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Abstract

Integral transforms have wide applications in the various disciplines of engineering and science to solve the problems of
heat transfer, springs, mixing problems, electrical networks, bending of beams, carbon dating problems, Newton’s second
law of motion, signal processing, exponential growth and decay problems. In this paper, authors discussed the duality
relations of Kamal transform with Laplace, Laplace-Carson, Aboodh, Sumudu, Elzaki, Mohand and Sawi transforms.
Tabular presentation of Laplace transform, Laplace-Carson transforms, Aboodh transform, Sumudu transform, Elzaki
transform, Mohand transform and Sawi transform of mostly used basic mathematical functions are given to visualize
the importance of duality relations of Kamal transform with Laplace, Laplace-Carson, Aboodh, Sumudu, Elzaki, Mohand
and Sawi transforms. To show the practical importance of the paper, a problem of the field of pharmacokinetics has been
taken and solved in full steps using Kamal transform with the help of mention duality relations. Results show that Kamal
transform and Laplace, Laplace-Carson, Aboodh, Sumudu, Elzaki, Mohand and Sawi transforms have a strong relationship.
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1 Introduction

Many process and phenomenon of science, engineer-
ing and real life can be expressed mathematically and
solved by using integral transforms. The problems arise in
the field of signal processing, statistics, thermal science,
medicine, fractional calculus, aerodynamics, civil engi-
neering, control theory, cardiology, quantum mechanics,
space science, marine science, biology, gravitation, nuclear
magnetic resonance, heat conduction, economics, tele-
communications, nuclear reactors, detection of diabetes,
chemistry, stress analysis, electricity, physics, potential the-
ory, mathematics, deflection of beams, vibration of plates,
defense, Brownian motion and many other fields can be

easily handle with the help of integral transforms by con-
verting them into mathematical form. In the advanced
time, researchers are interested in solving the advance
problems of research, science, space, engineering and real
life by introducing new integral transforms. Aggarwal and
Chaudhary [1] discussed Mohand and Laplace transforms
comparatively by solving system of differential equations
using both integral transforms.

Recently many scholars [2-6, 9] used different integral
transforms namely Mahgoub (Laplace-Carson) transform,
Aboodh transform, Sumudu transform, Elzaki transform,
Mohand transform and Kamal transform for evaluating
improper integrals which contains error function in the
integrand. Mahgoub [7] gave Sawi transform which is a
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new integral transform. Singh and Aggarwal [8] solved the
problems of growth and decay by using Sawi transform.
Singh and Kumar [10] solved three-dimensional partial
differential equations using Wavelet methods. Nazari
and Darvishi [11] gave a two dimensional Haar wavelets
method for solving system of PDEs. Ali and Baleanu [12]
used Haar wavelets for the solution of the problem of
unsteady gas flow in four-dimensional. Ali [13] gave the
truncation method for solving the time-fractional Ben-
jamin-Ono equation. Ali et al. [14] used HOBW method
for the solution of fractional Volterra-Fredholm integro-
differential equations under mixed boundary conditions.
Ramadan and Ali [15] gave the approximate solutions for
fuzzy Volterra integro-differential equations using HOBB
method. Application of Kamal transform for solving lin-
ear Volterra integral equations of first kind was given by
Aggarwal et al. [16]. Aggarwal et al. [17] used Mohand
transform and solved linear Volterra integral equations
of second kind. Solution of population growth and decay
problems was given by Aggarwal et al. [18] using Mohand
transform. Aggarwal et al. [19] gave a new application
of Mahgoub transform for finding the solution of linear
ordinary differential equations with variable coefficients.
Aggarwal and Sharma [20] discussed the application of
Kamal transform for solving Abel’s integral equation.
Watugula [21] defined a new integral transform “Sumudu
transform” and used it to solve differential equations and
control engineering problems.

The aim of this study is to establish duality relations
between Kamal transform and some useful integral trans-
forms namely Laplace transform, Laplace—Carson trans-
form, Aboodh transform, Sumudu transform, Elzaki trans-
form, Mohand transform and Sawi transform.

2 Laplace transform

The Laplace transform of the function Z(y),y > 0is given
by [1]

(s

Lz} = /Z(J/)e‘”dy = B(e). (1

0

~

3 Laplace-Carson transform

Laplace-Carson transform of the function Z(y),y > 0 is
given by [2]
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[c)

L.z} = €/Z(J/)e_eyd3/ =C(e), 0<k <e<k,
0

(2)

4 Aboodh transform

Aboodh transform of the function Z(y), y > Qis given by [3]

(o)

AlZ(p)} = g /Z(J/)e‘”dy =D(e), 0<k; <e<k.
0

3)

5 Sumudu transform

Sumudu transform of the function Z(y), y > 0 is given by
[4,21]

(s

5{Zin} = /Z(ey)e_yd}’ =Fe), 0<k<e<k. (4
0

6 Elzaki transform

Elzaki transform of the function Z(y),y > Qis given by [5]

E{Z(y)} = e/Z(y)e_Edy =Ge), 0<k <e<k, (5
0

7 Mohand transform

Mohand transform of the function Z(y),y > 0 is given by
[1,6]

M{Z(p)} = ¢ /Z(Y)e_”dy =H(e), 0<k <e<k

0

(6)

8 Sawi transform

Sawi transform of the function Z(y),y > 0Ois given by [7, 8]

o0

Sz} = S—Z/Z(y)e%dy =1(e), 0<k <e<k,

0

7)



SN Applied Sciences (2020) 2:135 | https://doi.org/10.1007/542452-019-1896-z

Research Article

9 Kamal transform

Kamal transform of the function Z(y), y > 0is given by [9]

o0

K{z(n} = /Z(Y)e%d}' =J(e) 0<k <e<k. (8
0

10 Dualities of Kamal transform with some
useful integral transforms

In this section, we define the dualities between Kamal
transform and some useful integral transforms namely
Laplace transform, Laplace-Carson transform, Aboodh
transform, Sumudu transform, Elzaki transform, Mohand
transform and Sawi transform.

10.1 Duality between Kamal and Laplace
transforms

If Kamal and Laplace transforms of Z(y) are J(¢) and B(e)
respectively then

J@)=B<é) 9)
and
Be)=J( ) (10)

Proof From (8),

(e

J(e) = / Z(y)e< dy

0
Now, using (1) in above Equation, we obtain

J@):B(%)

To drive (10), we use (1)

(s8]

B(e) = /Z(y)e_“'dy (11)

0

It is immediately concluded using (8) in (11),

B@):J(%)

10.2 Duality between Kamal and Laplace-Carson
transforms

If Kamal and Kamal transforms of Z(y) are J(¢) and C(e)
respectively then

J(e) = eC(%) (12)
and
C@)za(%> (13)

Proof Using (8) follows

Je) = / Z(y)e~ dy
0
® (14)
=>J()=¢€ %/Z(y)e_?ydy

0

Now, using (2) in above equation, we obtain
1
J(e) = eC(—).
€

To drive (13), we use (2)

(s

C(e) = e/Z(}/)e_eyd}/

0

Itisimmediately concluded using (8) in above equation,

Ce) = €J< )

1
€
10.3 Duality between Kamal and Aboodh

transforms

If Kamal and Aboodh transforms of Z(y) are J(¢) and D(¢)
respectively then

ra=o(1)
and
o= L1

Proof It is immediately concluded from (8)
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oo

Je) = / Z(y)e~ dy

0
o

= J(e) =£ € / Z(y)e< dy
0
Now, using (3) in above Equation, we have
Je) = lD<l>.
€

€

To drive (16), we use (3)

(s8]

D(e) = % / Z()e~"dy

0

Itis immediately concluded using (8) in above equation,
1 1
o= (L),
10.4 Duality between Kamal and Sumudu

transforms

If Kamal and Sumudu transforms of Z(y) are J(¢) and F(¢)
respectively then

J(e) = eF(e) (17)
and
Fle) = %J(e) (18)

Proof From (8), we have

o

J(e) = / Z(y)e< dy

0

Putg = u = dy = edu in above equation, we have

oo

J(e) =/Z(€u)e_”€du

0
oo

= J(e) = e/Z(eu)e‘”du

0
Now, using (4) in above equation, we have
J(e) = €F(e).

To drive (18), we use (4)
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o0

F(e) = /Z(ey)e_ydy

0

Putey =u=dy = d?“ in above equation, we have

F(e) = / Z(uye < %

0
©

= F(e) = %/Z(u)e_gdu

0

Itis immediately concluded using (8) in above equation,

F(e) = %J(e).

10.5 Duality between Kamal and Elzaki transforms

If Kamal and Elzaki transforms of Z(y) are J(¢) and G(e)
respectively then

Je) = %G(e) (19)
and
G(e) = el(e) (20)

Proof From (8), we have

o

Je) = / Z(y)e< dy

0

(o]

:J(e):% e/Z(y)e%dy

0

Now, using (5) in above equation, we have
J(e) = 1—G(e).
€

To drive (20), we use (5)

o

Gle) =€ / Z(y)e <dy

0
It is immediately concluded using (8) in above equation,

G(e) = eJ(e).



SN Applied Sciences (2020) 2:135 | https://doi.org/10.1007/542452-019-1896-z

Research Article

10.6 Duality between Kamal and Mohand
transforms

If Kamal and Mohand transforms of Z(y) are J(¢) and H(e)
respectively then

J(€)=ezH<é> 21)
and
H(e) = 621(%) (22)

Proof From (8), we have

o

Je) = / Z(y)e= dy

0

[s)

= J(e) = €? lz /Z(y)e_Tydy
€

0

Now, using (6) in above equation, we have
5 1
Je)=¢ H<—>.
€

To drive (22), we use (6)

[~

H(e) = ez/Z(y)e_eydy

0

Itisimmediately concluded using (8) in above equation,

H(e) = eZJ(%).

10.7 Duality between Kamal and Sawi transforms

If Kamal and Sawi transforms of Z(y) are J(¢) and I(¢)
respectively then

J(e) = €%l(e) (23)

and

It€) = % J(e) (24)

Proof Using (8) follows

(o9

Je) = / Z(y)e~ dy

0
0o

= J(e) = €2 l2 / Z(y)e= dy
€
0

Now, using (7) in above equation, we obtain
J(e) = €%l(e).

To drive (24), we use (7)

[s9)

Ie) = é / Z(e " dy

0

Now, using (8) in above equation, we obtain

I(e) = :—ZJ(e).

11 Applications of mention duality relations
for finding integral transforms (Laplace
transform, Laplace-Carson transform,
Aboodh transform, Sumudu transform,
Elzaki transform, Mohand transform
and Sawi transform) of useful basic
functions

We are giving tabular presentation of the integral trans-
forms of mostly used basic functions by using mention
dualities relations to visualize the usefulness of dualities
between Kamal transform and mention integral trans-
forms in the application field (Tables 1, 2, 3, 4, 5, 6, 7).
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Table 1 Laplace transform of useful basic functions with the help of
relation of duality between Kamal and Laplace transforms

Table 3 Aboodh transform of useful basic functions with the help
of relation of duality between Kamal and Aboodh transforms

S.no. Z(y) K{Z(r)} = J(e) L{Z(y)} = B(e) S.no. Z(y) K{Z(y)} = J(e) A{Z(y)} = D(e)
1. 1 € 1 1. 1 € 1
€ €2
2 y €2 1 2. y €2 1
€2 e3
3. 72 213 2 3. 72 213 2
e3 et
4 J/n, n!€n+1 n!1 4, y",n eN n!€n+1 n!2
neN e e
5. nn>-1 n+1 L(n+1)
5 "n> -1 I'(n+ 1) L+1) ’ fe e e
v e 6. e < 1
6. ear € 1 (1—ae) e(e—a)
) (1—an) (e-a) 7. sinay ae? %
7. sinay _ac m (1+a2e?) e(e?+a?)
1 .
(1+ee?) 8. cosay — 1
8. cosay — — (1+a%¢) (+a)
. (1+aze ) (e -;—a ) 9. sinhay ae? ﬁ
9. sinhay ﬁ e (—aze?) e(e
—ace
10 " . . 10. coshay m (611_02)
. coshay =) )

Table 2 Laplace-Carson transform of useful basic functions with
the help of relation of duality between Kamal and Laplace-Carson
transforms

S.no. Z(y) K{Z(r)} = J(e) L{Z(n} =C(e)
1 1 € 1
2 Y ez 1
2 3 2!
3. y 2le 3
4 7", nle™! n
neN .
5 y"on> -1 r'(n+1)e™! Lnt1)
6. e o <
(1—ae) (e—a)
sina ae? .
v (1+a2e?) (e+a)
€ 52
8. cosay Graa) @)
9. sinha ac? g
4 (—ae?) (e2-a)
€ 2
10. coshay =) (;_ 5
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Table 4 Sumudu transform of useful basic functions with the help
of relation of duality between Kamal and Sumudu transforms

S.no. Z(y) K{z(n} =Je) S{Zn} =Fe)
1. 1 € 1
2. y €2 €
3. 72 213 21e?
4, y""\neN nlent! nle”
5. y",n>—1 I'(n+ 1)e™! I'(n+ 1)e"
6. e € 1
(1-ae) (1—ae)
. 2 ae
" ar T e
€ 1
8. cosay D) e
. 2 ae
9. sinhay < _a:zez) =)
€ 1
10. coshay ) =)

Table 5 Elzaki transform of useful basic functions with the help of
relation of duality between Kamal and Elzaki transforms

S.no. Z(y) K{z(r)} =Je) E{z(r)} = G(e)
1. 1 € €2
2. y €2 el
3. 72 2163 2t
4. },n'n c N n!€n+1 n!€n+2
5. y",n> -1 I'(n+ 1)e™! I'(n+ 1)e+?
6. e £ e
(1—ae) (1—ae)
7. sinay _ae? _ae
(1+a%€2) (1+a2€2)
€ 2
> cosar (o) o)
9. sinhay _ae _ae
(1—a2€2) (1—026‘2)
€ 2
10. coshay ) G _;262)
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Table 6 Mohand transform of useful basic functions with the help
of relation of duality between Kamal and Mohand transforms

S.no. Z(y) K{z(r)} =Je) M{Z(y)} = H(e)
1. 1 € €
2. y €? 1
3. 72 2163 2
4. J/n,n eN n!€n+1 Sn!
en-1
5. y,n> -1 r'(n+1)e™! r<”_j‘)
6. e = e
(1-ae) —a
7. sinay _ae ae?
(1+azez) (52+az)
€ 3
8. cosay (1+a2¢?) (eziaz)
9. sinhay ae? ae?
(1-a2e?) (e2-a?)
€ 53
10. coshay ) o

Table 7 Sawi transform of useful basic functions with the help of
relation of duality between Kamal and Sawi transforms

S.n. Z(r) K{Z(r)} = J(e) S{Z()} = le)
1. 1 € 1
€
2. Y €2 1
3. 72 213 2le
4, yY"neN nlemt nle"!
5. yhon> -1 I'(n+ e I'(n+ e’
6. ew < 1
(1-ae) e(1—-ae)
H 2 a
" nar ) e
cosay — £ 1
(1+a2e?) e(1+a%e?)
H 2 a
9. sinhay (1_05262) =)
10. cosha — 1
14 (1-a%e?) e(1—a2e?)

12 Kamal transforms of the derivatives
using Kamal-Laplace duality relation

In this section, Kamal transforms of the deriva-
tives of the function Z(y) are given with the help of
Kamal-Laplace duality relation.

Laplace transforms of the derivatives of the function
Z(y) are given by [1]

L{Z'(n} = el{Z(n)} = Z(0) (25)

L{Z"(n} = EL{Z(n)) - €Z(0) - Z'(0) (26)

L{Z™ ()} = €"L{Z ()} — €' Z(0) - €"?Z (0)
— e = eZMD(0) — Z=D(0) (27)

Using (9) (Kamal-Laplace duality relation) on (25), (26)
and (27), we have

K{Z/() = gK{zm} — 2(0) (28)
K{Z'(p)} = éK{zm} - %zw) ~7'(0) 29)
ML — & _ 1 __1
K{Z"(0) = LK1Z0) - 5520 - 257 ©
V02 gy _ 700D
eZ ©)-2 © (30)

13 Solution of the problem
of pharmacokinetics with the help
of mention duality relations

For physical explanation of the present scheme, we con-
sider a problem from the field of pharmacokinetics for
finding the concentration of drug at any given time in
the blood during continuous intravenous injection of
drug and find its solution in this section with the help
of discussed duality relations between Kamal transform
and other integral transforms. Mathematically, this prob-
lem can be expressed in terms of first order linear dif-
ferential equation with initial condition as

ac( s

T+(IC(t)=W,t>O (31)
with
C(0)=0 (32)

Here C(t): drug concentration in the blood at any time t a:
constant velocity of elimination g: the rate of infusion (in
mg/min) Vol: volume in which drug is distributed.

Kamal transform of both sides of (31) gives

dc(t) _ B
K{T}wmcm} = Tkl 33)
Applying (28) on (33), we get
lK{C(t)} —C0) +aK{C(t)} = ie (34)
€ Vol
The use of (32) in (34) gives
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2
kicon = (155 ) 65)

Applying inverse Kamal transform on (35), we have
2
cty=L k1] ¢ =if<—1{l(6- <))
Vol 1+ Vol a 1+ ae

[K (=K e
[1-

—at]

= C(t) =

P
aVol
= C(t) = %

(36)

which is the required concentration of drug at any given
time in the blood during continuous intravenous injection
of drug.

14 Conclusions

In the present paper, duality relations between Kamal
transform and some useful integral transforms namely
Laplace transform, Laplace-Carson transform, Aboodh
transform, Sumudu transform, Elzaki transform, Mohand
transform and Sawi transform are established successfully.
Tabular presentation of the integral transforms (Laplace
transform, Laplace—Carson transform, Aboodh transform,
Sumudu transform, Elzaki transform, Mohand transform
and Sawi transform) of mostly used basic functions are
given with the help of mention dualities relations to visu-
alize the importance of dualities between Kamal transform
and mention integral transforms. For physical explanation
of the paper, a problem from the field of pharmacokinet-
ics is taken and solved in full steps using Kamal transform
with the help of mention duality relations. Results show
that the Kamal transform and mention integral transforms
in this paper are strongly related to each others. In future
using these duality relations, we can easily solved many
advanced problems of modern era such as motion of cou-
pled harmonic oscillators, drug distribution in the body,
arms race models, Brownian motion and the common
health problem such as detection of diabetes.
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