvature with respect to z, and a zero curvature of
Om(z) represents the standard �CDM.

Figure 8 exhibits the evolution of different trajectories of
the function Om(z) with respect to the redshift z, correspond-
ing to different values of the model parameter n. From the
plot of Fig. 8, we can observe that all the trajectories show
negative slope, i.e., all the trajectories move in an upward
direction as time increases or the redshift decreases. The neg-
ative curvature pattern suggests that our model is behaving
similar to quintessence for all values of n.
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5 Observational constraints on the model parameters

According to the current survey, as is well known, a wide vari-
ety of observational data including the Cosmic Microwave
Background (CMB) data (which is the relic radiations from
the baby Universe), Slogan Digital Sky Survey (SDSS) data
(the observations of the distribution of galaxies with position
redshift which essentially encode the fluctuations in the Uni-
verse, spectra of quasars), Type Ia supernovae data (usually
known as standard candles and used to measure the expan-
sion of Universe), Baryon Acoustic Oscillations (BAO) data
(which measures the structure in the Universe), and large-
scale structure (LSS) data (having provided a very strong tool
to test our cosmological framework for many years [108])
produce various measurements of challenging issues in our
Universe like the evolution of the Universe, properties of
dark matter and dark energy. More significantly, the growth
rate of structure tests are independent and complementary
to the constraints, which may be obtained from the analysis
of the temperature and polarization fluctuations in the CMB
and other observations such as Type Ia supernovae and BAO.
The consistency between these observational data sets func-
tion as one of the strongest reasons in favor of the current
standard model, the �CDM model.

The most significant part of the parametric reconstruction
is the assessment of the values of the parameters from the
observational data. The two parameters, Hubble parameter
H0 and the model parameter n, are involved in our model.
Here, we use H(z), SNeIa and BAO data set for the statistical
analysis. In the following subsection, we constrain the model
parameter n with the observational H(z), SNeIa (Union 2.1
compilation), BAO data set, and the joint data set H(z) +
SNeIa and H(z)+SNeIa+BAO, respectively, for which the
corresponding values of Hubble parameter H0 can also be
constrained.

5.1 Hubble parameter H(z)

In this subsection, we compare our model with the 29 points
of H(z) data set [109] in the redshift range 0.1 � z � 2.5
and compare with the �CDM model. We choose the value of
the current Hubble constant from Planck 2014 results [110]
as H0 = 67.8 km/s/Mpc to complete the data set.

The mean value of the model parameter n determined
by minimizing the corresponding chi-square value i.e. χ2

min,
which is equivalent to the maximum likelihood analysis is
given by

χ2
OHD(ps) =

28∑
i=1

[Hth(ps, zi ) − Hobs(zi )]2

σ 2
H(zi )

, (40)

where OHD is the observational Hubble data set. Hth and
Hobs represent the theoretical and observed value of Hubble
parameter H of our model whereas ps refers to the model
parameter n. The standard error in the observed value is
denoted by σH(zi ).

5.2 Type Ia Supernova

In this subsection, we fit our model with the 580 points of
the Union 2.1 compilation SNeIa data set [111] and compare
with the �CDM model. We choose the value of the current
Hubble constant from the Planck 2014 results [110] as H0 =
67.8 km/s/Mpc to complete the data set.

χ2
OSN(μ0, ps) =

580∑
i=1

[μth(μ0, ps, zi ) − μobs(zi )]2

σ 2
μ(zi )

, (41)

where OSN is the observational SNeIa data set. μth and μobs

are the theoretical and observed distance modulus of the
model. The standard error in the observed value is denoted
by σμ(zi ). The distance modulus μ(z) is defined by

μ(z) = m − M = 5LogDl(z) + μ0, (42)

where m and M indicate the apparent and absolute mag-
nitudes of a standard candle, respectively. The luminosity
distance Dl(z) and the nuisance parameter μ0 are defined as

Dl(z) = (1 + z)H0

∫ z

0

1

H(z∗)
dz∗ (43)

and

μ0 = 5Log

(
H−1

0

Mpc

)
+ 25, (44)

respectively. In order to calculate the luminosity distance, we
have restricted the series of H(z) up to the tenth term, then
integrating the approximate series to obtain the luminosity
distance.

The left panel of Fig. 9 displays the best fitting curve of
our model compared with the �CDM model for the H(z)
data set and the right panel shows best fitting curve of our
model compared with the �CDM model for SNeIa data set.

5.3 Baryon acoustic oscillations

In the early Universe, before matter decouples, baryons and
photons form a plasma through which sound waves can prop-
agate. Sound waves can leave a very distinct imprint on the
statistical properties on matter that we can call BAO. It mea-
sures the structures in the Universe from very large scales
which allow us to understand dark energy better. In this study
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Fig. 9 Figures a and SNeIa show the comparison of our model and the �CDM model with error bar plots of the Hubble data set and SNeIa Union
2.1 compilation data set, respectively. Red lines indicate our model and dashed black lines indicate the �CDM model in both plots

we adopt a sample of BAO distances measurements from
different surveys, namely SDSS(R) [112], the 6dF Galaxy
survey [113], BOSS CMASS [114] and three parallel mea-
surements from the WiggleZ survey [115].

In the context of BAO measurements, the distance redshift
ratio dz is given by

dz = rs(z∗)
Dv(z)

, (45)

where rs(z∗) is defined as the co-moving sound horizon at
the time when photons decouple, z∗ indicates the photons
decoupling redshift and is taken as z∗ = 1090 according to
the Planck 2015 results [116]. Also rs(z∗) is assumed to be the
same as it is considered in [117]. Further, the dilation scale
is denoted by Dv(z) and is given by the relation Dv(z) =( d2

A(z)z
H(z)

) 1
3 , where dA(z) is the angular diameter distance.

The value of χ2
BAO corresponding to BAO measurements

is given by [118]

χ2
BAO = ATC−1A, (46)

where A is a matrix given by

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

dA(z∗)
Dv(0.106)

− 30.84

dA(z∗)
Dv(0.35)

− 10.33

dA(z∗)
Dv(0.57)

− 6.72

dA(z∗)
Dv(0.44)

− 8.41

dA(z∗)
Dv(0.6)

− 6.66

dA(z∗)
Dv(0.73)

− 5.43

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Fig. 10 Figure shows the likelihood contour in the n–H0 plane for
H(z) data set. The dark shaded region shows the 1 σ error, light shaded
region shows the 2 σ error and the ultralight shaded region shows the 3
σ error. A black dot represents the best fit value of the model parameter
n and the values of H0 in the plot. Here, H0 is in units of km/s/Mpc

and C−1 is the inverse of covariance matrix [118] given by

C−1

=

⎡
⎢⎢⎢⎢⎢⎢⎣

0.52552 − 0.03548 − 0.07733 − 0.00167 − 0.00532 − 0.00590
− 0.03548 24.97066 − 1.25461 − 0.02704 − 0.08633 − 0.09579
− 0.07733 − 1.25461 82.92948 − 0.05895 − 0.18819 − 0.20881
− 0.00167 − 0.02704 − 0.05895 2.91150 − 2.98873 1.43206
− 0.00532 − 0.08633 − 0.18819 − 2.98873 15.96834 − 7.70636
− 0.00590 − 0.09579 − 0.20881 1.43206 − 7.70636 15.28135

⎤
⎥⎥⎥⎥⎥⎥⎦

adopting the correlation coefficients presented in [119].
The likelihood contours for the parameters n and H0 with

1σ , 2σ and 3σ errors in the n–H0 plane are shown in Figs. 10
and 11. The best fit values of n are found to be 1.41, 1.30,
1.509, 1.39 and 1.509 according to the Hubble data set and
SNeIa (Union 2.1 compilation data set), BAO , joint data set
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Fig. 11 Figures (a) and (b) show the likelihood contours in the n–H0
plane for joint analysis H(z)+SNeIa and H(z)+SNeIa+BAO, respec-
tively. The dark shaded region shows the 1σ error, light shaded region

shows the 2σ error and ultra light shaded region shows the 3σ error.
Black dots represent the best fit values of the model parameter n and
the values of H0 in both plots. Here, H0 is in the units of km/s/Mpc

Table 2 Summary of the numerical results for flat Universe

Data χ2
min Hubble parameter H0 (km/s/Mpc) Parameter n

H(z) (29 points data ) 24.5790 66.9762 1.410

SNeIa (Union 2.1 compilation data) 586.173 66.6213 1.390

BAO 29.4699 68.8486 1.509

H(z) + SNeIa 611.0960 67.2050 1.390

H(z) + SNeIa + BAO 673.6844 65.8202 1.509

H(z)+SNeIa and the joint data set H(z)+SNeIa+BAO for
which the corresponding best fit values of H0 are constrained
as 66.9762, 68.5583, 68.8486, 67.2050 and 65.8202, respec-
tively (see Table 2).

6 Discussions and Conclusions

In this article, we have presented a �(t) cosmology model
obtained by a simple parametrization of the Hubble param-
eter in a flat FLRW space-time in f (R, T ) modified gravity
theory. We have studied the most simple form of f (R, T )

function that can explain the non-minimal coupling between
geometry and matter present in the Universe. The field equa-
tions have been derived by taking the functional form of
f (R, T ) = f (R) + f (T ) into consideration, which leads
to general relativistic field equations with a trace T depen-
dent term. We called this term the cosmological constant
�(T ) in this study. To obtain the exact solution of the cos-
mological field equations, we have endorsed a parametriza-
tion of the Hubble parameter H that yields a time depen-
dent deceleration parameter q(t). Comprehensive observa-

tions have been recorded for our obtained model based on
the above-mentioned information.

(i) In order to study a cosmological model capable of
explaining the recent astronomical observations of
accelerating expansion of the Universe with a decel-
erating phase of evolution in the past, we have con-
sidered a geometrical parametrization of the Hubble
parameter H used by Singh [80] and Banerjee et al.
[81], which leads to a variable deceleration parameter
q. The obtained form of q describes both the scenario
of early deceleration and of present acceleration. The
behavior of the geometrical parameters a, H and q at
two extremities (t → 0, t → ∞) have been analyzed
in Table 1.

(ii) For the considered parametrization of H , the differ-
ent phases of evolution of the deceleration parameter
has been examined. From the expression of q(z), we
have found the range of the deceleration parameter, i.e.,
q ∈ [n − 1,−1], which clearly shows the signature
flipping behavior because the model parameter n > 1.
For a close view of q, we can observe the decelerating
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to accelerating regimes of the Universe depending on
the variation of the model parameter n in Fig. 1. As
the values of n increase from 1.25 to 1.85, the phase
transition redshift ztr could be delayed.

(iii) To discuss the role of the f (R, T ) coupling constant
λ played in the evolution of the EoS parameter ω, we
fix the value of n = 1.45 and vary λ. In Fig. 2, we
have examined the special characteristic of the cou-
pling constant λ, and observed the variation in ω as
λ takes both negative and positive values. This shows
the contribution of f (R, T ) gravity in this model on
considering the acceptable range of λ.

(iv) In Table 1, we have shown the behavior of a, H , q, ρ,
p, ω, and � at t → 0 and t → ∞ and studied the
physical significance of ρ, p, ω, and � with respect to
the redshift z in Sect. 3.3. In Fig. 3, the energy density
and isotropic pressure reduce from their dense state
to a constant value, which depends on λ. Figure 3b
depicts the isotropic pressure p starting from a very
large value at the initial singularity and approaching
−3α2

(A+1)
in the future z → −1 for some specific values

of n. The negative values of the cosmic pressure are
corresponding to the cosmic acceleration according to
standard cosmology. Hence our model exhibits accel-
erated expansion at present as well as in the infinite
future. The model is consistent with the formation of
structure of the Universe. In Fig. 4a, for all values of n
and a fixed value λ = −130, the EoS parameter ω tran-
sits from positive to negative and ultimately approaches
the quintessence region, which suggests that matter in
the Universe behaves like a perfect fluid initially and as
dark energy in late time. In Fig. 4b, the cosmological
constant � starts decreasing from a very high value at
high redshift and approaches a small positive value at
present epoch (z → 0), which is in good agreement
with the current observations [1,2,85,86].

(v) Next, we have compared our dark energy model with
the standard �CDM model by examining the behavior
of the other geometrical parameters, e.g., the jerk j ,
snap s and lerk l parameters. From Fig. 5a, it can be
seen that, for every value of n, our model behaves dif-
ferent from the�CDM model at the present time z = 0,
but in the late future j → 1, which is in accordance
with the �CDM model. In addition to j , the behav-
iors of the snap s and lerk l parameters are graphically
demonstrated in Fig. 5. The snap parameter s shows
one transition from negative to positive throughout its
evolution with respect to the redshift z, while the lerk
parameter l is decaying in nature with no transition.

(vi) In Sect. 4, some physical analysis is made and geomet-
rical diagnostics of the model has been studied. The
physical viability of the model has been analyzed by

verifying the energy conditions of our model. In Fig. 6,
it can be seen easily that NEC and DEC hold good but
SEC fails for all values of the model parameter n and
the fixed value λ = −130.

(vii) In Sect. 4.2, Fig. 7 represents the time evolution of four
trajectories for different values of n in {s, r} and {q, r}
plane diagram. The directions of the s–r trajectories
in the plane diagram are represented by arrows, show-
ing different dark energy models and they ultimately
approach �CDM (see Fig. 7a). In the q–r plane dia-
gram, the evolution of the trajectories, for different val-
ues of n, commences in the vicinity of SCDM and, as
time evolves, the trajectories of the q–r approach the
steady state model SS (see Fig. 7b).

(viii) Also, one more geometrical diagnostic has been inter-
preted to gain understanding of the different dark
energy models for every value of n. A plot of Om(z)
against redshift z has been displayed in Fig. 8. All
the trajectories of Om(z) exhibit a negative slope,
which suggests that our model is behaving similar to
a quintessence model for all n and in late time, i.e.,
z → −1, Om(z) → k, where k is a positive finite
quantity. This means that our model may correspond
to �CDM in the future.

(ix) The likelihood contours for the model parameters n
and H0 with 1σ , 2σ and 3σ errors in the n–H0 plane
are shown in Figs. 10 and 11. The model parameter n is
constrained using the 29 points of the H(z) and Union
2.1 compilation data. The obtained model is in good
agreement with the H(z) and SNeIa (Union 2.1 com-
pilation data) and nearly follows the �CDM behavior
(see Fig. 9). The constrained best fit values of the model
parameters n are 1.41, 1.30, 1.509, 1.39 and 1.509
according to the Hubble data H(z) and SNeIa (Union
2.1 compilation data), BAO, joint data H(z) + SNeIa
and H(z) + SNeIa + BAO for which the correspond-
ing best fit values of H0 are evaluated to be 66.9762,
68.5583, 68.8486, 67.2050 and 65.8202, respectively
(see Table 2).

With the above points, we conclude that our �-cosmological
model in f (R, T ) gravity within the framework of the FLRW
metric is different from other �-cosmological models in
f (R, T ) gravity discussed by other researchers mentioned
in the introduction. Therefore, our research work may be
fruitful for further investigation.
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