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Abstract We study the properties of the energy-momentum
tensor of gauge fields coupled to matter in non-commutative
(Moyal) space. In general, the non-commutativity affects the
usual conservation law of the tensor as well as its transfor-
mation properties (gauge covariance instead of gauge invari-
ance). It is well known that the conservation of the energy-
momentum tensor can be achieved by a redefinition involv-
ing another star-product. Furthermore, for a pure gauge the-
ory it is always possible to define a gauge invariant energy-
momentum tensor by means of a Wilson line. We show that
the last two procedures are incompatible with each other if
couplings of gauge fields to matter fields (scalars or fermions)
are considered: The gauge invariant tensor (constructed via
Wilson line) does not allow for a redefinition assuring its
conservation, and vice versa the introduction of another star-
product does not allow for gauge invariance by means of a
Wilson line.
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1 Introduction

Groenewold–Moyal (or θ -deformed) space [1,2] represents
one of the simplest models for quantized spaces, and has been
extensively studied over the past 20 years; e.g. see [3–5] and
references therein for a review. The theories on this space
are formulated in terms of ordinary functions by means of a
deformed product, the so-called star-product,

( f � g)(x) = e
i
2 θμν∂xμ∂

y
ν f (x)g(y)

∣
∣
∣
y=x

, (1)

which implies that the coordinates fulfill

[xμ
�, xν] ≡ xμ � xν − xν � xμ = iθμν. (2)

This commutation relation is invariant under translations of
the space-time coordinates and under the so-called reduced
Lorentz transformations (or reduced orthogonal transforma-
tions in the Euclidean setting); see for instance Ref. [6].

In general, field theoretic models on such spaces suffer
from a new type of divergences which arise due to a phe-
nomenon referred to as UV/IR mixing [7,8] and which render
the models non-renormalizable. This problem can be over-
come in the case of some special scalar field models [9–11],
one of them having been shown to be solvable even non-
perturbatively [12].

The present work is devoted to a basic aspect of classical
field theories on Moyal space, namely the energy-momentum
tensor (hereafter referred to asEMT ) and its properties at tree
level. In earlier studies [13–18] some modifications to the
conservation law of the EMT due to the non-commutativity
parameters θμν were found in φ�4 and in gauge theory (with-
out matter couplings). Here, we wish to investigate more gen-
erally complex scalars and fermions coupled to U�(1) gauge
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fields. In view of the infamous time-ordering problems in
quantum field theory on Moyal space [19], we restrict our-
selves to the Euclidean version of Moyal space.

The present work is organized as follows. In Sect. 2, we
examine the gauge invariance and conservation properties of
the EMT for a gauge field in Moyal space. In Sects. 3 and 4
we then extend the discussion to include various couplings
to matter.

2 EMT for a gauge field in Moyal space

We consider a U�(1) gauge field (Aμ) coupled to an exter-
nal current (Jμ) in four-dimensional flat Euclidean1 Moyal
space: the action

S[A] = 1

4

∫

d4x Fμν � Fμν +
∫

d4x Jμ � Aμ,

with Fμν = ∂μAν − ∂ν Aμ − ig[Aμ
�, Aν], (3)

yields the equation of motion

0 = δS[A]
δAν

= −DμF
μν + J ν . (4)

The functional S[A] is invariant under the infinitesimal gauge
transformations

δλAμ = Dμλ ≡ ∂μλ − ig[Aμ
�, λ],

δλFμν = −ig[Fμν
�, λ], (5)

provided the current (Jμ) does not transform and is covari-
antly conserved, i.e. Dμ Jμ = 0. This is also consistent with
the equation of motion in the sense that

Dν J
ν = Dν(DμF

μν) = 1

2
[Dν

�, Dμ]Fμν

= ig

2
[Fμν

�, Fμν] = 0. (6)

Notice, however, that gauge invariance of the equation of
motion (4) requires that Jμ transforms covariantly, i.e.
δλ J ν = −ig[J ν �, λ], but that would destroy gauge invari-
ance of the action unless ∂μ Jμ = 0. This inconsistency was
already noticed in Ref. [20] and is due to the non-Abelian
nature of non-commutative gauge theory. In fact, a similar
inconsistency occurs in Yang–Mills theory on ordinary com-
mutative space when coupling the gauge field to an external
current [21]. This problem can be overcome by coupling the

1 We recall that certain signs (e.g. some global signs in the actions)
change upon passage from Minkowskian to Euclidean signature. The
coupling constant is denoted by g and there should be no risk of con-
fusion with the determinant of the metric tensor (gμν) considered for
defining the Einstein–Hilbert EMT.

gauge field to dynamical complex scalar and/or fermion fields
so that the external current is replaced by the corresponding
matter current; see the next sections. For now, we keep in
mind that the action (3) is not the complete action.

Concerning the transformation laws (5) we emphasize
that, by contrast to a U (1) gauge theory in ordinary
Minkowski space, the field strength Fμν is not a gauge
invariant quantity as in electrodynamics. This non-Abelian
nature of the theory in Moyal space is due to the non-
commutativity of space-time coordinates, which implies that
the field strength “feels” the non-commutativity of the space
in which it lives. (This even applies to the simplest case of a
constant field strength [22].) The transformation law of Fμν

implies that the Lagrangian density L = 1
4 Fμν � Fμν is not

invariant under gauge transformations since δλL = −ig[L �,

λ]: it is only the integral which plays the role of a trace which
ensures cyclic invariance of factors and thereby gauge invari-
ance. Henceforth, the lack of gauge invariance of the EMT
will not come as a surprise and contrasts the situation for
non-Abelian Yang–Mills fields in Minkowski space.

The improved EMT for a free (i.e. not coupling to a cur-
rent) gauge field in Moyal space was already computed in
Refs. [16–18]:

Tμν = 1

2

(

{Fμρ �, Fν
ρ} − 1

2
δμνFρσ � Fρσ

)

. (7)

It is symmetric and traceless, and it transforms covariantly
under gauge transformations:

δλT
μν = −ig[Tμν �, λ]. (8)

From the Bianchi identity DμFνρ + DνFρμ + DρFμν = 0
and the equation of motion (4) with Jμ = 0, it follows that
the covariant divergence of the gauge field EMT vanishes,

DμT
μν = 0, (9)

i.e. Tμν is covariantly conserved.
In the Minkowskian version of Moyal space with non-

commutativity parameters satisfying θ0i = 0, the integral
∫

d3x of a star-commutator vanishes (assuming as usual that
fields vanish sufficiently fast at spatial infinity), hence Eq. (9)
implies that

0 =
∫

d3x DμT
μν =

∫

d3x ∂0T
0ν = dPν

dt
,

with Pν ≡
∫

d3x T 0ν. (10)

Thus, the four-momentum (Pν) of the gauge field represents
a conserved quantity. Moreover, this quantity is gauge invari-
ant by virtue of (8) and the definition of Pν in terms of T 0ν .
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Let us now come back to the local transformation law (8).
In Ref. [23] (see also [24]) it was explained how to construct
gauge invariant objects in Moyal space out of gauge covariant
ones. In fact, this task is achieved by folding the quantity in
question with a straight Wilson line defined by a length vector
(lμ) with lμ = θμνkν ≡ (θk)μ. Using this procedure, the
authors of Ref. [16] obtained a standard local conservation
law for the so constructed EMT. In the following we will also
follow this strategy for gauge fields, scalars and fermions, and
therefore we briefly outline the procedure here.

The non-commutative generalization of a straight Wilson
line with the appropriate length is given by

W (k, x) = P� exp

(∫ 1

0
dσ Aμ(x + σθk) θμνkν

)

, (11)

where P� denotes path ordering with respect to the contour
parameter σ . The expression (11) transforms as W (k, x) →
U (x) � W (k, x) � U (x + θk)† under a gauge transforma-
tionU (x). Hence,

∫

d4xW (k, x)�exp(ikx) is a gauge invari-
ant object because the length vector of the Wilson line is
adjusted to be θμνkν and exp(ikx) induces a translation of
U † by −θk, cf. [23,25]. One may now construct (Fourier
transforms of) gauge invariant objects from gauge covariant
ones by star-multiplication with W (k, x) and exp(ikx) and
integrating over d4x . The choice of a straight Wilson line
is the most natural one because for such a line it makes no
difference if the operator is attached to an endpoint of the
Wilson line or somewhere in the middle [23]. Furthermore,
in the commutative limit (θ → 0) the Wilson line’s length
goes to zero.

For the EMT of a gauge field in Moyal space this means
that

T̃μν(y) ≡
∫

d4k d4x

(2π)4 eik(y−x) � W (k, x) � Tμν(x) (12)

is a gauge invariant quantity2 (which reduces in the commu-
tative limit to the ordinary EMT due to limθ→0 W (k, x) = 1).
However, it is not conserved [16],

∂ y
μT̃

μν(y) =
∫

d4k d4x

(2π)4 eik(y−x)�

(∂x
μW (k, x) � Tμν(x) + W (k, x) � ∂x

μT
μν(x))

=
∫

d4k d4x

(2π)4 eik(y−x)�

2 When considering U�(N ) gauge fields rather than U�(1) fields as we
do here, an additional trace appears in the product, i.e. W � T becomes
tr (W � T ).

P�

(∫ 1

0
dσ Fμα(x + σθk) θαβ(ikβ)

�W (k, x) � Tμν(x)

)

, (13)

where the star-commutator term arising from ∂μTμν was
canceled by part of the contribution coming from ∂μW . The
factor ikβ can be pulled out of the integral by rewriting it
as ∂

y
β , thus allowing for the definition of a gauge invariant,

conserved (but no longer symmetric or traceless) EMT Tμν :

Tμν ≡ T̃μν −
∫

d4k d4x

(2π)4 eik(y−x)�

P�

(∫ 1

0
dσ θμαFαβ(x + σθk) � W (k, x) � T βν(x)

)

.

(14)

The fact that this modified EMT is not traceless is actually
not surprising since θμν is not dimensionless and thereby
introduces a scale into the theory. However, sacrificing the
symmetry of the EMT will only be worth the price, if the
construction above also works when couplings to matter are
considered. In the following sections, we show that this is
not the case.

3 Coupling to neutral matter fields

One of the peculiarities of non-commutative space is that
even neutral matter (such as neutrinos) can couple to U�(1)

gauge fields (photons) via star-commutators [26–28], i.e. the
matter fields can transform with the adjoint representation
[see Eq. (15) below] just like the gauge fields. In the fol-
lowing, we study the EMT of such neutral fields before dis-
cussing charged fields in Sect. 4.

3.1 Complex scalar field

Scalar field action: We consider an external U�(1) gauge
field (Aμ) and a complex scalar field φ in the adjoint repre-
sentation, i.e. the infinitesimal gauge transformations read

δλAμ = Dμλ, δλφ = −ig[φ �, λ], δλφ
∗ = −ig[φ∗ �, λ].

(15)

The minimal coupling of the field φ to the external gauge
field (Aμ) is described by the action

S[φ; A] = 1

2

∫

d4x{Dμφ∗ �, Dμφ} ≡
∫

d4x L, (16)

where Dμ· = ∂μ · −ig[Aμ
�, ·]. (In this respect we note

that Dμφ∗ ≡ (Dμφ)† = ∂μφ∗ − ig[Aμ
�, φ∗].) As has been
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argued in Refs. [26,27], the fields in the adjoint representation
carry zero U�(1) charge. Concerning this point we note that
the derivative Dμφ reduces in the commutative limit to ∂μφ,
i.e. the coupling of neutral matter fields to gauge fields is
only possible in a non-commutative setting.

Due to the invariance of the integral under a cyclic
permutation of the factors in the star-product, the star-
anticommutator in the action (16) has no effect, but we choose
to keep it in order to make manifest the symmetry under the
exchange φ ↔ φ∗ in all expressions to be considered in the
sequel. The equations of motion for the scalar field read

0 = δS[φ; A]
δφ∗ = −Dμ � Dμφ,

0 = δS[φ; A]
δφ

= −Dμ � Dμφ∗, (17)

and we have

Jμ ≡ δS[φ; A]
δAμ

= −ig([φ �, Dμφ∗] + (φ ↔ φ∗)). (18)

This matter current (which vanishes in the commutative limit)
is covariantly conserved, Dμ Jμ = 0, as a consequence of the
equations of motion (17) for φ and φ∗.

The gauge transformation laws (15) imply that the covari-
ant derivatives of φ and φ∗ also transform covariantly, i.e.
δλ(Dμφ) = −ig[Dμφ �, λ] and analogously for Dμφ∗. It
follows that the Lagrangian density L in the action integral
(16) transforms as δλL = −ig[L �, λ] so that the action is
gauge invariant. A short calculation using the Jacobi identity
shows that the matter current (18) also transforms covari-
antly, δλ Jμ = −ig[Jμ �, λ].

Next we turn to the EMT of the model described by the
action (16). After coupling to an external gravitational field
g ≡ (gμν) we obtain the Einstein–Hilbert EMT in flat Moyal
space:

Tμν ≡
( −2√|g|

δS[φ; A,g]
δgμν

)∣
∣
∣
∣
g=1

= 1

2
({Dμφ∗ �, Dνφ}+(φ ↔ φ∗)−δμν{Dρφ∗ �, Dρφ}).

(19)

From the equations of motion (17) it follows that

DμT
μν = − ig

2
({Dμφ �, [Fμν �, φ∗]} + (φ ↔ φ∗)). (20)

For non-Abelian Yang–Mills theory in commutative space
there would be a trace on the right hand side and the cyclic
invariance of this trace would enable us to rewrite it in terms
of the matter current Jμ as Tr (Fνμ Jμ) (i.e. we have a contin-
uum version of the non-Abelian Lorentz-force equation). In

the present case, however, all we can do is add and subtract
the missing terms to arrive at

DμT
μν = 1

2
{Fμν �, Jμ}

+ ig

2
([φ �, {Dμφ∗ �, Fμν}] + (φ ↔ φ∗)). (21)

In commutative space, the second term would vanish under
the trace. In Moyal space, the cyclic invariance is only present
under the integral

∫

d4x (which in fact corresponds to a trace).
However, integrating the above equation is not very helpful,
since

∫

d4xDμTμν = 0 for the left hand side, i.e. it is a
surface term and we would not get any new information. In
fact, as argued concerning Eq. (10), the second term on the
right hand side of (21) also vanishes upon integration with
∫

d3x in Minkowskian Moyal space with θ0i = 0: we will
come back to this point after adding the gauge field action.

Another observation is that, just like the Lagrangian den-
sity, the EMT is not gauge invariant for the same reason,
i.e. due to lack of a trace (hence of the cyclic invariance).
Instead, Tμν transforms covariantly (as did its free gauge
field counterpart discussed in the previous section):

δλT
μν = −ig[Tμν �, λ]. (22)

Addition of the gauge field action: If we add to the action
(16) a kinetic term for the gauge field so as to obtain the total
action

Stot[φ, A] = 1

2

∫

d4x{Dμφ∗ �, Dμφ}+ 1

4

∫

d4x Fμν � Fμν,

(23)

then the equation of motion of Aμ represents the non-commu-
tative version of Maxwell’s equations,

DμFμν = Jν, (24)

where the expression of Jν in terms of φ and φ∗ is given
by Eq. (18). From (24) and the argumentation in Eq. (6) it
follows that the current Jμ is covariantly conserved. Again,
all fields and their covariant derivatives transform covariantly
under gauge variations.

The associated Einstein–Hilbert EMT in flat Moyal space
is a sum of expressions (7) and (19):

Tμν
tot = 1

2

(

{Dμφ �, Dνφ∗}+(φ ↔ φ∗)−δμν{Dρφ∗ �, Dρφ}

+ {Fμρ �, Fν
ρ} − 1

2
δμνFρσ � Fρσ

)

. (25)
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Its covariant divergence can be obtained by using (24) which
implies, for the gauge field EMT Tμν

(A),

DμT
μν

(A) = −1

2
{Fμν �, Jμ} (26)

and by adding (21) to this expression:

DμT
μν
tot = ig

2
([φ �, {Dμφ∗ �, Fμν}] + (φ ↔ φ∗)). (27)

In commutative space, there would be a trace on the right
hand side so that this expression would be zero and Tμν

would be conserved. (In fact, in that case we would also have
a trace on the r.h.s. of (25), and DμT

μν
tot = ∂μT

μν
tot .) In the

present case, however, we are once more lacking a trace to get
rid of the r.h.s. In this respect we emphasize that according
to the non-commutative generalization of Noether’s theorem
(see [29] and references therein), a continuous symmetry of
the action does not generally imply a standard local conser-
vation law for interacting theories: additional “source” terms
(star-commutator terms which ultimately vanish under the
space-time integral) generally appear. Actually, integration
of (27) with

∫

d4x yields trivially zero on both sides (since
integration corresponds to a trace). In the Minkowskian ver-
sion of Moyal space with non-commutativity parameters sat-
isfying θ0i = 0, it suffices to integrate over

∫

d3x to render
the r.h.s. zero. In this case we have

0 =
∫

d3x DμT
μν
tot =

∫

d3x ∂0T
0ν
tot = d

dt

∫

d3x T 0ν
tot , (28)

which means that the four-momentum Pν ≡ ∫

d3x T 0ν
tot is a

conserved quantity [which is also gauge invariant by virtue
of (8), (22)]. Of course the different contributions of Pν ≡
Pν

φ + Pν
A are not conserved:

∂0P
ν
φ = −∂0P

ν
A =

∫

d3x Fνμ Jμ(φ). (29)

Restoring gauge invariance: In the present setting, we may
follow the same strategy as in Sect. 2 and define an EMT T̃μν

which is gauge invariant in analogy to expression (12):

T̃μν
tot (y) ≡

∫
d4k d4x

(2π)4 eik(y−x) � W (k, x) � Tμν
tot (x). (30)

For its divergence one obtains

∂ y
μT̃

μν
tot (y) =

∫
d4k d4x

(2π)4 eik(y−x)�

[

P�

(∫ 1

0
dσ (ikβ)θβαFαμ(x+σθk) � W (k, x) � Tμν(x)

)

+ ig

2
W (k, x) � ([φ∗ �, {Dμφ �, Fμν}]

+ [φ �, {Dμφ∗ �, Fμν}])
]

. (31)

The first term can be taken care of in the same way as in
Eq. (14), but not so the second term. Thus, we are stuck with
a small (θ -dependent) breaking of ∂μT̃μν , which of course
vanishes in the commutative limit.

In Ref. [16] a redefinition of the EMT for a φ�4 theory
which implies its conservation was discussed. However, in
the present context the same strategy would destroy gauge
covariance of Tμν

tot making the construction of its gauge
invariant counterpart via Wilson line impossible, as we will
now show.

Since the additional terms on the r.h.s. of (27) are star-
commutators it is generally possible to pull out one deriva-
tive by making use of the so-called �′-product (introduced in
Refs. [30,31]),

( f �′ g)(x) ≡ sin( 1
2∂x

μθμν∂
y
ν )

1
2∂x

ρ θρσ ∂
y
σ

f (x)g(y)
∣
∣
∣
x=y

, (32)

so that we may write

[ f �, g] = iθμν∂μ( f �′ ∂νg). (33)

Thus, a shift in the EMT ensuing its conservation can be made
in principle, but at the cost of destroying its gauge covariance,
i.e.

T̄μν
tot ≡ Tμν

tot + a
g

2
θμσ [(φ∗ �′ ∂σ {Dρφ �, Fρν}

+ φ �′ ∂σ {Dρφ∗ �, Fρν}) − (1 − a)(∂σ φ∗�′

{Dρφ �, Fρν} + ∂σ φ �′ {Dρφ∗ �, Fρν})],
DμT̄

μν
tot = 0, T̄μν

tot �= T̄ νμ
tot , δλT̄

μν
tot �= −ig[T̄μν

tot
�, λ],

(34)

where a ∈ [0, 1] is a free real parameter. Similarly, a redefi-
nition achieving ∂μT

μν
tot = 0 could be made, but it would not

gain us anything with respect to gauge invariance.
Thus, the best one can do is to use the gauge invariant

expression (30) above with its modified conservation law
(31). On the operator level, this means that only the trace
over the divergence of the EMT (which is an operator in
quantized space) is conserved, a fact which is obscured by
the star-product prescription where the trace becomes an inte-
gral over space(-time). Therefore, it is not surprising that we
have the local equation ∂μT̃μν �= 0, as was already observed
in the case of the φ�4-theory in Ref. [15]. We note that
∫

d4y∂ y
μT̃

μν
tot (y) = 0 = ∫

d4x∂x
μT

μν
tot (x) as can be checked

explicitly by using the cyclic properties of the star-product
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under the integral, as well as
∫

d4k exp(iky) = (2π)4δ4(k)
and W (0, x) = 1.

In the next section, we show that one finds similar results
when coupling to fermions instead of (or in addition to)
scalars.

3.2 Fermions

We now consider an external U�(1) gauge field and a neu-
tral fermionic (Dirac) field (e.g. a non-commutative neutrino
field [28]), i.e. fields in the adjoint representation with the
gauge transformation properties

δλψ = −ig[ψ �, λ], δλψ̄ = −ig[ψ̄ �, λ],
δλAμ = Dμλ ≡ ∂μλ − ig[Aμ

�, λ]. (35)

The coupling of these fields is described by the action

S[ψ; A] =
∫

d4x iψ̄ � γ μDμψ, where

Dμψ ≡ ∂μψ − ig[Aμ
�, ψ], (36)

and Dμψ̄ ≡ ∂μψ̄ − ig[Aμ
�, ψ̄ ], and where the square matri-

cesγ μ fulfill the Clifford algebra relation {γ μ, γ ν} = 2δμν1.
The components ψα of the spinor field ψ are considered to be
anticommuting (i.e. Grassmann) variables. As for the scalar
field case treated in the previous subsection, the coupling
vanishes in the commutative limit where Dμψ reduces to
∂μψ .

The gauge transformation laws (35) imply

δλ(Dμψ) = −ig[Dμψ �, λ], δλ(Dμψ̄) = −ig[Dμψ̄ �, λ],
(37)

so that the Lagrangian density L of the model transforms as
δλL = −ig[L �, λ], hence the action is gauge invariant.

The equations of motion for ψ and ψ̄ read

γ μDμψ = 0 = (Dμψ̄)γ μ, (38)

and the fermionic matter current is given by

Jμ ≡ δS

δAμ

= −gγ μ
αβ{ψβ

�, ψ̄α}, (39)

where α, β denote the spinor indices. This current is covari-
antly conserved due to the equations of motion above (i.e.
Dμ Jμ = 0) and it transforms covariantly under gauge trans-
formations: δλ Jμ = −ig[Jμ �, λ]. Therefore, we also have
δλ(Dμ Jμ) = −ig[Dμ Jμ �, λ] = 0. Furthermore, Jμ van-
ishes in the commutative limit.

The action (36) may also be written in the following more
symmetric form by virtue of an integration by parts:

∫

d4x iψ̄ � γ μ←→
D μψ ≡

∫

d4x
i

2
(ψ̄ � γ μDμψ

− (Dμψ̄) � γ μψ). (40)

In analogy to the commutative case we obtain the EMT for
the Dirac fields,3

Tμν = i

4
[(ψ̄γ μ � Dνψ − (Dμψ̄)γ ν � ψ) + (μ ↔ ν)]

− iδμνψ̄ � γ ρ←→
D ρψ

= i

4
[(ψ̄γ μ � Dνψ − (Dμψ̄) � γ νψ) + (μ ↔ ν)],

(41)

where the second line holds on-shell due to the equations of
motion. Note that this tensor is hermitian as well as trace-
less on-shell. Furthermore, it represents a sum of products
of bilinear quantities which transform covariantly, hence it
also transforms covariantly under the gauge transformations
(35),

δλT
μν = −ig[Tμν �, λ], (42)

as can be checked straightforwardly.
To evaluate the covariant divergence of the EMT, we

note that the equation of motion γ νDνψ = 0 implies
0 = (γ μDμ) � (γ νDνψ) = γ μγ νDμDνψ : by decompos-
ing γ μγ ν into its symmetric and antisymmetric parts and by
using the commutation relation [Dμ

�, Dν]ψ = −ig[Fμν
�,

ψ] it now follows that

DμDμψ = i

2
gγ μγ ν[Fμν

�, ψ].
The algebra of γ -matrices then yields the result

DμT
μν = gψ̄ � γμF

μν � ψ − g

2
{Fμν �, ψ̄ � γμψ}

+ i

4
[F̃μν �, J 5

μ]

= 1

2
{Fμν �, Jμ} + g

2
γ

μ
αβ({ψ̄α

�, F ν
μ � ψβ}

+ {ψ̄α � F ν
μ

�, ψβ}) + i

4
[F̃μν �, J 5

μ], (43)

where F̃μν ≡ 1
2 εμνρσ Fρσ and J 5

μ ≡ −gψ̄ � γ 5γμψ denote
the dual field strength tensor and what may be interpreted
as a chiral current, respectively. The covariant divergence

3 Its free counterpart (with coupling g = 0) was previously constructed
in Ref. [32] where the Sugawara form of the EMT for a free fermion in
Moyal space was also established.
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of Tμν again involves additional terms which would vanish
under a trace in Yang–Mills theory, resp. an integral in Moyal
space (the first term being compensated in the total EMT by
the contribution (26) coming from the gauge field action).
It is interesting to note that similar additional terms were
found in the context of matrix models4 (cf. Appendix A.3 of
Ref. [35]).

Once combined with the gauge field EMT as discussed
in the previous subsection, one may again define the gauge
invariant counterpart of the total EMT via Wilson line as in
Eq. (30). Once more ∂μT̃

μν
tot involves breaking terms which

depend on the non-commutativity parameters θμν and which
cannot be absorbed into a redefined EMT in a gauge invariant
way.

4 Coupling to charged matter fields

In this section, we discuss the coupling of gauge fields to
charged scalars and fermions. In this case the EMT is found
to be gauge invariant in general so that one does not have
to resort to Wilson lines. Nonetheless we will not have the
standard local conservation law for this EMT and the latter
cannot be achieved while maintaining gauge invariance.

4.1 Complex scalar field

4.1.1 Fundamental representation

A complex scalar field in Moyal space can also be coupled
to a gauge field via the covariant derivative D̄μφ ≡ ∂μφ −
igAμ � φ and its hermitian conjugate expression, i.e.

D̄μφ ≡ ∂μφ − igAμ � φ,

D̄∗
μφ∗ ≡ (D̄μφ)† = ∂μφ∗ + igφ∗ � Aμ (44)

(where the latter derivative amounts to an action of ∂μ+igAμ

from the right). Thus, by contrast to the coupling discussed in
the previous section, the basic covariant derivatives presently
do not involve a commutator of fields: the field φ now trans-
forms with the fundamental representation, i.e. we have the
transformation rules

δλφ = igλ � φ, δλφ
∗ = −igφ∗ � λ,

δλAμ = Dμλ ≡ ∂μλ − ig[Aμ
�, λ], (45)

and thereby φ describes a charged field.

4 Note that in the matrix model context, scalars appear as extra dimen-
sions and do not exhibit such extra terms due to internal symme-
tries [33,34].

For a given external gauge field A, the action is now
defined by

S[φ; A] =
∫

d4x (D̄∗
μφ∗)(D̄μφ), (46)

and the associated equations of motion read

0 = δS[φ; A]
δφ∗ = −D̄μ � D̄μφ,

0 = δS[φ; A]
δφ

= −D̄∗
μ � D̄∗μφ∗, (47)

while

Jμ ≡ δS[φ; A]
δAμ

= −ig[φ � (D̄∗
μφ∗) − (D̄μφ) � φ∗)]. (48)

The Lagrangian density L ≡ (D̄∗
μφ∗) � (D̄μφ) in the action

integral (46) is invariant under the gauge transformations (45)
which imply the transformation laws

δλ(D̄μφ) = igλ � D̄μφ, δλ(D̄
∗
μφ∗) = −ig(D̄∗

μφ∗) � λ.

(49)

The matter current Jμ transforms covariantly, δλ Jμ =
−ig[Jμ �, λ], and is covariantly conserved by virtue of the
equations of motion of φ and φ∗:

Dμ Jμ ≡ ∂μ Jμ − ig[Aμ �, Jμ] = 0. (50)

The transformation property of Jμ also leads to δλ(Dμ Jμ) =
−ig[Dμ Jμ �, λ] = 0, which shows that the conservation
law (50) is gauge invariant as well, and it thus provides a
consistency check.

Before proceeding further, we note that the Lagrangian
density is not uniquely defined. For instance, instead of
L ≡ (D̄∗

μφ∗)� (D̄μφ) we can also consider the same expres-
sion with a different order of factors, L′ ≡ (D̄μφ)� (D̄∗

μφ∗):
both expressions differ by a total derivative, but L′ is not
gauge invariant, δλL′ = ig[λ �, L′]. A similar ambiguity
occurs for the definition of the corresponding EMT which
also represents a local, i.e. non-integrated quantity. As a mat-
ter of fact, we did not explicitly write any anticommutator in
the action (46) in contrast to the scalar field model discussed
in the previous section (where we had only one type of covari-
ant derivative involving a commutator). This is a choice that
we may make (because the anticommutator can be dropped
under the integral in the action) and the motivation for the
present choice is that the Lagrangian density and the corre-
sponding EMT are now gauge invariant (in contrast to our
previous scalar field model): the EMT of the model (46) reads
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Tμν ≡
( −2√|g|

δS[φ; A,g]
δgμν

)∣
∣
∣
∣
g=1

= (D̄∗μφ∗) � (D̄νφ)

+ (μ ↔ ν) − δμν(D̄∗
ρφ∗) � (D̄ρφ), (51)

and we have

δλT
μν = 0, (52)

as follows readily from the transformation laws5 (49).
Finally, using

[D̄μ
�, D̄ν]φ = −igFμν � φ, [D̄∗

μ
�, D̄∗

ν ]φ∗ = igφ∗ � Fμν,

(53)

the divergence of the gauge invariant EMT (51) can be eval-
uated:

∂μT
μν = ig[φ∗ � Fμν � (D̄μφ) − (D̄∗

μφ∗) � Fμν � φ]
= Fμν � Jμ + ig[φ∗ �, Fμν � D̄μφ]

− ig[D̄∗
μφ∗ �, Fμν � φ]. (54)

Once more, we have non-vanishing commutator terms6

due to a missing trace/integral (typical of non-commutative
space) even in this simpler scalar field model. By adding the
gauge field action and integrating with

∫

d3x in Minkowskian
Moyal space with θ0i = 0, we again find a conserved and
gauge invariant four-momentum (Pν) by virtue of Eqs. (28)
and (52).

Notice that, in contrast to the case of neutral fields, no Wil-
son line construction is necessary to define a gauge invariant
EMT, though in the present case the local conservation law
of Tμν is still broken by θ -dependent terms. As mentioned
in the previous section, in Ref. [16] a trick was used to elim-
inate similar (commutator) terms from ∂μTμν in φ�4-theory
in Moyal space (but without coupling to a gauge field). In
that construction, one needs additionally the �′-product (32).
We presently have

[φ∗ �, Fμν � D̄μφ] = iθρσ ∂ρ(φ∗ �′ ∂σ (Fμν � D̄μφ))

= iθρσ ∂σ (∂ρφ∗ �′ (Fμν � D̄μφ)); (55)

and the expression

5 The EMT T ′μν corresponding to the Lagrangian L′ ≡ (D̄μφ) �

(D̄∗
μφ∗), i.e.T ′μν = (D̄μφ)�(D̄∗ νφ∗)+(μ ↔ ν)−δμν(D̄ρφ)�(D̄∗

ρφ∗)
transforms covariantly under a gauge transformation (as does the one
corresponding to the Lagrangian given by an anticommutator). Further-
more, its covariant derivative produces additional commutator terms
similar to the ones present on the r.h.s. of Eq. (54) below.
6 Note that Fμν � Jμ = 1

2 {Fμν �, Jμ} + 1
2 [Fμν �, Jμ] where the first

term is the opposite of the covariant divergence of the gauge field EMT
and where the second term is a star-commutator.

T̄μν
tot ≡ Tμν

tot + agθμσ (φ∗ �′ ∂σ (Fρν � D̄ρφ)

− D̄∗
ρφ∗ �′ ∂σ (Fρν � φ))

− (1 − a)gθμσ (∂σ φ∗ �′ (Fρν � D̄ρφ)

− ∂σ (D̄∗
ρφ∗) �′ (Fρν � φ)), (56)

with a ∈ [0, 1] a free parameter, is a locally conserved quan-
tity. But the latter is no longer gauge invariant, nor is it sym-
metric.

4.1.2 Antifundamental representation

We note that there exists another possible choice for the trans-
formation laws of fields and for the related covariant deriva-
tives [26,27]. This choice is implemented by the replacement
φ ↔ φ∗ (or the replacement D̄μ ↔ D̄∗

μ in integrands) and
amounts to assuming that the scalar field φ is in the anti-
fundamental representation rather than the fundamental rep-
resentation (the latter corresponding to the transformation
laws (45), the covariant derivatives (44) and the invariant
action (46)); thus, we have the following expressions for the
antifundamental representation:

δλφ = −igφ � λ, δλφ
∗ = igλ � φ∗,

D̄∗
μφ ≡ ∂μφ + igφ � Aμ, D̄μφ∗ ≡ ∂μφ∗ − igAμ � φ∗,

S[φ; A] =
∫

d4x (D̄∗
μφ)(D̄μφ∗). (57)

Hence, we have a scalar field φ of opposite charge (but the
additional change g → −g may be considered to switch
signs and thereby have the same charge for φ as in the fun-
damental representation). This leads to the covariantly con-
served current J̃μ = Jμ

∣
∣
φ↔φ∗ and similarly to the EMT T̃μν ,

which is related to the EMT Tμν of the fundamental repre-
sentation by the exchange φ ↔ φ∗.

4.2 Fermions

4.2.1 Fundamental representation

Finally, let us revisit the coupling of fermions to an external
gauge field by considering the covariant derivative D̄μ:

S[ψ; A] =
∫

d4x iψ̄ � γ μ D̄μψ, where

D̄μψ ≡ ∂μψ − igAμ � ψ (58)

and D̄∗
μψ̄ ≡ ∂μψ̄ + igψ̄ � Aμ. Thus, we now consider

fermions in the fundamental representation [36,37] (rather
than the adjoint as in Sect. 3.2), the transformation laws being
given by
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δλψ = igλ � ψ, δλψ̄ = −igψ̄ � λ,

δλAμ = ∂μλ − ig[Aμ
�, λ]. (59)

These transformations leave the Lagrangian densityL ≡ iψ̄�

γ μ D̄μψ in the action functional (58) invariant and they imply

δλ(D̄μψ) = igλ � D̄μψ, δλ(D̄
∗
μψ̄) = −ig(D̄∗

μψ̄) � λ.

(60)

The equations of motion of the present model read

γ μ D̄μψ = 0, (D̄∗
μψ̄)γ μ = 0, (61)

and the fermionic matter current is given by

Jμ ≡ δS

δAμ

= −gγ μ
αβψβ � ψ̄α. (62)

It is covariantly conserved by virtue of the equations of
motion (61), i.e. Dμ Jμ ≡ ∂μ Jμ−ig[Aμ

�, Jμ] = 0. Further-
more, it transforms covariantly under gauge transformations,
δλ Jμ = −ig[Jμ �, λ]. Thus, we also have δλ(Dμ Jμ) = 0.

The (on-shell) expression for the EMT of the fermion
fields reads

Tμν = i

4
[(ψ̄γ μ � D̄νψ − (D̄∗μψ̄) � γ νψ) + (μ ↔ ν)].

(63)

It is traceless on-shell and (just like the Lagrangian density)
it is invariant under the gauge transformations (59). Thus, no
Wilson line construction is needed here either.

The divergence of this EMT can be determined by using
the equations of motion:

∂μT
μν = gψ̄γμ � Fμν � ψ = Fμν � Jμ

+ gγ μ
αβ{ψ̄α

�, F ν
μ � ψβ}. (64)

Once again, there is an additional term which would vanish
under a trace, resp. an integral. Since the fermions are Grass-
mann variables, the additional term may be written in terms
of a �′-product as

{ψ̄α
�, F ν

μ � ψβ} = iθρσ ∂ρψ̄α �′ ∂σ (F ν
μ � ψβ). (65)

This allows for a redefinition of Tμν
tot which is conserved but

not gauge invariant.
Before closing this section, let us see what happens if we

consider the EMT corresponding to the classically equivalent
Lagrangian L′ ≡ −iγ μ

αβ(D̄μψβ) � ψ̄α:

T ′μν = −i

4
[(γ μ

αβ(D̄νψβ) � ψ̄α − γ
μ
αβψβ � (D̄∗νψ̄α))

+ (μ ↔ ν)]. (66)

This expression is not gauge invariant but transforms covari-
antly: δλT ′μν = −ig[T ′μν �, λ]. For the covariant divergence
of the EMT (66) we get a result which bears some resem-
blance with the expression (43) obtained for fermion fields
in the adjoint representation,

DμT
′μν = 1

2
{Fμν �, Jμ} − i

4
[F̃μν �, J 5

μ], (67)

where F̃μν ≡ 1
2 εμνρσ Fρσ and J 5

μ ≡ −g(γ 5γμ)αβ ψβ � ψ̄α .
Thus, we again have an additional commutator term in the
covariant divergence of the EMT.

4.2.2 Antifundamental representation

Roughly speaking, the interchange of ψα and ψ̄β (or of D̄
and D̄∗ in integrands) in the previous expressions allows
us to obtain the fermion field (of opposite charge) in the
antifundamental representation:

δλψ = −igψ � λ, δλψ̄ = igλ � ψ̄,

D̄∗
μψ ≡ ∂μψ + igψ � Aμ, D̄μψ̄ ≡ ∂μψ̄ − igAμ � ψ̄,

S[ψ; A] =
∫

d4x iψ̄ � γ μ D̄∗
μψ. (68)

In this case, the covariantly conserved current takes the famil-
iar form

J̃μ = −gψ̄ � γ μψ, (69)

i.e. Eq. (62) with ψ̄α and ψβ exchanged. The resulting expres-
sion for the EMT in the antifundamental representation is
obtained by exchanging D̄μ and D̄∗

μ in expression (63):

T̃μν = i
4 [(ψ̄γ μ � D̄∗νψ − (D̄μψ̄) � γ νψ) + (μ ↔ ν)].

Just like the Lagrangian density L̃ ≡ iψ̄ � γ μ D̄∗
μψ , this

tensor transforms covariantly with the adjoint representation
under gauge transformations. For the covariant divergence of
the EMT we have results which are similar to those holding
in the fundamental representation.

5 Conclusion

According to the non-commutative generalization of Noet-
her’s theorem [29], some extra θ -dependent terms (“source”/
star-commutator terms) generally appear in the local conser-
vation law for the EMT for interacting theories. The lack
of gauge invariance and local conservation of the EMT is
not surprising since the EMT represents, very much like the
Lagrangian density, a non-integrated expression and it is only
the integral over Moyal space which ensures the cyclic invari-
ance of factors in star-products, and thereby the vanishing of
star-commutator terms.
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In the present paper, we have explicitly shown (for com-
plex scalars as well as for fermions coupled to gauge fields)
that the standard local conservation law of the EMT Tμν is
always modified due to non-commutative effects and that
Tμν can always be redefined so as to be conserved, but
that the so defined EMT is not gauge invariant. (Yet, for
dynamical matter and gauge fields we always have a con-
served and gauge invariant four-momentum with components
Pν = ∫

d3x T 0ν .)
More specifically, we discussed two possible couplings of

scalars and fermions to gauge fields corresponding to neutral
and charged matter, respectively: In the first case, the basic
EMT transforms covariantly and its gauge invariant coun-
terpart could be constructed by using the non-commutative
generalization of a Wilson line. In the second case (for which
there exist two variants, namely the fundamental and the anti-
fundamental representations), the freedom in the definition
of the EMT allows for the choice of a gauge covariant or a
gauge invariant tensor. For all cases we found that the consid-
eration of the �′-product allows one to achieve the standard
local conservation law for the EMT, but at the expense of los-
ing gauge invariance (and symmetry). We note that the tools
employed here are also those which are generally considered
for the quantization; e.g. see Refs. [23,30,38].

Our systematic study is tantamount to a proof that it is
not possible to construct a conserved and gauge invariant
(and symmetric) EMT for spin 0 and spin 1/2 matter fields
coupled to a U�(1) gauge field in Moyal space.7 Yet, in all
cases the total energy-momentum Pν ≡ ∫

d3x T 0ν
tot of the

system represents a conserved and gauge invariant quantity.
In practice, the formulation of classical as well as quantum
field theories in flat space primarily relies on the conserved
charges Pν , so that the problematic properties of the EMT
that we discussed can somehow be circumvented. However,
the situation is quite different in curved space, where one has
to couple the EMT to a metric field while taking into account
the related non-commutativities.
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7 An indirect cure of the problems for the case of neutral scalars appears
to be the passage to the matrix model framework since these scalars
appear naturally as extra dimensions in this framework and the extra
terms we found in the conservation law of the EMT are not present there
due to internal symmetries [33,34].
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