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Abstract A set of power-law solutions of a conformal-
violating Maxwell model with a non-standard scalar-vector
coupling will be shown in this paper. In particular, we are
interested in a coupling term of the form X2n FμνFμν with X
denoting the kinetic term of the scalar field. Stability analysis
indicates that the new set of anisotropic power-law solutions
is unstable during the inflationary phase. The result is consis-
tent with the cosmic no-hair conjecture. We show, however,
that a set of stable slowly expanding solutions does exist for a
small range of parameters λ and n. Hence a small anisotropy
can survive during the slowly expanding phase.

1 Introduction

The cosmic inflation [1–3] has been regarded as a main
paradigm of the modern cosmology. It follows from the suc-
cess of the cosmic inflation resolving quite a number of
cosmological problems such as the horizon, flatness, and
magnetic-monopole problems [1–3]. In addition, the stan-
dard inflation model with our early universe assumed to be
homogeneous and isotropic has been important in realiz-
ing many cosmic microwave background (CMB) observa-
tion results inclusign the Wilkinson Microwave Anisotropy
Probe (WMAP) [4,5] and the Planck [6,7].

Some recent CMB anomalies was, however, found. For
example the hemispherical asymmetry and the cold spot have
been detected by the WMAP and Planck. Anisotropic mod-
els have therefore been considered as a genearalization of
the FLRW inflation [8]. Consequently, modifications for the
FLRW inflation are also necessary in order to accommodate
the nature of the observed anomalies of CMB. It turns out
that one of the simplest modifications is by replacing the
FLRW metric by anisotropic but homogeneous Bianchi type
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spacetimes [9,10]. Note that many predictions made with
anisotropic inflation have been done before the mentioned
anomalies were detected [11,12].

The Bianchi models have also been discussed extensively
in providing evidences for the cosmic no-hair conjecture pro-
posed by Hawking and his colleagues [13,14]. The cosmic
no-hair conjecture postulates that the final-time state of our
universe will be simply homogeneous and isotropic regard-
less of any initial conditions and states of the universe in
early time [13,14]. This conjecture has been a great chal-
lenge to the physicists and cosmologists for several decades.
Some partial proofs to this conjecture have been worked out.
In particular, this conjecture has been theoretically proved
for the Bianchi spaces by Wald with an energy conditions
approach [15].

Recently, some people have tried to extend the Wald’s
proof to a more general scenario, in which the spacetime of
universe is assumed to be inhomogeneous [16,17]. Note that
some other interesting proofs for this cosmic no-hair con-
jecture can be seen in Refs. [18–20]. Besides the theoretical
approaches, a general test using Plancks data on the CMB
temperature and polarization has provided observational con-
straints on the isotropy of the universe [21], by which we
might see how precise the cosmic no-hair conjecture is.

The validity of the cosmic no-hair conjecture has also been
tested in various cosmological models, including the higher
curvature models [22–28], the Lorentz Chern-Simons the-
ory [29,30], the massive vector theories [31–34], the non-
linear massive gravity models [35–39], the massive bigrav-
ity [40–42], and the supergravity-motivated models [43–
78]. Among these models, an interesting counter-example
to the cosmic no-hair conjecture arising in the supergravity-
motivated model proposed by Kanno, Soda, and Watanabe
(KSW) [43,44] has attracted many attentions [45–78].

As a result, the KSW model has been shown to admit a sta-
ble and attractive Bianchi type I inflationary solution [43,44]
due to the existence of an unusual coupling term between
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scalar field and electromagnetic field, f 2(φ)FμνFμν . More
interestingly, non-canonical extensions of the KSW model,
in which a scalar field takes non-canonical form such
as Dirac–Born–Infeld (DBI), supersymmetric Dirac–Born–
Infeld (SDBI), and covariant Galileon forms, have also been
shown to admit stable and attractive Bianchi type I inflation-
ary solutions [49–52]. This indicates that the cosmic no-hair
conjecture does not hold for the extended KSW models due
to the presence of the coupling term f 2(φ)FμνFμν .

Note that the KSW model can be regarded as a sub-
class of the conformal-violating Maxwell theory with an
extended coupling term I (φ, R, X, . . .) FμνFμν [79–107].
Here I (φ, R, X, . . .) is a function of any field of interest.
It is known that the conformal invariance must be broken
to generate non-trivial magnetic fields [79–90]. Indeed, the
coupling between scalar and vector fields, exp[φ]FμνFμν ,
has been proposed in Ref. [81] as a natural origin of
large-scale galactic electromagnetic field in the present
universe.

Hence a close relation exists between the stable spatial
anisotropy of inflationary universe and the broken conformal
invariance. Indeed, the mechanism of the broken conformal
invariance should induce both non-trivial magnetic fields and
a stable spatial anisotropy of spacetime during an inflation-
ary phase. One might also consider some subclasses of the
conformal-violating Maxwell theory to see whether the cos-
mic no-hair conjecture breaks down. In particular, a model
with a Ricci scalar non-minimally coupled to the electromag-
netic field via a coupling Y (R)FμνFμν [91] has already been
considered.

In this paper, we will focus on a possible coupling term
with I = J 2 (X) as an algebraic function of the scalar field
kinetic term X ≡ −∂μφ∂μφ/2. Note that J is considered as
an arbitrary function of X . As a result, we will show that a
set of Bianchi type I expanding power-law solutions exists. It
will also be shown that these solutions are unstable during the
inflationary phase in consistent with the cosmic no-hair con-
jecture in this model. On the other hand, we can also show
that stable solutions do exist during the slowly-expanding
phase.

This paper will be organized as follows: (i) A brief review
and the motivation of this research have been given in Sect. 1.
(ii) A complete setup of the proposed model will be presented
in Sect. 2. (iii) A set of Bianchi type I power-law inflation-
ary solutions and its stability will be solved and discussed
in Sect. 3 and Sect. 4, respectively. (iv) Finally, concluding
remarks will be given in Sect. 5.

2 Conformal-violating Maxwell model

A conformal-violating Maxwell theory can be described by
the general action given by [82–84]

S =
∫

d4x
√−g

[
R

2
+ X − V (φ)

−1

4
I (φ, R, X, . . .) FμνF

μν

]
, (2.1)

with Fμν ≡ ∂μAν −∂ν Aμ the field strength of the vector field
Aμ and I (φ, R, X, . . .) a function of any field of interest.
For example, the models with I = I (φ) [43–78,81], I =
I
(
R, Rμν, Rμνλκ

)
[79,80,91–96], I = I

(
A2

)
[97], I =

I (G) [98,99], and I = I
[
(kF )αβμν

]
[100,101] have been

considered extensively in the literature. Note that the Planck
mass Mp has been set as one for convenience. In this paper,
we will study a conformal violating model with I = J 2 (X):

S =
∫

d4x
√−g

[
R

2
+ X − V (φ) − 1

4
J 2 (X) FμνF

μν

]
.

(2.2)

As a result, the field equations can be shown to be

∂μ

[√−gJ 2Fμν
]

= 0, (2.3)(
1 − 1

2
J J ′F2

)
�φ − 1

2

(
J J ′′ + J ′2) ∂μX∂μφF2

−1

2
J J ′∂μφ∂μF

2 − ∂φV = 0, (2.4)

Gμν −
(

1 − 1

2
J J ′F2

)
∂μφ∂νφ

+gμν

(
1

2
∂σ φ∂σ φ + V + 1

4
J 2F2

)
− J 2Fμγ Fν

γ = 0.

(2.5)

Here J ′ ≡ ∂X J denotes the differentiation with respect to the
argument of J (X). In addition, the Einstein tensor is defined
as Gμν ≡ Rμν − 1

2 Rgμν . Similar to Refs. [43,44,47–52],
we will focus on the Bianchi type I metric given by

ds2 = −dt2 + exp [2α (t) − 4σ (t)] dx2

+ exp [2α (t) + 2σ (t)]
(
dy2 + dz2

)
. (2.6)

In addition, the scalar field φ and the vector field Aμ will be
chosen as φ = φ (t) and Aμ = (0, Ax (t) , 0, 0) respectively.
As a result, Eq. (2.3) can be integrated directly as

Ȧx (t) = J−2 (X) exp [−α − 4σ ] pA, (2.7)

with pA the constant of integration [43,44]. Hence we can
rewrite Eq. (2.4) as

{
1 + J−3 [

J ′ + φ̇2 (
J ′′ − 3J−1 J ′2)] exp [−4α − 4σ ] p2

A

}
φ̈

= −3α̇φ̇ + (α̇ + 4σ̇ ) φ̇ J−3 J ′ exp [−4α − 4σ ] p2
A − ∂φV .

(2.8)
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In addition, the non-vanishing components of the Einstein
equation (2.5) can be shown to be:

α̇2 = σ̇ 2 + 1

3

[
φ̇2

2
+ V + J−2

2

(
2φ̇2 J−1 J ′ + 1

)

× exp [−4α − 4σ ] p2
A

]
, (2.9)

α̈ = −3α̇2 + V + J−2

6

(
3φ̇2 J−1 J ′ + 1

)

× exp [−4α − 4σ ] p2
A, (2.10)

σ̈ = −3α̇σ̇ + J−2

3
exp [−4α − 4σ ] p2

A. (2.11)

Note that the Friedmann equation (2.9) is the G0
0 component

equation, Eq. (2.10) is the (3G0
0 + G1

1 + 2G2
2) equation,

and Eq. (2.11) is the
(
G1

1 − G2
2

)
equation.

3 Anisotropic power-law solutions

We will try to find a set of power-law solutions for the pro-
posed model (2.1) in this section. In particular, we would like
to obtain a new set of power-law analytic solutions with the
form [43,44,47–52]:

α = ζ log (t) ; σ = η log (t) ; φ = ξ log (t) + φ0. (3.1)

Note that this set of power-law ansatz is the key to obtain a
consistent set of power-law solutions. For simplicity, we will
focus on the exponential scalar potential given by:

V (φ) = V0 exp [λφ] , (3.2)

along with the power-law kinetic function:

J (X) = J0X
n . (3.3)

Here V0, J0, φ0, and λ are constants specifying the bound-
ary information of these potential and kinetic functions. In
addition, the constants λ and n are assumed to be positive.
For convenience, we will also introduce the following new
variables:

u = V0 exp [λφ0], (3.4)

v = p2
A J

−2
0

(
ξ2

2

)−2n

. (3.5)

As a result, we can derive the following set of algebraic equa-
tions from the field equations:[

2n

ξ2 (4n + 1) v − 1

]
ξ + 3ζ ξ

−2n

ξ
(ζ + 4η) v + λu = 0, (3.6)

ζ 2 − η2 − ξ2

6
− u

3
− 1

6
(4n + 1) v = 0, (3.7)

−ζ + 3ζ 2 − u − 1

6
(6n + 1) v = 0, (3.8)

(3ζ − 1) η − v

3
= 0, (3.9)

along with the following constraints:

λξ = −2, (3.10)

ζ + η − n − 1

2
= 0. (3.11)

The constraint (3.11) indicates that n behaves similar to the
ratio ρ/λ discussed in the KSW model in Refs. [43,44] with
I = f 2(φ) ∼ exp[2ρφ] and V (φ) ∼ exp[λφ]. This is,
however, the only similarity between the KSW model [43,
44] and our proposed model. Indeed, it turns out that all field
equations in this paper are not alike as compared to the field
equations of the KSW model. With the constraint (3.10), the
variable v can be written as

v = p2
A J

−2
0

(
λ2

2

)2n

. (3.12)

Note that both variables, u and v, are assumed to be positive.
Given η shown in Eq. (3.11), Eqs. (3.8) and (3.9) can be
solved to give:

u = 1

4
(3ζ − 1) [(6n + 1) (2ζ − 2n − 1) + 4ζ ] , (3.13)

v = −3

2
(3ζ − 1) (2ζ − 2n − 1) . (3.14)

With η, u, and v defined above, scalar field equation (3.6)
and Friedmann equation (3.7) can be reduced as

(3ζ − 1)
[
36nζ 2 − 6

(
6n2 + 3n − 1

)
ζ

−2n − 8λ−2 − 1
]

= 0, (3.15)

36nζ 2 − 6
(

6n2 + 3n − 1
)

ζ − 2n − 8λ−2 − 1 = 0,

(3.16)

respectively. It turns out that both Eqs. (3.15) and (3.16) lead
to the non-trivial solutions

ζ± = 6n2 + 3n − 1

12n
±

√
�

12λn
, (3.17)

� = λ2
(

36n4 + 36n3 + 5n2 − 2n + 1
)

+ 32n (3.18)
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for ζ �= 1/3. Since n is assumed to be positive and ζ > η,
ζ+ can be shown to be only the consistent solution:

ζ = ζ+

= 6n2 + 3n − 1

12n

+
√

λ2
(
36n4 + 36n3 + 5n2 − 2n + 1

) + 32n

12λn
. (3.19)

In addition, the variable η becomes

η = 6n2 + 3n + 1

12n

−
√

λ2
(
36n4 + 36n3 + 5n2 − 2n + 1

) + 32n

12λn
. (3.20)

It is clear that η < ζ = ζ+ as expected. Following Refs. [43,
44], the anisotropy parameter is given by

�

H
≡ σ̇

α̇

=
(6n2 + 3n + 1)λ −

√
λ2

(
36n4 + 36n3 + 5n2 − 2n + 1

) + 32n

(6n2 + 3n − 1)λ +
√

λ2
(
36n4 + 36n3 + 5n2 − 2n + 1

) + 32n
.

(3.21)

The positivity of v implies that η > 0 with the help of Eq.
(3.9) provided that ζ > 1/3. Hence, the positivity of η leads
to a constraint of n given by

n >
4 − λ2

2λ2 = 2

λ2 − 1

2
, (3.22)

with the help of Eq. (3.20). Note also that for an anisotropi-
cally expanding solution, the following constraints ζ +η > 0
and ζ − 2η > 0 need to be satisfied. It is apparent that the
constraint ζ + η > 0 holds for positive n. In addition, the
constraint ζ − 2η > 0 leads to the inequality:

λ2
(

8n3 + 8n2 − 1
)

+ 8 > 0. (3.23)

The inequality (3.23) holds apparently for all n > (
√

5 −
1)/4 ≈ 0.309 if λ ≥ 0. Hence, expanding solutions exist for
the canonical model with n = 1. For 0 < n < (

√
5 − 1)/4,

the above inequality will depend, however, on the value of
λ. Note also that the parameter � is positive definite if the
inequality (3.23) holds. Finally, with the help of Eq. (3.13),
the positivity of u leads to the inequality

(6n + 1) (2ζ − 2n − 1) + 4ζ > 0, (3.24)

or equivalently,

0 < n < ζ − 1

6
. (3.25)

Consequently, the following constraint on η can be obtained
from Eq. (3.11) as

η <
1

3
. (3.26)

It appears that there are constraints of n given by the Eqs.
(3.22), (3.23), and (3.25) for the expanding solution with
ζ +η > 0 and ζ − 2η > 0. Note that we are interested in the
inflationary phase solutions with the following constraints
ζ + η 	 1 and ζ − 2η 	 1. As a result, the constraint
ζ + η 	 1 and the Eq. (3.11) imply that

ζ + η = n + 1

2
	 1, (3.27)

or equivalently,

n 	 1. (3.28)

Consequently, the field variables can be approximated as

ζ 
 n 	 1; u 
 3

4
n2 	 1; v 
 9

4
n 	 1 (3.29)

during the inflationary phase with n 	 1. It is also straight-
forward to show that η < 1/3 and �/H < 1 during the
inflationary phase. For example, ζ 
 40.4974, η 
 0.00264,
and �/H 
 0.000065 if we choose n = 40 and λ = 1. For
a comparison with the KSW model [43,44], we will have
ζKSW = 40.1831, ηKSW = 0.316872, and (�/H)KSW =
0.007886 if we choose ρ = 40 and λ = 1 such that
n = ρ/λ. It is clear that the spatial anisotropy parameter
in the J 2(X)F2 model is much smaller than that of the KSW
model with f 2(φ)F2. On the other hand the isotropy param-
eters are quite similar to each other.

4 Stability analysis of anisotropic solutions

In this section, we will try to show that the new set of power-
law solutions are unstable during the inflationary phase. On
the other hand, this new set of power-law solutions is stable
during the slowly-expanding phase for a limited λ-n domain.

4.1 Inflationary phase

In order to understand the stability of the set of power-law
solutions, we will consider the power-law perturbation of
the field equations with δα = Aαtm , δσ = Aσ tm , and δφ =
Aφ tm [47–52]. Perturbing Eqs. (2.8), (2.10), and (2.11) leads
to a set of algebraic equations that can be cast as a matrix
equation:
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D
⎛
⎝ Aα

Aσ

Aφ

⎞
⎠ ≡

⎡
⎣ A11 A12 A13

A21 A22 A23

A31 A32 A33

⎤
⎦

⎛
⎝ Aα

Aσ

Aφ

⎞
⎠ = 0, (4.1)

with

A11 =
(

λnv − 6

λ

)
m − 4λnv (ζ + 4η − 4n − 1) ;

A12 = 4λnvm − 4λnv (ζ + 4η − 4n − 1) ,

A13 = −
[
λ2vn

2
(4n + 1) − 1

]
m2

−λ2v

[
8n3 − 2 (ζ + 4η − 2) n2 − 1

2
(ζ + 4η − 1) n

− 1

λ2v
(3ζ − 1)

]
m + λ2u, (4.2)

A21 = m2 + (6ζ − 1)m + 2v

3
(6n + 1) ;

A22 = 2v

3
(6n + 1) ;

A23 = −λnv

3
(6n + 1)m − λu, (4.3)

A31 = 3ηm + 4

3
v;

A32 = m2 + (3ζ − 1)m + 4

3
v;

A33 = −2λ

3
nvm. (4.4)

Nontrivial solutions of Eq. (4.1) exist only when

det D = 0. (4.5)

As a result, this determinant equation leads to a polynomial
equation of m :

m f (m) ≡ m
(
a6m

5 + a5m
4 + a4m

3 + a3m
2 + a2m + a1

)

= 0, (4.6)

with the coefficients ai ’s (i = 1 − 6) given by

a6 = − 1

2

(
4λ2vn2 + λ2vn − 2

)
, (4.7)

a5 = − λ2vn

[
8n2 + 8 (2ζ − η) n + 1

2
(8ζ − 4η − 1)

]

+ 3 (4ζ − 1) , (4.8)
a4 = − 2λ2v (36ζ + 3v − 8) n3

− λ2v

(
18ζ 2 − 72ζη + 22ζ + 16η + 3v − 6 + 12

λ2

)
n2

− λ2v

2

(
9ζ 2 − 36ζη + 2ζ + 8η + 2v − 1 − 4

λ2

)
n

+ 45ζ 2 − 24ζ + λ2u + 2v + 3, (4.9)
a3 = − 2λ2v

[
72ζ 2 + v (9ζ + 1) − 36ζ + 4

]
n3

+ λ2v

[
18ζ 2 (2ζ − 5) + 8η

(
18ζ 2 − 9ζ + 1

)

−v (7ζ − 14η + 3) + 38ζ − 4 − 12

λ2 (3ζ − 1)

]
n2

+ λ2v

2

[
9ζ 2 (2ζ − 3) + 2η

(
36ζ 2 − 18ζ + 2

)

− 2v (4ζ − 5η) + 10ζ + 2u − 1 + 12

λ2 (3ζ − 2η − 1)

]
n

+ 3ζ
(
18ζ 2 − 15ζ + 4

) + 2v (8ζ − η − 2)

+ λ2u

(
9ζ − 2 − 6

λ2

)
− 1, (4.10)

a2 = − 8λ2v2 (3ζ − 3η − 1) n3

+ 2λ2v2
[

3ζ 2 + 9ζη − 12η2 − 14ζ + η + 3 + 8u

v

]
n2

+ λ2v

[
v

(
5ζ 2 + 19ζη − 4η2 − 6ζ − 3η + 1

)

− u (ζ + 28η − 7) + 4

λ2 (3ζ − 1) (3ζ − 3η − 1)

]
n,

+ λ2u
(
18ζ 2 − 9ζ + 2v + 1

) + 2ζv (15ζ − 3η − 8)

− 6u (3ζ − 1) + 2v (η + 1) , (4.11)

a1 = 2λ2uv

[
8 (3ζ − 3η − 1) n2 − 2

(
3ζ 2 + 9ζη − 12η2

− 7ζ + 2η + v + 2) n + 5ζ − η − 1 − 4

λ2

]
. (4.12)

Positive root to Eq. (4.6) does not exist if all the coef-
ficients ai are positive (or negative). As a result, the corre-
sponding anisotropic solution is stable. On the other hand,
Eq. (4.6) admits at least one positive root ifa1a6 < 0 [47–52].
Therefore the corresponding anisotropic solution is unstable
if a1a6 < 0.

We can show that a6 < 0 with the help of the inequality
(3.22). In addition, the leading term of a1 is given by

a1 
 2λ2uv

(
18n3 + 3

2
n2 + n − 4

λ2

)
(4.13)

for n 	 1. Hence the inequality (3.22) implies that a1 >

0 for n 	 1. This implies that the anisotropic power-law
solution of the J 2(X)F2 model is indeed unstable during
the inflationary phase in contrast to the results of the KSW
model. The result is, however, consistent with the cosmic
no-hair conjecture. It shows that the non-trivial coupling,
I (φ, X, ...) FμνFμν is capable of inducing a small spatial-
anisotropy for the evolution of our current universe.

Note that the stability of the anisotropy depends on the
choice of the function I coupled to the U1 gauge field. In
particular, the anisotropy will survive the inflation if I is
chosen to be a canonical function of a scalar field as shown
in the KSW model [43,44,49–52]. On the other hand, if I
is chosen as a function of the kinetic term of the scalar field,
the anisotropy is unstable during the inflationary phase. As
a result, the power-law solutions shows that our universe
acts in favor of the forming of an isotropic (de Sitter) space
consistent with that the cosmic no-hair conjecture predicts.
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4.2 Slowly expanding phase

Even the power-law solution is unstable during the infla-
tionary phase, it will be interesting to know whether it is
unstable during the slowly-expanding phase. Indeed, we will
show that the new set of power-law solutions is stable during
the slowly-expanding phase for a small λ-n domain. Note
that ζ + η and ζ − 2η are of order one, O(1), for the slowly
expanding phase. Note again that unstable solution will not
exist if all coefficients ai listed above are positive (or neg-
ative) definite. In fact, the equation f (m) = 0 admits no
positive root for a wider range of λ and n.

Indeed, we will plot a λ-n domain numerically in which
all real parts of the five roots of f (m) = 0 are non-positive,
i.e., Re(mi ) ≤ 0, during the slowly expanding phase. The
result is shown in Fig. 1.

According to the result shown in Fig. 1, this allowed
domain is quite limited. In particular, the range of λ is much
wider for small 0 < n ≤ 1. Here we have set ζ + η > 0,
ζ − 2η > 0, u > 0, and v > 0 for expanding solutions. Note
again that we will only have unstable anisotropic inflationary
solutions for the large n as proved earlier in this section.

In addition, we would like to see whether the new set of
slowly expanding solutions is indeed a set of attractive solu-
tions for the parameters λ and n chosen within the red region
in Fig. 1. Following Refs. [43,44,49–52], we will introduce
the dynamical variables

X̂ = σ̇

α̇
; Y = φ̇

α̇
; Z = J−1

0 pA
α̇

(
φ̇2

2

)−n

exp [−2α − 2σ ] .

(4.14)

As a result, a set of autonomous equations of the dynamical
system can be derived from the field Eqs. (2.8), (2.10), and
(2.11) as

0 1 2 3 4 5
0

1

2

3

4

5

n

Fig. 1 The red region represents the λ-n domain for the existence of
stable slowly expanding solutions

d X̂

dα
= − α̈

α̇2 X̂ + σ̈

α̇2

= X̂

[
3
(
X̂2 − 1

)
+ Y 2

2
+

(
n + 1

3

)
Z2

]
+ Z2

3
,

(4.15)

dY

dα
= − α̈

α̇2 Y + φ̈

α̇2

= Y

{
3X̂2 + Y 2

2
+

(
n + 1

3

)
Z2

+ 1

Y 2 − 2n(4n + 1)Z2

{
λY

[
3
(
X̂2 − 1

)
+ Y 2

2

+
(

2n + 1

2

)
Z2

]
+ 2n

(
4X̂ + 1

)
Z2 − 3Y 2

}}
,

(4.16)

dZ

dα
= − Z

[
α̈

α̇2 + 2X̂ + 2 + 2n

Y

φ̈

α̇2

]

= Z

{
3X̂2 + Y 2

2
+

(
n + 1

3

)
Z2 − 2X̂ − 2

− 2n

Y 2 − 2n(4n + 1)Z2

{
λY

[
3
(
X̂2 − 1

)

+ Y 2

2
+

(
2n + 1

2

)
Z2

]
+ 2n

(
4X̂ + 1

)
Z2

− 3Y 2
}}

. (4.17)

Note that we have used the Hamiltonian equation (2.9)

V

α̇2 = −3
(
X̂2 − 1

)
− Y 2

2
−

(
2n + 1

2

)
Z2, (4.18)

in order to derive the above equations. Note that the
anisotropic fixed points are solutions of the autonomous
equations d X̂/dα = dY/dα = dZ/dα = 0. As a result,
we can obtain, from equations dY/dα = dZ/dα = 0, a
relation given by

3X̂2 + Y 2

2
+

(
n + 1

3

)
Z2 = 2(X̂ + 1)

2n + 1
. (4.19)

The equation d X̂/dα = 0 can thus be reduced to

Z2 = − 3X̂

[
2(X̂ + 1)

2n + 1
− 3

]
. (4.20)

On the other hand, the equations d X̂/dα = dY/dα =
dZ/dα = 0 will lead the Hamiltonian constraint (4.18) given
by

d

dα

(
V

α̇2

)
= 0. (4.21)
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Fig. 2 The anisotropic fixed point with the field parameters chosen as
λ = 1.25 and n = 1 is shown as an attractor solution in this figure.
All trajectories in the phase space of X̂ , Y , and Z , with different initial
conditions converge to the anisotropic fixed point (plotted as the purple
point) rather than the isotropic fixed point (X̂ , Y, Z) = (0, 0, 0)

(plotted as the blue point). The initial conditions (X̂(t = 0), Y (t =
0), Z(t = 0)) are set as (0.2, −1.5, 0.02) for the thin-solid red curve,
(0.1, −1.6, 0.01) for the thick-solid blue curve, and (0.15, −1.7, 0.01)
for the green dotted curve, respectively. The right figure is the enlarged
picture of the left figure

Hence we have

α̈

α̇2 = λ

2
Y, (4.22)

or equivalently,

3X̂2 + Y 2

2
+

(
n + 1

3

)
Z2 = −λ

2
Y. (4.23)

As a result, the relation between X̂ and Y can be shown to be

Y = −
4

(
X̂ + 1

)

λ(2n + 1)
(4.24)

from Eqs. (4.19) and (4.23). With the useful relations shown
in Eqs. (4.20) and (4.24), we are able to rewrite Eq. (4.19) as
an equation of X̂ given by

[λ2(2n + 1) + 8]X̂2 + [λ2(36n3 + 36n2 + 7n − 1)

+16]X̂ − 2λ2(2n + 1) + 8 = 0. (4.25)

Consequently, non-trivial solutions of X̂ can be solved as

X̂± = −
λ2 (2n + 1)

(
18n2 + 9n − 1

) + 16 ± 3λ (2n + 1)

√
λ2

(
36n4 + 36n3 + 5n2 − 2n + 1

) + 32n

2
[
λ2(2n + 1) + 8

] . (4.26)

It is apparent that the X̂− is identical to the ratio �/H of the
anisotropic power-law solution found in the previous section.
In other words, X̂− is exactly the anisotropic fixed point
equivalent to the anisotropic power-law solution we found
earlier.

Hinted by the allowed region of λ and n for the existence of
stable expanding-solutions shown above, we can, for exam-
ple, examine the attractor behavior of the anisotropic fixed
point for n = 1 (corresponding to the canonical kinetic term)
and λ = 1.25. Note that for this choice the scale factors will
be ζ 
 1.5 and η 
 0.015 � ζ . The result is shown in
Fig. 2.

As a result, the anisotropic fixed point can be shown to be
the attractor to the dynamical system as expected. This result
shows that the J 2(X)F2 model does admit stable and attrac-
tive anisotropic expanding solutions even this model does not
admit any stable and attractive anisotropic inflationary solu-
tion. Nevertheless, the cosmic no-hair conjecture is indeed
violated in the J 2(X)F2 model. A small anisotropy will still
sustain during the slowly-expanding phase and leads to a
small anisotropy observed today.

5 Conclusions

Inflation has been considered as a main paradigm in the cur-
rent cosmology. It is successful in solving some fundamen-

tal questions in cosmology. The predictions are also consis-
tent with the observations of the cosmic microwave back-
ground radiation. In addition, the cosmic no-hair conjecture
explains the physical origin of the highly isotropic universe.
This conjecture is based on a belief that the vacuum energy
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dominance would erase any classical hair. The conformal-
violating Maxwell model [79–90] proposed in Refs. [43,44]
provides a counter-example to the cosmic no-hair theorem.
Hence we propose to study a conformal-violating Maxwell
model with a coupling term, J 2(X)F2 = J 2

0 X
2n F2.

In contrast to results found in [43,44,49–52], we found
that the new model does not admit any stable and attractive
Bianchi type I inflationary solution. By a careful stability
analysis, we have found, however, that the proposed model
does admit stable and attractive Bianchi type I expanding
solutions in the slowly-expanding phase. Hence this model
provides another counter-example to the cosmic no-hair con-
jecture with a tiny spatial hair. The results shown in this paper
suggest that a correlation between an anisotropy of universe
space and a broken conformal invariance deserve more atten-
tions.

Moreover, small anisotropy is required to explain the
origin of large-scale galactic electromagnetic field in the
present universe. It would be interesting to examine the valid-
ity of the cosmic no-hair conjecture for some other possi-
ble coupling terms in the conformal-violating theory. For
example, those models that have been discussed recently,
e.g., I

(
R, Rμν, Rμνλκ

)
[79,80,91–96], I = I

(
A2

)
[97],

I = I (G) [98,99], and I = I
[
(kF )αβμν

]
[100,101]. The

result shown in this paper focusing on the late-time evolution
is a new approach to the selection rules for the compatible
models. Hopefully, the result shown here could be helpful to
the study on the cosmic evolution of our universe.

Note added: The appearance of Ref. [108] came to our
attention when are finalizing our paper. Motivated by Refs.
[63,109–111], Ref. [108] proposes an extension of the KSW
model with f (φ) → f (φ, X) similar to ours. In particular,
Ref. [108] points out that no small-anisotropy inflationary
solutions exists for f (X) ∝ X−n in contrast to our model
with f (X) ∝ Xn .
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