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Abstract. Flow observables in heavy-ion reactions at incident energies up to about 1GeV per nucleon have
been shown to be very useful for investigating the reaction dynamics and for determining the parameters
of reaction models based on transport theory. In particular, the elliptic flow in collisions of neutron-rich
heavy-ion systems emerges as an observable sensitive to the strength of the symmetry energy at supra-
saturation densities. The comparison of ratios or differences of neutron and proton flows or neutron and
hydrogen flows with predictions of transport models favors an approximately linear density dependence,
consistent with ab initio nuclear-matter theories. Extensive parameter searches have shown that the model
dependence is comparable to the uncertainties of existing experimental data. Comprehensive new flow
data of high accuracy, partly also through providing stronger constraints on model parameters, can thus
be expected to improve our knowledge of the equation of state of asymmetric nuclear matter.

1 Introduction

Heavy-ion reactions at relativistic energies and small im-
pact parameters proceed through violent initial stages
during which highly excited and compressed nuclear mat-
ter is temporarily produced. The study of these reac-
tions is thus a means of gaining information on extreme-
matter properties which recently has advanced to the tera-
electron-volt regime at the Large Hadron Collider at the
CERN laboratory [1–4].

The present paper is focussed on the lower end of the
relativistic domain with incident energies between several
hundred MeV up to about one GeV per nucleon. Here,
the central densities may reach values of up to two or
three times the saturation value while the dynamics is
still dominated by hadronic degrees of freedom. This is
illustrated in fig. 1 with results from isospin-dependent
Boltzmann-Uehling-Uhlenbeck (IBUU) transport model
calculations [5]. The high-density phase is short, typically
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20 fm/c, but involves up to three quarters of the total
baryon multiplicity of the system (fig. 1, middle row of
panels). Nuclear matter at densities of this order is be-
lieved to be present in neutron stars and also temporarily
formed during the core-collapse phase of supernova explo-
sions. Modeling these astrophysical phenomena requires
the knowledge of nuclear matter properties far away from
saturation and far away from symmetry. The equation of
state (EoS) of neutron-rich asymmetric matter has, there-
fore, received particular attention recently, motivated by
the impressive progress made in astrophysical observations
and measurements [6–9], and especially also at high den-
sity where its behavior is least well known [7,8, 10].

Colliding heavy ions at relativistic energies represents
a possible means for studying the nuclear equation of
state at supra-saturation densities in laboratory experi-
ments. It still remains a challenge, however, to find ob-
servables suitable for extracting information on its prop-
erties during the brief compression phase [11,12]. This has
been an intense field of research during the past decades
which has rapidly concentrated on collective flows and
meson production. The pressure gradients due to com-
pression and the increased collision rates at high den-
sity are expected to affect these observables. Studies of



Page 2 of 20 Eur. Phys. J. A (2014) 50: 38

Fig. 1. Temporal evolution of central baryon density (top),
baryon multiplicity (middle), and average baryon density (bot-
tom) in the high-density (ρ > ρ0) phase of central 197Au+
197Au collisions at three energies (ρ0 is the saturation density).
Horizontal lines indicate the average values used in the ther-
mal model of ref. [5] (reprinted with permission from ref. [5];
Copyright (2013) by the American Physical Society).

flow and kaon production within the framework of trans-
port theory have indeed both been essential for reaching
the present consensus that a soft EoS with compressibil-
ity K ≈ 230MeV and momentum-dependent interactions
best describes the response of symmetric nuclear matter
to compression [12–15].

The same observables appear naturally as primary can-
didates for investigating the equation of state of asymmet-
ric matter, the so-called asy-EoS. It is usually expressed
in the form of the symmetry energy, the subject of this
topical issue, which is the difference between the energies
per nucleon of neutron matter and of symmetric matter.
It represents the response of nuclear matter to asymme-
try. Its study, consequently, requires differential observ-
ables measuring differences as a function of asymmetry
or isotopic pairs of observables that respond differently to
a compression of neutron-rich matter. As the symmetry
energy appears in nearly every aspect of nuclear struc-
ture and reactions, a wide variety of possibilities exists.
Many different kinds of constraints have been identified
and quantified for the density regime below saturation,
down to extremely low densities. The accompanying arti-
cles of this topical issue present a detailed picture of the
various studies made and of the convergence achieved in
recent years (see also, e.g., refs. [16–18]).

In the density regime exceeding saturation, the sym-
metry energy is still largely unknown for several reasons.
Phenomenological forces are well constrained near or just
below saturation but lead to largely diverging results if
they are extrapolated to higher densities [10, 19]. Micro-
scopic many-body calculations with realistic potentials
face the difficulty that three-body forces and short-range
correlations are not sufficiently well known at higher den-
sities at which their importance increases [20–22]. Chiral
effective field theories have no free parameters for three-
body forces, when applied to systems with only neutrons,
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Fig. 2. Isospin asymmetry δ=(ρn−ρp)/ρ as a function of the
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dependence of the nuclear symmetry energy. The correspond-
ing correlation for neutron stars in β-equilibrium is shown in
the inset (reprinted with permission from ref. [30]; Copyright
(2002) by the American Physical Society).

but require extrapolations for reaching densities beyond
saturation [23]. Even the magnitude of the kinetic contri-
bution, related to the nuclear Fermi motion and consid-
ered as principally understood, could possibly be modified
by a redistribution of nucleon momenta due to short-range
correlations in high-density nuclear matter [24, 25]. The
need for experimental high-density probes is thus obvi-
ous, with the above-mentioned collective flows and sub-
threshold particle production as the main candidates.

2 High-density probes

Collective flows in nucleus-nucleus collisions, appearing in
the form of anisotropic particle emissions as a result of col-
lective velocity fields, have been studied rather intensely
for many years (for reviews see, e.g., [26, 27]). Measure-
ments at beam energies up to several GeV per nucleon
were used to extract the EoS of nuclear matter from quan-
titative comparisons with the results of microscopic trans-
port calculations [11, 12, 28, 29]. Significant progress has
been made.

The use of differential isotopic flows for the study of the
asy-EoS has been suggested by Bao-An Li whose calcula-
tions with an isospin-dependent hadronic transport model
indicated parallels in the density-dependent isotopic com-
positions of neutron stars and of the transient systems
formed in collisions of neutron-rich nuclei. They exhib-
ited a similar dependence on the high-density behavior of
the nuclear symmetry energy used in the calculations [30].
This is illustrated in fig. 2 which points to the remarkable
possibility of gaining information on macroscopic astro-
physical objects from laboratory experiments with atomic
nuclei smaller by 55 orders of magnitude in mass.
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The comparatively small asymmetry of available nu-
clei represents a major difficulty, however. There will be
an important role to be played by radioactive secondary
beams, as assumed in the example shown in fig. 2, but the
symmetry effects will still be small relative to those of the
dominating isoscalar forces. It is thus essential to iden-
tify differential observables as, e.g., differences or ratios of
observables measured for isotopic partner systems or reac-
tions. One hopes to enhance the response to asymmetry
as the isoscalar dynamics largely cancels. The so-called
differential directed flow proposed by Li [30] is the dif-
ference of the multiplicity-weighted directed flows of neu-
trons and protons. Directed flow describes the rapidity
dependence of the mean in-plane transverse momenta of
observed reaction products. Isotopic yield ratios or double
ratios represent another possible class of observables. The
double neutron-to-proton ratios obtained from isospin-
asymmetric but mass-symmetric pairs of reactions pro-
posed in refs. [31, 32] are being successfully used at lower
energies [33].

Besides the transverse directed flow, also the elliptic
flow has been studied with model calculations to test its
usefulness as a probe of the asy-EoS [7, 34–37]. Elliptic
flow relates to the azimuthal anisotropy of particle emis-
sions, mainly differentiating between predominantly in-
plane emissions as recently observed in ultrarelativistic
heavy-ion collisions [1–4] and the out-of-plane emissions
or squeeze-out observed in the present regime of lower en-
ergies as a consequence of the pressure build-up in the
collision zone [38]. A particular encouragement was pro-
vided by transport calculations with quantum-molecular
dynamics (QMD) models for 197Au + 197Au collisions at
400MeV per nucleon according to which the elliptic flow
of free neutrons and protons responds significantly differ-
ently to variations of the parameterization of the symme-
try energy [39,40].

A data set to test these predictions has been avail-
able from earlier experiments of the FOPI/LAND Col-
laboration. It was originally collected and shown to pro-
vide evidence for the squeeze-out of neutrons emitted
in 197Au + 197Au collisions at 400MeV per nucleon [41,
42]. The capability of the Large Area Neutron Detector
LAND [43] used in these experiments of detecting neu-
trons as well as charged particles permitted the differential
analysis of the observed flow patterns in the form of flow
ratios [39] or flow differences [40]. Both analyses favor a
density dependence between moderately soft and moder-
ately stiff, close to the predictions of ab initio calculations
using realistic forces (see below) and also consistent with
the observations made at sub-saturation density (see, e.g.,
refs. [16–18] and pertinent articles in this topical issue).

Whether meson production yields will become simi-
larly useful for the same purpose is not so clear at present.
It has been suggested that the ratio of the anti-strange
kaon isospin partners, K+/K0, may serve as a useful ob-
servable [44,45]. The predicted effects were not very large
but the production of kaons through Δ resonances and
their weak interaction with the nuclear medium distin-
guish them as direct messengers from the high-density
zone. Subthreshold kaon production for the isotopic pair

of reactions 96Zr + 96Zr and 96Ru + 96Ru was studied by
the FOPI Collaboration at 1.53GeV per nucleon [46]. The
K+ mesons were identified by correlating their momentum
determined with the central drift chamber and their ve-
locity measured with the time-of-flight barrel of the FOPI
detector. The K0

s mesons were identified via their weak de-
cay into π+ and π− and by reconstructing the displaced
decay vertices in the central drift chamber. Because of
the resulting significantly different detection efficiencies, a
double ratio was formed from the K+/K0 production ra-
tios obtained for the two collision systems and compared
to model calculations. A significant sensitivity of this ob-
servable to the chosen stiffness of the asy-EoS was ex-
pected from the calculations for infinite nuclear matter. It
diminished, however, by one order of magnitude when the
calculations were performed for the actual heavy-ion colli-
sions studied in the experiment [46]. The measured double
ratio is satisfactorily reproduced irrespective of the choice
made for the asy-EoS.

An even more puzzling situation is encountered in the
case of the π−/π+ yield ratios measured by the FOPI Col-
laboration at several energies up to 1.5GeV per nucleon
and for the four mass-symmetric systems 40Ca + 40Ca,
96Zr + 96Zr, 96Ru + 96Ru, and 197Au + 197Au [47]. The-
oretical analyses of this data set came to rather conflict-
ing conclusions, suggesting everything from a rather stiff
to a super-soft behavior of the symmetry energy [48–50].
Among them, the super-soft result has initiated a broad
discussion of how it might be reconciled with observed
properties of neutron stars [48,51,52].

Calculations with standard parameters fell below the
measured π−/π+ yield ratios. Therefore, more extreme as-
sumptions had to be made to reach the experimental val-
ues. In the analysis of Xiao et et al. [48] with the IBUU04
transport model supplemented with the Gogny-inspired
momentum-dependent parameterization of the symmetry
energy [53], the measured dependences on the collision sys-
tem and impact parameter have been well reproduced but
only by assuming a super-soft density dependence of the
symmetry energy, close to the x = +1 case shown in fig. 3.
The analysis of Feng and Jin [49] carried out with the im-
proved isospin-dependent QMD (ImIQMD) and a power
law parameterization of the potential part of the symme-
try energy yielded an equally satisfactory description of
the data with the stiff choice γ = 2 for the power law ex-
ponent (cf. fig. 3). Most recently, Xie et al. addressed the
same issue within the Boltzmann-Langevin approach and
a power law parameterization and obtained again support
for a super-soft scenario for the symmetry energy [50].

This situation is clearly unfortunate because the ex-
pected variations themselves, of up to 20% for soft vs. stiff
parameterizations, are rather large. Possible reasons for it
may lie in the treatment of the Δ dynamics in transport
models and in competing effects of the mean fields and
Δ thresholds whose weights may be varying among the
different approaches [8, 56, 57]. The role of partial cancel-
lations of s-wave and p-wave effects in the nuclear medium
which causes a reduction of the π−/π+ ratios has recently
been pointed out by Xu et al. [5]. Including the isospin-
dependent pion in-medium effects is thus important, even
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Fig. 3. Parameterizations of the nuclear symmetry energy as
used in transport codes: three parameterizations of the po-
tential term used in the UrQMD (ref. [44]) with power law
coefficients γ = 0.5, 1.0, and 1.5 (lines with symbols as in-
dicated), the result with γ = 0.69 obtained from analyzing
isospin diffusion data with the IBUU04 (full line, ref. [54]), and
the super-soft and stiff parameterizations obtained from ana-
lyzing the π−/π+ production ratios with the IBUU04 (dotted
line, ref. [48]) and the ImIQMD (dashed line labeled LQMD,
ref. [49]) transport models (from ref. [55], reprinted with kind
permission from Springer Science+Business Media).

though not trivial in transport models. For a more de-
tailed discussion and interpretation, the reader is referred
to the article by Zhi-Gang Xiao et al. in this topical issue.

The conflicting interpretations of the meson data em-
phasize the need for reaching an improved understanding
of the reaction mechanisms in order to achieve more ro-
bust results. Possible model dependences are an urgent
issue also in the case of the differential elliptic flow and
the conclusions regarding the density dependence of the
symmetry energy obtained from there. Both interpreta-
tions of the FOPI/LAND data have addressed this ques-
tion and demonstrated that the chosen differential ob-
servables are fairly stable with respect to variations of
global parameters of the calculations as, e.g., the isoscalar
EoS or the parameterization of the nucleon-nucleon cross-
sections [39, 40]. A more comprehensive study of the ef-
fects of global parameter variations within their presently
known limits has recently been completed and will be pre-
sented in the final section. It confirms the earlier results
by showing that the overall model dependence is small
enough to prevent it from concealing the sensitivity of the
differential flows to the asy-EoS [58]. However, narrower
constraints for the global parameters will be necessary if
a more precise determination is to be achieved.

An urgent need to improve the statistical accuracy be-
yond that of the existing data set has equally become
obvious from the studies performed on the FOPI/LAND
data. It has initiated a dedicated measurement of collec-
tive flows in collisions of 197Au + 197Au as well as of the
96Zr + 96Zr and 96Ru + 96Ru pair of systems carried out
in 2011 at the GSI laboratory [59, 60]. The LAND [43]
detector has been operated together with a subset of the
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CHIMERA [61] detector array complemented with addi-
tional detector systems aiding in the measurement of the
reaction plane orientation and of the flow of light frag-
ments. Details of the experiment and the present status
of the analysis will be given further below after the ellip-
tic flow and its interpretation with transport models have
been reviewed. A brief introductory overview addressing
the relevance of elliptic flow in the study of the symmetry
energy at supra-saturation density is available in ref. [62].

3 Symmetry energy and parameterization

The symmetry energy is familiar from the study of atomic
masses whose dependence on their isotopic nuclear com-
position is accounted for with the symmetry term in the
Bethe-Weizsäcker mass formula. A density dependence is
already suggested by the use of individual bulk and sur-
face terms in more refined mass formulae. Their values
are, e.g., 28.1MeV and 33.2MeV, respectively, in the well-
known parameterization of Myers and Swiatecki [63]. In
the Fermi-gas model, the density dependence is given by
a proportionality to (ρ/ρ0)γ with an exponent γ = 2/3,
where ρ0 ≈ 0.16 nucleons/fm3 is the saturation density.
The coefficient of this so-called kinetic contribution to the
symmetry energy is εF /3, where εF ≈ 28MeV is the Fermi
energy. It amounts to only about 1/3 of the symmetry
term of ≈ 30MeV for nuclear matter at saturation. The
major contribution is given by the potential term reflect-
ing properties of the nuclear forces.

Microscopic many-body calculations have presented us
with a variety of predictions for the nuclear equation of
state [10, 12, 64]. The examples shown in fig. 4 for the
two cases of symmetric nuclear matter and of pure neu-
tron matter demonstrate that, overall, the results are quite
compatible among each other, except for densities exceed-
ing saturation for which the predictions diverge. The sym-
metry energy Esym is defined as the coefficient of the
quadratic term in an expansion of the energy per particle
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in the asymmetry δ = (ρn − ρp)/ρ, where ρn, ρp, and ρ
represent the neutron, proton, and total densities, respec-
tively,

E/A(ρ, δ) = E/A(ρ, δ = 0) + Esym(ρ) · δ2 + O(δ4). (1)

In the usual quadratic approximation, the symmetry en-
ergy is the difference between the energies of neutron mat-
ter (δ = 1) and symmetric matter (δ = 0). As expected
from fig. 4, also the predictions for the symmetry energy
diverge at high densities while most of them coincide near
or slightly below saturation, the density range at which
constraints from finite nuclei are valid (fig. 5).

In calculations using realistic forces fitted to two- and
three-nucleon data, the uncertainty is mainly related to
the short-range behavior of the nucleon-nucleon force and,
in particular, to the three-body and tensor forces [20–22].
The three-body force has been shown to make an essen-
tial contribution of several MeV to the masses of light nu-
clei [65]. The extrapolation to higher densities of the partly
phenomenological terms used there is, however, highly un-
certain [21]. The general effect of including three-body
forces in the calculations is a stiffening of the symmetry
energy with increasing density [66–68]. Short-range corre-
lations become also increasingly important at higher den-
sities; results from very recent new experiments will, there-
fore, have a strong impact on predictions for high-density
nuclear matter [20,24,25].

It is also well known that nuclear mean fields are mo-
mentum dependent [7, 8, 32, 69]. It is evident, e.g., in the
energy dependence of the nuclear optical potential. The
dominating effect is seen in the isoscalar sector but the
isovector momentum dependence may also be important.
It manifests itself as an energy dependence of the isospin-
dependent part of the optical potential but can also be
expressed in terms of a difference of the effective masses of
protons and neutrons [7,8,10]. Even the ordering of these
effective masses is still an open problem. It has, moreover,
been shown that the effective mass differences and the
asymmetry dependence of the EoS are both influencing

particle yields and flow observables, and that additional
observables will be needed to resolve the resulting ambi-
guity [8, 32,69].

Transport theory provides the tools for following the
temporal evolution of nuclear reactions. For describing the
composition-dependent part of the nuclear mean field, pa-
rameterizations based on potential models are commonly
used. In the ultrarelativistic QMD (UrQMD) model of the
group of Li and Bleicher [44, 70, 71], the potential part of
the symmetry energy is defined with two parameters, the
value at saturation density, usually taken as 22MeV in
their calculations, and the power law coefficient γ describ-
ing the dependence on density as (ρ/ρ0)γ . In the QMD
model of the Tübingen group [40,72,73] (both approaches
are discussed in more detail in sect. 5), the nuclear po-
tential of Das et al. with explicit momentum dependence
in the isovector sector is used (MDI interaction, ref. [53]).
There, as in the IBUU04 developed by the groups of Li
and Chen [7, 54], the density dependence of the symme-
try energy is characterized by a parameter x appearing in
the potential expressions. Examples of these parameteri-
zations and of results obtained from the analysis of exper-
imental reaction data are given in fig. 3. The stiff (Ea

sym)
and soft (Eb

sym) density dependences of fig. 2 correspond
approximately to the cases γ = 1 and x = 1 shown there.

Parameterizations of this kind have the consequence
that, once the symmetry energy at the saturation point is
fixed, a single value at a different density or, alternatively,
the slope or curvature at any density will completely de-
termine the parameterization. Measurements of a variety
of observables in nuclear structure and reactions have been
used in this way to obtain results for the density depen-
dence of the symmetry energy. They are often expressed
in the form of the parameter L which is proportional to
the slope at saturation,

L = 3ρ0 · dEsym/dρ|ρ0. (2)

Most results with their errors fall into the interval
20MeV ≤ L ≤ 100MeV and are compatible with a most
probable value L ≈ 60MeV, roughly corresponding to a
power law coefficient γ = 0.6 [7,16,17,52,74,75]. The full
line in fig. 3 represents, e.g., the result γ = 0.69 deduced
by Li and Chen from the MSU isospin-diffusion data and
the neutron-skin thickness in 208Pb [54]. The correspond-
ing slope parameter is L = 65MeV. Rather similar con-
straints have been deduced from very recent investigations
and observations of neutron-star properties [22,68,76–78].
Carefully constrained microscopic calculations with real-
istic potentials have also been shown to be fully compati-
ble with these results as, e.g., L = 66.5MeV obtained by
Vidaña et al. [79]. The present situation here as well as the
information on the density dependence of the symmetry
energy deduced from nuclear structure and reactions prob-
ing nuclear matter near and below saturation are given in
the accompanying articles of this topical issue.

High expectations are placed on the determination of
the neutron-skin thickness of 208Pb and other neutron-
rich nuclei by measuring the parity-violating contribution
to electron scattering at high energy [80]. It will offer
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a practically model-free access to the slope at saturation,
even though it is obtained by probing nuclear matter at
an average density of typically 2/3 of this value [81]. In
the more distant future, gravitational wave detection may
reach a sensitivity permitting the study of tidal deforma-
tions of neutron stars in coalescing binary systems, consid-
ered as strongly depending on the high-density symmetry
energy [78].

4 Directed and elliptic flows

Collective flows have been known to be sensitive to es-
sential features of the reaction dynamics for many years.
Early studies have concentrated on the transition from
mean-field dynamics to nucleon-nucleon collision domi-
nated dynamics in the Fermi-energy domain [82, 83]. In
experiments not sensitive to the absolute sign of the pre-
ferred direction of particle emission, it appeared as a so-
called disappearance of flow, referring here to directed
flow [84]. The corresponding energy, also called balance
energy and observed at roughly 50 to 100MeV per nu-
cleon, and its dependence on the mass and on the isotopic
compositions of the colliding nuclei has attracted consid-
erable interest [85–88]. Directed flow data, measured at
even lower energies for selected isotopic and isobaric pairs
of collision systems, have more recently been shown to pro-
vide information on the symmetry energy and its density
dependence (refs. [89,90] and the accompanying article by
Kohley and Yennello).

The influence of the density-dependent symmetry en-
ergy on the balance energy of heavy-collision systems from
96Zr + 96Zr to 197Au + 197Au has also been studied with
the updated version of the UrQMD transport model [55].
It was found, e.g., that the balance energy of neutrons
is particularly sensitive to the density dependence of the
symmetry potential energy, an encouragement for new ex-
periments since data of this kind do not exist up to now.
In another systematic UrQMD study, the sign and mag-
nitude of directed flow were shown to depend crucially
on several of the many parameters entering the calcula-
tion [91]. To correctly reproduce the magnitude of directed
Z = 1 flow observed for semi-central 197Au + 197Au col-
lisions between 40 and 150MeV per nucleon, a careful
adjustment of the isoscalar EoS and of the density and
momentum dependence of the in-medium nucleon-nucleon
elastic cross-sections had to be made. It emphasizes the
need for consistent considerations of both, the mean field
and the two-body collisions in transport models.

Reactions near the balance energy do not strongly
compress the colliding matter. As shown above (fig. 1),
several hundred MeV per nucleon up to ≈ 1GeV per
nucleon are needed to reach densities of two to three
times the saturation density in central collisions [5, 92].
At these energies, the pressure produced during the short
high-density intervals initiates a collective outward mo-
tion whose strength will depend on the equation of state.
The resulting direct and elliptic flows have been con-
fronted with EoS model predictions and extreme assump-
tions have been shown to be ruled out [12].

Dynamical flow observables, expected to be influenced
by the symmetry energy in asymmetric systems, have been
proposed by several groups as probes for the equation of
state at high density [30, 34–37]. To be sensitive to the
symmetry part, differential observables are required. The
so-called differential neutron-proton flow is the difference
of the parameters describing the collective motion of free
neutrons and protons weighted by their numbers [30]. Ac-
cording to the simulations, this observable minimizes the
influence of the isoscalar part in the EoS while maximizing
that of the symmetry term [93]. Its proportionality to the
particle multiplicities, however, makes its determination
very dependent on the experimental efficiencies of particle
detection and identification and on the precise procedure
for distinguishing free and bound nucleons in calculations.
Therefore, also differences or ratios of directed and elliptic
flows have been considered.

It has become customary to express both, directed and
elliptic flows, and possibly also higher flow components by
means of a Fourier decomposition of the azimuthal distri-
butions measured with respect to the orientation of the
reaction plane φR [94–96],

dN

d(φ − φR)
=

N0

2π

⎛
⎝1 + 2

∑
n≥1

vn cos n(φ − φR)

⎞
⎠ , (3)

where N0 is the azimuthally integrated yield. The coeffi-
cients vn ≡ 〈cos n(φ− φR)〉 are functions of particle type,
impact parameter, rapidity y, and the transverse momen-
tum pt.

Excitation functions of the directed and elliptic flows
for light charged particles from 197Au + 197Au collisions
are shown in figs. 6 and 7. The directed flow is quantified
as the derivative of v1 with respect to rapidity, taken at
mid-rapidity, and a positive slope, by definition, identifies
a predominance of repulsion. The data for Z = 1 and
Z = 2 particles illustrate the Z dependence of the balance
energy, being higher by more than 10MeV per nucleon for
the hydrogen isotopes as compared to helium.

The excitation function of the elliptic flow, quantified
as v2 at midrapidity and shown in fig. 7 for Z = 1 parti-
cles in 197Au + 197Au collisions from various experiments,
extends up to the AGS regime of several GeV per nu-
cleon incident energies at which in-plane flow starts to
dominate again. Squeeze-out perpendicular to the reaction
plane (v2 < 0), as a result of shadowing by the spectator
remnants is observed at incident energies between about
150MeV per nucleon and 4GeV per nucleon with a max-
imum near 400MeV per nucleon. At lower energies, the
collective rotation in the mean-field dominated dynamics
causes the observed in-plane enhancement of emitted re-
action products [103]. The two figures also illustrate the
precision that can be reached in flow measurements. The
reliability of the applied methods is demonstrated by the
good agreement of results from different experiments in
the overlap regions of the studied intervals in collision en-
ergy [98,99].

Elliptic flow has become an important observable at
other energy regimes as well. At ultrarelativistic energies,
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Fig. 6. Slopes of directed flow ∂v1/∂y for Z =1 (top) and Z =2
(bottom) particles integrated over transverse momentum pt

for mid-central 197Au + 197Au collisions (2–5.5 fm). The open
and filled symbols represent the FOPI [97] and the INDRA
data, respectively. The uncertainty at 15 MeV per nucleon is
mainly statistical. The INDRA point, in brackets, at 150MeV
per nucleon in the top panel is biased due to experimental
inefficiencies for Z = 1 at this energy (from ref. [98], reprinted
with kind permission from Springer Science+Business Media).

the observation of the constituent-quark scaling of elliptic
flow is one of the prime arguments for deconfinement dur-
ing the early collision phase, and properties of the formed
quark-gluon liquid are deduced from the observed magni-
tude of collective motions [1–4, 104, 105]. It implies that
elliptic flow develops very early in the collision which is
valid also in the present range of relativistic energies as
confirmed by calculations [11].

Experimentally, the azimuthal angle of emission is de-
termined with respect to the orientation of a reaction
plane that has been reconstructed from observed emission
patterns. Several methods have been proposed (see, e.g.,
ref. [98]) which have in common an overall dependence of
their accuracy on the emitted particle types and multiplic-
ities of the considered reaction. The so-called dispersion
of the reaction plane refers to the uncertainty of the re-
constructed azimuthal orientation. The deduced flow pa-
rameters decrease in the case of poorly determined exper-
imental reaction planes and corrections are necessary for
which, however, quite refined methods exist. Their mag-
nitude increases with the order of the Fourier coefficient
considered.
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Fig. 7. Elliptic flow parameter v2 at mid-rapidity for 197Au+
197Au collisions at intermediate impact parameters (about 5.5–
7.5 fm) as a function of incident energy, in the beam frame.
The filled and open circles represent the INDRA and FOPI
data [99, 100], respectively, for Z = 1 particles, the triangles
represent the EOS and E895 data [101] for protons and the
square represents the E877 data [102] for all charged particles
(from ref. [98], reprinted with kind permission from Springer
Science+Business Media).

In the INDRA and FOPI data sets included in the fig-
ures, the reaction plane has been reconstructed using the
so-called Q-vector method in slightly different forms. The
Q-vector representing the orientation of the reaction plane
is calculated as the weighted sum of the transverse mo-
menta of the measured reaction products with the weights
chosen to be +(−)1 for products in the forward (back-
ward) c.m. hemisphere [106]. The obtained corrections are
close to one, independent of the specific method, for the
range of higher incident energies (E > 100AMeV) where
the directed flow is large and the reaction plane well de-
fined by the high-multiplicity distribution of detected par-
ticles. At energies below 100MeV per nucleon, the inverse
correction factors drop significantly and start to depend
on the chosen method. The FOPI flow results, as published
in refs. [97,100] and shown in figs. 6 and 7, have been cor-
rected using the standard method. The midrapidity region
of ±0.3 of the scaled c.m. rapidity has been excluded to
improve the resolution. The corrections used for the IN-
DRA data have been obtained with a new method adapted
to the smaller multiplicities and increased emissions of in-
termediate mass fragments that are encountered at the
lower energies [98,107].

There exists a considerable amount of flow data in the
literature with the potential of being useful for improv-
ing our understanding of the development of the observed
collectivity during the high-density phase and its depen-
dence on isospin. The FOPI Collaboration has published a
comprehensive report on their measurements of azimuthal
asymmetries in particle emissions in the regime of 1GeV
per nucleon incident energies [29]. It includes data for
the 197Au + 197Au reaction from 90MeV to 1.5GeV per
nucleon but also data for other systems. As an exam-
ple, the elliptic flow of protons is shown in fig. 8 for the
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Fig. 8. Elliptic flow −v2(y0) of protons in 96Zr + 96Zr
(blue open squares) and 96Ru + 96Ru (red dots) collisions for
1.5 GeV per nucleon incident energy and centrality 0.25 < b0 <
0.45. Note the inversion of v2 and the definitions of the reduced
impact parameter b0 = b/bmax and of the normalized rapidity
in the c.m. frame, y0 = y/yp, with yp denoting the projec-
tile rapidity (reprinted from ref. [29], Copyright (2012), with
permission from Elsevier).

isotopic pair of mass-symmetric systems 96Zr + 96Zr and
96Ru + 96Ru at the incident energy 1.5GeV per nucleon.
It is interesting that, even with the precision achieved in
this experiment, only small differences are visible, indi-
cating a minute response to the differences of the cor-
responding mean fields. Similar observations have been
made by the INDRA/ALADIN Collaboration studying
several Xe + Sn reactions at 100MeV per nucleon with
124,129Xe projectiles and 112,124Sn targets [108].

A complementary type of observable is represented by
ratios of mirror nuclei and their flow properties. The ex-
ample of 3H and 3He elliptic flows in 197Au + 197Au col-
lisions at 0.4 and 1.5GeV per nucleon incident energies
demonstrates the rich information provided by exclusive
measurements over wide ranges of rapidity and incident
energies (fig. 9). The values of v2 at midrapidity, their sign
changes, and their behavior at the spectator rapidities are
similar at the lower but significantly different at the higher
energy. The discussion of their results by Reisdorf et al.
includes the conjecture that, at the higher energy, momen-
tum rather than density dependences may be responsible
for the increased isotopic effect [29].

The extensive study of pion emission performed by the
FOPI Collaboration contains, besides the pion yield ratios
discussed in sect. 2, also data on pion flows [47]. The exam-
ple of the impact parameter dependence of the elliptic flow
of pions from 96Zr + 96Zr and 96Ru + 96Ru collisions at
1.5GeV per nucleon is shown in fig. 10. Squeeze-out dom-
inates (v2 < 0) and its magnitude is significantly larger
for the π+ than for the π− case. It is also larger for the
more proton-rich 96Ru + 96Ru system, possibly indicating
a significant role of Coulomb repulsion. A detailed discus-
sion of the observed effects is presented, including compar-
isons with the Isospin-QMD (IQMD, ref. [109]) transport
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Fig. 9. Elliptic flow −v2(y0) of 3H (open triangles) and 3He
(filled circles) in 197Au + 197Au collisions for 0.4 (left) and
1.5 GeV per nucleon (right) incident energy and centrality
0.25 < b0 < 0.45. Note the inversion of v2 and the definitions
of the reduced impact parameter b0 = b/bmax and of the nor-
malized rapidity y0 = y/yp in the c.m. frame (reprinted from
ref. [29], Copyright (2012), with permission from Elsevier).
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Fig. 10. Elliptic-flow parameter −v2, integrated over rapidity
−1.8 < y0 < 0, as a function of the reduced impact parameter
b0 = b/bmax for the systems 96Zr + 96Zr (left) and 96Ru + 96Ru
(right) at 1.5 GeV per nucleon. Open squares and dashed lines
represent the results for π+ while diamonds and full lines rep-
resent π−. The lines are linear least square fits constrained
to v2 = 0 for b0 = 0. Note the inversion of v2 and the def-
inition of the reduced rapidity y0 = y/yp in the c.m. frame
(reprinted from ref. [47], Copyright (2007), with permission
from Elsevier).

model which, however, did not fully describe the data. The
authors, therefore, refrained from drawing definite con-
clusions on the EoS of nuclear matter and suggested the
treatment of the Δ baryon propagation in the medium as
an important topic for further studies. It is evident that
collective flows may serve as an important complement to
yield ratios in attempts to improve our understanding of
the complex pion dynamics.

5 Transport models and ingredients

To study the sensitivity of the elliptic flow observables
to the isospin-dependent part of the equation of state
two independent transport models have been employed:
UrQMD [44,70,71] and the Tübingen version of QMD [72,
73]. They have been upgraded to allow the study of the
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impact of the symmetry energy on observables that can be
measured in intermediate-energy collisions of heavy ions.

5.1 UrQMD

This model, originally developed to study particle pro-
duction at high energy [110], has been adapted to inter-
mediate energy heavy-ion collisions by introducing a nu-
clear mean field corresponding to a soft EoS with mo-
mentum dependent forces, represented as two- and three-
body Skyrme potentials supplemented by the long-range
Yukawa and Coulomb interactions [111]. A new Pauli-
blocking scheme for the suppression of two-body collisions,
which allows a better description of experimental observ-
ables at lower energies, has also been introduced [91]. Dif-
ferent options for the dependence on asymmetry were im-
plemented, of which two are used here, expressed as a
power law dependence of the potential part of the sym-
metry energy on the nuclear density ρ according to

Esym = Epot
sym + Ekin

sym

= 22MeV · (ρ/ρ0)γ + 12MeV · (ρ/ρ0)2/3, (4)

with γ = 0.5 and γ = 1.5 corresponding to a soft and a
stiff density dependence (fig. 3). The kinetic part remains
unchanged.

The issue of the in-medium modification of nucleon-
nucleon cross-sections (NNCS) has been addressed by as-
suming that the elastic part can be factorized as a product
of a medium correction factor F (u, α, p), with u = ρ/ρ0,
and the free elastic NNCS σfree

el ,

σ∗
tot = σ∗

in + σ∗
el = σfree

in + F (u, α, p)σfree
el . (5)

The medium modification factor is proportional to both an
isoscalar density effect Fu and an isovector mass-splitting
effect Fα, which both should be functions of the relative
momentum pNN of the two colliding particles in the NN
center-of-mass system. In refs. [71, 112], they have been
parameterized as

F p
α,u =

⎧⎨
⎩

f0 pNN > 1GeV/c

Fα,u − f0

1 + (pNN/p0)κ
+ f0 pNN ≤ 1GeV/c.

(6)

The factor Fu can be expressed as

Fu = λ + (1 − λ) exp[−u/ζ]. (7)

Here ζ and λ are parameters which determine the den-
sity dependence of the cross-sections while f0, p0, and κ in
eq. (6) determine the restoration of the free cross-section
with increasing relative momentum. Several parameter
sets, shown in tables 1 and 2, have been selected to il-
lustrate the resulting modifications of the NNCS (fig. 11).

The reduction of the elastic NNCS as a function of
density becomes increasingly more pronounced as the pa-
rameterization is changed from FU1 to FU3. At the re-
duced density u = 2, e.g., the values of FU1, FU2, and

Table 1. The three parameter sets FU1, FU2, and FU3 used
for the density-dependent correction factor Fu of elastic NNCS.

Set λ ζ

FU1 1/3 0.54568

FU2 1/4 0.54568

FU3 1/6 1/3

Table 2. The three parameter sets FP1, FP2, and FP3 used
for describing the momentum dependence of Fu. The fourth
case, without a pNN limit, is obtained by setting f0 equal to
F (u) in eq. (6).

Set f0 p0 [GeV c−1] κ

FP1 1 0.425 5

FP2 1 0.225 3

FP3 1 0.625 8

no pNN limit F (u) / /

Fig. 11. (a) Correction factor F obtained with the parame-
terizations FU1, FU2, and FU3 given in table 1 and (b) the
momentum dependence obtained with the four options FP1,
FP2, FP3, and no pNN limit given in table 2 for the exam-
ple of FU1 at u = 2 (reprinted with permission from ref. [91];
Copyright (2011) by the American Physical Society).

FU3 are 0.35, 0.27, and 0.17, respectively. We note that
the density dependence of the FU1 parameterization is in
qualitative agreement with previous work based on the
Dirac-Brueckner approach [113–115]. However, in a previ-
ous investigation of the elastic NNCS, based on the effec-
tive Lagrangian of density-dependent relativistic hadron
theory in which the σ, ω, ρ and δ [a0(980)] mesons are
included [116], it was shown that especially the neutron-
proton cross-sections σ∗

el,np might be largely reduced in
the neutron-rich nuclear medium; the corresponding re-
duction factor might be as low as ∼ 0.1 at u = 2. There-
fore, the other parameter sets FU2 and FU3 (table 1) are
still to be considered reasonable assumptions. The impor-
tance of the elastic NNCS for describing collective flows in
this energy range has been confirmed by a study using the
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recently developed version of the UrQMD model in which
the Skyrme potential energy density functional has been
introduced [117].

The UrQMD transport program is stopped at a col-
lision time of 150 fm/c at which point a conventional
phase-space coalescence model with two parameters is
used to construct clusters. Nucleons with relative mo-
menta smaller than P0 and relative distances smaller than
R0 are considered as belonging to the same cluster. The
values P0 = 0.275GeV/c and R0 = 3.0 fm have been
adopted as standard parameters. With these values the
overall dependence of cluster yields on Z is rather well
reproduced but the yields of Z = 2 particles are under-
predicted by a factor of 3. The yields of deuterons and
tritons in central collisions are also underestimated by sim-
ilar factors [39].

According to the UrQMD calculations, one of the most
promising probes of the strength of the symmetry energy
at supra-saturation densities is the difference of the neu-
tron and proton (or hydrogen) elliptic flows. The predic-
tions for the parameter v2 of emitted neutrons, protons,
and hydrogen isotopes for mid-peripheral 197Au + 197Au
collisions at 400MeV per nucleon and for the two choices
of the density dependence of the symmetry energy, labeled
asy-stiff (γ = 1.5) and asy-soft (γ = 0.5), are shown in
fig. 12. They are displayed as a function of the laboratory
rapidity ylab. The dominant difference is the significantly
larger neutron squeeze-out in the asy-stiff case as com-
pared to the asy-soft case. The proton and hydrogen flows
respond only weakly, and in opposite direction, to the vari-
ation of γ within the chosen stiffness interval. Relative to
each other, the neutron and proton elliptic flows vary on
the level of 15%. Their absolute magnitude is satisfacto-
rily reproduced with the FP1 parameterization, as shown
by the comparison with the FOPI experimental result for
Z = 1 particles at mid-rapidity (fig. 12). Note, however,
that this depends sensitively on the chosen parameters as
discussed in refs. [39,91,117].

The UrQMD model in the version described here has
been employed, with minor changes, to study the impact
of the isovector part of the equation of state of nuclear
matter on a few other observables that can in principle be
measured in heavy-ion collisions or other closely related
topics: the Σ−/Σ+ and π−/π+ multiplicity ratios [118],
the transverse momentum distribution of the elliptic flow
difference [70], the beam-energy and impact-parameter de-
pendences of the slope parameter of the double neutron-
to-proton ratio as a function of rapidity [31], the balance
energies of free neutrons [55,119] and the momentum de-
pendence of the medium-modified nucleon-nucleon cross-
sections [91,112].

5.2 Tübingen QMD

To study the impact of the symmetry energy term on el-
liptic flow observables, the Tübingen QMD model [72,73]
has been expanded by adding an isospin-dependent part to
the mean-field potential [40,58]. Two possible parameter-
izations have been implemented: a momentum-dependent

Fig. 12. Elliptic flow parameter v2 for mid-peripheral (5.5 ≤
b ≤ 7.5 fm) 197Au + 197Au collisions at 400 MeV per nucleon as
calculated with the UrQMD model for neutrons (dots), protons
(circles), and all hydrogen isotopes (Z = 1, open triangles), in-
tegrated over transverse momentum pt, as a function of the
laboratory rapidity ylab. The predictions obtained with a stiff
and a soft density dependence of the symmetry term are given
in the upper and lower panels, respectively. The experimen-
tal result from ref. [100] for Z = 1 particles at mid-rapidity
is represented by the filled triangle (reprinted from ref. [39],
Copyright (2011), with permission from Elsevier).

version which has been developed in ref. [53] starting from
the Gogny effective interaction,

U(ρ, β, p, τ, x) = Au(x)
ρτ ′

ρ0
+ Al(x)

ρτ

ρ0

+B(ρ/ρ0)σ(1 − xβ2)

−8τx
B

σ + 1
ρσ−1

ρσ
0

βρτ ′

+
2Cττ

ρ0

∫
d3p′

fτ (r,p′)
1 + (p − p′)2/Λ2

+
2Cττ ′

ρ0

∫
d3p′

fτ ′(r,p′)
1 + (p − p′)2/Λ2

,

(8)

and a power law parameterization, momentum indepen-
dent and similar to that used in ref. [39], which has been
extended to allow also soft and super-soft scenarios [58],

S(ρ) =
{

S0(ρ/ρ0)γ -linear or stiff
a + (18.5 − a)(ρ/ρ0)γ -soft or super-soft. (9)

The sets a = 23.0MeV, γ = 1.0 and a = 31.0MeV,
γ = 2.0 in the lower parameterization reproduce a soft
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and super-soft density dependence, respectively. This al-
lowed to test the dependence of the constraints extracted
for the symmetry energy on its various parameterizations
employed in the literature.

To study the model dependence of elliptic-flow observ-
ables, an explicit dependence of the microscopic nucleon-
nucleon cross-sections on density and isospin asymmetry
has been introduced. The parameterization of the density
dependence of elastic proton-proton and neutron-proton
cross-sections below the pion production threshold ob-
tained by Li and Machleidt [113,114] is used. The isospin
asymmetry dependence is introduced indirectly through
a dependence of the in-medium nucleon masses on this
parameter [54]. This approach is used also above the
pion production threshold to simulate the dependence of
nucleon-nucleon cross-sections on both density and isospin
asymmetry.

The nucleon optical potential is an important ingredi-
ent of transport models which still bears some uncertainty
on its magnitude. Its strength can be inferred from differ-
ent sources: either from first principles [120] or from the
experimental data of proton scattering on Ca and heav-
ier nuclei within a relativistic description based on the
Dirac-equation which in turn allowed the extraction of
the momentum dependence of the bare interaction [121].
The results of the two approaches are somewhat different.
The Brueckner-Hartree-Fock approach and its relativis-
tic counterpart favor a potential that is attractive at all
values of the momentum, while the relativistic Dirac ap-
proach delivers a potential that becomes repulsive above a
certain momentum threshold, depending on which exper-
imental data sets are considered. The Brueckner-Hartree-
Fock approach, in addition, predicts an optical potential
that is almost momentum independent at moderate values
of the momentum.

To account for this model dependence, heavy-ion col-
lisions have been simulated by considering three different
parameterizations of the optical potential. The first one
stems from the isoscalar part of the Gogny interaction [53]
while the last two mimic the parameterizations presented
in ref. [121]

V
(MDI)
opt = (Cl + Cu)

1
1 + (pi − pj)2/Λ2

ρij

ρ0

V
(HA)
opt =

{
V0 + v ln2[a(pi − pj)2 + 1]

}ρij

ρ0
. (10)

The values of the parameters can be found in ref. [58] for
all the cases presented in this review.

The QMD program is stopped at t = 60 fm/c, i.e. also
long after the high-density phase of the reaction (fig. 1).
In order to extract the spectra of free nucleons, a density
cutoff at ρ0/8 is applied. The degree of clusterization, as
evident from the FOPI experimental data, is underesti-
mated by this procedure, however. A fine tuning of the
density cutoff parameter can improve in this respect but
the theoretical estimates for the elliptic flows of free nu-
cleons depend only mildly on it.

In addition to the already mentioned transport model
ingredients, the study performed by Cozma [40] has also

Fig. 13. Elliptic flow of protons as a function of the impact
parameter for various assumptions for the width of the nucleon
wave packet. Note that there are factors of 2 difference between
v2 and L as defined in ref. [40] and here; the ordinate vp

2 of the
figure is equal to 2 · vp

2 as defined in eq. (3) and the values of
2L in the legend correspond to the same values of L discussed
in the text (reprinted from ref. [40], Copyright (2011), with
permission from Elsevier).

addressed the impact of other model parameters on el-
liptic flow observables, in particular those of the nuclear
matter compressibility modulus K and of the width L of
the nucleon wave function. The values of these two param-
eters have been varied around those commonly accepted
in the literature, K = 210MeV and L = 8.66 fm2 [122]. It
was found that the individual elliptic flows of neutrons or
protons show a rather sizable sensitivity to the parame-
ter that is varied. This is presented in fig. 13 for the case
of L which is varied between the extremes L = 4.33 fm2

and L = 17 fm2. The former is used when simulating col-
lisions of light nuclei while the latter represents a nucleon
radius that is unrealistically large. The value L = 8.66 fm2

is the standard choice used in simulations of collisions of
heavy ions, like 197Au, as it improves the stability of static
properties of the respective nuclei.

In contrast, the impact of model parameter changes
on the difference of neutron and proton elliptic flows was
found to be considerably smaller. This is exemplified in
fig. 14 by plotting the variation of the neutron-proton
elliptic flow difference to changes of the compressibility
modulus from soft to hard, in comparison to variations due
to modifications of the stiffness of the symmetry energy
from super-stiff to super-soft. Similar statements hold true
also for the case of the width L of the nucleon wave func-
tion and for various scenarios for the in-medium nucleon-
nucleon cross-sections [40].

The Tübingen QMD transport model has been suc-
cessfully applied to the description of several heavy-ion
related topics in the GeV per nucleon regime of collision
energies: dilepton emission [123–125], stiffness of the equa-
tion of state of symmetric nuclear matter [14] and various
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Fig. 14. Sensitivity of the neutron-proton elliptic flow differ-
ence vn−p

2 = vn
2 − vp

2 (v2 as defined in eq. (3)) to the isospin-
independent EoS and to the choice of the symmetry term in
the parameterization of ref. [54] as indicated. The widths of
the bands represent the uncertainty arising from using either
a soft (K = 210 MeV with momentum dependence) or a hard
(K = 380 MeV) version for the isospin-independent part of
the EoS. The FOPI acceptance filter has been applied to sim-
ulated data (reprinted from ref. [40], Copyright (2011), with
permission from Elsevier).

in-medium effects relevant for the dynamics of heavy-ion
collisions [73,126].

6 The FOPI/LAND experiment

The squeeze-out of neutrons has first been observed by
the FOPI/LAND Collaboration who studied the reaction
197Au + 197Au at 400MeV per nucleon [41]. The squeeze-
out of charged particles reaches its maximum at this en-
ergy (fig. 7), and similarly large anisotropies were observed
for neutrons [42]. The neutrons have been detected with
the Large-Area Neutron Detector, LAND [43], while the
FOPI Forward Wall, covering the forward range of labora-
tory angles θlab ≤ 30◦ with more than 700 plastic scintilla-
tor elements, was used to determine the modulus and az-
imuthal orientation of the impact parameter. LAND had
been divided into two separate units which were placed
next to each other at sideways positions, providing the
kinematic acceptance shown in fig. 15.

The UrQMD results presented in the previous section
provided the motivation for returning to the existing data
set (fig. 12). A re-analysis has been performed which con-
sisted mainly in choosing equal acceptances for neutrons
and hydrogen isotopes with regard to particle energy, ra-
pidity and transverse momentum (energy and momentum
per nucleon for deuterons and tritons). The results ob-
tained for a mid-peripheral event class are shown in fig. 16
as a function of the rapidity y, normalized with respect to
the projectile rapidity yp = 0.896. Their asymmetry with

Fig. 15. Scatter plot of 10000 neutron events with energy
Elab ≥ 40MeV in the plane of transverse momentum pt vs.
rapidity y in the laboratory frame from a run without shadow
bars. The quality criteria are the same as used in the flow
analysis. Their application produces the local inefficiency in
the forward detector unit caused by individual detector mod-
ules with reduced performance. The dashed lines represent the
acceptance cuts pt ≥ 0.3 GeV/c and 0.25 ≤ y/yp ≤ 0.75 ap-
plied in the analysis (reprinted from ref. [39], Copyright (2011),
with permission from Elsevier).

respect to mid-rapidity, y/yp = 0.5, is caused by the kine-
matic acceptance of LAND (fig. 15). Its increase in pt with
y and the decreasing yields at large pt are responsible for
the significant statistical errors at forward rapidity. The
theoretical predictions have been obtained simulating the
LAND acceptance and the experimental analysis condi-
tions. The results, shown for neutrons in fig. 16, follow
qualitatively the experimental data for both, the directed
and elliptic flows. However, in contrast to the elliptic flow,
the sensitivity of the directed flow of neutrons to the stiff-
ness of the symmetry energy is predicted to be nearly
negligible by the UrQMD (fig. 16, top panel).

The dependence of the elliptic flow parameter v2 on
the transverse momentum per nucleon, pt/A, is shown in
fig. 17, upper panel, for the full statistics of central and
mid-peripheral collisions (b ≤ 7.5 fm) collected in this ex-
periment. The measured values are approximately repro-
duced by the UrQMD predictions which are significantly
different for the stiff (γ = 1.5) and soft (γ = 0.5) density
dependences. For the quantitative comparison, the ratio of
the flow parameters of neutrons vs. protons or vs. Z = 1
particles has been proposed as a useful observable [39].
This choice is expected to minimize systematic effects in-
fluencing the collective flows of neutrons and charged par-
ticles in similar ways. This includes also technical issues as,
e.g., the matching of the impact-parameter intervals used
in the calculations with the corresponding experimental
event groups or the magnitude of the corrections needed
to account for the dispersion of the reaction plane. To test
whether this kind of insensitivity applies also to model pa-
rameters in the isoscalar sector, the calculations were per-
formed with the two parameterizations FP1 and FP2 of



Eur. Phys. J. A (2014) 50: 38 Page 13 of 20

Fig. 16. Measured flow parameters v1 (top) and v2 (bot-
tom) for mid-peripheral (5.5 ≤ b ≤ 7.5 fm) 197Au + 197Au col-
lisions at 400MeV per nucleon for neutrons (dots), protons
(circles), and hydrogen isotopes (Z = 1, open triangles) inte-
grated within 0.3 ≤ pt/A ≤ 1.3 GeV/c per nucleon as a func-
tion of the normalized rapidity y/yp. The UrQMD predictions
for neutrons are shown for the FP1 parameterization of the
in-medium cross-sections and for a stiff (γ = 1.5, full lines)
and a soft (γ = 0.5, dashed) density dependence of the sym-
metry term. The experimental data have been corrected for
the dispersion of the reaction plane (reprinted from ref. [39],
Copyright (2011), with permission from Elsevier).

the momentum dependence of the elastic nucleon-nucleon
cross-sections (cf. fig. 11). Their absolute predictions of v2

at mid-rapidity differ by ≈ 40% for this reaction [91,112].
In fig. 17 (lower panels), the results for the ratio with

respect to the total hydrogen yield are shown. The cal-
culated ratios exhibit clearly the sensitivity of the elliptic
flow to the stiffness of the symmetry energy predicted by
the UrQMD but depend only weakly on the chosen pa-
rameterization for the in-medium nucleon-nucleon cross-
section. The experimental ratios, even though associated
with large errors, scatter within the interval given by the
two calculations. Linear interpolations between the pre-
dictions, averaged over 0.3 < pt/A ≤ 1.0GeV/c, yield
very similar results γ = 1.01 ± 0.21 and γ = 0.98 ± 0.35
(standard deviations) for the two parameterizations. The
error is larger for FP2 because the sensitivity is somewhat
smaller.

This analysis was repeated in various forms. With the
squeeze-out ratios vn

2 /vp
2 of neutrons with respect to free

protons, similar results were obtained, however with larger
errors. The study of the impact parameter dependence
indicated a slightly smaller value γ ≈ 0.5 for the mid-
peripheral event group, again with larger errors. It was
also tested to which density region around ρ0 the elliptic-
flow ratios are sensitive, with the result that both, sub-

Fig. 17. Elliptic flow parameters v2 for neutrons (dots) and
hydrogen isotopes (open triangles, top panel) and their ratio
(lower panels) for moderately central (b < 7.5 fm) collisions of
197Au + 197Au at 400 MeV per nucleon, integrated within the
rapidity interval 0.25 ≤ y/yp ≤ 0.75, as a function of the trans-
verse momentum per nucleon pt/A. The symbols represent
the experimental data. The UrQMD predictions for γ = 1.5
(a-stiff) and γ = 0.5 (a-soft) obtained with the FP1 param-
eterization for neutrons (top panel) and for the ratio (mid-
dle panel), and with the FP2 parameterization for the ratio
(bottom panel) are given by the dashed lines (reprinted from
ref. [39], Copyright (2011), with permission from Elsevier).

and supra-saturation densities are probed with this ob-
servable [39].

In consideration of the apparent systematic and exper-
imental errors, a value γ = 0.9± 0.4 has been adopted by
the authors as best representing the power-law exponent
of the potential term resulting from the elliptic-flow anal-
ysis. It falls slightly below the γ = 1.0 line shown in fig. 3
but, with the quoted uncertainty, stretches over the inter-
val from γ = 0.5 halfway up to γ = 1.5. The correspond-
ing slope parameter is L = 83 ± 26MeV. According to
the UrQMD, the squeeze-out data indicate a moderately
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soft to linear behavior of the symmetry energy that is con-
sistent with the density dependence deduced from exper-
iments probing nuclear matter near or below saturation.
Comparing with the many-body theories shown in fig. 5,
the elliptic-flow result is in good qualitative agreement
with the range spanned by the DBHF and variational cal-
culations based on realistic nuclear potentials.

In an independent analysis, Cozma has used data from
the same experiment and investigated the influence of
several parameters on the difference between the elliptic
flows of protons and neutrons using the Tübingen ver-
sion of the QMD transport model (ref. [40] and sect. 5.2).
They included the parameterization of the isoscalar EoS,
the choice of various forms of free or in-medium nucleon-
nucleon cross-sections, and model parameters as, e.g., the
widths of the wave packets representing nucleons. The in-
teraction developed by Das et al. was used which contains
an explicit momentum dependence of the symmetry en-
ergy part [53, 54]. Experimental data for vp

2 presented in
ref. [42] show a scattered dependence on the impact pa-
rameter and could not be used to convincingly constrain
the stiffness of the symmetry energy. However, the hydro-
gen elliptic flow parameter vH

2 published in ref. [41] does
not suffer from such a problem and, in view of the fact
that it represents an upper value (in absolute magnitude)
for vp

2 , it can be used to constrain the high-density depen-
dence of the symmetry energy via the neutron-hydrogen
elliptic flow difference. As concluded by Cozma [40], an
upper limit on the softness of the symmetry energy is ob-
tained from the comparison with the experimental flow
data, as can be inferred from fig. 18.

7 The ASY-EOS experiment

The ASY-EOS experiment, conducted at the GSI labora-
tory in 2011, represents an attempt to considerably im-
prove the statistical accuracy of the flow parameters for
the 197Au + 197Au system at 400MeV per nucleon but
also to complement these measurements with other ob-
servables and data for other systems [59, 60]. Additional
constraints for the comparison with transport models were
considered to be useful for narrowing down the uncertain-
ties of their predictions as shown in the following section.
For this purpose, data were collected for two additional
systems, the neutron-rich 96Zr + 96Zr and neutron-poor
96Ru + 96Ru pair of mass-symmetric A = 96 collision sys-
tems, both also at 400MeV per nucleon incident energy.
The FOPI Collaboration has studied these three reac-
tions in quite some detail, at the present energy 400MeV
per nucleon but also at other bombarding energies up to
1.5GeV per nucleon [29].

The Kraków Triple Telescope Array KraTTA [127] was
used to improve the capabilities for measuring charged
particle flows under the same conditions. With its possi-
bility to identify the masses of light fragments up to beryl-
lium, the study of isospin effects can be extended to the
emission properties of the isobar pairs 3H/3He, 6He/6Li,
and 7Li/7Be. Yield ratios have been suggested as useful
probes for disentangling ambiguities between the effects of
the symmetry energy and of the neutron-proton effective-
mass splitting in the nuclear medium [8,32,69].

KraTTA had been specifically designed for the experi-
ment to measure the energy, emission angles and isotopic
composition of light charged reaction products [127]. Its
35 individual triple telescopes were arranged in a 7 × 5
array and placed opposite to LAND on the other side of
the beam axis at a distance of 40 cm from the target. To-
gether, they covered 160msr of solid angle at polar angles
between θlab = 20◦ and 64◦.

Each KraTTA module consists of two optically de-
coupled CsI(Tl) crystals with thicknesses of 2.5 cm and
12.5 cm and three large area 500μm thick PIN photo-
diodes. The first photo-diode serves as a ΔE-E detector
and supplies only an ionization signal. It is followed by
the second diode mounted at the front entrance of the
short CsI(Tl) crystal in a single-chip-telescope configura-
tion. It provides both, the intrinsic ionization signal and
the light signal provided by the crystal. The third photo-
diode mounted at the back end of the long crystal provides
the light signal from this third element of the configu-
ration. The signals from the photodiodes were processed
with custom-made low-noise preamplifiers and digitized
with wave form digitizers at a rate of 100MHz. The sepa-
ration of the ionization and light signals from the second
diode and the decomposition of the fast and slow scintil-
lation components were obtained by individually fitting
each of the recorded signals [127].

A schematic view of the experimental set-up is shown
in fig. 19. The beam was guided in vacuum to about 2m
upstream from the target. A thin plastic foil read by two
photo-multipliers was used to record the projectile arrival
times and to serve as a start detector for the time-of-flight
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Fig. 19. Schematic view of the experimental setup used in
the ASY-EOS experiment S394 at GSI showing the six main
detector systems and their positions relative to the beam di-
rection. The dimensions of the symbol and the distances are
not to scale (from ref. [128]).

measurement. The Large Area Neutron Detector (LAND,
ref. [43]), recently upgraded with new TACQUILA GSI-
ASIC electronics, was positioned at a laboratory angle
near 45◦ with respect to the beam direction, at a distance
of about 5m from the target. Its kinematical acceptance
was similar to that of the forward LAND subdetector used
in the FOPI-LAND experiment (cf. fig. 15) but slightly
larger in rapidity for given transverse momentum due to
the shorter distance from the target. Also the efficiency
was larger because of the full 1m depth that has been
used (fig. 19). The veto-wall of plastic scintillators in front
of LAND permitted the distinction between neutral and
charged particles.

The determination of the impact parameter and the
orientation of the reaction plane required several detection
devices:

i) The ALADIN Time-of-Flight wall [129] was used to
detect charged particles and fragments in forward direc-
tion at polar angles up to θlab ≤ 7◦. The two walls (front
and rear) of about 1m2 active area consisted of vertical ar-
rays of plastic scintillator slabs, each 2.5 cm wide, 100 cm
long and 1 cm thick, read out by two photo-multipliers at
the upper and lower ends of the slabs. The front and rear
walls were displaced by one half of the slab width to gain
in horizontal position information. Vertically, a position
resolution of about 10 cm was obtained. Fragment atomic
numbers were individually resolved up to about Z = 10.

ii) 50 thin (between 3.6mm and 5.6mm) CsI(Tl) el-
ements of the Washington-University μ-ball array [130],
read out by photo-diodes and arranged in 4 rings to cover
polar angles between 60◦ and 147◦. The μ-ball elements
surrounded the target with the aim of measuring the az-
imuthal distribution of particles emitted in backward di-
rections in the c.m. system and to discriminate against
background reactions on non-target material;

iii) 352 CsI(Tl) scintillators, 12 cm thick, of the CHI-
MERA multidetector [61], arranged in 8 rings in 2π az-
imuthal coverage around the beam axis, covered polar an-
gles between 7◦ deg and 20◦, measuring the emission of
light charged particles. In addition, thin (300μm) Silicon
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plane for charged particles detected with the three systems
μ-Ball, CHIMERA, and ToF-Wall with full azimuthal cov-
erage and neutrons detected with LAND. The acceptance of
KRATTA is similar to that of LAND (from ref. [128]).

detectors were placed in front of 32 (4 by ring) CsI de-
tectors to serve as ΔE detectors. They were used to aid
in the analysis of the observed pulse shapes of particles
stopped in or punching through the CsI(Tl) crystals. Par-
ticle identification with the CHIMERA elements has been
performed using pulse-shape analysis based on standard
fast-slow techniques. Isotopic identification is achieved for
p, d, t, and 3,4He ions stopped in the CsI detectors.

With beam intensities of about 105 particles per sec-
ond and targets of 1–2% interaction probability, about
5 · 106 events for each system were collected. Isotopically
enriched metallic 96Ru and oxide 96ZrO2 targets with iso-
topic purities of 96.5% and 91.4%, respecticely, were used.
Special runs were performed with and without target, in
order to measure the background from interaction of pro-
jectile ions with air, and with iron shadow bars covering
the angular acceptance of LAND in order to measure the
background of scattered neutrons. The analysis of the col-
lected data is currently still in progress and only prelim-
inary results illustrating the overall system performance
are reported here.

As a global result, the coverage of the various detec-
tion systems in the transverse velocity vs. rapidity plane is
shown in fig. 20 for the 197Au + 197Au system at 400MeV
per nucleon. In the case of the μ-ball, without the neces-
sary information on energy and particle identity, a uniform
kinetic-energy distribution from 0 to 100MeV has been
assumed. The populations of two intense regions around
mid-rapidity and around the projectile rapidity yp = 0.896
are clearly discerned. Corrections for acceptance or effi-
ciency have not been applied which, e.g., causes the dis-
continuity between the projectile sources as seen with
CHIMERA and with the ToF-Wall. With common de-
tection thresholds in atomic number Z, the discontinuity
disappears.

As an example of neutron flow, the azimuthal distri-
butions of neutrons around midrapidity (0.45 ≤ y/yp ≤
0.55), extracted form the first plane of LAND, with respect
to the reaction plane orientation given by CHIMERA
alone for 197Au + 197Au collisions at 400MeV per nucleon
are shown in fig. 21. The lines represent the results of
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Fig. 21. Azimuthal distributions of neutrons around midra-
pidity (0.45 ≤ y/yp ≤ 0.55), extracted form the first plane of
LAND, with respect to the reaction plane orientation given by
CHIMERA for 197Au + 197Au collisions at 400 MeV per nu-
cleon. The lines represent the results of measurements with-
out (top histogram, blue) and with (bottom histogram, dashed
red) the shadow bar inserted. Their subtraction yields the re-
sulting background-corrected distribution given by the dotted
green histogram. The full green line represents a fit according
to eq. (3) (from ref. [128]).

measurements without and with the shadow bar inserted.
The background intensity is considerable but lacks the
squeeze-out pattern seen in the full and in the background-
corrected distributions, the latter being obtained by sub-
traction. A fit according to eq. (3) and correction for the
attenuation due to the reaction plane dispersion leads to
a preliminary flow parameter v2 = −0.10 ± 0.01 for this
particular bin in rapidity, integrated over impact param-
eter and over the transverse-momentum range covered at
this rapidity bin (cf. fig. 15). It is of the expected mag-
nitude (fig. 16) but interpretations will have to wait for
additional progress of the analysis.

8 Towards model invariance

The parameter dependence of the model predictions for
the neutron-proton elliptic-flow difference (npEFD) and
ratio (npEFR) has recently been investigated in detail [58].
The effects of the selected microscopic nucleon-nucleon
cross-sections, of the compressibility of nuclear matter,
of the optical potential, and of the parameterization of
the symmetry energy were thoroughly studied. The pa-
rameterization of the symmetry energy derived from the
momentum-dependent Gogny force and a power law pa-
rameterization, as presented in sect. 5.2, were both used
in conjunction with the Tübingen QMD model and the re-
sults were compared with the experimental FOPI/LAND
data for 197Au + 197Au collisions at 400MeV per nucleon.
The acceptance cuts of the FOPI/LAND experiment were
applied. It was found that the global variation of the gen-
eral model parameters within commonly accepted limits
leads to finite uncertainties of typically one unit of the x
parameter describing the stiffness of the symmetry energy
in the MDI parameterization [7, 53,54].

The predictions for the npEFD and npEFR are dis-
played in figs. 22 and 23, respectively, as a function of the
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stiffness of the asy-EoS. The sensitivity to all model pa-
rameters studied in refs. [40, 58] and a comparison to the
latest impact parameter integrated FOPI/LAND data are
included. As in ref. [58], the central theoretical results were
obtained with a set of model parameters that best repro-
duce the experimental values for vn

2 and vp
2 but, in contrast

to there, the variations of K and L were not subject to
the constraint that the elliptic flow values stay within a
limit of 25% with respect to the experimental results. Ef-
fectively, this has only consequences for the sensitivity to
the compressibility modulus which has been varied within
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the range K = 190–300MeV, giving rise to departures of
v2 from the experimental values by as much as 40–50%.

The sensitivities due to the optical potential and sym-
metry energy parametrizations represent averages over the
three and, respectively, two scenarios that were employed
here as well as in ref. [58] for the two model ingredients.
The results shown in figs. 22 and 23 have been obtained
by adding in quadrature these two uncertainties. Conclu-
sions as, e.g., regarding the sensitivity/insensitivity of the
studied observables to the momentum dependence of the
symmetry energy (as was presented for an asy-soft sce-
nario in ref. [131]) cannot be directly deduced from these
figures. Each of the possible combinations of the param-
eterizations of the optical potential and of the symme-
try energy usually yields a different outcome in this re-
spect. Nevertheless, it can be concluded that the uncer-
tainties in the optical potential and the momentum de-
pendence/independence of the symmetry energy have an
important impact on elliptic flow observables like npEFD
and npEFR. A precise constraining of the high-density
symmetry energy dependence from elliptic flow data will,
therefore, require an accurate knowledge of the optical po-
tential and the resolution of the problem concerning the
momentum dependence/independence of asy-EoS.

The hatched bands shown in figs. 22 and 23 repre-
sent the experimental results obtained from the reanaly-
sis of the FOPI-LAND experiment. Their errors of mainly
statistical nature contribute an additional uncertainty,
comparable to the overall parameter dependence. Even
with more precise data, a considerable uncertainty re-
lated to the dependence on model parameters will still
remain. It is to be expected, however, that the model de-
pendence can be further reduced by explicitly studying
trends of the measured observables as a function of im-
pact parameter, transverse momentum, and rapidity. At
present, altogether, a moderately stiff, x = −1.35 ± 1.25,
symmetry energy was extracted from this study, a re-
sult that is slightly stiffer but compatible with that of
the similar study with the UrQMD transport model and
a momentum-independent power law parameterization of
the symmetry energy.

The uncertainty of x is of statistical nature as far as
it originates from the experimental errors but mainly sys-
tematic regarding the predictions. The widths of the theo-
retical error bands are the result of the different scenarios
that were considered acceptable. Imposing stricter con-
straints will result in narrower bands. The theoretical er-
rors, statistical as well as numerical, are about 0.040 for
npEFD and 0.035 for npEFR in absolute values, i.e. about
half of the widths of the bands. In the super-soft region,
the separation between the theoretical and experimental
central values is thus of the order of three sigma.

In fig. 24, the explicit constraints on the density de-
pendence of the symmetry energy obtained in this study
from the comparison of theoretical and experimental val-
ues of npEFD and npEFR are presented. For comparison,
the result of ref. [39] is added. The two studies employ in-
dependent flavors of the QMD transport model (Tübingen
QMD vs. UrQMD) and parameterizations of both, the
isoscalar and isovector EoS that differ: Gogny inspired

Fig. 24. Constraints on the density dependence of symme-
try energy obtained from comparing theoretical predictions
for npEFD and npEFR to FOPI-LAND experimental data.
The result of ref. [39] is also shown together with the Gogny
inspired parameterization of the symmetry energy for three
values of the stiffness parameter: x = −1 (stiff), x = 0 and
x = 1 (soft) (reprinted with permission from ref. [58]; Copy-
right (2013) by the American Physical Society).

vs. Hartnack-Aichelin parameterization [121] of the opti-
cal potential (that also differ in their energy dependence)
and Gogny-inspired (momentum dependent) vs. power law
parameterization (momentum independent) asy-EoS. The
constraints on the density dependence of the symmetry en-
ergy obtained with these different ingredients are in agree-
ment with each other which contrasts with the current sta-
tus of the effort to constrain the symmetry energy from
π−/π+ ratios. By combining the two estimates, a moder-
ately stiff to linear density dependence corresponding to a
parameterization x = −1.0 ± 1.0 is obtained. It indicates
a somewhat faster increase of the symmetry energy with
density than what is extracted from nuclear structure and
reactions for sub-saturation densities.

9 Conclusion and outlook

According to the predictions of transport models, the rel-
ative strengths of neutron and proton elliptic flows rep-
resent an observable sensitive to the symmetry energy at
densities near and above saturation. By forming ratios or
differences of neutron vs. proton or neutron vs. hydro-
gen flows, the influence of isoscalar-type parameters of the
model descriptions can be minimized.

The performed comparisons of the existing results of
the FOPI/LAND experiment for 197Au + 197Au reactions
at 400MeV per nucleon with UrQMD transport calcu-
lations favor a moderately soft to linear symmetry term
with a density dependence of the potential term pro-
portional to (ρ/ρ0)γ with γ = 0.9 ± 0.4, compatible
with predictions of ab initio calculations. A similar result
was obtained by studying the neutron-proton flow differ-
ences from the same experiment with the Tübingen QMD
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model. Combining the estimates of both studies leads to
the following constraint, obtained from averaging these
results. Expressed in terms of the MDI parameterization,
the stiffness of the symmetry energy as a function of den-
sity is given by x = −1.0 ± 1.0. It corresponds to a mod-
erately stiff to linear density dependence and excludes the
super-soft and, with a lesser degree of confidence, the soft
asy-EoS scenarios from the list of possibilities.

Collective flows have proven to be useful probes of nu-
clear matter properties at high density. However, the ex-
plicit proof that the elliptic-flow ratios are probing the
isovector component of the nuclear mean field at supra-
saturation densities is, so far, limited to test calculations
made with the UrQMD. They indicate that the strength of
the symmetry energy at densities both, below and above
saturation, are essential. It will be useful to study this in
more detail.

The statistical uncertainty of the existing FOPI/
LAND data is larger than the investigated systematic ef-
fects of model parameters and analysis techniques. A sig-
nificantly improved result can thus be expected from a new
experiment delivering a comprehensive data set with suffi-
ciently high statistical accuracy. Explicitly testing the pre-
dicted dependences on rapidity and transverse momentum
will provide useful constraints for the models. Additional
observables as, e.g., neutron-to-proton or 3H-to-3He yield
ratios may serve in resolving ambiguities caused by the
effective-mass splitting between neutrons and protons. It
will be interesting to see first results appearing from the
recently completed measurements of the ASY-EOS Col-
laboration at the GSI laboratory.

The parameter dependence of the predictions for the
differential observables flow ratio and flow difference by
transport models has been systematically studied with the
Tübingen QMD model [58]. It has been concluded that,
while the sensitivity to uncertainties in the model param-
eters is important, the two observables offer the opportu-
nity to extract information about the symmetry energy
above the saturation point. Furthermore, the results of
this study supplemented with those of Russotto et al. [39]
allow one to conclude that constraints for the symmetry
energy extracted from elliptic flow data are independent
of its parameterization, suggesting that an almost model-
independent extraction can be achieved in this case. This
contrasts with the case of π−/π+ ratios where the stiff-
nesses of asy-EoS extracted with different parameteriza-
tions or transport models can be extremely different.

New theoretical developments as well as new experi-
mental measurements of meson spectra, together with the
exploitation of existing data on meson directed and elliptic
flows [47], may prove of great importance for approaching
a resolution of the currently existing pion-ratio problem.
It will represent a crucial test of our proper understanding
of hadronic interactions and their in-medium counterparts
in the energy regime around and below 1GeV per nucleon.
Tighter constraints on the isovector part of the equation
of state from elliptic flow of nucleons and light clusters
appear to be desirable and attainable, motivating present
and future efforts in this direction, both experimentally
and theoretically.

Because of the quadratically rising importance of the
symmetry energy, the continuation of this program with
systems of larger asymmetry is very promising and impor-
tant. The lower luminosities to be expected from the use
of secondary beams and isotopically enriched targets will
have to be compensated with efficient detector setups. The
neutron detector NeuLAND proposed for experiments at
FAIR will offer a highly improved detection efficiency for
neutrons in the energy range 100 to 400MeV [132]. This
will be essential for extending the program also to reac-
tions at lower energies for which significant mean-field ef-
fects are predicted for directed and elliptic flows [55].

Stimulating and fruitful discussions with W. Reisdorf, H.H.
Wolter, and many colleagues within the ASY-EOS Collabora-
tion (ref. [60]) are gratefully acknowledged.
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