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Abstract The hybrid metric-Palatini f (R) gravity is a
recently devised approach to modified gravity in which it
is added to the metric Ricci scalar R, in the Einstein–Hilbert
Lagrangian, a function f (R) of Palatini curvature scalar R,
which is constructed from an independent connection. These
hybrid metric-Palatini gravity theories provide an alterna-
tive way to explain the current accelerating expansion with-
out a dark energy matter component. If gravitation is to be
described by a hybrid metric-Palatini f (R) gravity theory
there are a number of issues that ought to be examined in its
context, including the question as to whether its equations
allow homogeneous Gödel-type solutions, which necessar-
ily leads to violation of causality. Here, to look further into
the potentialities and difficulties of f (R) theories, we exam-
ine whether they admit Gödel-type solutions for physically
well-motivated matter source. We first show that under cer-
tain conditions on the matter sources the problem of finding
out space-time homogeneous (ST-homogeneous) solutions
in f (R) theories reduces to the problem of determining
solutions of Einstein’s field equations with a cosmological
constant. Employing this far-reaching result, we determine
a general ST-homogeneous Gödel-type solution whose mat-
ter source is a combination of a scalar with an electromag-
netic fields plus a perfect fluid. This general Gödel-type solu-
tion contains special solutions in which the essential param-
eter m2 can be m2 > 0 hyperbolic family, m = 0 linear
class, and m2 < 0 trigonometric family, covering thus all
classes of homogeneous Gödel-type spacetimes. This gen-
eral solution also contains all previously known solutions as
special cases. The bare existence of these Gödel-type solu-
tions makes apparent that hybrid metric-Palatini f (R) grav-
ity does not remedy causal anomaly in the form of closed
timelike curves that are permitted in general relativity.

a e-mail: janilo.santos@gmail.com
b e-mail: reboucas@cbpf.br

1 Introduction

A number of cosmological observations coming from differ-
ent sources, including the supernovae type Ia (SNe Ia) [1–3],
the cosmic microwave background radiation (CMBR) [4,5]
and baryon acoustic oscillation (BAO) surveys [6–10], indi-
cate that the Universe is presently expanding with an accel-
erating rate. The frameworks proposed to account for this
observed accelerated expansion can be roughly grouped into
two families. In the first, the underlying theory, general rela-
tivity (GR), is kept unchanged, and the so-called dark energy
component is invoked. In this context, the simplest way to
account for the accelerating expansion of the Universe is
through the introduction of a cosmological constant, Λ, into
Einstein’s field equations. This is completely consistent with
the available observational data, but it faces difficulties such
as the order of magnitude of the cosmological constant and
its microphysical origin. In the second family, modifications
of Einstein’s field equations are assumed as an alternative
for explaining the accelerated expansion. This latter group
includes, for example, generalized theories of gravity based
upon modifications of the Einstein–Hilbert action by taking
nonlinear functions, f (R), of the Ricci scalar R or other
curvature invariants (for reviews see Refs. [11–16]).

In dealing with f (R) gravity theories two different vari-
ational approaches, which give rise to different dynamics,
have often been considered in the literature [11–16]. In the
so-called metric formalism the connection is assumed to be
Levi-Civita, therefore defined by the metric. In the Palatini
formalism the metric and the connection are treated as inde-
pendent fields, and it is assumed that the matter fields do
not couple with the independent connections. Although these
approaches have been invoked as possible ways to satisfac-
torily deal with the observed accelerated expansion of the
Universe, it has been pointed out that f (R) gravity theories
can face relevant difficulties, including the evolution of cos-
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mological perturbations and local gravity constraints (see,
for example, Refs. [14,17–22]).

These undesirable features have motivated a recent appro-
ach to modified f (R) theories of gravity, which can be
employed as a possible way to handle the observed late-
time cosmic acceleration, and also circumvent some diffi-
culties that arise in the framework of f (R) theories in both
formalisms. The hybrid metric-Palatini f (R) gravity is a
recently devised approach to such modified theories, in which
it is added to the ordinary Ricci scalar R, in the Einstein–
Hilbert Lagrangian, a function, f (R), of Palatini curvature
scalar R, which is constructed from the independent con-
nection Γ

ρ
μν [23]. These hybrid metric-Palatini gravity theo-

ries appears to suitably unify the description of the late-time
cosmic acceleration with the local solar system constraints
[23,24]. Some of the astrophysical and cosmological impli-
cations of hybrid metric-Palatini gravity have been examined
in a number of papers [25–29]. Wormwhole solutions, Ein-
stein static universe, linear perturbations, the Cauchy prob-
lem, dynamical system analysis and a brane model have
been discussed, respectively, in the references [30–35]. Other
important matters such as Noether symmetries [36] and the
thermodynamic behavior [37] have also been recently con-
sidered. For an introduction to hybrid metric-Palatini f (R)

gravity and a detailed list of related references, we refer the
reader to the recent review article [28].

In general relativity (GR) the space-times have locally the
same causal structure of the flat space-time of special rela-
tivity since the space-times of GR are locally Minkowskian.
On nonlocal scale, however, significant differences may arise
since the general relativity field equations do no provide non-
local constraints on the underlying space-times. Indeed, it has
long been known that there are solutions to Einstein’s field
equations that present nonlocal causal anomalies in the form
of closed time-like curves (see, for example, Refs. [38–43].

The renowned model found by Gödel [44] is the best
known example of a solution to the Einstein’s equations,
with a physically well-motivated source, that makes it appar-
ent that GR permits solutions with closed timelike world
lines, regardless of its local Lorentzian character that ensures
locally an inherited regular chronology and therefore the
local validation of the causality principle. The Gödel model
is a solution of Einstein’s equations with cosmological con-
stant Λ for dust of density ρ, but it can also be viewed as
perfect-fluid solution with equation of state p = ρ with no
cosmological constant term. Owing to its unexpected prop-
erties, Gödel’s solution has a recognizable importance and
has motivated a considerable number of investigations on
rotating Gödel-type models as well as on causal anomalies
in the context of general relativity (see, e.g. Refs. [38–54]
and other gravity theories [55–79]. In two recent papers, we
have also examined Gödel-type models and the violation of
causality problem for f (R) gravity in both the metric and

Palatini variational approaches [71,72], extending therefore
the results of Refs. [80,81].

If gravitation is to be described by hybrid metric-Palatini
f (R) gravity theory there are a number of issues that ought to
be reexamined in its context, including its consistence with
the recent detection of gravitational wave [82–84] and the
question as to whether these gravity theories allow Gödel-
type solutions, which necessarily lead to closed timelike
curves, or would remedy this causal pathology by ruling out
this type of solutions, which are permitted in general relativ-
ity.

In this article, to proceed further with the investiga-
tions on the potentialities, difficulties and limitations of
f (R), we undertake this question by examining whether the
f (R) gravity theories admit homogeneous Gödel-type solu-
tions for a combination of physically well-motivated matter
sources. To this end, we first examine the general problem
of finding out ST-homogeneous solutions in hybrid metric-
Palatini f (R) gravity for matter sources with constant trace
T (scalar) of the energy-momentum tensor, and show that it
reduces to to the problem of determining ST-homogeneous
solutions of Einstein’s field equations with a cosmological
constant determined by f (R) and its first derivative f ′(R).
Employing this far-reaching result, we determine a general
ST-homogeneous Gödel-type whose matter source is a com-
bination of a scalar with an electromagnetic fields plus a
perfect fluid. This general Gödel-type solution contains spe-
cial solutions in which the essential parameterm2 defines any
one of the possible classified families homogeneous Gödel-
type solutions, namely m2 > 0 hyperbolic family, m = 0
linear class, and m2 < 0 trigonometric family. This general
homogeneous Gödel-type solution also contains previously
known solutions as special cases. There emerges from one
of the particular solution of the hyperbolic family that every
perfect-fluid Gödel-type solution of any f (R) gravity with
density ρ and pressure p and satisfying the weak energy con-
ditions ρ > 0 and ρ + p ≥ 0 is necessarily isometric to the
Gödel geometry.1

The bare existence of these noncausal Gödel-type solu-
tions makes apparent that hybrid metric-Palatini f (R) grav-
ity does not remedy causal anomaly in the form of closed
timelike curves that are permitted in general relativity.

The structure of the paper is as follows. In Sect. 2 we
give a brief account of the hybrid metric-Palatini f (R)

gravity theories. In Sect. 3 we present the basic properties
of homogenous Gödel-type geometries. This includes the
conditions for space-time homogeneity, a classification of
ST-homogeneous Gödel-type geometries and a study of the
existence of closed time-like curves in all ST-homogeneous

1 This extends to the context of f (R) gravity a theorem which states
that every perfect-fluid Gödel-type solution of Einstein’s equations is
necessarily isometric to the Gödel spacetime [85].
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Gödel-type metrics. In Sect. 4 we first examine the problem
of finding out ST-homogeneous solutions in f (R) gravity
whose trace T of the energy-momentum tensor of the matter
source is constant, and show that in such cases the problem
reduces to that of finding out solutions of Einstein’s field
equations with a cosmological constant. We then show that
the hybrid metric-Palatini f (R) gravity theories admit ST-
homogeneous Gödel-type solutions for a general combina-
tion of physically well-motivated matter contents.

2 Hybrid metric-Palatini gravity

The action that defines a hybrid metric-Palatini gravity is
given by

S = 1

2κ2

∫
d4x

√−g [R + f (R) + Lm] , (1)

where κ2 = 8πG, g is the determinant of the metric tensor
gμν , R is the Ricci scalar associated to the Levi-Civita con-
nection of the metric gμν , Lm is the Lagragian density for
the matter fields, and the extra term f (R) is a function of
Palatini curvature scalarR, which depends on the metric and
on an independent connection Γ

ρ
μν through

R≡gμνRμν =gμν
(
∂ρΓ ρ

μν −∂νΓ
ρ
μρ +Γ

ρ
ρλΓ

λ
μν − Γ

ρ
μλΓ

λ
ρν

)
.

(2)

The variation of the action (1) with respect to the metric gives
the field equations

Gμν + F(R)Rμν − f (R)

2
gμν = κ2Tμν, (3)

where Gμν = Rμν − R/2 gμν and Rμν are, respec-
tively, Einstein and Ricci tensor associated with the Levi-
Civita connection of gμν , F(R) ≡ d f/dR, Tμν =
−2/

√−g δ(
√−gLm)/δgμν is the energy-momentum ten-

sor of the matter fields.
The variation of the action (1) with respect to the inde-

pendent connection Γ
ρ
μν yields

∇̃β

(√−g F(R) gμν
) = 0, (4)

where ∇̃β denotes the covariant derivative associated with
Γ

ρ
μν . If one defines a metric hμν = F(R) gμν , it can be easily

shown that Eq. (4) determines a Levi-Civita connection of
hμν , which in turn can be rewritten in terms of gμν and its
Levi-Civita connection

{ρ
μν

}
in the form

Γ ρ
μν = {

ρ
μν

} + 1

2

(
δρ
μ∂ν + δρ

ν ∂μ − gμνg
ρσ ∂σ

)
ln F(R). (5)

Using now Eq. (5) one finds the relation between the two
Ricci tensors, which is given by

Rμν = Rμν + 3

2F2 ∂μ F ∂ν F − 1

F

(
∇μ∇ν + 1

2
gμν�

)
F,

(6)

where ∇μ denotes the covariant derivative associated to
{ρ
μν

}
.

Equation (6) in turn gives rise to the following relation
between the two Ricci scalars:

R = R + 3

2F2 (∂F)2 − 3

F
�F, (7)

where (∂F)2 = gαβ ∂αF∂βF and �F = gαβ ∇α∇β F .
The Palatini curvature R can be obtained from the trace

of the field equation (3), which yields

RF(R) − 2 f (R) = κ2T + R ≡ X. (8)

This trace equation can be used to express R algebraically in
terms of X when the f (R) is given as an analytic expression.
Finally, we note that the variable X measures the deviation
from the general relativity trace equation R = −κ2T .

3 Homogeneous Gödel-type geometries

To make this work clear and to a certain extent self-contained,
in this section we present the basic properties of homogenous
Gödel-type geometries, which we use in the following sec-
tions. To this end, we first discuss the conditions for space-
time homogeneity (ST-homogeneity) of these space-times,
and present all non-isometric ST-homogeneous Gödel-type
classes. These ST-homogeneity conditions along with the set
of isometrically non-equivalent geometries are important in
the determination of ST-homogeneous Gödel-type solutions,
in Sect. 4, to the hybrid metric-Palatini f (R) field equations.
Second, we discuss the existence of closed time-like curves in
the metrics of these classes. The existence of these non-causal
curves are crucial to examine whether hybrid metric-Palatini
f (R) gravities allow violation of causality of Gödel-type.

3.1 Homogeneity and non-equivalent metrics

Gödel solution to the general relativity field equations is a
particular member of the broad family of geometries whose
general form in cylindrical coordinates, (r, φ, z), is given by
[81]

ds2 = [dt + H(r)dφ]2 − D2(r)dφ2 − dr2 − dz2. (9)
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The necessary and sufficient conditions for the Gödel-type
metric (9) to be space-time homogeneous (ST-homogeneous)
are given by [81,86]

H ′

D
= 2ω and

D′′

D
= m2, (10)

where the prime denote derivative with respect r , and the
parameters (Ω,m) are constants such that Ω2 > 0 and
−∞ ≤ m2 ≤ ∞.

As a matter of fact, except for the case m2 = 4ω2 all
locally ST-homogeneous Gödel-type space-times admit a
groupG5 of isometries acting transitively on the whole space-
time [86]. The special case m2 = 4ω2 admits a G7 of isome-
tries [86,87].

The irreducible set of isometrically nonequivalent ST-
homogeneous Gödel-type metrics can be obtained by inte-
grating Eq. (10) and suitably eliminating nonessential inte-
gration constants. The final result is that ST-homogeneous
Gödel-type geometries can be grouped in the following three
classes [81]:

(i) Hyperbolic, in which m2 = const > 0 and

H = 4 ω

m2 sinh2
(mr

2

)
, D = 1

m
sinh (mr); (11)

(ii) Linear, in which m = 0 and

H = ωr2, D = r, (12)

(iii) Trigonometric, where m2 = const ≡ −μ2 < 0 and

H = 4 ω

μ2 sin2
(μr

2

)
, D = 1

μ
sin (μr). (13)

Thus, clearly all ST-homogeneous Gödel-type geometries are
characterized by the two independent parameters m2 and ω

– identical pairs (m2, ω2) specify isometric spacetimes [81,
86,87].2 In this way, to determine whether hybrid metric-
Palatini f (R) gravity allows Gödel-type solutions is to find
out whether its field equations can be used to specify a pair
of parameters m2 and ω for a suitably chosen matter source.

3.2 Closed time-like curves

We begin by noting that the presence of a single closed time-
like curve in a space-time is an unequivocal manifestation
of violation of causality. However, a space-time may admit

2 Gödel geometry is a solution of Eintein’s equations in general rela-
tivity, is indeed a particular case of the hyperbolic class of geometries
in which m2 = 2ω2.

non-causal closed curves other than Gödel’s circles we dis-
cuss in this Section. To examine the existence of closed time-
like curves in ST-homogeneous Gödel-type metrics we first
rewrite the line element (9) as

ds2 = dt2 + 2 H(r) dt dφ − dr2 − G(r) dφ2 − dz2, (14)

where G(r) = D2 − H2. In this form it is easy to show that
existence of closed time-like curves, which allows for vio-
lation of causality in homogeneous Gödel-type space-times,
depends on the sign of the metric functionG(r). Indeed, from
Eq. (14) one has that the circles, hereafter called Gödel’s
circles, defined by t, z, r = const become closed timelike
curves whenever G(r) < 0.

For the hyperbolic (m2 > 0) class of homogeneous Gödel-
type metrics, from Eqs. (11) one has that

G(r) = 4

m2 sinh2
(mr

2

) [(
1 − 4ω2

m2

)
sinh2

(mr

2

)
+ 1

]
.

(15)

Therefore for 0 < m2 < 4ω2 there is a critical radius rc
defined by G(r) = 0, which is given by

sinh2 mrc
2

=
[

4ω2

m2 − 1

]−1

, (16)

such that for r < rc one has G(r) > 0, and for r > rc one
has G(r) < 0. Thus, the circles t, r, z = const with r > rc
are closed timelike curves.3

For linear class (m = 0) of homogeneous Gödel-type
space-times, from Eq. (12) one easily finds

G(r) = r2 − r4 ω2 = −r2 (r ω − 1) (r ω + 1) . (17)

Thus, there is a critical radius, defined by G(r) = 0 , and
given by rc = 1/ω, such that for any radius r > rc one has
G(r) < 0, and then the circles defined by t, z, r = const are
closed timelike curves.

Finally for the trigonometric class (m2 = const ≡ −μ2 <

0), from the metric functions given by Eq. (13) one finds

G (r) = 4

μ4 sin2
(μ r

2

) [
μ2 − (4 ω2 + μ2) sin2

(μ r

2

) ]
,

(18)

and therefore G(r) has an infinite sequence of zeros. Thus, in
the section t, z, r = const, there is an sequence of alternating

3 The only ST-homogeneous Gödel-type space-time without these non-
causal circles come about when m2 = 4ω2 (see Ref. [81]). In this case,
the critical radius rc → ∞, and hence the violation of causality of
Gödel type is avoided.
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causal [G(r) > 0 ] and noncausal [G(r) < 0 ] regions with-
out and with noncausal circles, depending on the value of
r = const (For more details see the Appendix of Ref. [75]).
In this way, if G(r) < 0 for a certain range of r (r1 < r < r2,
say) noncausal Gödel’s circles exist, whereas for r in the next
circular band r2 < r < r3 (say) for which G(r) > 0 no such
closed timelike circles exist, and so on.

To close this section, we note that in this paper by non-
causal and causal solutions we mean, respectively, solutions
with and without violation of causality of Gödel-type, i.e.,
with and without Gödel’s circles.

4 Solutions in hybrid metric-Palatini gravity

The aim of this section is twofold. First, we examine the
problem of finding out ST-homogeneous solutions in hybrid
metric-Palatini f (R) gravity whose trace T of the energy-
momentum tensor of the matter source is constant. We show
that in such cases the problem of finding out solutions in the
hybrid metric-Palatini f (R) gravity reduces to the problem
of determining ST-homogeneous solutions of Einstein’s field
equations with a cosmological constant determined by f (R)

and its first derivative F = f ′(R). Second, we examine
whether hybrid metric-Palatini f (R) field equations admit
ST-homogeneous Gödel-type solutions for a combination of
a scalar field with an electromagnetic field plus a perfect
fluid.

4.1 Field equations

We begin by noting that using Eq. (6) the field equations (3)
of the hybrid metric-Palatini f (R) gravity can be rewritten
in the form

Gμν = κ2 T eff
μν = κ2

(
Tμν + TR

μν

)
, (19)

where

κ2TR
μν = 1

2
[ f (R) + �F(R)] gμν − F(R)Rμν

+∇μ∇νF(R) − 3

2F(R)
∂μF(R)∂νF(R). (20)

In this context, an important constraint comes from the trace
of the field equations (19), which can be written in the form

R + κ2T = X = −κ2TR , (21)

where from Eq. (20) one has

κ2TR = 2 f (R)−RF(R)+3�F(R)− 3

2

[∂F(R)]2

F(R)
. (22)

For ST-homogeneous spacetimes, which we are concerned
with in this paper, one has that the Ricci scalar is necessarily
constant. On the other hand, for matter sources whose trace
of the energy-momentum T is also constant, which we focus
in this paper, one has X = const = −κ2TR . In such cases,
one can show that the field equations of the hybrid metric-
Palatini gravity reduces to Einstein’s field equations with a
cosmological constant.

To this end, we first examine the second term on the right
hand side of equation (5) which gives the departures of the
independent connection Γ

ρ
μν from Levi-Civita connection{ρ

μν

}
. Clearly, each individual part of this second term in

this equation is proportional to

∂μ ln F(R) = F ′

F
∂μR = 1

F
∂μF(R). (23)

On the other hand, to calculate ∂μF(R) we note that from the
trace equation (8) one has ∂μR = ∂μX / [RF ′(R)−F(R)],
which together with Eq. (23) furnishes

∂μF(R) = F ′(R) ∂μX

RF ′(R) − F(R)
, (24)

provided thatRF ′(R)−F(R) 
= 0. From Eqs. (23) and (24)
one has that for X = const the connection Γ

ρ
μν reduces

to Levi-Civita connection
{ρ
μν

}
. Furthermore, from Eqs. (6)

and (7) one can easily show that ∂μF(R) = 0 also ensures
that Rμν = Rμν and R = R. This makes apparent that
ST-homogeneous spacetimes solutions whose trace of the
energy-momentum tensor is constant (R + κ2T = X =
const) the field equations of the hybrid metric-Palatini grav-
ity (3) reduce formally to field equations of f (R) theories in
the metric formalism, which can clearly be rewritten in the
form

[1 + F(R)] Gμν − 1

2
[ f (R) − RF(R) ] gμν = κ2 Tμν,

(25)

with associated trace equation

RF(R) − 2 f (R) = κ2T + R = const. (26)

However, for an explicitly given f (R), solving the alge-
braic Eq. (26) one finds constant roots R ’s. Thus, for each
explicit root the field Eqs. (25) can be rewritten in the form4

Gμν = κ̄2 Tμν + Λ gμν, (27)

4 Clearly, different roots R give rise to different rescales of κ2, and
different effective cosmological constant Λ.
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where

Λ = f (R) − R F(R)

2 [1 + F(R)] and κ̄2 = κ2

1 + F(R)
. (28)

The trace equation becomes

R + κ̄2 T + 4Λ = 0. (29)

Clearly, the factor [1 + F(R)] in Eq. (28) is a constant that
simply rescales the units of κ2 and the effective cosmological
constant Λ.

4.2 Gödel-type solutions

In this section we discuss ST-homogeneous Gödel-type
solutions in hybrid metric-Palatini f (R) gravity for well-
motivated matter contents whose trace of the energy-momen-
tum tensor is constant.

We begin by noting that the search for ST-homogeneous
Gödel-type solutions to the hybrid metric-Palatini gravity
field equations is greatly simplified if instead of using coor-
dinates basis one uses a new basis given by the following set
of linearly independent one-forms (tetrad frame) Θ A:

θ0 = dt+H(r)dφ, θ1 = dr, θ2 = D(r)dφ, θ3 = dz,

(30)

relative to which the Gödel-type line element (9) takes the
local Lorentzian form

ds2 = ηAB θ Aθ B = (θ0)2 − (θ1)2 − (θ2)2 − (θ3)2. (31)

Here and in what follows capital letters are tetrad indices (or
Lorentz frame indices) and run from 0 to 3. These Lorentz
frame indices are raised and lowered with Lorentz matrices
ηAB = ηAB = diag(+ 1,− 1,− 1,− 1), respectively.

In the tetrad frame (30) the nonvanishing components of
the Ricci tensor, RAB = ηCDRCADB , are given by

R02 = 1

2

(
H ′

D

)′
, R00 = 1

2

(
H ′

D

)2

, (32)

R11 = R22 = 1

2

(
H ′

D

)2

− D′′

D
, (33)

where the prime denotes derivative with respect to r . Since
the Lorentz frame components of the Ricci tensor depend
only on H ′/D and D′′/D, from the ST-homogeneity con-
ditions (10) one has that for all classes of ST-homogeneous
Gödel-type metrics the frame components of the Ricci ten-
sor are constants. Thus, the Ricci scalar is also constant and
given by R = ηCDRCD = 2(m2 − ω2).

In this Lorentzian basis the field Eq. (27) reduce to

GAB = κ̄2 TAB + ΛηAB, (34)

where from Eqs. (32) and (33) along with the conditions (10)
one has that the only nonvanishing Lorentz frame compo-
nents of the Einstein tensorGAB for ST-homogeneous Gödel-
type metrics take the very simple form

G00 = 3ω2 − m2, G11 = G22 = ω2, G33 = m2 − ω2.

(35)

4.2.1 Combined-fields general solution

In this section we take combination of scalar and electromag-
netic fields with a perfect fluid as a matter source, and find
a general ST-homogeneous Gödel-type solution, which con-
tains the a perfect fluid and a scalar field particular solutions,
and whose essential parameter m2 can be m2 > 0 (hyper-
bolic family), m = 0 (linear class) or m2 < 0 (trigonomet-
ric family) depending on the amplitude values of the matter
components.

In the Lorentzian basis (30) the energy-momentum tensor
of combined matter sources takes the form

TAB = T (M)
AB + T (S)

AB + T (EM)
AB , (36)

where T (M)
AB , T (S)

AB and T (EM)
AB are, respectively, the energy

momentum tensors of a perfect fluid, a scalar field, and an
electromagnetic field, which we discuss in what follows.

For a perfect fluid of of density ρ and pressure p , T (M)
AB

one has

T (M)
AB = (ρ + p) uAuB − p ηAB . (37)

The energy-momentum tensor of a single scalar field is
given by

T (S)
AB = Φ|A Φ|B − 1

2
ηAB Φ|M Φ|N ηMN , (38)

where vertical bar denotes components of covariant deriva-
tives relative to the local basis θ A = eAα dx

α [see Eqs. (30)
and (31)], i.e. Φ|A = eAμ ∇μΦ . Following Ref. [81] it
is straightforward to show that a scalar field of the form
Φ(z) = ε z + ε, with ε, ε = const, fulfills the scalar
field equation �Φ = ηAB ∇A∇B Φ = 0. Thus, the non-
vanishing components of the energy-moment tensor for this
scalar field are

T (S)
00 = −T (S)

11 = −T (S)
22 = T (S)

33 = ε2

2
, (39)

As for the electromagnetic part of energy momentum ten-
sor (36), following Ref. [81], the electromagnetic field tensor
FAB given by
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F03 = −F30 = E0 sin[2ω(z − z0)], (40)

F12 = −F21 = E0 cos[2ω(z − z0)], (41)

satisfies the source-free Maxwell equations which, in the
tetrad frame (30), take the form

F AB |B + γ A
MB F

MB + γ C
MC F

AM = 0, (42)

F[AB|C] + 2FM[Cγ M
AB] = 0, (43)

where the brackets denote total anti-symmetrization and
the Ricci rotation coefficients are defined by γ A

BC =
−∇βθ A

α θα
B θ

β
C . The non-vanishing components of the asso-

ciated energy-momentum tensor T (EM)
AB = F C

A FBC +
1
4ηAB F

CDFCD are given by

T (EM)
00 = T (EM)

11 = T (EM)
22 = −T (EM)

33 = E2
0

2
. (44)

Thus, taking into account Eqs. (35), (37), (39) and (44), one
has that for the combined-fields matter source (36) the field
Eq. (34) reduce to

3ω2 − m2 = κ̄2

(
ρ + ε2

2
+ E2

0

2

)
+ Λ, (45)

ω2 = κ̄2

(
p − ε2

2
+ E2

0

2

)
− Λ, (46)

m2 − ω2 = κ̄2

(
p + ε2

2
− E2

0

2

)
− Λ. (47)

To determine the essential parameters ω2 and m2, we first
substitute (47) into (45) to obtain

2ω2 = κ̄2(ρ + p + ε2) (48)

Second, we use (46), (47) and (48) to find

m2 = κ̄2(ρ + p + 2ε2 − E2
0). (49)

The trace equation (29) gives rise to the following constrain
for the cosmological constant

2 Λ = κ̄2(p − ρ − 2ε2 + E2
0) (50)

Since ST-homogeneous Gödel-type geometries are char-
acterized by the two essential parameters m2 and ω2, the
above Eqs. (48) and (49) make explicit how the f (R) gravity
specifies a pair of parameters (m2, ω2), and therefore deter-
mines a general ST-homogeneous Gödel-type solution, for
the combined-fields matter source (36).

The general solution given by Eqs. (48) and (49) contains
all general relativity Gödel-type known solutions [81] as par-
ticular cases. Indeed, the perfect fluid Gödel solution is recov-
ered when ε = E0 = 0 with ρ, p 
= 0, whereas the scalar

field causal solution [81] is retrieved for ρ = p = E0 = 0
with ε 
= 0.5

Finally, from Eq. (49) one has that the combination of
scalar plus electromagnetic field with a perfect fluid gives
rise to ST-homogeneous Gödel-type solutions in hyperbolic
class (m2 > 0) when E2

0 < ρ + p + 2ε2, in the linear
family (m2 = 0) for E2

0 = ρ + p + 2ε2, and also in the
trigonometric class (m2 < 0) when E2

0 > ρ + p + 2ε2.
Moreover, from Eq. (49) we also have that these three fam-
ilies of ST-homogeneous Gödel-type solutions can also be
generated with a simple combination of scalar and electro-
magnetic fields (thus for ρ = p = 0), depending on the
relative values of the amplitudes ε2 and E2

0 , which give the
sign of the term 2ε2 − E2

0 in Eq. (49).

5 Concluding remarks

Despite the great success of the general relativity theory, a
good deal of effort has recently gone into the study of the so-
called modified gravity theories. In the cosmological model-
ing framework, this is motivated by the fact that these theories
provide an alternative way to explain the current accelerat-
ing expansion of the Universe with no need to invoke the
dark energy matter component. The hybrid metric-Palatini
f (R) gravity is a recently devised approach to such modi-
fied theories, in which it is added to the ordinary Ricci scalar
R, in the Einstein–Hilbert Lagrangian, a function, f (R), of
Palatini curvature scalar R, which is constructed from the
independent connection Γ

ρ
μν .

In general relativity, the bare existence of the Gödel solu-
tion to Einstein’s equations, for a physically well-motivated
perfect-fluid source, makes it apparent that this theory per-
mits solutions with violation of causality on nonlocal scale,
regardless of its local Lorentzian character that ensures the
local validation of the causality principle. In the context of
the hybrid metric-Palatini f (R) gravity theories the space-
time manifolds are also assumed to be locally Lorentzian.
Hence the chronology and causality structure of special rel-
ativity are inherited locally. The nonlocal question, however,
is left open, and violation of causality can in principle arise.

Since homogeneous Gödel-type geometries necessarily
lead to the existence of closed timelike circles (Sect. 3.2),
which is an unequivocal manifestation of violation of causal-
ity, a natural way to tackle this question is by investigat-
ing whether the hybrid metric-Palatini f (R) gravity theories
permit Gödel-type solutions to their field equations. Further-

5 We note that Gödel metric (m2 = 2ω2) can also be generated through
a particular combination of perfect fluid with a scalar field, namely for
non-vanishing equal amplitude of the scalar and electromagnetic fields
ε = E0 
= 0. Indeed in this case Eqs. (48) and (49) give m2 = 2ω2 =
κ̄2(ρ + p + ε2).
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more, if gravity is to be governed by a f (R) there are a num-
ber of issues ought to be reexamined in its context, including
the question as to whether these theories admit Gödel-type
solutions, or would remedy the violation of causality prob-
lem by ruling out this type of solutions, which are permitted
in general relativity.

In this article, to proceed further with the investigations
on the potentialities, difficulties and limitations of f (R), we
have examined whether f (R) gravity theories admit homo-
geneous Gödel-type solutions for physically well-motivated
matter sources. To this end, we have first examined the prob-
lem of finding out ST-homogeneous solutions in these hybrid
gravity theories whose trace T (invariant) of the energy-
momentum tensor is constant. We have shown that under
this assumption the problem of finding out solutions in the
hybrid metric-Palatini f (R) gravity reduces to the problem
of determining ST-homogeneous solutions of Einstein’s field
equations with a cosmological constant. Employing this far-
reaching simplifying result, we first have found a general
Gödel-type solution for a source that is a combination of
scalar and electromagnetic fields with a perfect fluid. In this
general Gödel-type solution solution the essential parameter
m2 can be m2 > 0 (hyperbolic family), m = 0 (linear class)
or m2 < 0 (trigonometric family) depending on the values of
the amplitudes ε (scalar field) and E0 (electromagnetic field),
and the density ρ and pressure p of the perfect fluid. This gen-
eral homogeneous Gödel-type solution also contains previ-
ously known solutions of the literature as special cases. There
emerges from one of the particular solution of the hyperbolic
family that every perfect-fluid Gödel-type solution of any
f (R) gravity with density ρ and pressure p and satisfying
the weak energy conditions ρ > 0 and ρ + p ≥ 0 is neces-
sarily isometric to the Gödel geometry. This extends to the
context of f (R) gravity a theorem established in the context
of the general relativity, which states that Gödel solution is
the sole perfect fluid solution of Einstein’s equations [85].

Whether or not the physical laws permit the existence of
stable time machines in the form of closed timelike curves
is a research field in general relativity and other gravity the-
ories. Violation of causality on the other hand raises intrigu-
ing logical paradoxes, and is generally seen as undesirable
feature in physics. The two most known remedies to these
paradoxes are Novikov’s self-consistency principle [88–90],
which was designed to reconcile the logical inconsistencies
by demanding that the only admissible local solutions are
those which are globally self-consistent,6 and Hawking’s
chronology protection conjecture [91], which suggests that
even though closed timelike curves are classically possible to
be produced, quantum effects are likely to prevent such time

6 Clearly this principle is ultimately an ad hoc global topological con-
straint on admissible solutions of gravity theories, thus beyond the stan-
dard scope of the local formulation of the gravity theories.

travel. In this way, the laws of quantum physics would prevent
closed timelike curves from appearing.7 In this regard, Hawk-
ing and Penrose have also pointed out that severe causality
assumptions could risk ’ruling out something that gravity
is trying to tell us’ [94], thus, discouraging further inves-
tigations. The possible existence of closed timelike curves
is also particularly interesting in the quantum realm, where,
for example, the quantum systems traversing these curves
have been studied [95] and experimental simulation of closed
timelike curves have been undertaken [96].

To conclude, we emphasize that the bare existence of the
ST-homogeneous Gödel-type solutions that we have found
makes apparent that the hybrid metric-Palatini f (R) gravity
does not remedy at a classical level the causal pathology in
the form of closed timelike curves that arises in the context
of general relativity. We are not aware of a quantum gravity
theory following the hybrid metric-Palatini structure, though.
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