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Abstract

Water diffusing into silica glass surfaces reacts with the SiO, structure under hydroxyl generation. This reaction must cause
a volume expansion that is already reported in literature. As a consequence of volume swelling and restriction of free
expansion by the bulk material, swelling stresses are caused. Since the diffusivity is a function of stress, the consequence
is a diffusivity that depends on the local water concentration. Then the solution of the diffusion equation is complicated
and makes numerical computations necessary. Disadvantage of numerical computations is the fact that the used extend
of the depth range must be finite and, consequently, the semi-infinite body can only be approximated. In the following
considerations we will discuss analytical diffusion solutions for constant diffusivity as well as under swelling conditions.
Based on this, exact and semi-analytical solutions for diffusion problems in the half-space are given. Further, the effect of
swelling affected diffusivity on resulting concentration profiles is shown. We used an analytical solution of the diffusion
problem that is known from literature by Gardner and Singh, where the concentration-dependent diffusivity had to be
approximated by an exponential function. In case of swelling stresses in silica the diffusivity is given by an exponential
function, so that the obtained solution is exact. Due to the compressive swelling stresses, steeper diffusion profiles appear
compared to the stress-free state. In the discussion section it will be shown that the water-affected diffusivity correctly
predicts the astonishing time-dependency of effective diffusivities observed in literature on silica.
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1 Introduction where G is the concentration of molecular water reached
atz=0fort— co.

The partial diffusion differential equation for the uniaxial Following the suggestion by Doremus ([1], Section 4.7),

caseis the phenomenological parameter h in (2) may be inter-
e a ac preted as a reaction parameter for a slow surface reaction
Frialie [D(C)a—] (1)  thatlimits the entrance of molecular water species.

V4 V4

On the other hand, a simpler phenomenological

Here C is the water concentration, t the time, z the
depth coordinate, and D the diffusivity that may depend
on the water concentration.

For water vapour as the environment, the surface con-
dition is
dc

h
E=5(C—Co) atz=0, (2)

description is possible by assuming that a barrier exists to
the transport of water across the surface of the glass. The
barrier gives rise to a mass transfer coefficient for diffusion,
which slows the passage of water into the glass [1]. Each
of the assumptions yields the same set of mathematical
equations.

The Egs. (1) and (2) can be solved numerically as was
done in [2]. Disadvantage of numerical computations
is the fact that the used extend of the z-range must be
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finite and, consequently, the semi-infinite body can only
be approximated. In the following considerations we will
give exact and approximate solutions of the diffusion dif-
ferential Eq. (1) for the half-space.

The problems mentioned here can be solved by “clas-
sical”approaches. For much more complicated problems,
more specific methods are needed. For example, diffusion
is treated in disordered materials by Giona and Roman in
[3]. In this reference a solution is analytically obtained
for diffusion on fractals proposed for materials showing
anomalous transport behavior.

The reason for the concentration-dependent diffusivity
used here is the hydroxyl generation at the silica surface
exposed to humid environments. Water penetrated into
silica reacts with the silica network according to [4]
=Si—0-Si= + H,0 « =SiOH + HOSi=
with the concentration of the hydroxyl S=[=SiOH] and
that of the molecular water C=[H,Q].

A swelling effect in water-containing silica at high tem-
peratures was early reported by Briickner [5, 6], Shackel-
ford [7] and Shelby [8]. These authors showed that the den-

sity decreases by the silica/water-reaction. This decrease is
equivalent to a volume expansion €,=0.97 S [2], i.e. g, C.

2 Analytical solution of the diffusion
equation for constant diffusivity

First, let us consider the case of constant diffusivity, D=D,,.
As shown by Carslaw and Jaeger ([9], Section 2.7), the con-
centration profile, C(z) resulting from the boundary condi-
tion for a semi-infinite body is given by

C¢ 1) ¢

—erfcl S| - ¢
c, _erfc[z] exp[cj\/;+r]erfc 2+ T

3)

At the surface, z=0:

C(0, 7)/C, = 1 — exp[rlerfc[y/7], @)
with the normalized dimensionless time T and normalized
depth coordinate (, defined by

Moo 2
Dy Dyt
For the ratio C({,1)/C(0,1)

C¢r) erfc[%] —expl{y/7 + r]erfc[g + \/§]
C(0,7) 1—explrlerfc[4/7]

(6)

two limit cases are of special interest. At very short times,
T— 0, we obtain by a series expansion with respecttot
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0 2] V= ¢

e 2| — L—¢erf 7

C0,0 P || T et )
At very long times T — oo, only the first term on the

right-hand side of Eq. (3) remains finite. Consequently,

we obtain the well-known solution for constant surface

concentration:

€€ ) _ erfc [@’]

(8)

C(0,00) 2

These limit cases are plotted in Fig. 1a. The
depths at which these limit distributions decrease to
C(C)/Cc(0r)=1/2 are

{12 = 0.6995 for 70

¢/, = 09538 for

T—> 0

The areas under the curves define the water uptake in
normalized time and depth units

oo

mc(r)z/C(C,r) d¢ =C(0,7) X

0

for =0

for 7 - o0

BENE

(10)

For etching tests it is of advantage to know the amount

of water Am., when a layer of thickness 6 has been
removed from the surface. In this case it holds

1)

Amc(6,7) = —/C(C,T) a¢ =

0

_ \/L;(s exp[-j-1 8] + erf[%&] - %52 erfc[%&] fort =0
= _mc(f)

(1 - expl-152]) + L5 erfe[ L] for t — oo

(1
The results from (11) are shown in Fig. 1b. For the thick-

ness removal d in normal thickness unit we have to replace
& by d/\(Dyd).

3 Solutions under swelling conditions
3.1 Stress enhanced diffusion

The diffusivity as a function of stress is commonly
expressed by the hydrostatic stress component, o,. The
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Fig. 1 a Concentration profiles (a)

for limit cases derived from the 1
analytical solution of diffusion, \
Egs. (7, 8) with constant dif- C/C(0)
fusivity, D=D,. b Water uptake M.
according to Eq. (11). The 0.8
negative sign at Am¢ stands I
for the decrease of the water

content
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diffusivity for the case of stress-enhanced diffusion is given
by the following equation [10]

AV,
D = D, exp [ —W] (12)

where D, denotes the value of the diffusivity in the
absence of a stress. Tis the absolute temperature in K; AV,
is the activation volume for stress-enhanced diffusion and
Ris the universal gas constant.
The hydrostatic stress term caused by swelling stresses is
2kE

th_ kC,
91 —v)

xk = 0.97, (13)

where E is Young’s modulus, v Poisson’s ratio, and k is the
equilibrium constant of the silica/water reaction given for
temperatures < 500 °C by k=5/C (C=molecular water con-
centration, S=hydroxyl concentration).

According to Eq. (13) the swelling stress depends linearly
on the water concentration, o, & C. The saturation value of
Op,sw for C=Cj is in the following considerations denoted
as oy, ,. In order to allow short expressions, the exponential
term in Eq. (12) may be abbreviated by

AV, _ AV, C _
?h"RT T °hORT €,

3.2 Solution based on a perturbation set-up
by Singh

By use of the Boltzmann substitution

¢
=2 5=
w: VDo (15)

an ordinary differential equation results from Eq. (1)
dc d |,dC d | DdC
20— + D—=|=0=>{({—+2— =
di d/l[ d/l] CdC dC[DO dcj]
Gardner [11] and later Singh [12] showed that this equa-
tion can be solved if the diffusion coefficient fulfills an expo-
nential relation

D = exp(aC + ) (17)
with constant coefficients a and B. This result is used in
bottom mechanics [13] where the diffusivity depends on
the water concentration, too.

The solution based on a perturbation ansatz reads

\/_

D=c erf + (18)

For the swelling problem the condition (17) is fulfilled
since

D =D, exp(AV,0,/RT) = Dy exp(aC), (19)
AV o
=InD,, aC= —2" 2
B=InDy, a RT (20)

Combining Egs. (18) and (19) yields

\/_

erf + ¢, = Dy exp(aC) (21)

and from this the water concentration results as a function
of depth zand time t

\/7/D
C:lln<c1 ”2/ °erf%+c—2>

a D, (22)
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For z— o it must hold C— 0, D— D,,. This condition gives
with erfleo] =1

a— D—0=1 > =Dyj—¢ (23)
Replacing ¢, in Eq. (22) results in the solution
\/7/D \7/D
C:l|n<c1 2/ 0erf%+1—c1 2/ °> (24)
o

or with the complementary error function
erfc(x) =1—erf(x):

\/7/D
c=1in (1 -q ﬁz/ 0erfcg) (25)
[0

3.2.1 Increasing surface concentration (mass-transfer
condition)

A solution for the surface conditions by Eq. (2) cannot
result from Singh’s procedure. This can even be seen from
the application of the Boltzmann substitution. In terms
of the normalized time and depth coordinate by (5), the
substitution A in Eq. (15) is only dependent on the depth
coordinate { and not the time 1. Consequently the applica-
bility to time-dependent diffusion effects given by Eq. (2)
is strongly restricted. Nevertheless, this solution is appro-
priate for treating the limit case T— o, i.e. for the condition
of fixed surface concentrations.

3.2.2 Constant surface concentration

For very long diffusion times, the surface water con-
centration, C(0), tends asymptotically to the saturation
value C. In order to compute the limit case for t — co.
Specimen soaked in water vapour for very long times are
assumed to show constant surface water concentration
C(z=0) =C,. In this case we obtain from (25)

()

Co=—1
0 n > (26)

[0

the constant ¢, as

¢; = 24/Dy/7(1 — explaCy)) (27)

The result for the concentration is then

C_ 1 <1 — (1 — explaCy)) erfc [%]) (28)

G aCy

Water profiles computed via Eq. (28) are shown in
Fig. 2a for different parameters aC,. Figure 2b shows
a comparison of the analytical solution Eq. (28) as the
black curve and the numerical results according to [2]
as the red curve, both for aC,=—3.The small differences
may be the consequence of the finite depth interval of
5x8,,, (i.e. the concentration boundary condition at this
location prescribed by C({=5x§,,,) =0) that had to be
used in the numerical program NDSolve by Mathematica
[14].

The depth (,,, at which the distributions of Fig. 2a
decreases to C(Q)/Cy=1/2is

Fig.2 a Effect of swelling on (b)

the water profiles, b compari- 15

son of Eq. (28) with numerical

solution from [2], given by the C/C(0)

black and red curve, respec-

tively 0.8
0.6
0.4
0.2
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Table 1 Data of water profiles and water uptake obtained for satu-
ration conditions, T— e

aCy C12=212/VDgT mc(1)/C(0) 812=d,,/VDoT
0 0.9538 2 0.6994
-1 0.6963 0.9115 0.6036
-2 0.4861 0.7319 0.5323
-3 0.3262 0.5904 0.4846
-4 0.2121 0.4823 0.4558
-Amc
C@O,7) ¢t aCo=0
1k
-1
08r
i -2
06F -3
[ 4
04r
0.2r
1 1 I 1
1 2 3 4
)

Fig.3 Change of water uptake with normalized surface removal
depth & as a function of swelling parameter aC, normalized on the
uptake for aC,=0

_ 1
&rp=2erf! oo, ———— 29
/2 1+ exp[%aCo] (29)

Numerical values are compiled in the second column
of Table 1.

Finally, we determined water uptake by integrating
the swelling profiles of Fig. 2a numerically with the result

o

me(r) = / C¢,r)d¢ (30)

0

with results given in the third column of Table 1 for T — eo.

The value for aCy=0is 2/+/m= 1.128 as given by Eq. (10).
The decrease of the water by surface removal d is

shown in Fig. 3 in terms of the normalized quantity 6

d

VDot 3

§=

The depths at wich half of the water content is
removed, §,,,, is given in the fourth column of Table 1
for a few values of aC,.

4 Discussion

Results of computations are shown in Fig. 4a, b. The bold
curve in Fig. 4a a is the limit case for saturation condi-
tions for T1— oo, given by Eq. (25) and the thin curves
represent the numerical solution of Egs. (1) and (2). The
widths of the profiles allow an effective diffusivity to be
determined according to Davis and Tomozawa [15]

C=¢, erfc<;> (32)
24/Degr t

In [15] the effective diffusivity, D.g is determined from
the width at C/C,=1/2 interpreting it as the diffusion
lengths 1/D ¢ t. This effective diffusivity D is usually
determined in investigations on water diffusion in silica
[15-18].

Measurements of effective diffusivities by Oehler and
Tomozawa [16] at 250 °C and 39 bar water vapour pres-
sure are introduced by circles, see Fig. 4c. The curve is
introduced as a guideline for the eyes. A clear decrease
with time is evident. This effect was discussed in [2] in
terms of swelling stresses.

5 Summary

Water present at silica surfaces reacts with the silica net-
work under generation of hydroxyl that causes a volume
expansion of the thin water-affected zone. Since free
expansion is restricted by the bulk material, compres-
sive swelling stresses result which yield in a reduced
diffusivity. Stress affected diffusion was considered and
resulting saturation profiles were derived by the analyti-
cal procedure of Gardner [11] and Singh [12]. The cal-
culations show that the compressive swelling stresses
result in steeper profiles caused by a decreased diffusiv-
ity compared to stress-free state. In order to show the
occurrence of reduced diffusivity, we compared the pre-
dicted water profiles with measurements by Ohler and
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Fig. 4 a Diffusion profiles as a (a) (b)
function of time without and
with consideration of swelling 1
stress effect on diffusivity (thin C/C(Of} ]
curves computed numerically, GhoAVw
bold curves: analytical solu- Def/Do rRT 0
tions), b effective diffusivity 08 //
D¢ vs. normalized time T, ¢ 0.5 1
effective diffusivities measured | —
by Oehler and Tomozawa [16] 0.6
at 250 °C and 39 bar water ’ 0.3
vapour pressure
0.4
0.2
0 03 n 1 n 1 n 1 n 1 n 1
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