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Abstract
The current study presents the influence of relative motion between inner race and outer race in the presence of radial 
clearance. This relative motion alters the angular positions of any consecutive balls (balls) with respect to the bearing 
axis. Hence, the quasi-static analytical study shows the effects of alteration in angle of contact on the load distribution 
by balls. Based on the Hertz elastic contact theory the contact deformation between balls and races is determined. Fur-
ther, a geometrical model of ball bearing is developed to establish the relation among the distributed loads, ball contact 
deformation, external applied load and internal radial clearance. The results show an improvement in load distribution by 
balls by considering two different positions of balls within the races. The proposed model is also compared at different 
angular displacement of ball and justifies the effect of relative motion between bearing races.
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Nomenclature
d	� Bore diameter, mm
C	� Constant clearance, mm
dir	� Track diameter of inner ring, mm
dor	� Track diameter of outer ring, mm
db	� Ball diameter, mm
Fr	� External radial load, N
Fq	� Load shared by qth ball, N
K	� Contact stiffness, N/mm3/2

N	� Total no. of balls in a bearing
z	� Active no. of balls
β	� Angle between ball from fixed centre of outer race, 

degree
γq	� Angular shift of qth ball, degree
J(ε)	� Sjoväll’s integral
δinq	� Initial center shift of inner race w.r.t. outer race, 

mm
δq	� Contact deformation of any qth ball, mm
δr	� Total inner race center displacement, mm

Indexes
ir	� Inner race
or	� Outer race
q	� Index of balls (boundary case of support onto even 

number of balls q = 1, 2, 3, …, z; boundary case of 
support onto odd number of balls q = 0, 1, 2, 3, … , 
z)

1  Introduction

Ball bearings play a crucial role in the design and stability 
of various mechanical systems. The load distribution and 
stiffness characteristics of the ball bearings can determine 
performances of the mechanical systems [1–5]. Radial 
clearance in all type ball bearings is another major aspect 
for optimal design. Therefore, all ball bearings should have 
slightly negative clearance or zero bearing internal clear-
ance, which are major parameters for maximum bearing 
life and reliability. However, zero clearance or negative 
clearances allow the bearing to have high bearing contact 
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stress between races and balls [6, 7]. Further, it increases 
the bearing friction, which makes the bearing vulnerable 
with the increase in temperature. Therefore, initial bear-
ing clearances are generally chosen to overcome the 
problem. However, the design of ball bearings with ini-
tial radial clearance in both static and dynamic conditions 
has been progressing by leaps and bounds. Xiaoli et al. [6] 
developed a mathematical model based on Hertz elastic 
contact theory for determining the radial load distribution 
on ball and ball bearings with positive, negative and zero 
clearance. In this direction, Oswald et al. [7] have given 
the valuable contribution by showing the effect of positive 
and negative internal clearance on load distribution and 
fatigue life of radially loaded deep groove ball bearing. The 
life declines gradually with both increasing positive and 
negative clearance and maximum under small negative 
operating clearance. Further, in ball bearings, not all the 
balls are involved in load sharing but the ball below merid-
ian plane [8] which is called as load region. The quasi-static 
analysis for the radial load distribution is based on the 
hypothesis of rigid body displacement of inner ring [9] 
due to the presence of radial clearance.

Many researchers have focused on the study of the 
behavior of ball bearing under some operating clearance. 
And their research shows that the bearing clearance not 
only effect the operating condition but also the load dis-
tribution. Among them Stribeck [10] was the first who 
calculated load distribution by the balls/ball in ball and 
suggested that the Stribeck coefficient with zero radial 
clearance is 4.37 and under some operating clearance 
it is 5 with some approximation. Later research reveals 
that the approximated value do not gives the satisfactory 
results for bearing supporting light loads. After few years 
Sjoväll [11] developed the integral model for load distribu-
tion with internal radial clearance by assuming that large 
number of ball of infinitely small diameter are lying in the 
load region. The Sjoväll concept proved significant and 
further used by many researchers. Harris [12] was one of 
them who used the concept of Sjoväll and developed the 
mathematical model for load distribution with zero and 
nonzero internal radial clearance and a load distribution 
factor (ε). However, there are some errors in the solution 
of equilibrium equation. Since the model used by Har-
ris does not define the exact method to determine the 
active no. of balls, Tomović [13, 14] primarily has focused 
on determining the number of active balls that participate 
in external radial load transfer. While estimating load distri-
bution by balls in a roller bearing, many researchers have 
also done research using other types of roller bearings. 
Such as, Hernot et al. [15] calculated the stiffness matrix 
of angular contact ball bearings in which bearing element 
loads are evaluated using Sjoväll integration. Ricci [16, 17] 
established a rapid numerical model for the estimation of 

internal load distribution for single-row, angular-contact 
ball bearings. Wang and Yuan [18] developed a compu-
tational model to determine the contact force distribu-
tion by first introducing constant clearance in the bear-
ing. Furthermore, the static load carrying capacity of a 
double row four-point contact ball bearing subjected to 
combined radial, axial and overturning moment loadings 
is estimated. Tudose et al. [19] and Rusu et al. [20] analysis 
helps in finding the ball deflection that allows determin-
ing the number of active balls participate in the transfer of 
external radial load with radial clearance. They also show 
the influence of ball rotation angle on radial load transfer. 
Korolev et al. [21] discusses the mechanism of distribution 
of the external combined loads between balls. His math-
ematical model establishes the relationship between load 
on the balls, angle of contact and ratio of radial and axial 
external loads.

In all the above literature, analysis of static load distribu-
tion by ball/rollers in various operating/loading conditions 
is carried out. It is observed that researchers have been 
putting enormous efforts in optimizing the ball bearing 
design through estimation of internal load sharing by the 
balls of a bearing. However, in all those studies the effect 
of relative movement of bearing races on angle between 
consecutive balls are yet to be considered. This paper 
aims to show the effect of shift in angular positions of 
balls within the races due to the rigid body movement of 
inner race races on the distributed radial load by each ball. 
Therefore, a quasi-static analytical model for deep groove 
ball bearings with different radial clearances is proposed. 
The model comprises of two distinct orientations of balls. 
Finally, the model is used for SKF 6206 to illustrate the 
effects of angular shift on static load sharing.

2 � Geometrical analysis of load distribution

Assumptions

•	 The cages of the rolling bearing keep the ball evenly 
distributed around the circumference of bearing race 
and prevent direct contact between neighboring balls.

•	 The translation motion of inner and balls is considered 
only in radial direction while the outer race is rigidly 
fixed.

2.1 � Relative displacement of inner race center 
in relation to outer race center under no load 
condition

The constant radial clearance in ball bearings allows the 
rigid body motion of inner race in the direction of applied 
radial load relative to the outer race. This initial shift of 
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inner race brings the balls of the load region into contact 
through which load transfer takes place. However, a dis-
tinct initial shift can be observed with two different ori-
entations or boundary conditions of balls in a ball bear-
ing, which is shown in Fig. 1. These two orientations are 
presented as

•	 Case-I, where the first contacting ball is placed at an 
angle from the line of applied radial load (Fig. 1a). There 
always an even number of balls lie in the load region.

•	 Case-II, where the first contacting balls lies along the 
line of applied radial load (Fig. 1b). Hence, there always 
an odd numbers of balls lie in the load region.

In both the case shown in Fig. 1a, b, ‘A’ is the fixed 
center (center of outer race) and ‘A1’ is the center of 

shifted inner race. The distance AA1 is the initial shift of 
inner race. This initial shifts changes the angular posi-
tions of the balls with respect to the center of inner 
race through which applied radial load gets transferred 
through balls. The current section presents the evalua-
tion of this angular shift through geometrical modeling.

Case‑I  First contacting ball is positioned at a certain angle 
from the line of action of applied load.

In this case, the balls in the load region participate 
in load transfer in pairs from the very beginning of load 
distribution. In order to solve the initial radial shift as 
shown in extended geometrical view Fig. 1a, the initial 
radial shift of inner race center to have contact with 1st 
pair of ball can be estimated as

Fig. 1   Centre displacement of inner ring to bring first pair of ball into load region
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And corresponding angular shift, is given by

Similarly, initial radial shift and angular shift required to 
have contact with any zth pair of balls can be expressed as,

Case‑II  One ball is lying along the line of action of applied 
load in load region.

In this case, first, the 0th ball comes in contact with inner 
race. Then balls in the load region participate in the load 
transfer in pairs. Hence, the initial radial shift of inner race 
center required to have contact with 0th ball is equal to,

This is the initial shift of the inner race at no applied load. 
Thereafter, the intensity of external load increases and more 
pairs of ball enter the load region. Hence, to bring first pair 
of ball in the load region besides 0th ball, the center of inner 
race shifts as
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and the angular shift (γ1) can be calculated as shown in the 
extended geometrical view Fig. 1b

The values of this internal radial shift and angular shift 
change when more pairs of ball support the inner race. 
Therefore, a general mathematical formulation can be 
written to bring zth pair of ball in contact/load region

2.2 � Radial load distribution

The radial load distribution by balls lying in load region 
by developing the series of static equilibrium equation 
for ball deformation along bearing axis as Tomović [4, 5] 
is estimated. Moreover, unlike Tomović’s formulation, the 
mathematical expression is developed by considering the 
effect of relative movement of bearing races on ball sepa-
ration angle.

Based on static equilibrium condition, the expression 
for external radial force (Fr) can be expressed as a summa-
tion of distributed load on each qth ball in the load region:

–	 For support an even no. of ball from Fig. 2a

–	 For support an odd no. of ball from Fig. 2b

3 � Results and discussion

In this section, the radial distribution by balls in a ball 
bearing is calculated using quasi-static analytical 
method. The method considers the effect of relative dis-
placement of inner race to encounter the constant radial 
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clearance such that the balls in the load region could 
participate in the load transfer simultaneously. Through-
out the analysis, the outer ring is fixed in all directional 
movement, and the deformation is evaluated locally at 
the contact locations of the balls and races. A radial load 
of 9000 N is applied gradually.

3.1 � Influence of radial clearances on angular shift

Equations (1)–(13) are presented to estimate the initial 
radial shift and corresponding angular shift to bring zth 
pairs of ball. However, to understand the effect of such 
relative motion of inner race in the existence of internal 

Fig. 2   Boundary condition of load distribution and ball deflection for zth pair of ball in the load region
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radial clearance, single row deep groove radial ball bearing 
SKF 6206 with various possible clearances is considered for 
the analysis as mentioned Table 1.

The relative motion of inner race changes the relative 
angular positions of ball with respect to center of bear-
ing inner race. As per Eqs. (6) and (13), it can be seen 

that the change in angular positions i.e. angular shift 
depends on number of pairs of ball (z) participating in 
the load distribution and the angular position of any 
balls with respect to the line of applied radial load (β) at 
fixed center. Hence, Figs. 3 and 4 show the significance 
of various radial clearance values on angular shift with 

Table 1   SKF6206 radial ball 
bearing radial clearances 
adapted from ABMA [22]

All dimensions are in ‘mm’

Bore size Group 2 Group N Group 3 Group 4 Group 5

Min Max Min Max Min Max Min Max Min Max

30 0.001 0.011 0.005 0.020 0.013 0.028 0.023 0.041 0.030 0.053
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Fig. 3   Effect of internal radial clearance on angular shift. (a) Case-I and (b) Case-II
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respect to number of pairs of ball (z) and angular posi-
tion (β).

Figure 3 shows the variation of angular shift is higher 
for greater clearance and decreases sharply when the 
number of balls in a bearing increases. It also suggests 
that under small clearance and high number of balls the 
value of angular shift can be neglected. However, under 
higher clearance and small number of balls the effect is 
quite evident and hence cannot be ignored. Moreover, 
Fig. 4 suggest that the pair of balls lying in load region but 
positioned away from bearing axis having higher angular 
shift and this shift will decreases for the balls positioned 
closer and become zero for the ball placed along the bear-
ing axis.

3.2 � Radial load distributions

As per Eqs. (14) and (15), the radial load distribution by the 
ball in the load region is calculated. Considering a total 
number of nine balls in SKF6206, the load distribution by 
each pairs of ball is estimated. The bearing parameters are 
shown in Table 2.

For a total number of nine ball in the bearing, two pairs 
of ball support the entire radial load for Case-I whereas a 
total of five balls support the load for Case-II. Considering 

the sum of load shared by the balls is equal to the total 
applied radial load, the percentage of load shared by the 
ball in both Case-I and II is presented in Fig. 5. The results 
shown comprise the effect of angular shift of the balls due 
to the relative motion of inner race.

3.3 � A case study for the comparison of results 
of radial load distributions

In this section, the results of developed analytical expres-
sions (Eqs. 14 and 15) for the estimation of radial load dis-
tribution by balls are compared with established Tomović’s 
results. Tomović [14] represents the same static equilibrium 
model for estimation of radial load distribution without 
considering the effect of angular shift. Therefore, the load 
shared by 0th ball (for Case-II) is estimated based on the pro-
posed and Tomović’s formulation. For this, SKF 6206 with a 
total nine balls is employed under five group of clearance 
as mentioned in Table 1 to demonstrate the influence of 
angular shift (γz) in load shared by z balls. Figure 6 shows 
the comparison of the external radial load distributions on 
maximum loaded ball for odd number of ball supports the 
inner race obtained by Tomović model and the proposed 
model. An external radial load upto 9000 N is applied gradu-
ally for the comparison study. The comparison result shows 
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Fig. 4   Effect of angular shift on angle of rotation considering N = 9. (a) Case-I and (b) Case-II

Table 2   Ball bearing parameters considered for numerical examples

Ball bearing type Bearing stiffness (K) (N/mm3/2) Total no. of balls (N) Bore diameter (mm) db (mm) dir (mm) dor (mm)

6206 3.31 × 105 9 30 9.525 36.48 55.53
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that the variation in the load distribution is higher at higher 
clearance (lighter loads) and decreases with decreasing 
value of clearances (medium loads) and seize to zero at 
zero clearance (heavy loads). The result obtained by the 
proposed model is higher than the Tomović model this is 
due to the fact that Tomović has neglected the effect of rela-
tive movement on ball separation angle. Since the ball bear-
ings are high precision rotary machine elements therefore 
under high clearance the assumption made by Tomović is 
not satisfactory. Since proposed model has considered the 
angular shift which is neglected by Tomovic hence degree of 
participation of most loaded ball is higher for the proposed 

model than compared model under same external radial 
load. Therefore the proposed model can help in reducing 
the error for the calculation of bearing life since the effect 
of relative movement of bearing races on separation angle 
is taken into consideration.

4 � Conclusion

The study presents a quasi-static analytical model using 
static-equilibrium equations for the estimation of static 
radial load distribution by the balls of a ball bearing. The 

Fig. 5   Percentage of load distributions with respect to different angular positions of balls considering a total of nine ball in the bearing
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estimated load distribution embodies the effect of relative 
motion of inner race through geometrical analysis. The anal-
ysis in this paper is presented by considering two boundary 
positions of inner ring support (even and odd no. of balls). 
The initial radial shift and angular shift for zth pair of ball 
due to relative movement of the inner ring is calculated. 
The equations show that the value of this shift depends on 
the basic internal geometry of bearing, internal radial clear-
ances, ball separation angle, number of balls and relative 
movement between races. The developed analytical model 
is used to calculate the load distribution for a particular 
ball bearing under 9000 N load and a comparison study 
is made with Tomović model. It can be observed that the 
proposed model gives distinctly improved results for bear-
ing with high radial clearance. Further, the results show that 
for higher radial load and higher radial clearance, the pro-
posed model gives significant improvement in bearing life 
and load-carrying capacity of a particular bearing. However, 
the proposed model may not be very much useful for high 
axial load and less radial load applied to the bearing, which 
is very uncommon.
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Appendix 1

Calculation of ball bearing contact stiffness

According to Hamrock and Anderson [23] the contact stiff-
ness of radial ball bearing can be expressed by the relation:

Kir = �.�ir .E
l .

√
2�irRir

9�ir
3

where κ ellipticity parameter, ε is the elliptic integral of 
the second kind, R is the effective radius of curvature, ξ is 
the elliptic integral of the first kind and El is the effective 
elastic modulus.

The combined stiffness is given by

where index ‘ir’ and ‘or’ denotes inner and outer raceways 
(Table 3). 

The effective radii of curvature Rir and Ror, for the inner 
and outer ball bearing races are given by

and,

where f = race conformity (ratio of race groove radius to 
bearing ball diameter) and Dp = pitch diameter.

Hamrock and Anderson [23] provided approximate 
expressions for the ellipticity parameter and elliptic inte-
grals for a radially loaded ball bearing in terms of the 
radius ratios, αir and αor.

Now ellipticity parameter,

Elliptic integral of first kind,

Kor = �.�or .E
l .

√
2�orRor

9�or
3

K =
[(
1∕Kir

)1∕n
+
(
1∕Kor

)1∕n]−n

Rir =

[
2Dp

db
(
Dp − db

) +
2fir − 1

firdb

]−1

= 3.6647mm

Ror =

[
2Dp

db
(
Dp + db

) +
2for − 1

fordb

]−1

= 5.4935mm

�ir =
2firDp(

Dp − db
)(
2fir − 1

) = 32.7887

�or =
2forDp(

Dp + db
)(
2for − 1

) = 21.5402

�ir = �ir
2∕� = 9.2244

�or = �or
2∕� = 7.0595

Table 3   Bearing parameter for the calculation of bearing stiffness

Ball bearing 
type

Modulus of 
elasticity, E (N/
mm2)

Effective modu-
lus of elasticity, 
El (N/mm2)

Poisson’s ratio, 
υir = υor

Bore diameter 
(mm)

db (mm) dir (mm) rir (mm) dor (mm) ror (mm)

6206 212,000 232,970 0.3 30 9.525 36.48 4.953 55.53 4.953
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Elliptic integral of second kind,

Now, contact stiffness of radial ball bearing

At last the combined stiffness

Note:
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Appendix 2

Comparison of proposed model with Tudose et al. 
[19] and Rusu et al. [20] model at varies clearance 
value

Tudose et al. [19] in his model defines the position of qth 
ball with respect to the direction of applied radial load as

where θ = angular displacement of most loaded ball.
And the load on any qth ball as

Under static equilibrium position the sum of the radial 
components of these loads must be equal to the applied 
load Fr

The above equation can be solved for Δmax using 
numerical method.

The comparison study at different angular displace-
ment of first and ninth ball under external radial load for 
radial clearance is shown in Fig. 7. As shown in the figure 
as the value of clearance increases the difference between 
two curves increases which shows the effect of relative 
displacement of bearing races on load distribution. Hence 
the present model conclude that at any angular position 
under higher radial clearance the influence of mutual dis-
placement of bearing races on separation angle cannot 
be neglected.

�q = (q − 1)� + � (q = 1, 2, 3… … …N)

Fq = K
(
C

2

)1.5(
Δmax cos �q − 1

)1.5

Fr = K
(
C

2

)1.5 q=N∑
q=1

[(
Δmax cos �q − 1

)1.5
cos �q

]
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Fig. 7   Load on the first and ninth ball at different angular displacement of ball. (a) C = 0.01. (b) C = 0.03. (c) C = 0.05
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