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Abstract The cross sections of black holes with tidal
charge predicted in the context of the Randall–Sundrum
brane-world scenario are computed considering the mass-
less scalar field. Results obtained for black holes with
different tidal-charge intensities are compared in order
to study how this charge modifies the black hole cross
sections. Such results are also compared with the ones
for Schwarzschild and extreme Reissner–Nordström black
holes. The increase of the tidal-charge intensity makes the
black hole absorb more and can also be measured by the
narrowing of interference fringes of the differential scatter-
ing cross section. These results indicate that the effects of
the tidal charge are very important in phenomena which
take place near the black hole, but can be neglected in
the far region. Analytical results are obtained in the high-
frequency limit and are shown to excellently agree with
the numeric results obtained via the partial-wave method.
It is shown numerically that black holes with tidal charge
obey the universality of the low-frequency absorption cross
section of stationary black holes for the massless scalar
field.

1 Introduction

Twenty years ago, Arkani-Hamed, Dimopoulos, and Dvali
proposed that the fundamental scale of gravity could be so
low as the weak scale if the spacetime had two or more extra
compact dimensions [1]. In the same year, these authors,
together with Antoniadis, showed that their proposal was
based within the context of string theory [2]. One year later,
alternatives to this model were proposed by Randall and Sun-
drum considering that the spacetime has only one warped
extra dimension [3,4]. Despite the differences, these scenar-
ios are based on the fact that our 4-dimensional observed
Universe is a subspace – 3-brane, or simply brane – of a
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higher-dimensional spacetime – the bulk; Standard-Model
fields are restricted to the 3-brane while gravity is free to
penetrate the bulk.

One of the most important consequences of these so called
brane-world models is that microscopic black holes could be
produced by particle collisions of a few TeVs at the LHC [5].1

Since these black holes would rapidly evaporate via Hawk-
ing radiation [11], some effort has been put on determining
their greybody factors [12–26], once their evaporation rate
depend directly on these factors. However, these models have
also important consequences on the astrophysical and cos-
mological levels [27], what instigated the appearing of some
solutions which describe how black holes interact with parti-
cles restricted to the 3-brane (see Refs. [5,28] and references
therein).

Recently we have extended the investigation of black
holes in brane-world models to their wave differential scat-
tering cross sections, more specifically considering mass-
less scalar plane waves impinging upon small static neu-
tral and electrically charged black holes in the Arkani-
Hamed–Dimopoulos–Dvali model [29,30]. Other authors
have previously considered some scattering properties of
black holes on brane-world models, as the absorption cross
section [16,31,32], shadows [33–36] and deflections [35,37]
and also quasinormal modes [32,38–40].

In this work we present the study of the cross sections of
a black hole with tidal charge [41] predicted as a solution
considering the Randall–Sundrum scenario. This system is
described by the following metric on the 3-brane:2

ds2 = f (r)dt2 − f (r)−1dr2 − r2(dθ2 + sin2 θdφ2), (1)

1 See Refs. [6–10] for some of the most recent constraints on quantum
black hole production at the LHC.
2 Here we work with c = G = 1.
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where

f (r) = 1 − 2M

r
+ β

r2 , (2)

with M being the black hole mass and β = qM2. If
0 < q ≤ 1, then the metric (1) coincides with the one
of Reissner–Nordström black holes [42]; q = 0 describes
Schwarzschild black holes; negative values for q are not
allowed in the context of General Relativity, but are per-
mitted in the context of the Randall–Sundrum brane-world
scenario where β represents the effect of the 5th dimension
on the 3-brane [41] and is related to as “tidal charge”. The
event horizon of such systems is given by

rh = M
(

1 + √
1 − q

)
. (3)

We see that the tidal charge acts in the same sense of the
black hole mass, increasing the size of the event horizon,
while the electric charge on the Reissner–Nordström solu-
tion acts in the opposite sense, once rh tends to decrease
with the increase of q. Other consequences of the tidal charge
have been studied in detail. For example, in Ref. [32] it has
been shown that the tidal charge tends to decrease the oscil-
lation frequency while increase the damping rate of scalar,
electromagnetic, and gravitational quasinormal modes. The
authors also showed that the absorption cross section and the
emission rate of such black holes increase with the increase
of the tidal-charge intensity. In Refs. [33–36] the influence
of the tidal charge in the shadow cast by a black hole was
studied with the conclusion that the shadow increases if the
tidal-charge intensity increases.

Here our interest lies in the roles the tidal charge plays in
the cross sections of black holes described by Eq. (1). We
use the massless scalar field to model a plane wave imping-
ing upon the black hole and then compute its absorption and
differential scattering cross sections numerically using the
partial-wave method. We compare results for black holes
with different tidal charges and also for Schwarzschild and
extreme Reissner–Nordström black holes in order to better
understand the effects of the tidal charge on the scattering
properties of these black holes.

The present work is organized as follows: in Sect. 2 we
study the high-frequency limits of the absorption and scatter-
ing cross sections; in Sect. 3 we describe the behavior of the
massless scalar field in the considered spacetime in terms of
partial waves presenting asymptotic solutions to the Klein-
Gordon equation as well as the general expressions for the
cross sections; section 4 shows a selection of cross sections
obtained numerically and also their comparisons with the
respective analytical results; our final remarks are presented
in Sect. 5.

2 Classical and semi-classical scattering

2.1 Geodesic limit

The spacetime described in Eq. (1) is spherically symmetric.
Therefore, the particle motions have two conserved quantities
given by

E = f ṫ (4)

and

L = r2φ̇, (5)

which are related respectively to the energy and the angular
momentum of the particle. The dot means differentiation with
respect to an affine parameter. Such constants can be used to
describe the impact parameter of scattered particles, b =
L/E . The deflection of null geodesics can be given in terms
of the following equation:

(
du

dφ

)2

= 1

b2 − u2 f (1/u) = hb(u), (6)

where u ≡ 1/r . We can obtain a second-order equation with
the differentiation of the equation above:

d2u

dφ2 + u = 3Mu2 − 2βu3. (7)

By making d2u/dφ2 = 0 we obtain the critical-orbit radius

rc = − 4β

−3M + √
9M2 − 8β

. (8)

From hb(1/rc) = 0, we find the critical impact parameter
bc = rc/ f (rc)1/2 which is the radius of the capture cross
section of the black hole, σ cl

abs = πb2
c .

The deflection angle of scattered rays can be obtained by
integrating Eq. (6) from u = 0 to u = 1/r0, being r0 the
radius of the returning point. For β < 0 this leads to

Θ(b) = 4√−β(u1 − u4)(u2 − u3)
[K (k)−F(z, k)]−π (9)

where K (k) and F(z, k) are the complete and incomplete
elliptic integrals of the first kind [43] and their arguments are

z =
√
u3(u1 − u4)

u4(u1 − u3)
and k =

√
(u1 − u3)(u2 − u4)

(u2 − u3)(u1 − u4)
.

Here, ui (i = 1 . . . 4) are the roots of hb(u) for b ≥ bc
with u2 ≥ u1 > 0 and u4 < u3 < 0; u1 = 1/r0. Although
expression (9) is the same as in the Reissner–Nordström case,
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Fig. 1 Comparison of the deflection angle (top) and the null-geodesic
differential scattering cross section (bottom) for black holes with q =
−2,−1, 0, 1

now hb(u) admits two negative roots for b > bc, while in the
former case it has only one [44].

The classical differential scattering cross section is given
by

dσ
(cl)
el

dΩ
=

∑
b

b

sin θ

∣∣∣∣
db

dθ

∣∣∣∣ , (10)

where the sum takes the fact that particles can circulate the
black hole multiple times so that the same scattering angle
θ = |2nπ −Θ| (n = 0, 1, 2 . . .) can be observed for particles
with different impact parameters, e.g. different values of n.

Figure 1 shows the deflection angle and the differential
scattering cross section for massless particles considering
q = −2,−1, 0, 1. The differential scattering cross section
has been computed considering until the second largest term
of the sum in Eq. (10) dropping its contribution only when it
was smaller than ∼ 0.1%; the contributions of further terms
are even smaller. We see that particles can approach closer
black holes with higher q and that the charge exerts lower
influence in particles scattered with higher impact parame-
ters. As consequence, it becomes hard to make distinction
between the differential scattering cross sections of black
holes with different charges when considering particles scat-
tered in small-angle directions (θ � 20◦). As we see in
Sect. 4, these results agree very well with the wave differ-
ential scattering cross section in the same limit they tend to
each other.
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Fig. 2 The classical parameters which govern the glory ring widths
and intensities as functions of q

2.2 Glory approximation

Near the backward direction (θ = 180◦), the scalar scatter-
ing cross section can be described analytically by the glory
approximation [45,46]:

dσ
(gl)
el

dΩ
= 2πωb2

g

∣∣∣∣
db

dθ

∣∣∣∣
θ=π

J 2
0 (bg ω sin θ), (11)

where Jn(·) is the Bessel function of the first kind [47], and bg
is the impact parameter of back-scattered rays. Equation (11)
is a semi-classical formula, as we can infer from the fact
that it involves both ray (b) and wave (ω) properties. There-
fore, it is expected to be valid for Mω � 1. Despite this,
the glory approximation presents very good agreement when
compared with the numeric results for intermediate values of
frequency, for instance Mω = 5.0, as we will see below.

In Fig. 2 we plot the classical parameters which define
the intensity, b2

g|db/dθ |θ=π , and the widths, bg , of the glory
rings. As we can see, the glory intensity increases with the
increase of the tidal-charge intensity, i.e., as |q| becomes
higher on the q < 0 region. This is not observed in the case
of Reissner–Nordström black holes, where the glory inten-
sity decreases with the increase of black hole electric charge
up to q ≈ 0.8 when the intensity starts increasing [44].3

Formula (11) predicts that the interference fringe widths
vary inversely to bg . Therefore, from Fig. 2 we conclude
that the fringe widths must decrease with the increase of
the tidal-charge intensity. In the Reissner–Nordström case,

3 The dashed line in the region q ≥ 0 of Fig. 2 is equivalent to the solid
line of Fig. 10 of Ref. [44]. However, it is important to note that q in
Ref. [44] is proportional to the black hole electric charge intensity, |Q|,
while here q is defined as being proportional to Q2. Therefore, although
both lines represent the same quantity, apart from a multiplicative factor,
their shapes look different.
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the increase of the black hole charge intensity results in a
increase of the interference fringe widths [44]. As we see in
Sect. 4, this last prediction based on the glory approximation
is confirmed by the numeric results.

In Sect. 4 we compare the glory approximation with
the numeric results obtained via the partial-wave method.
This comparison is important because it can help us to
estimate the accuracy of our results or, in some cases, the
lack of agreement between the glory approximation and the
partial-wave results may indicate the occurrence of extraor-
dinary phenomena in the scattering process. This is the
case of the electromagnetic and gravitational scatterings
from Reissner–Nordström black holes, where both helicity-
reversing process and interconversion of spin 1 and 2 waves
take place [48,49].

3 Wave scattering

Here we consider the case of the massless scalar field model
to describe the scattered wave. This field is governed by the
Klein–Gordon equation, which reads:

1√−g
∂μ

(√−ggμν∂νΦ
) = 0. (12)

The metric in this equation is implicitly given in Eq. (1),
with g denoting its determinant. Spherical symmetry of the
spacetime allows us to define stationary modes proportional
to the scalar spherical harmonics as Φωlm = [ψωl(r)/r ] ×
Ym
l (θ, φ)e−iωt . Once angular and temporal parts of the solu-

tion are known, we have to focus on solving its radial part,
which can been shown to be:

f
d

dr

(
f
dψωl

dr

)
+

[
ω2 − Vl(r)

]
ψωl = 0, (13)

where the effective potential is given by

Vl(r) = f

[
1

r

d f

dr
+ l(l + 1)

r2

]
. (14)

The radial equation (13) can be put in a Schrödinger-like
form if we define the tortoise coordinate d/dr∗ = f d/dr :

d2ψωl

dr2∗
+

[
ω2 − Vl(r∗)

]
ψωl = 0. (15)

Some plots of the effective potential (14) are shown in
Fig. 3. There we can see that the effective potential vanishes
in the limits r∗ → ±∞ independently of the value of q or
l. The main consequence of changing q is observed in the
maximum value of the effective potential, which decreases
with the increase of the tidal-charge intensity, |q|. Therefore,
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Fig. 3 Effective potential with l = 0 (top) and l = 1 (bottom) in terms
of the tortoise coordinate for black holes with q = 0,−1,−2. The
effective potential barrier increases with the increase of l, but its shape
remains similar to the case l = 1 (bottom panel)

we can already predict that partial waves are more absorbed
by black holes which have a more intense tidal charge. This
agrees with what has been previously observed in the behav-
ior of the absorption cross section in Ref. [32], the black hole
shadows in Refs. [33–36], and also with the high-frequency
analysis presented in Sect. 2 where we observed that mass-
less particles can come closer to the black hole without being
absorbed as higher is the value of q (see Fig. 1, top panel).

The asymptotic analysis of Vl(r∗) allows us to describe
the behavior of ψωl in regions near the horizon and far from
the black hole. Such behavior is necessary to provide the
mathematical expressions of the cross sections. For r∗ →
−∞, Vl(r∗) → 0 and therefore, for the scattering problem

ψωl ≈ Atr
ωl e

−iωr∗ . (16)

For r∗ → ∞, Vl(r∗) → 0 and therefore

ψωl ≈ Ain
ωl e

−iωr∗ + Aref
ωl e

iωr∗ . (17)

In the region r � rh , a more precise form of the radial func-
tion can be obtained by considering that Vl(r∗) ≈ l(l+1)/r2∗
(r∗ ∼ r ). In this case, the radial solution can be expressed as:

ψωl(r∗)≈ωr∗
[
(−i)l+1Ain

ωl h
(2)
l (ωr∗)+i l+1Aref

ωl h
(1)
l (ωr∗)

]
,

(18)
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where h(1,2)
l (·) are the spherical Hankel functions of the

first and second kinds [43], respectively. Once h(1)
l (x) ≈

(−i)l+1eix/x and h(2)
l (x) ≈ i l+1e−i x/x in the region x �

l(l+1)/2, we recover (17) from (18) at infinity, as expected.
We can define the reflection and transmission coefficients

in terms of Ain
ωl , A

ref
ωl , and Atr

ωl respectively as

Rωl ≡
∣∣∣∣∣
Aref

ωl

Ain
ωl

∣∣∣∣∣
2

, (19)

and

Tωl ≡
∣∣∣∣∣
Atr

ωl

Ain
ωl

∣∣∣∣∣
2

. (20)

Flux conservation implies in Rωl + Tωl = 1. These coef-
ficients are also necessary in the description of the absorp-
tion cross section, which for massless scalar monochromatic
plane waves scattered in spherically symmetric spacetimes
can be shown to be [31,50–54]:

σabs =
∞∑
l=0

σ
(l)
abs, (21)

where

σ
(l)
abs = π

ω2 (2l + 1)Tωl (22)

is the absorption cross section of each partial wave, usually
referred to as partial absorption cross section.

We can also define the phase shifts from the coefficients
given in Eq. (17):

e2iδl (ω) = (−1)l+1 A
ref
ωl

Ain
ωl

. (23)

The differential scattering cross section for massless scalar
monochromatic plane waves in spherically symmetric space-
times can be given as [44,55–57]:

dσel

dΩ
= | fω(θ)|2, (24)

where fω(θ) is the scattering amplitude which in terms of
partial waves is:

fω(θ) = 1

2iω

∞∑
l=0

(2l + 1)
[
e2iδl (ω) − 1

]
Pl(cos θ), (25)

with Pl(·) being the Legendre polynomials.
The sum of the total absorption cross section σabs with

the scattering cross section σel defines the total cross section,

σtot. The total cross section is known to diverge if the wave
is scattered by potentials which asymptotically fall off as the
Coulomb potential, V ∼ 1/r . This is the case of the space-
time studied here, since the main term in the metric at infinity
comes from the Schwarzschild term, −2M/r . However, it is
possible to obtain a finite total cross section for small black
holes on the brane considering the ADD model if the bulk
has 6 or more dimensions [29].

4 Numeric results

Here we present numeric results for the absorption (21)
and differential scattering (24) cross sections. These results
are obtained by matching numeric solutions of the radial
equation (13) with the corresponding asymptotic solutions,
Eq. (17). In order to improve precision, we may use the
solution in terms of spherical Hankel functions, Eq. (18),
or improve the asymptotic solutions (16) and (17) with a
power series expansion (cf., for example, Eqs. (14)–(16) of
Ref. [57]); here we use the first approach. Once the transmis-
sion coefficients are found, the computation of the absorption
cross sections is straightforward. The situation is not so direct
in the case of the differential scattering cross section. The
scattering amplitude sum (25) is known to be divergent in
the forward direction and poorly convergent in other cases.
Therefore, we apply a convergence method introduced in
Ref. [58] in order to obtain precise results for the differential
scattering cross section computing a relatively small number
of phase shifts.

Figure 4 shows the partial absorption cross sections for
black holes with tidal charge q = −1,−2 and also for
the Schwarzschild and extreme Reissner–Nordström black
holes. We compare the partial cross section for l = 0 with
both the black hole mass squared (top graph) and the black
hole area, A = 4πr2

h (bottom graph). For fixed mass, the
partial absorption cross section increases with the decrease
of q. For black holes with fixed area, however, the partial
absorption cross section rapidly increases with the increase
of q. This is so because the black hole tends to shrink as q
becomes higher. Therefore, in the bottom panel of Fig. 4,
we are actually comparing black holes with different masses
which are higher for higher q in order to keep the event hori-
zon size unaltered. Also from the bottom panel of Fig. 4
we can infer that σabs → A when Mω → 0.4 This is in
agreement with analytical results which predict that station-
ary black holes have the absorption cross section for low-
frequency massless scalar field equal to their area [59,60].

4 Although the bottom panel of Fig. 4 refers to the partial absorption
cross section with l = 0, σl → 0 for l > 0 when Mω → 0 and
therefore the non-vanishing contribution to the total cross section in the
zero-frequency limit comes only from the l = 0 mode.
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Fig. 4 Partial absorption cross sections in units of the black hole mass
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In the top graph of Fig. 4 we also show the partial absorp-
tion cross sections for l = 1 in units of the black hole mass
squared. Again the cross section increases with the decrease
of q, as expected from the effective potential behavior (see
Fig. 3). Similar results have been observed for higher values
of l.

In Fig. 5 we present the results for the total absorp-
tion cross sections. Top panel shows the comparison of
the total absorption cross sections for black holes with
tidal charge q = −2,−1 as well as for Schwarzschild
and extreme Reissner–Nordström black holes considering
the massless scalar field. In the bottom panel we compare
the numeric results with the “sinc approximation” [61] for
q = −0.5,−1.5 which were obtained and originally pre-
sented in Ref. [32] (see Fig. 9 therein) and are reproduced
here thanks to their authors. We see that the absorption cross
section rapidly decreases with the increase of q, as has been
already observed for the partial absorption in the top graph of
Fig. 4. Also, the absorption cross section oscillations become
wider with the increase of q. The wave absorption cross
section oscillates around the geometrical-optics limit value
(straight lines on the top panel) and excellently agree with
the “sinc approximation” already for relatively low values of
the frequency, Mω ∼ 0.5.

Figure 6 shows the comparison of the differential scat-
tering cross sections of black holes with q = −2,−1 and
Mω = 5.0 obtained numerically, via geodesic approach,
and via the glory approximation for massless scalar parti-
cles. In all cases we see that the glory approximation fits
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well with numeric results for θ � 160◦ while the classical
result is already very close to the numeric results in the range
θ � 20◦.

A comparison of the differential scattering cross section of
black holes with tidal charges q = −2,−1, Schwarzschild
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Fig. 7 Scalar differential scattering cross sections of black holes with
q = −2,−1, 0, 1. The cases q = 0, 1 correspond respectively to the
Schwarzschild and the extreme Reissner–Nordström black holes

(q = 0) and extreme Reissner–Nordström (q = 1) black
holes for the massless scalar field with Mω = 2.0 is pre-
sented in Fig. 7. We see that the tidal charge does not play an
important role in the average of the scattered-flux intensities,
but its change modifies the width of interference fringes of
the differential scattering cross section. The decrease of q
implies in a decrease of the interference fringe widths. Near
the forward direction, θ � 20◦, the results tend to depend
weakly on the value of q. This is expected since the metric
term of the charge q varies with r−2 and tends to be small
compared with the mass term in the far region where particles
which suffer small deflections pass.

5 Final remarks

We have computed the absorption and scattering cross sec-
tions of black holes with tidal charge for the massless scalar
field. Since the metric form of these black holes coincides
with the metric form of Reissner–Nordström black holes,
we have compared the main results with similar results for
both Schwarzschild and extreme Reissner–Nordström black
holes to have a clearer understanding of the effect of the tidal
charge in the cross sections.

The tidal charge acts mainly in phenomena which take
place in the region near the black hole. Black holes with more
intense tidal charges, e.g. higher −q, tend to absorb more,
as noticed by the increase of the partial and total absorp-
tion cross sections when presented in units of the black hole
mass squared (cf. top graph of Figs. 4 and 5). The same can
be conclude by analyzing the comparison of the differential
scattering cross section for different values of q (cf. Fig. 7).
In this case, we have shown that a change in q has direct con-
sequences on the interference fringe widths, which are more
intense for high values of the scattering angle. In the near-
forward direction, small θ , the interference fringes wane, and
the differential scattering cross sections tend to be the same,

not depending on the value of q. Similar consequences of the
change of q were noticed in the case of Reissner–Nordström
black holes [31,44].

All approximations regarding to the cross sections of the
massless scalar field apply well in the case of black holes
with tidal charge. We have shown that such black holes obey
the universality of the low-frequency absorption – which says
that the absorption cross section for the massles scalar field
tends to the black hole area in the low-energy limit if the
black hole is stationary [59] – by expressing numeric results
in terms of the black hole area (cf. bottom graph of Fig. 4).
We also showed that the total absorption cross sections tend
to oscillate around the corresponding capture cross sections
in the geometrical-optics limit (cf. top graph of Fig. 5) and
excellently agree with the “sinc approximation” [32] (see
bottom panel of Fig. 5) which is valid in the high-frequency
limit [61]. In the case of the differential scattering cross sec-
tions, the analytical results, geodesic and glory approxima-
tions, were shown to be in good agreement with the numeric
results in their respective regime of validity, low scattering
angles for geodesics and large angles for the glory approx-
imation, even though not very high frequencies have been
considered.
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