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1 Introduction
The Dedekind zeta functions of imaginary quadratic fields are specialisations of real ana-
lytic Eisenstein series. For example, for the Gaussian field K = Q(i) and Re(s) > 1,

1 1 1 ¢(s) ..
(s) o= i Y, 1.1
S0 (s) Z‘ N = > E oy = g B9 (L1)
a<Zl[i] (m,n)eZ?
a0 (m,1n)#(0,0)

where E(7, 5) is the real analytic Eisenstein series given for Im(z) > 0 and Re(s) > 1 by

1 Im(7)*
Erg=) y M@ (12)
2 2s
(m,n)e7? e + nl
ged(m,n)=1

Placing the discrete set of Dedekind zeta functions into the continuous family of real
analytic Eisenstein series allows us to prove many interesting properties of Dedekind zeta
functions—for instance, the first Kronecker limit formula is seen to relate ;(0) to the
value of the Dedekind eta function 5(z) at a CM point.

In this paper, we find a new continuous family of functions, called indefinite zeta func-
tions, in which ray class zeta functions of real quadratic fields sit as a discrete subset.
Moreover, we construct indefinite zeta functions attached to quadratic forms of signature
(g —1,1). In the case g = 2, norm forms of quadratic number fields give the specialisation
of indefinite zeta functions to ray class zeta functions of real quadratic fields.
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Indefinite zeta functions have analytic continuation with a functional equation about the
lines = %. This is in contrast to many zeta functions defined by a sum over a cone—such
as multiple zeta functions and Shintani zeta functions—which have analytic continuation
but no functional equation. Shintani zeta functions are used to give decompositions of
ray class zeta functions attached to totally real number fields, which are then used to
evaluate those ray class zeta functions (and the closely related Hecke L-functions) at
non-positive integers [21] (see also Neukirch’s treatment in [17], Chapter VII §9). Our
specialisation of indefinite zeta functions to ray class zeta functions of real quadratic fields
is an alternative to Shintani decomposition that gives a different interpolation between
zeta functions attached to real quadratic number fields. Indefinite zeta functions also differ
from archetypical zeta functions in that they are not (generally) expressed as Dirichlet
series.

Indefinite zeta functions are Mellin transforms of indefinite theta functions. Indefinite
theta functions were first described by Marie-France Vignéras, who constructed modular
indefinite theta series with terms weighted by a weight function satisfying a particular
differential equation [22,23]. Sander Zwegers rediscovered indefinite theta functions and
used them to construct harmonic weak Maass forms whose holomorphic parts are essen-
tially the mock theta functions of Ramanujan [27]. Zwegers’s work triggered an explosion
of interest in mock modular forms, with applications to partition identities [4], quantum
modular forms and false theta functions [8], period integrals of the j-invariant [6], spo-
radic groups [7], and quantum black holes [5]. Readers looking for additional exposition
on these topics may also be interested in the book [3] (especially section 8.2) and lecture
notes [20,26].

The indefinite theta functions in this paper are a generalisation of those introduced by
Zwegers to the Siegel modular setting. Our generalised indefinite zeta functions satisfy a
modular transformation law with respect to the Siegel modular group Sp,,(Z).

1.1 Main theorems
Given a positive definite quadratic form Q(x1, ... xg) with real coefficients, it is possible
to associate a “definite zeta function” {g(s), sometimes called the Epstein zeta function:

zols) = > 1 (1.3)

r
(”1,-..,ng)ez,g\{0} Q(nl; vees ng)

However, if Q is instead an indefinite quadratic form, the series in Eq. (1.3) does not
converge. One way to fix this issue it to restrict the sum to a closed subcone C of the
double cone of positivity {v € R¢ : Q(v) > 0}. This gives rise to a partial indefinite zeta
function
£5(s) = > ﬁ (1.4)
(n1,....ng)eCNZE bees Vlg)
However, unlike the Epstein zeta function, this partial zeta function does not satisfy a
functional equation.
Our family of completed indefinite zeta functions do satisfy a functional equation,
although they are not (generally) Dirichlet series. The completed indefinite zeta func-

tion £ (%, ) is defined in terms of the following parameters:
« a complex symmetric (not necessarily Hermitian) matrix Q = QT = iM + N, with

M = Im(£2) having signature (g — 1, 1);
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+ “characteristics” p, g € RS;
+ “cone parameters” ¢j, ¢y € C$ satisfying the inequalities c_jTMcj < 0;
» acomplex variable s € C.

Due to invariance properties, /;;,Cf,fz (€2, s) remains well defined with several of the param-

eters taken to be in quotient spaces:

« the characteristics on a torus, p, g € RS /Z5;
« the cone parameters in complex projective space, c1, c; € P$~1(C).

The functional equation for the completed indefinite zeta function is given by the following
theorem.

Theorem 1.1 (Analytic continuation and functional equation) The function ?;11362 (%2, 9)
may be analytically continued to an entire function on C. It satisfies the functional equation

e g e(qu) Qcy,Qc -
G237 G ) 15)

In the case of real cone parameters, the completed indefinite zeta function has a series
expansion that may be viewed as an analogue of the Dirichlet series expansion of a definite
zeta function. It decomposes (up to I'-factors) as a sum of an incomplete indefinite zeta
Sunction {55 (S, s), which is a Dirichlet series, and correction terms E;fq (€2, s) that depend
only on the cone parameters c; and ¢y separately.

Theorem 1.2 (Series decomposition) For real cone parameterscy, c; € RS, andRe(s) > 1,
the completed indefinite zeta function may be written as

~ 1
é,15’1;2(52, s) = n—sr(s);&czm’ 5) — 71_(5+%)F <S + 5) (g;}zq(gz} s) — g):;lq(Q) s)), (1.6)

where M = Im(S2),

1
(@) =5 Y. (senle Mn) — sgn(e] Mm)) e (pTn) Quial) ™ (L7)
neZ8+q

and

T 2\ ~$
g;q(Q, s) = % Z sgn(cTMn)e (an) <w>

veZ8+q Qu(e)
1 2Qu(c)Q-iq(n)
-oF1 (s - L, ——. 1.8
21<SS+25+ (T M) (1.8)
Here, for any complex symmetric matrix A, Qa(v) = v Av denotes the associated

quadratic form; also, oF) denotes a hypergeometric function (see Eq. (6.1)). The sum-
mand in Eq. (1.7) should always be interpreted as 0 when sgn(cirMn) = sgn(c;— Mn);
whenever it is nonzero, Re(Q_;q(n)) > 0, and the complex power is interpreted as
Q_iq(n)™* = exp (—slog (Q_ia(n))) where log is the principal branch of the logarithm
with a branch cut along the negative real axis.
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The series defining the incomplete indefinite zeta function {Iilq’cz(Q, s) is a variant of the
partial indefinite zeta function 1.4, which may be seen by writing it as

* *
GreQs) = Y. e (an) Quam™— > e (an> Q_ia(n)™,
neCtN(Z8+q) neC—N(Z8+q)
(1.9)

where CT = {v e RS : sgn(c;'—Mv) <0< sgn(cIMv)} andC™ ={reRS: sgn(ci'—Mv) <
0 =< sgn(02T Myv)} are subcones of the two components of the double cone of positivity of
Qu(v), and the notation >_* means that points on the boundary of the cone are weighted
by %, except for n = 0, which is excluded.

The indefinite zeta function is defined as a Mellin transform of an indefinite theta
function (literally, an indefinite theta null with real characteristics, see Definition 5.1 and
the definitions in Sect. 3). Indefinite theta functions were introduced by Sander Zwegers
in his PhD thesis [27]. The indefinite theta functions introduced in this paper generalise
Zwegers’s work to the Siegel modular setting.

Our definition of indefinite zeta functions is in part motivated by an application to
the computation of Stark units over real quadratic fields, which will be covered more
thoroughly in a companion paper [13]. In special cases, an important symmetry, which
we call P-stability, causes the £! and £ terms in Eq. (1.6) to cancel, leaving a Dirichlet
series 4“;,1{2 (€2, 5). In the 2-dimensional case (g = 2), this Dirichlet series is a difference of
two ray class zeta functions of an order in a real quadratic field.

Theorem 1.3 (Specialisation to aray class zeta function) Let K be a real quadratic number

field, and let Cl, 0, denote the ray class group of Ox modulo c0o100; (see Eq. (7.1)). For
each class A € Clcoo, o0, and integral ideal b € A7, there exists a real symmetric matrix
M of signature (1, 1), along with c1, ca, q € C?, such that

(27N (0)) T (5)Za(s) = i (iM, 5). (1.10)

Here, Z4(s) is the differenced ray class zeta function associated with A (see Definition 7.2).

This paper is organised as follows. In Sect. 2, we review the theory of Riemann theta
functions, which we extend to the indefinite case in Sect. 3, generalising Chapter 2 of
Zwegers’s PhD thesis [27]. In Sects. 4 and 5, we define definite and indefinite zeta functions,
respectively, and prove their analytic continuations and functional equations; in particular,
we prove Theorem 1.1. In Sect. 6, we prove a general series expansion for indefinite zeta
functions, which is Theorem 1.2. In Sect. 7, we prove that indefinite zeta functions restrict
to differences of ray class zeta functions of real quadratic fields, which is Theorem 1.3, and
we work through an example computation of a Stark unit using indefinite zeta functions.

1.2 Notation and conventions

We list for reference the notational conventions used in this paper.

+ e(z) ;= exp(2miz) is the complex exponential, and this notation is used for z € C not
necessarily real.
o H:={r € C:Im(r) > 0} is the complex upper half-plane.

T

+ Non-transposed vectors v € C$ are always column vectors; the transpose v' is a row

vector.
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1.3

If A isa g x g matrix, then AT is its transpose, and (when A is invertible) A~ T is a
shorthand for (A_I)T.

Qa (v) denotes the quadratic form Qp (v) = %VTAV, where A isa g x g matrix, and v
isag x 1 column vector.

f(c) ’ﬁiq :=f(c2) — f(c1), where f is any function taking values in an additive group.

V2 V2

A(2)

Unless otherwise specified, the logarithm log(z) is the standard principal branch with

Ifv = (Vl ) € C? and f is a function of C2, we may write f(v) = f (Vl ) rather than

log(1) = 0 and a branch cut along the negative real axis, and z# means exp(a log(z)).
Throughout the paper, 2 will be used to denote a g x g complex symmetric matrix.
We will often need to express 2 = iM + N where M, N are real symmetric matrices.
Matrices denoted by M and N will always have real entries, even when we do not say
so explicitly.

Applications and future work

A paper in progress will prove a Kronecker limit formula for indefinite zeta functions in

dimension 2, which specialises to an analytic formula for Stark units [13]. This formula

may be currently be found in the author’s PhD thesis [12].

While one application of indefinite zeta functions (the new analytic formula for Stark

units) is known, we are hopeful that others will be found. We formulate a few research

questions to motivate future work.

*

Can one formulate a full modular transformation law for indefinite theta functions
09 ?[f1(z Q) for some general class of test functions f?

(How) can indefinite theta functions of arbitrary signature, as introduced by Alexan-
drov, Banerjee, Manschot, and Pioline [1], Nazaroglu [16], and Westerholt-Raum
[25], be generalised to the Siegel modular setting? What do the Mellin transforms
of indefinite theta functions of arbitrary signature look like? (Note: Since this paper
was posted, a preprint of Roehrig [19] has appeared that answers the first question by
providing a description of modular indefinite Siegel theta series by means of a system
of differential equations, in the manner of Vignéras.)

The symmetry property we call P-stability is not the only way an indefinite theta
function can degenerate to a holomorphic function of ; there is also the case when
M = i, the quadratic form Qy; factors as a product of two linear forms, and the cone
parameters are sent to the boundary of the cone of positivity. How do the associated
indefinite zeta functions degenerate in this case?

What can be learned by specialising indefinite zeta functions at integer values of s
besides s = 0and s = 1?

2 Definite theta functions

In this expository section, we discuss some classical results on (definite) theta functions to

provide context for the new results on indefinite theta functions proved in Sect. 3. Most

of the results in this section may be found in [14], [15], or [18]. The expert may skip most

Page 5 of 34

17



17 Page6of34 G. S. Kopp Res Math Sci (2021) 8:17

of this section but will need to refer to back Sect. 2.3 for conventions for square roots of
determinants used in Sect. 3.2.

Definite theta functions in arbitrary dimension were introduced by Riemann, building
on Jacobi’s earlier work in one dimension. The work of many mathematicians, including
Hecke, Siegel, Schoenberg, and Mumford, further developed the theory of theta functions
(including their relationship to zeta functions) and contributed ideas and perspectives
used in this exposition.

The definite theta function—or Riemann theta function—of dimension (or genus) g is
a function of an elliptic parameter z and a modular parameter €2. The elliptic parameter
z lives in C8, but may (almost) be treated as an element of a complex torus C¢/A, which
happens to be an abelian variety. The parameter €2 is written as a complex g x g matrix
and lives in the Siegel upper half-space H,, whose definition imposes a condition on
M = Im(Q).

2.1 Definitions and geometric context

An abelian variety over a field K is a connected projective algebraic group; it follows from
this definition that the group law is abelian. (See [15] as a reference for all results mentioned
in this discussion.) A principal polarisation on an abelian variety A is an isomorphism
between A and the dual abelian variety AY. Over K = C, every principally polarised
abelian variety of dimension g is a complex torus of the form A(C) = C8/(Zf + QZ3),
where Q is in the Siegel upper half-space (sometimes called the Siegel upper half-plane,

although it is a complex manifold of dimension @).

Definition 2.1 The Siegel upper half-space of genus g is defined to be the following open
subset of the space M, (C) of symmetric g x g complex matrices.

Héo) =Hy ={QeMy(C): Q= Q" and Im(Q) is positive definite}. (2.1)

When g = 1, we recover the usual upper half-plane H; = H = {r € C: Im(r) > 0}.

Definition 2.2 The definite (Riemann) theta function is, for z € C% and Q € H,,

O@zQ) =) e (%nTQn + nTz> : (2.2)

nezg

Definition 2.3 When g = 1, the definite theta function is called a Jacobi theta function
and is denoted by ¥ (z, 7) := O([z]; [r]) forz € Cand 7t € H.

The complex structure on A(C) determines the algebraic structure on A over C; indeed,
the map A — A(C) defines an equivalence of categories from the category of abelian
varieties over C to the category of polarisable tori (see Theorem 2.9 in [15]). Concretely,
theta functions realise the algebraic structure from the analytic. The functions ®(z 4 ¢; €2)
for representatives t € C¢& of 2-torsion points of A(C) may be used to define an explicit
holomorphic embedding of A as an algebraic locus in complex projective space. These
shifts ¢ are called characteristics. More details may be found in Chapter VI of [14], in
particular pages 104—108.

The positive integer g is sometimes called the “genus” because the Jacobian Jac(C)
of an algebraic curve of genus g is a principally polarised abelian variety of dimension
g. Not all principally polarised abelian varieties are Jacobians of curves; the question of
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characterising the locus of Jacobians of curves inside the moduli space of all principally
polarised abelian varieties is known as the Schottky problem.

2.2 The modular parameter and the symplectic group action
The Siegel upper half-space has a natural action of the real symplectic group. This group,
and an important discrete subgroup, are defined as follows.

Definition 2.4 The real symplectic group is defined as the set of 2g x 2g real matrices
preserving a standard symplectic form.

Spy(R) = {G € GLy,(R): G' (? _01) G= (? _OI) } (2.3)

where I is the g x g identity matrix. The integer symplectic group is defined by Spy,(Z) :=
SP2e(R) N GLg(Z).

The real symplectic group acts on the Siegel upper half-space by the fractional linear
transformation action

AB _ AB
(CD> - Q:= (AQ + B)(CQ2 + D) ! for (CD) € Sp,(R). (2.4)

We will show in Proposition 3.3 (specifically, by the case k = 0) that H, is closed under
this action.

2.3 A canonical square root
On the Siegel upper half-space H,, det(—i€2) has a canonical square root.

Lemma 2.5 Let Q € Hy. Then

(/ e <1xTQx> dx)2 -1 (2.5)
cere  \2 det(—iQ)’ '

Proof Equation (2.5) holds for @ diagonal and purely imaginary by reduction to the
one-dimensional case [%_e™”" @ qy = JL& Consequently, Eq. (2.5) holds for any purely

imaginary 2 by a change of basis, using spectral decomposition.

Consider the two sides of Eq. (2.5) as holomorphic functions in £ (g2+ D

glg+1)
2

complex variables

(the entries of €2); they agree whenever those variables are real. Because they are

holomorphic, it follows by analytic continuation that they agree everywhere. |

Definition 2.6 Lemma 2.5 provides a canonical square root of det(—i2):

-1
Vdet(—if2) := (/ e e (%xTQx) dx) . (2.6)

Whenever we write “/det(—i€2)” for Q2 € H,, we will be referring to this square root.

We will later need to use this square root to evaluate a shifted version of the integral
that defines it.

Corollary 2.7 Let Q2 € Hy and c € C8. Then,

1 - 1
- Q dx= ——— .
/xe]Rg e (2 x+c) Qx+ c)> x T (2.7)
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Proof Fix Q. The left-hand side of Eq. (2.7) is constant for ¢ € R$, by Lemma 2.5. Because
the left-hand side is holomorphic in ¢, it is in fact constant for all ¢ € C8. O

Note that, if Q € H,, then Q is invertible and —Qle Hg. The latter is true because
0—-1
“\ro
on H, defined by Eq. (2.4).
The behaviour of our canonical square root under the modular transformation Q2

“w»

—-Q1 - Q, where “.” is the fractional linear transformation action of Spy, (R)

—Q 1 is given by the following proposition.

Proposition 2.8 If Q2 € H,, then \/det(—iQ)\/det(iQ—l) =1

Proof This follows from Definition 2.6 by plugging in Q2 = il, because the function
given by Q — \/det(—iQ)\/det(iQ_l) is continuous and takes values in {£1}, and H, is
connected. O

2.4 Transformation laws of definite theta functions
Proposition 2.9 The definite theta function for z € C$ and Q2 € H, satisfies the following
transformation law with respect to the z variable, for a + Qb € 78 + QZ8:

1
OGz+a+QbQ) =e (—EbTQb - sz) O(z; Q). (2.8)

Proof The proof is a straightforward calculation. It may be found (using slightly different
notation) as Theorem 4 on pages 8-9 of [18]. O

Theorem 2.10 The definite theta function for z € C$ and Q € Hy satisfies the following
transformation laws with respect to the Q variable, where A € GLg(Z), B € My(Z), B = BT:

(1) O(z;ATQA) =AU Tz Q)
(2) O(z; 2+ 2B) = BO(z; Q2).

(3) O@-Q )= @6(9,’5' Q)
’ et ) T
Proof The proof of (1) and (2) is a straightforward calculation. A more powerful version
of this theorem, combining (1)—(3) into a single transformation law, appears as Theorem
A on pages 86—87 of [18].
To prove (3), we apply the Poisson summation formula directly to the theta series. The
Fourier transforms of the terms are given as follows.

/Rg e (Qg(n) + nTz) e (—I’ITU) dn

/Rg e (Qg(n) +nl(z— v)) dn (2.9)

=e(—Q g1z —)) ./]Rg e(Qa(n+Q 'z —v))) dn (2.10)

_e (—Q_ g1z — V))‘ (2.11)

Jdet(—i2)
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In the last line, we used Lemma 2.5 and Definition 2.6. Now, by the Poisson summation

formula,
e(—Q_g-1(z —v))
O(z; Q) = .
(z; Q) EZ; Sy (2.12)
_e(Qo1(2) To-1
= UEXZ:ge (Q_Q_l(u) TN z) (2.13)
= % UEZZ:g e (Q_Q—l(\}) — vTQ_1z> (sending v > —v) (2.14)
_1,To-1
_elr 2y (-2l —a7Y). (2.15)
det(—if2)
If Q is replaced by —Q~!, we obtain (3). O

As was mentioned, it is possible to combine all of the modular transformations into a
single theorem describing the transformation of €2 under the action of Sp,,(Z),

A B B .
(cp) Q= (AQ+B)(CQ + D)L (2.16)

This rule is already fairly complicated in dimension g = 1, where the transformation law
involves Dedekind sums. The general case is done in Chapter III of [18], with the main
theorems stated on pages 86—90.

2.5 Definite theta functions with characteristics

There is another notation for theta functions, using “characteristics,” and it will be nec-
essary to state the transformation laws using this notation as well. We replace z with
z = p + Qq for real variables p, g € RE. The reader is cautioned that the literature on
theta functions contains conflicting conventions, and some authors may use notation
identical to this one to mean something slightly different.

Definition 2.11 Define the definite theta null with real characteristics p,q € RS, for
Q € Hy:

1
Opqg(Q) :=e <§qTQq +qu) O@p+QgQ). (2.17)

The transformation laws for ©,,,(2) follow directly from those for ©(z; €2).

Proposition 2.12 Let Q € Hy and p,q € R8. The elliptic transformation law for the
definite theta null with real characteristics is given by

Optaqtn@ =e (a7 (q+ ) 0,(). (2.18)

fora, b € Z8.

Proposition 2.13 Let Q € Hy and p,q € RS. The modular transformation laws for
the definite theta null with real characteristics are given as follows, where A € GLg(Z),
B € My(Z), and B=B'.

(1) ©pg(ATQA) = Oy-7,,4.(R).

pAq
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(2) ©pq(2+2B) = e(—4 " Bq)Opi2844 ().

(3) Opq(—Q71) = J%®—q,p(9)'
3 Indefinite theta functions
If we allow Im(€2) to be indefinite, the series expansion in Eq. (2.2) no longer converges
anywhere. We want to remedy this problem by inserting a variable coefficient into each
term of the sum. In Chapter 2 of his PhD thesis [27], Sander Zwegers found—in the case
when € is purely imaginary—a choice of coefficients that preserves the transformation
properties of the theta function.

The results of this section generalise Zwegers’s work by replacing Zwegers’s indefinite

theta function ﬁ;,}’cz (z, ) by the indefinite theta function ®°2[f](z; ©2). The function has
been generalised in the following ways.

+ Replacing tM for T € H and M € M,(R) real symmetric in of signature (g — 1, 1) by
Qe Hfgl). (Adds @ — 1 real dimensions.)

« Allowing ¢y, ¢3 to be complex. (Adds 2¢g — 2 real dimensions.)

+ Allowing a test function f (), which must be specialised to f () = 1 for all the modular

transformation laws to hold.

One motivation for introducing a test function f is to find transformation laws for a more
general class of test functions (e.g. polynomials). We may investigate the behaviour of test
functions under modular transformations in future work. However, for the purpose of
this paper, only the cases u — |u|” will be relevant.

3.1 The Siegel intermediate half-space
Definition 3.1 If M € GLy(R) and M = M T, the signature of M (or of the quadratic
form Qyy) is a pair (j, k), where j is the number of positive eigenvalues of M, and k is the

number of negative eigenvalues (soj + k = g).

Definition 3.2 For 0 < k < g, we define the Siegel intermediate half-space of genus g

and index k to be
’Hg() ={QeM;(C): Q= Q" and Im(Q) has signature (g — k k)}. (3.1)

We call a complex torus of the form Tq := C8/(Z8 + QZf) for Q2 € H(k), k #0,g, an
intermediate torus.

Intermediate tori are usually #not algebraic varieties. An example of intermediate tori in
the literature are the intermediate Jacobians of Griffiths [9—11]. Intermediate Jacobians
generalise Jacobians of curves, which are abelian varieties, but those defined by Griffiths
are usually not algebraic. (In contrast, the intermediate Jacobians defined by Weil [24] are
algebraic.)

The symplectic group Sp,,(RR) acts on the set of g x g complex symmetric matrices by
the fractional linear transformation action,

ABY\ _ o
(CD>-Q_(AQ+B)(CQ+D) : (3.2)



G. S. Kopp Res Math Sci (2021) 8:17 Page 11 0f34 17

A B
Proposition 3.3 IfQ € HY" and (c D) € Spyy (R), then (AQ +B)(CQ+D) " € Hy".

Moreover, the Hfgk) are the open orbits of the Spy,(R)-action on the set of g x g complex
symmetric matrices.

0 A
we have In(—Q7!) = L1+ Q) = L@ -0+ e ! =2 'Im@! =

1B AT 0 0—1
Proof Trivial for (0 1). For ( ) ), this is Sylvester’s law of inertia. For (1 0 ),

<§71>T Im(Q)27 1, so Im(—Q~!) and Im(S2) have the same signature. These three types
of matrices generate szg(R).

Now suppose 1, 29 € H((gk). There exists a matrix A € GLg(R) such that AT Im(Q1)A =
Im(£23). For an appropriate choice of real symmetric B € My(R), we thus have ATOA +
B = Q5. That is,

T

so 1 and Q9 are in the same szg(]R)—orbit.
Thus, the 'Hg() are the open orbits of the Sp,,(IR)-action on the set of g x g symmetric

complex matrices. O

3.2 More canonical square roots

From now on, we will focus on the case of index k = 1, which is signature (g — 1, 1).
The construction of modular theta series for kK > 2 utilises higher-order error functions
arising in string theory [1]. More research is needed to develop the higher index theory in
the Siegel modular setting.

Lemma 3.4 Let M be a real symmetric matrix of signature (g — 1,1). On the region
Ry = {z € C¢ : 2" Mz < 0}, there is a canonical choice of holomorphic function g(z) such
that g(z)* = —z " Mz.

Proof By Sylvester’s law of inertia, there is some P € GL(;Ir (R) (i.e. with det(P) > 0) such
that M = PTJP, where

~100...0
010...0

J=|001...0 (3.4)
000...1

The region S := {(z2,...,2) € C& L2+ - |ng2 < 1} is simply connected (as it
is a solid ball) and does not intersect {(za, ..., 2,) € cs 1. zg 4+ 4 zé = 1} (because,

if it did, we’d have 1 = ‘Zg +--- +zg2’ < |z2f> + -+ |zg|> < 1, a contradiction). Thus,

there exists a unique continuous branch of the function ,/1 —z3 — - - — zé% on S sending

(0, ...,0) — 1; this function is also holomorphic. For z € R, define

_ Z 2 Zg 2
g —af1- (2) —om (2)] o5
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This g is holomorphic and satisfies g7 (z)> = —z ' Jz, g7(az) = ag(z), and g7(e;) = 1 where

1
0
e] = . . (3.6)
0
Conversely, if we have a continuous function g(z) satisfying g(z)> = —z ' Jz and g(e;) = 1,

it follows that g(az) = ag(z), and thus g(z) = g7(z).

Now, we'd like to define gy(z) := g7(Pz), so that we have gy;(z)> = —z " Mz. We need
to check that this definition does not depend on the choice of P. Suppose M = P,/ JP; =
PJJP; for P, Py € GLJ (R). So ] = (Pzpfl)T J (PP), thatis, PoPT! € O — 1,1).
But det(PoP] 1) = det(P;)det(P;)~! > 0, so, in fact, 2P} * € SO(g — 1, 1).

For any Q € SO(g — 1, 1), we have g7(Qe;)? = 1. The function Q > g7(Qe;) must
be either the constant 1 or the constant —1, because SO(g — 1, 1) is connected. Since
gr(e1) =1(Q = 1), wehave g7(Qe;) = 1 forall Q € SO(1, g — 1). The function z — g7(Qz)
is a continuous square root of —z ' Jz sending e; to 1,50 g7(Qz) = g/(z). Taking Q = PyP; 1
and replacing z with Py z, we have gj(P,z) = g7(P12), as desired. ]

Definition 3.5 If M is a real symmetric matrix of signature (g — 1, 1), we will write
v —z "Mz for the function gu(z) in Lemma 3.4. We may also use similar notation, such

as —%ZTMZ = %V—ZTMZ.

Lemma 3.6 Suppose M is a real symmetric matrix of signature (g — 1, 1), and ¢ € C8 such
thate" Mc < 0. Then, M+M Re ((—%CTMC)_I ccT> M is well defined (that is, ¢ Mc # 0)
and positive definite.

Proof Because M has signature (¢ — 1, 1) and ¢' Mc < 0,

2 2 ¢! Mc ¢ M
(ETMC> —‘CTMC‘ =det[ CC ) <o, (3.7)
¢ Mcc' Mc

Thus, cTMc| > (ETMC)2 > 0,50 ¢'Mc # 0and M + M Re ((—%c—'—Mc)_1 CCT> M is
well defined. Let

1 -1
A:=M-+ MRe ((—ECTMC) CCT) M (3.8)
T -1 T T -1_t
—M—-M (c Mc) "M —M (E ME) @M. (3.9)

On the (g — 1)-dimensional subspace W = {w € C¢ : ¢! Mw = 0}, the sesquilinear form
Wi W Mwis positive definite; this follows from the fact that ¢"Mc < 0, because M has

signature (g — 1, 1). For nonzerow € W,
W AW =W Mw — (¢ Mc) " w " Mc)(c"Mw) — " Me) "\ (w' Me)(c" Mw) (3.10)
=w' Mw — (¢ Mc)"10)(c Mw) — (¢ Me)~L(w' Mc)(0) (3.11)
=W Mw > 0. (3.12)
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Moreover,

cTAw = ¢ Mw — (¢"Mc) (" Mc)(c " Mw) — (" Me) " (T Me) (@ Mw) (3.13)

=c ' Mw—c"Mw — (€' Me)"Hc " M2)(0) (3.14)
=0, (3.15)

and
c¢TAt = ¢"Mc — (¢"Mc) " Hc " Mc)(c " Me) — " Me) "N Me)(c " Me) (3.16)
=c¢'Mc—c"Mc—c'"Me (3.17)
= —c'Mc (3.18)
=—¢ Mc>0. (3.19)

We have now shown that A is positive definite, as it is positive definite on subspaces W
and Cg, and these subspaces span C¢ and are perpendicular with respect to A. o

Lemma 3.7 Let Q = N + iM be an invertible complex symmetric g x g matrix. Consider
¢ € C8 such that¢" Mc < 0. The following identities hold:

(1) MQ'=QIm(-Q™1).

(2) M —2iMQ'M =QIm (—Q71)

(3) det (—i ( 2 TM)) = det(—ig) 2mC2 ac
Proof Proof of (1):
L1 — 1 —
MQl=—@Q-Qa'l=—g-aa (3.20)
20 2i
= 5%(5*l - h=Qm(-Q™). (3.21)
Proof of (2):

M = 2iMQ M = MQ™H(Q — 2iM) (3.22)
=QIm (-Q7') (Q - (2 — Q) using (1) (3.23)
=QIm(-Q@H)Q (3.24)

Proof of (3): Note that det(/ + A) = 1 + Tr(A) for any rank 1 matrix A. Thus,

2i

det | —i| Q2 — Mcc"M
¢ Mc

2i

= det(—iQ)det (1 + )(MC)T> (3.25)
. 2i T

= det(—i2) (1 + Tr (cTMC(QMc)(Mc) )) (3.26)

_ . 2 T -1

= det(—i2) (1 + (cTMcC MR Mc)) (3.27)

—c" (M —2iMQ7'M) ¢

= det(—i2) MG

(3.28)
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—(Q0)"Im (—Q71) ()
—cTMc

= det(—if2) , (3.29)

using (2) in the last step. O

Definition 3.8 (Canonical squareroot) If Q € H((gl), then we define \/det(—i2) as follows.
Write @ = N + iM for N, M € M,(R), and choose any c such that ¢'Mc < 0. By Lemma

3.6, the matrix M + M Re ((—%c—'—Mc)_1 ccT) M is positive definite. We can also rewrite

this matrix as M + M Re ((—%CTMC)71 ccT) M = Im <Q — CTZZ{/ICMCCTM) By part (3)

of Lemma 3.7,

2i —(Qc)" Im (-Q71) (%
det (=i (@ — —=—MccTM) ) = det(—iQ) (2) ! Im (~277) () (3.30)
cTMc —cTMc
We can thus define \/det(—i2) as follows:
«/—CTMC\/ det (—i (sz - CT%CMCJM))
Vdet(—if2) := . (3.31)

\/ —(Q0)T Im (—91) ()

where the square roots on the right-hand side are as defined in Definitions 2.6 and 3.5.
This definition does not depend on the choice of ¢, because {c € C¢ : ¢'Mc < 0} is
connected.

3.3 Definition of indefinite theta functions
Definition 3.9 For any complex number « and any entire test function f, define the
incomplete Gaussian transform

(@) = /0 ‘ Fwe ™ du, (3.32)

where the integral may be taken along any contour from 0 to «. In particular, for the
constant functions 1(xz) = 1, set

o |05\2
Ela) i= & () = / e dy = % f (12T @)1t gy (3.33)
0 0

When « is real, define & () for an arbitrary continuous test function f:

& (@) = fo " e ™ du, (3.34)

Definition 3.10 Define the indefinite theta function attached to the test function f to be
(%)

T
e [f](z; Q) — Z 5f M e (%nTQI’I + I’lTZ> B (3.35)

neze — 2T Im(Q)c
c=c1

where Q € Hél), z€C8, 1,00 € CE, el Mcy < 0,63 Mcy < 0, and f(§) is a continuous
function of one variable satisfying the growth condition log [f(g )’ =o(l& IZ). If the ¢; are

not both real, also assume that f is entire.
Also define the indefinite theta function @2 (z; Q) := V2 [1](z; Q).
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The function O (z; Q) = O°L2[1](z; Q) is the function we are most interested in,
because it will turn out to satisfy a symmetry in Q — —Q~!. We will also show that the
functions OV [y > |u|"](z; 2) are equal (up to a constant) for certain special values of
the parameters.

Before we can prove the transformation laws of our theta functions, we must show that
the series defining them converges.

Proposition 3.11 The indefinite theta series attached to f (Eq. (3.35)) converges absolutely
and uniformly for z € R8 + iK, where K is a compact subset of RS (and for fixed , c1, ¢a,
and f).

Proof Let M = Im Q. We may multiply ¢; and ¢z by any complex scalar without chang-
ing the terms of the series Eq. (3.35), so we assume without loss of generality that
Re(e1 " Mcy) < 0.

For A € [0, 1], define the vector c(A) = (1 — A)c1 + Acp and the real symmetric matrix
A(A) = M + MRe ((—éc(x)TMc(x))*l c(k)c(A)T>M. Note that c(t) Mc(r) = (1 —
221" Mey + 20(1 — L) Re(e1 ' Mcy) + 2263 " Mcy < 0 because each term is negative
(except when A = 0 or 1, in which case one term is negative and the others are zero). By
Lemma 3.6, A()) is well defined and positive definite for each A € [0, 1].

Consider (x, A) — x T A(L)x asa positive real-valued continuous function on the compact
set that is the product of the unit ball {x"x = 1} and the interval [0, 1]. It has a global

minimum & > 0.
(W) " (Mn+y)

, defines a contour from
=) TMe(n)

The parameterisation y : [0,1] — C, y(A) :=

cir (Mn+y) to c;(Mner)
\/—%clTMcl \/—%C;MCZ

c cT(Mn +y)
4 —%CTMC

We give an upper bound for

, so that

2

- / Fwe ™ du, (3.36)
Y

c=c1

e TV, (%nTQn + nTZ>

max
A€[0,1]
=7 T -1,))2
— VMY oy e B TMAG) (c0) " M(n+M7y)) o= (n+M 1) M(n M) (3.37)
1€[0,1]
— eﬂyTM’ly max e—n(n+M’1y)TA()L)(n+M’ly) (3.38)
r€[0,1]
< ¢ My e |ntar ) (3.39)
where the vector norm is ||v| := vTv for v € RE. Thus,
T 2
c' (Mn+y) <1 T T )
Er| ———— e|l-n Qu+n'z
‘ f( _%CTMC c=c1 2
< / [f(u)’ e”yTM_lye_m”’H'M_ly”2 du (3.40)
Y

< p(n)e*m|‘”+M71y”2, (3.41)
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where log p(n) = o (||n||2). Thus, the terms of the series are o (e~ %(””HZHM?I)’”)), and so
the series converges absolutely and uniformly for x € R¢ and y € K. ]

3.4 Transformation laws of indefinite theta functions

We will now prove the elliptic and modular transformation laws for indefinite theta
functions. In all of these results, we assume that z € C¢, Q ¢ Hél), ¢ € CF satistying
c_jT Im()cj, and f is a function of one variable satisfying the conditions specified in
Definition 3.10.

Proposition 3.12 The indefinite theta function attached to f satisfies the following trans-
Sformation law with respect to the z variable, for a + Qb € 78 + QZ8:

1
OV2(fl(z4a+ Qb;Q) =e <—§bTQb — sz) O f](z; Q). (3.42)
Proof By definition,

OV [fl(z+ a+ Qb; Q)

T Im(Qn+ (z +a+b)\|” .

= }gz; & ( I Im(@)e ) - e (Qsz(n) +n' (z+a+ Qb)) )

(3.43)
Because a € Z&, Im(a) is zero and e(n ' a) = 1, so
OV2[fl(z+ a+ Qb; Q)

_ ¢ Im(Qn +b) + z) @ T

_ ,,% & ( 1T i ) e (Qatn) +n'(z +2)) (3.44)

(1 T Im(Qn+b) +2)\|” -

=e ( 2b Qb) n;ﬂ & ( —%CT - ) . e (Qsz(n +b)+n z)
(3.45)

T e
e (—%bTQb) Y g (M)‘ ) e(Qatm+0i-h7z) (340

= —%CT Im(Q)c

—e (—%bTQb - sz> O[f1v%(z; Q). (3.47)

The identity is proved. |

Proposition 3.13 The indefinite theta function satisfies the following condition with
respect to the c variable:

O%LVE[f1(z; Q) = OV2[f(z; Q) + O3 [f](z; Q). (3.48)
Proof Add the series termwise. O

Theorem 3.14 The indefinite theta function satisfies the following transformation laws
with respect to the Q variable, where A € GLy(Z), B € My(Z), B = BT:

(1) O2[fl(z;ATQA) = OAv42(f(A~ Tz Q).
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(2) ©%2[f](z; 2 + 2B) = O [f](z; Q).
(3) In the case where f(u) = 1(u) = 1, we have
iz Qz _

-1
OV (z; —Q~ 1) 6—679 c,—Q 2(Qz; Q). (3.49)

Jdet(i21)

Proof The proof of (1) is a direct calculation.

O [f](z; AT QA)

2

Im(A " QA 1
= Z & ¢! Im( ntz) e (EnTATQAn + nTz) (3.50)
ne’7s ——C—r Im(Q2)c —
=C1
T T .
Im(A'Q 1
= Z & ¢ Im( m+2) e (EmTQm + (A_lm)—r z) (3.51)

meZz8 ,/—%CT Im()c —
=C1

by the change of basis m = An, so

O [f](z; AT QA)

2

Ac) T Im(Qm + AT 1
= Z & (Ac) Im(Sm + 2) e<§mTQm+mTA_Tz) (3.52)
meZ8 +/ —%CT Im(R2)c e,
= 442147 T4 Q). (3.53)

The proof of (2) is also a direct calculation.

OL2[f](z; 2 + 2B)

2

_ Z & ¢ Im((Q+ 2B)n + 2)

nezs = —cT Im()c
c=c1

e (%nT(Q +2B)n + nTz) (3.54)

T @

= Z & (Im((2)n +2)) + 2 Im(B)r e (Qg(n) +n'Bn+ nTz)

nezs ——cT Im(Q)c —

(3.55)
¢' Im((Q)n +z) ? T

= & Qan)+n'z (3.56)

ngzzg ( ——cT Im(Q)c . ( )
= OV2[f](z; (3.57)

where e (nTBn) = 1 because the #' Bu are integers, and Im(B) = 0 because B is a real
matrix.

The proof of (3) is more complicated, and, like the proof of the analogous property for
definite (Jacobi and Riemann) theta functions, uses Poisson summation. The argument
that follows is a modification of the argument that appears in the proof of Lemma 2.8 of
Zwegers’s thesis [27].

We will find a formula for the Fourier transform of the terms of our theta series. Most
of the work is done in the calculation of the integral that follows. In this calculation,
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M =1ImQ,and z = x + iy for x, y € C8. The differential operator V, is a row vector with
entries Bixj’ and similarly for v,,.

T T
Vx/ g Mrtey ¢(Qq (n+ 27'2)) dn
neRe /_ %CTMC s
2
T T
- / e[ TN g, (e (Qa(n+ 27'2))) d (3.58)
neRre /—%CTMC e
2
T T
= / g Mntey Vu(e(Qa(n+Q 7)) dn| @t (359)
neRg /—%CTMC
c=C1
2
T T
= —/ v |e| Mty e(Qq(n+97'2) dn | @' (3.60)
neRe /—%CTMC
c=C1

2

<k /neRg ¢ <—cTiMc (CT Im(Q)n>2) e(Qa(n + az)) dn) cTMQ!

c=c1

(3.61)

-2
—%CTMC

in Eq. (3.60). Continuing the calculation,

where k := € C, a, = Q 'z — M~y € C¢, and integration by parts was used

2

T T
M
v / e[ TN o (Qa(n+ 2 l2)) dn
neRe — 1T Mc
2 c=C1
T L+ T 4|7
=k e\ Qq_ 2 poetiM+a Qn+-a Qa)dn)c MQ (3.62)
neRe T Mc 2 c=c;
L T 2i T\ 1+ OTrromt|
=ke|l——=a QR — Mcc' M Qa+—a QallYc MQ B
2 cTMc 2
c=C1
(3.63)
where
19 = elQ 2i n+|Q— 2 Mcc ™M B Qa || dn (3.64)
. weRE QfﬁMccTM ¢ Mc .
1
= (3.65)
o 2 T
det\/ l(Q T Mec M)
by Lemma 2.5.
We can check (by multiplication) that
2i S 2i “gee T A1
Q- Mcc' M =Q " — - Q7 Mcc' MQ™". (3.66)
cTMc c"Mc —2ic"TMQ~1Mc
Thus,
2i -1 2i
Q-Qla- Mcc'™M) Q= : Mce M. (3.67)
cT"Mc cTMc — 2icTMQ~1Mc
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Now compute, using Lemma 3.7,

Ma=MQ 'z —y=0Im (-07")z—y =0 (Im(-27)z -2 ) (3.68)
1 1 =1 —1 -\ l— o1 —1_
=((-e+0)-0 e-9) = ;8(-2z+2 ) (369
=QIm (-7 '2). (3.70)

; —TQIm (-2~ Q
\/det (—i( CTZZi/Ic )) = det(—iQ)\/ ‘ m( ) c‘ (3.71)

We have now shown that

T @
Vi / £ (M) e (QQ (I’l + Qflz)) dn
nelR§

—%CTMC

c=C1

i T2
_26( GomCa g ¢ Ma) )

2

—c'MQ! (3.72)
,/det( lQ\/ (Qc ) Im(—21)(Qc)
c=c1
. o
—2e ( =——————(c"Ma)?
((QC) Im(—Q~1)(Qc) ) (QC)T Im(Q_l) (373)

Jdet(=i9),/~ 1@ Im(—2- ) (@) -

2

Q)T (Im(—Q‘l)n + Im(—Q‘lz))

— Vy (3.74)
det(—i<2) (@0 Im(—Q-1) (@)
c=C1
Define the following function on C8,
T .
Im (€2
cli= [ e TR Qa2 dn
neR¢ _1.Tqc
2 c=c;
)
1 (Qc)T Im(—Q~ 1z) (3.75)

c=C1

suppressing the dependence of C(z) on 2 and ¢. We have just shown that V,C(z) = 0,
so C(z + a) = C(z) for any a € RS. By inspection, C(z + Q7'b) = C(z) for any b € RE.
It follow from both of these properties that C(z) is constant. Moreover, by inspection,
C(—z) = —C(2); therefore, C(z) = 0. In other words,

&)
.
/ £ ¢ Im(@ntz) e (QQ (n + Q_lz)) dn
neRé

,/—%CTQC
c=c1

=T o-1 @
) ) | . (Qo)T Im(—Q12) ‘ (3.76)
J/det(—iQ) \/—%(50) Im(-@~1@a) /| _,

17
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Now set g(z) := ©°2(z; ), which has Fourier coefficients

2

¢ Im (Qn + 2)

\/ —%CT Qc
c=c1

By plugging in z — v for z in Eq. (3.76) and multiplying both sides by e(— %(z —)'Q 1 (z—

c(@)z) = €& e (%I’ITQI’I +n'z (3.77)

N———"

v)), we obtain the following expression for the Fourier coefficients of g:

(%)
TI Q 1
T Im (@1 + 2) . <§nTQn+nTz) e(—nTv)dn (3.78)

%@w=/ £

neR¢ / _%CT Qc
c=C1
()

_e(-3e—Te i) o[ @ Im-a 7ty — oy (3.79)

Vdet(—i9) 1@ Im(—2-1) (@)

2

_e(hTes) (@0 m-a-en - ol

‘ — — (3.80)
det(—iQ) (@) Im(—Q-1) (@)
c=C1
1
‘e (EVT(—QI)U + (—u)T(—le)> : (3.81)
It follows by Poisson summation that
ec1e2 (z;Q) = Z ¢y @ (2) (3.82)
veZ8
1, To-1
_1,Tq —
— M—Z)@QCLQQ (_Qflz; _Qfl)‘ (3.83)
det(—i2)
We obtain (3) by replacing Q with —Q~1. o

3.5 Indefinite theta functions with characteristics
Now we restate the transformation laws using “characteristics” notation, which will be
used when we define indefinite zeta functions in Sect. 5.

Definition 3.15 Define the indefinite theta null with characteristics p, q € RE:

(LT T

O [f1(R) = ik o ) gy 4 ag;0); (3.84)
(LT T

@22;2(9) — 62m<2q Qq+p 4) L2 ([7 + Qq; Q) (3.85)

The transformation laws for @;};162 1(R2) follow from the transformation laws for

O [f](z; ).

Proposition 3.16 The elliptic transformation law for the indefinite theta null with char-
acteristics is:

oL L IF1Q) =ela’ (g +b)OF[KQ). (3.86)

Proposition 3.17 The modular transformation laws for the indefinite theta null with
characteristics are as follows.
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(1) Of AT Q4) = 0492 1)

(2) O [f1(Q+2B) = e(—q B9)®, 55 (1),
T =-1 =-1
Lo _o-ly_ w9 —Q =R gy
() of(-a ) = Lo, (@)
3.6 P-stable indefinite theta functions
We now introduce a special symmetry that may be enjoyed by the parameters (3, ¢2, z, ©2),

which we call P-stability. In this section, cj, ¢ will always be real vectors.

Definition 3.18 Let P € GL,(Z) be fixed. Let z € C%, Q € H((gl), c1, ¢3 € RS satisfying
c]T Im(R)c; < 0. The quadruple (cy, 3, z 2) is called P-stable ifPTQP = Q, Pc; = ¢y, and
Plz=2 (mod Zz).

Remarkably, P-stable indefinite theta functions attached to f(#) = |u|” turn out to be
independent of 7 (up to a constant factor).

1

r+
Theorem 3.19 (P-Stability Theorem) Set @;"?(z; Q) := F” ri1
2

O%L2(f](z; 2) when

f(u) = |ul" for Re(r) > —1. If (c1, c2, 2 Q) is P-stable, then @7V (z; Q) is independent
of r.

Proof Let M = Im(2) and y = Im(z). If @ € R and Re(r) > 1, then

Ela) = /ﬂf |u|reﬂ”‘2 du (3.87)
0
o ,
= sgn(oz)/ ue ™ du (3.88)
0
ol ,

- _Sg;(T“) /0 u1d (e*’”‘ ) (3.89)
o || )

_ _sg;(ra) (ur_le_mz ! '0 _ / oY d(ur—l)) (3.90)
U= 0
2 Ial 2

_ _—Sg;i“) (lal"le—”“ —r-1 fo W2~ du) (3.91)

_ % (~ sgn(e) a1 e + (-~ DE (@) (3.92)

Letaf = %\/QQT”(;Z) Set A€ := M + M Re ((—QM(C)Y1 ccT> M, so that A°* and A®? are

positive definite, as in the proof of Proposition 3.11. Thus,

n’/?
O (5 Q) = —@S + 0% (z; Q), (3.93)
where
S= Z sgn (af) |af ’r_l exp <—7r ((xf,)z) ZCI e (%nTQn + nTz> . (3.94)

neZ8
The ¢; and c3 terms in this sum decay exponentially, because

exp (—rr (a;)2> e (%nTQn + nTz>

= exp (—27Que (n+M~1y))). (3.95)
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Thus, the series may be split as a sum of two series:

S= Z sgn (a2) |og |r_1 exp (_” (O‘ZZ)Q) e (%”TQVI + I’ITZ>

neZf

- Z sgn () |og! |r71 exp (—rr (afl‘)z) e (%nTQn + nTz> . (3.96)

neZ8

Now we use the P-symmetry to show that these two series are, in fact, equal. Note that
Im(P"z) = Im(z) because P'z = z (mod Z?), so

T
wpn(cy) = (Pc1)' Im(QPn + z) (3.97)
—Qum(Pcy)
_ ¢/ Im(PTQPn+ P'z) (3.98)
vV —QpTMp(Cl)
-
¢; Im(Qn + 2)
_ (3.99)
v —Qu(c1)
= a,(c). (3.100)
Moreover,
%(Pn)TQ(Pn) +Pn)Tz = %WT(stzp)n +n'(PT2) (3.101)
= %nTQn +n'z (mod ZZ). (3.102)

Thus, we may substitute Pn for # in the first series (involving c¢;) to obtain the second
(involving 7).
We've now shown the periodicity relation

02 (5: Q) = O]F (2 Q). (3.103)

Note that this identity provides an analytic continuation of ©;“(z, Q) to the entire -
plane. To show that it is constant in 7, we will show that it is bounded on vertical strips in
the r-plane. As in the proof of Proposition 3.11, bound (x, A) — x T A(A)x, considered as
a positive real-valued continuous function on the product of the unit ball {x"x = 1} and
the interval [0, 1], from below by its global minimum ¢ > 0. Thus,

2

¢ (Mn +9) e(l

= —n' Qn+ nTz)
N —%CTMC
c=c1

2
c; Im(Qn+z)

~ 1T Tag—1, _ ~1,12
< | [z R | M e (3.104)
1
—%c?lm(ﬂ)cl

— 2
< Pre(y(m)e el M (3.105)

&

where ppe(y)(#) is a polynomial independent of Im(r). Hence, ©;"“*(z, 2) is bounded on

_ 2
the line Re(r) = o by ), cye Vo (n)e‘”””“w 7, 1t follows that it is bounded on any
vertical strip. Along with periodicity, this implies that ©;"“*(z, Q) as a function of r is

bounded and entire, thus constant. O
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4 Definite zeta functions and real analytic Eisenstein series

We will now consider definite zeta functions—the Mellin transforms of definite theta
functions—in preparation for studying the Mellin transforms of indefinite theta functions
in the next section. In dimension 2, definite zeta functions specialise to real analytic
Eisenstein series for the congruence subgroup I'1 (V) (which specialise further to ray class
zeta functions of imaginary quadratic ideal classes).

4.1 Definition and Dirichlet series expansion
We define the definite zeta function as a Mellin transform of the indefinite theta null with
real characteristics.

Definition 4.1 Let Q € ’Héo) and p, g € R8. The definite zeta function is

d .
S (s) i | Jo_ Cralt Ve ifa £ 77, (4.1)
tQ2) —1)°= itq € Z5.
P o (Bpq(tR) 4 if g e 78
By direct calculation, ’(;,,q(Q, s) has a Dirichlet series expansion.
0pq(25) = (27)°T(s) Y e(p" (n+)Quialn+q)~", (4.2)
nezs
n#—q

where Q_;q(n+ ¢q)~* is defined using the standard branch of the logarithm (with a branch
cut on the negative real axis).

4.2 Specialisation to real analytic Eisenstein series

Now, suppose ¢ = 2, Q = iM for some real symmetric, positive definite matrix M,

0
p= ol and ¢ ¢ 7Z2. Then the definite zeta function may be written as follows.

204(Q5) = 27)T() Y Quln+q)~* (4.3)
neZ?
=@2)7T(s) Y, Qum™. (4.4)
neZ?+q

Im(z) \ Re(z) 7

1 R
Up to scaling, M is of the form M = — < e(r)) for some t € H; scaling M by
A € R simply scales Ep,q(Q, 5) by 175, so we assume M is of this form. Write

ni 1 —
Qum (nz) = ) (n% + 2Retming + ‘E‘L’I’l%) (4.5)
Lt P (4.6)
= ———|n +not|”. .
2Im(t) ! 2
Thus,
20g(25) =7 T(s)Im(z)* Y |mT+ml 7. (4.7)

ny 2
(1’12 )EZ +q
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If ¢ € Q* and the gcd of the denominators of the entries of ¢ is N, this is essen-
tially an Eisenstein series of associated with I'1 (V). Choose k£ € Z such that g =

(k/N> (mod 1) and ged(k, £) = 1. Then, we have

/N
20q(25) = @N)T(E Im()* Y fer+d| 7. (4.8)
c¢=k (mod N)
d=( (mod N)

The Eisenstein series associated with the cusp co of I'1(N) is

Epmd= > Imy-o)f (4.9)
y€lPP(N\T1(N)
=Im@y Y er+d| (4.10)
¢=0 (mod N)
d=1 (mod N)
ged(c,d)=1
1-p) _
= Im(t)snﬂN— Z et +d| = (4.11)
C(S) ¢=0 (mod N)
d=1 (mod N)

Here, I'7°(N) is the stabiliser of co under the fractional linear transformation action; that

. oo _ 1n )
is, I' (N)_{j:<01).neZ}.

Choose u, v € Z such that det 7 ") = 1. We have
k

(s) (ur—l—v ) <ur+v>s ‘ (ur+v) 2
— W o (V) —m c +dl (412
Hp\N(l_p 5y TN \ gr ¢ kTt + ¢ CEO(mZodN) kt + ¢
d=1 (mod N)
=Im(r)' Y |u+dl)r+(cv+do)| T (413)
¢=0 (mod N)
d=1 (mod N)
=Im(z)° Z 't + d/{ﬂs. (4.14)
=k (mod N)
d'=t (mod N)
Combining Eqs. (4.8) and (4.12), we see that
~ N)=T
g s) = TN LD oo (—m - V,s)' (415)
[[n@—p=) 7? kt 4+ 4

5 Indefinite zeta functions: definition, analytic continuation, and functional
equation
We now turn our attention to the primary objects of interest, (completed) indefinite zeta
Sfunctions—the Mellin transforms of indefinite theta functions. We will generally omit the
word “completed” when discussing these functions.

As usual, let Q € Hg),p, q € R8¢y, € C8, 1 "Mc; < 0,¢3' Mcy < 0.

We define the indefinite zeta function using a Mellin transform of the indefinite theta
function with characteristics.
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Definition 5.1 The (completed) indefinite zeta function is
61’62(9 s) = ” G)Cl’CZ(tQ)th (5.1)
0 pq t’ :

The terminology “zeta function” here should not be taken to mean that §p1 (%, s) has a
Dirichlet series—it (usually) doesn’t (although it does have an analogous series expansion
involving hypergeometric functions, as we'll see in Sect. 6). Rather, we think of it as a
zeta function by analogy with the definite case, and (as we'll see) because is sometimes
specialises to certain classical zeta functions.

By defining the zeta function as a Mellin transform, we’ve set things up so that a proof
of the functional equation Theorem 1.1 is a natural first step. Analytic continuation and a
functional equation will follow from Theorem 3.14 by standard techniques. Our analytic
continuation also gives an expression that converges quickly everywhere and is therefore
useful for numerical computation, unlike Eq. (5.1) or the series expansion in Sect. 6.

Theorem 1.1 The function /{;,C},fz (2, s) may be analytically continued to an entire function
on C. It satisfies the functional equation

~ci¢ g e(PTﬂI) ch Qcy —1
ver (Q S Q7 s). 5.2
pa ( 2 S> det(—lQ)C (= ‘) (52

Proof Fixr > 0, and split up the Mellin transform integral into two pieces,

c1 (%) *© C1,C) s ds
(2,5) = O, (tQ)t ’ (5.3)
0
o0 dt r dt
= /r @;};;2(159)1:57 + /0 @;};;Z(tsz)ts? (5.4)

Replacing ¢ by 71, and then using part (3) of Theorem 3.14, the second integral is

' c1,¢ sdt © c1,62 (4—1 —sdt
fo Opl (1) — = /,71 Op (e Q) (5.5)
*© e(qu) tQc1,tQ0) -1 —1\,.— dt
0T (T Q)T — (5.6)
-1 Jdet(—itQ) ¢
e(qu) * ch Qco _1 ¢_.dt
= XD Qe Qe Q1)) i, (5.7)
Vdet(—iQ) S T t

(Recall that scaling the ¢; does not affect the value of ©}}7?(2).) Putting it all together, we
have

T (O ) — 00661;62 Q Sdt
o 2 (82,8) = o (EQ)t p
r

T 0
e(p'q) ®ch ch(t( Q—l))ti_s__ (5.8)

+
det(—if2) t

As we showed in the proof of Proposition 3.11, the ®-functions in both integrals decay
exponentially as ¢ — 00, so the right-hand side converges for all s € C. The right-hand
side is obviously analytic for all s € C, so we’ve analytically continued /g“}lq’cz(ﬂ, s) to an
entire function of s. Finally, we must prove the functional equation. If we plug ‘% —sfors

Page 25 of 34

17



17 Page 26 of 34 G. S. Kopp Res Math Sci (2021) 8:17

in Eq. (5.8), factor out the coefficient of the second term, and switch the order of the two
terms, we obtain

T oo —
Ecl,cz (Q, g —S) _ e(P Q) (/ @gcl,ﬂcz(t(_g—l))ts%

14 2 det(—i) \J1 %
_,T s de
_ e( 19 q) @2}1;162“9”%*3_ . (5.9)
det(iQ-1) Jr £
Aﬂicl,ﬁcz

Reusing Eq. (5.8) on (—Q’l, s), and appealing to the fact that ©y,2(Q) =

—O% (Q), we have

g—qu

-p—q
Aﬁcl,ﬁcz Q_l _ o ®§C1,§CZ Q_l S dt
—qp (_ ,S) - 1 —q,p (t(_ ))t 7
T 00 dt
_ A2 D [T gaegoyi-d (5.10)
Vdet(Q-1) Jr ’ t
The functional equation now follows from Egs. (5.9) and (5.10). o

The formula for the analytic continuation is useful in itself. In particular, we have used
this formula for computer calculations, as it may be used to compute the indefinite zeta
function to arbitrary precision in polynomial time.

Corollary 5.2 The following expression is valid on the entire s-plane.

- o0 de
gove (Q,s) = / Opiy (1Q)°—
r

' [* _Goa e dt
+ — AL (¢(—Q 25—, 5.11
Feti) ) O (t( ) , (5.11)
Proof Thisis Eq. (5.8). O

6 Series expansion of indefinite zeta function
In this section, we give a series expansion for indefinite zeta functions, under the assump-
tion that ¢; and c; are real. Specifically, we write/g:pc,léc2 (€2, s) as a sum of three series, the first
of which is a Dirichlet series and the others of which involve hypergeometric functions.
This expansion is related to the decomposition of a weak harmonic Maass form into its
holomorphic “mock” piece and a non-holomorphic piece obtained from a “shadow” form
in another weight.

To proceed, we will need to introduce some special functions and review some of their
properties.

6.1 Hypergeometric functions and modified beta functions
Let a4, b, c be complex numbers, ¢ not a negative integer or zero. If z € C with |z| < 1, the
power series
oo
a)u(b), z"
2F1(a, by c;z) = Z( Jnlb)n 2% (6.1)

!
= ©n

converges. Here we are using the Pochhammer symbol (w),, ;== w(w +1)---(w+n — 1).
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Proposition 6.1 There is an identity

2F1(a bicz) = (1 —2) 0o F (b, c—ac;— 1>, (6.2)
7

valid about z = 0 and using the principal branch for (1 — z)~°.
Proof This is part of Theorem 2.2.5 of [2]. o

Using this identity, we extend the domain of definition of 3 F; (g, b; ¢; x) from the unit disc
{lz| < 1} to the union of the unit disc and a half-plane {|z] < 1} U {Re(z) < %}. We
interpret (1 — 2)7b = exp(—blog(1l — z)) with the logarithm having a branch cut along
the negative real axis. At the boundary point z = 1, the hypergeometric series converges
when Re(c) > Re(a + b), and its evaluation is a classical theorem of Gauss.

Proposition 6.2 IfRe(c) > Re(a + b), then

o I'(c)I'(c—a—Db)
zFl(ﬂ, b, C; 1) = —F(C — a)r(c — b) (6.3)

Proof This is Theorem 2.2.2 of [2]. O

Of particular interest to us will be a special hypergeometric function which is a modified
version of the beta function.

Definition 6.3 Letx > 0 and 4, b € C. The beta function is

B(x;a, b) := fo ’ 11— )P 14y (6.4)
and the modified beta function is

B(x;a,b) := /0 e (6.5)

The following proposition enumerates some properties of the modified beta function.

Proposition 6.4 Let x > 0, and let a, b be complex numbers with Re(a), Re(b) > 0 and
Re(a + b) < 1. Then,

(1) E(x;a,b):B( ;a,l—a—b),

X
x+1
~ 1
(2) B(x;a,b) = —x*3Fi1(a,1 — b;a + 1; —x),
a
~ /1 Fr@rd—a—b) ~
3) B(—;a,b) _T@rd=a=b) 5 1 4 bb)and
X

INCE)
Bosiab) = Blial—a—p - [@LA-a=b)
(@) B(tooiab) =B(lia 1 —a—b) = — 0

Proof To prove (1), we use the substitution t = .

B(x;a, b) = / i 1+ )b de (6.6)
0

B Fas ] u \*! ) u \*' du 67)
_/0 (l—u) <+1—u) (1 —u)? (©

X _

- f N1 et dy 6.8)
0
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_ ( i ;a,l—a—b). (69)
x+1

To prove (2), expand G(x; a, b) as a power series in x (up to a non-integral power).

X
B(x;a,b) = / N1+ 0P de (6.10)
0

= /Ox zZ: (b ; 1>t”+“_1 dt (6.11)

= Z (b ) e ax"” (6.12)

b—n)-(b— 1)---(b-1 1
N e R et W 613
n! n+a
n=0
-D)"1-b)-2—0b)---(n—>b) «"
- — 6.14
=7 Z n+a n! ( )
o0
(@)n(1—=Db), (—x)"
=x? . 6.15
* 2(:) ala + 1), n! ( )
1
= ;x”zFl(a, 1—b;a+1;—x). (6.16)
To prove (3), use the substitution ¢ = %
~ /1 1/x
B (—;a, b> = / L1+ 6Pt de (6.17)
x 0
x 1\t d
— / uatl (1 n —) (——Z) (6.18)
o0 u u
= / w1+ w)b 1 du (6.19)
X
= G(Hoo,1—a—bb)—Gx,1—a—bb). (6.20)

To complete the proof of (3), we need to prove (4). Note that it follows from (4) that

B(400,1—a—b, b) = W The first equality of (4) follows from (1) withx — +00;

we will now derive the second. By (2),

~ 1
B(x;a, b) = ;x’lel(a, 1—bja+1;—x) (6.21)
1
= —x%Fi(1 —ba;a+ 1;—x) (6.22)
a
1 _ —x
=—x%. (1 —(—x)"%F (a, (a+1)—(1—->b)a+1; —) (6.23)
a (—x)—1

1 x \* x
=; T+ o F ﬂ,(l—Fb;(l—i—l;m . (6.24)

Proposition 6.1 was used in Eq. (6.23). Sending x — +o0 and applying Proposition 6.2
yields the second equality of (4). ]
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Lemma 6.5 Let A, u > 0, and Re(s) > 0. Then

dt 1 1\~ A 11
/ EWit t) exp( /uf)tST = En_l/z,u_sr (s-i— E)B (% ) —s). (6.25)

Proof First of all, note that the left-hand side of Equation (6.25) converges: The integrand
is exp(—O(¢)) ast — oo and O (tReS*%> ast — 0. Write £(V/At) = %fou u V2= gy,

The left-hand side of Equation (6.25) may be rewritten, using the substitution u = “—W in
the inner integral, as
/ E(W/it) exp(— ut)ts / / w2 lmutut)ys du (6.26)

z ~1/2
_ —f /u putv o (tvpt)y d ﬁ (6.27)
2 Jo Jo T

The double integral is absolutely convergent (indeed, the integrand is nonnegative, and
we already showed convergence), so we may swap the integrals. We compute

Th
/ E(V/at) exp( ut)tsg:l@)m/lt v /Ooe‘““““)t”%g dv
t 2 \m 0 0 t

(6.28)
A
1 172 (w 1
=3 (%) / "2 (1 (s 2 ) e+ 1) ) v
2\ 0 2
(6.29)
T
N C /“ y 1200 4 1)6%2) gy
2 2] Js
(6.30)
1 1\ ~ A 11
= a2 (s+ = VB( 222, 2 —5). (6.31)
2 2 w22
This proves Equation (6.25). O

Lemma 6.6 Let vi, vy € Rand € C satisfying Re(u) > —n max{vlz, v22} if sgn(vy) =
sgn(vy) and Re(u) > 0 otherwise. Then,

/ & (vt1/2)|:2:U1 exp(—ut)ts%

0

= % (sgn(ve) — sgn(v1)) T'(s)p

s+ ! 1 1
_ Sgn—(I)Z)n— (S+2)F (S+ 5) |V2|_2S2F1 (S,S+ E,S_;’_ 1;_%)

—S

s s
—(s41 1 1
+ _sgn(vl)n (S+2)F s+ =)l 1 ss+ s+ -5 ). (6.32)
% 2 2 nv12

Proof Initially, consider A, u > 0, as in Lemma 6.5. We have

/(;00 & (x/ﬁ) exp(—/u.‘)ts¥

17
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1 1 I\~ /7r 11

=-n 2 T|s+=|)B[—5==—5 (6.33)
2 2 w22
1 1\ [TE)T)  ~

:—n‘hﬁf(ﬁ—) L(l)—B(i;s,l—s) (6.34)
2 2 I(s+3) T
1 1 1 I\ ~/ i

= ST — =72 =T - B(—;,l—) 6.35
gL @u = gm 2 <S+2> TS (6.35)
1 _ 1 1 1) _ 1 "

=T S _ —gtr A E (ss+ s+ 1 —— ), 6.36
5 (s)u 2sn s+2 oF]; ss+2s+ - ( )

using parts (2) and (3) of Proposition 6.4. Equation (6.32) follows for positive real p. But
the integral on the left-hand side of Eq. (6.32) converges for Re(u) > —n max{vlz, v%} if
sgn(v1) = sgn(v2) and Re(u) > 0 otherwise, and both sides are analytic functions in ¢ on
this domain. Thus, Eq. (6.32) holds in general by analytic continuation. ]

6.2 The series expansion
We are now ready to prove Theorem 1.2, which we first restate here for convenience.

Theorem 1.2 If cj,c; € RE, and Re(s) > 1, then the indefinite zeta function may be
written as

~ 1
le}écz(ﬂ, s) = n—SF(S)é‘lf,lécz(Q, s) — 2=+ <S + 5) (E;zq(ﬂ, s) — 55,1[1(9, s)) ,(6.37)

where M = Im(2),

1
;;;CZ(Q, s) = > Z (sgn(cIMn) — sgn(cZTMn)) e (an) Q_ia(n)~5, (6.38)
neZ8+q

and

. 1 (cTMm)*\™
-t oot (52

veZ8+q
2Qm (C)Q—iQ(”l))) ’

Ay (6.39)

1
x oF1 (s,S+ §’S+ 1;
Proof Take the Mellin transform of the theta series term-by-term, and apply Lemma 6.6.
Note that the series for & (£2, s) converges absolutely, so the series may be split up like
this. ]

The function ;15,16}62 (€2, s) here is a Dirichlet series summed over a double cone, with any
lattice points on the boundary of the cone weighted by % The coefficients of the terms
are e (an), where the sign is determined by whether one is in the positive or negative
part of the double cone.

Theorem 6.7 Suppose (c1, 2, p + Qq, Q) is P-stable. Then, £,5(Q,5) = £,%4(Qs) and
T52(Q5) = T T (L5572 (R 5).

Proof The equality of the E;fq(ﬂ, s) follows by the substitution # — Pn and the definition
of P-stability. The equation

-~

o (R 5) = m T ()¢, (2 5) (6.40)

then follows from Theorem 1.2. O
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7 Zeta functions of ray ideal classes in real quadratic fields

In this section, we will specialise indefinite zeta functions to obtain certain zeta functions
to obtain certain zeta functions attached to real quadratic fields. We define two Dirichlet
series, ¢ (s, A) and Z4(s), attached to a ray ideal class A of the ring of integers of a number
field.

Definition 7.1 (Ray class zeta function) Let K be any number field and ¢ an ideal of the
maximal order O . Let S be a subset of the real places of K (i.e. the embeddings K < R).
Let A be a ray ideal class modulo ¢S, that is, an element of the group

{nonzero fractional ideals of Ok coprime to c}

Cles := Cles(Og) == .
s «s(Ok) {aOk :a=1 (mod ¢) and a is positive at each place in S}

(7.1)
Define the zeta function of A to be

t(sA) ==Y N(a)™* (7.2)

acA

This function has a simple pole at s = 1 with residue independent of A. The pole may be
eliminated by considering the function Z4(s), defined as follows.

Definition 7.2 (Differenced ray class zeta function) Let R be the element of Cl.s defined
by

R:={aOk :a= -1 (mod ¢) and ais positive at each place in S}. (7.3)
Define the differenced zeta function of A to be

Za(s) ==& (s,A) — £ (s, RA). (7.4)

The function Z4(s) is holomorphic at s = 1.

Now, specialise to the case where K = Q(+/D) be a real quadratic field of discriminant
D. Let Ok be the maximal order of K, and let ¢ be an ideal of Og. Let A be a narrow
ray ideal class modulo ¢, that is, an element of the group Clcso;00,(Ok). We show, as
promised in the introduction, that the indefinite zeta function specialises to the L-series
Z4(s) attached to a ray class of an order in a real quadratic field.

Theorem 1.3 For each A € Clcoo,00, and integral ideal b € AL there exists a real
symmetric 2 x 2 matrix M, vectors c1, ¢ € R?, and q € Q? such that

(27 N(6)°T(5)Za(s) = Cgv (M, s). (7.5)

Proof The differenced zeta function Z4(s) is

Za(s) =) N@~— > N@™ (7.6)
acA acRA
We have
N(b)™Za(s) = Y _N(ba)™* — > N(ba)™* (7.7)
acA aERA

= > NB™F- ) N©®™ (7.8)

beb beb

(b)el (b)eR

up to units up to units
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Write bc = 11Z + y»Z. The norm form N(n1y; + n2y2) = Qum n1> for some real
"

symmetric matrix M with integer coefficients. The signature of M is (1, 1), just like the
norm form for K. Since b and ¢ are relatively prime (meaning b + ¢ = Ok), there exists
by the Chinese remainder theorem some by € Ok such that b = by (mod be) if and only
if b =0 (mod b) and b = 1 (mod c). Express by = p1y1 + pay» for rational numbers
P

b2

Let &g be the fundamental unit of Ok, and let ¢ (= 8’6 for some k) be the smallest totally

P1, P2 and setp =

positive unit of Ok greater than 1 such thate =1 (mod ).

Choose any ¢; € R? such that Qus(c1) < 0. Let P be the matrix describing the linear
action of ¢ on b by multiplication, i.e. e(B"n) = BT (Pn). Set ¢y = Pe;.

Thus, we have

N(B)5Z4(s) = % Z (sgn(c;—Mn) — sgn(chn)) Qum(n). (7.9)
neZ?+q

Moreover, (c1, ¢, p, 2) is P-stable. So, by Theorem 6.7, Eq. (7.9) may be rewritten as

QN (0)T(8)Za(s) = G52 (M, ), (7.10)
completing the proof. o
7.1 Example

Let K = Q(+/3), so Ox = Z[+/3], and let ¢ = 50k. The ray class group Clcoo, = Z/8Z.

The fundamental unit ¢ = 2 4 /3 is totally positive: ¢’ = 1. It has order 3 modulo 5:

€3 =264 1543 =1 (mod 5). In this section, we use the analytic continuation Eq. (5.11)

for indefinite zeta functions to compute Z;(0), where I is the principal ray class of Clco, .
By definition, Z; = ¢ (s, I) — ¢ (s, R) where

R ={a0Ok :a = —1 (mod ¢) and ais positive at 003} (7.11)

= {aOk :a=1 (mod ¢) and ais negative at coy}. (7.12)

Write I = Iy UI_and R = Ry UR_, where I+ and Ry are the following ray ideal classes

in Cleooj ooy
I :={aOk :a=1 (mod ¢) and ghas sign + at cojand + at coq}, (7.13)
Ry :={a0Ok :a=1 (mod ¢) and aghas sign + atcojand — at 0oy}. (7.14)

Thus, Z;(s) = ¢(s, I+) + ¢(s, I-) — ¢(s, R+) — ¢ (s, R_). The Galois automorphism (a; +
a3\/3)° = (a1 — az~/3) defines a norm-preserving bijection between I_ and R, so the
middle terms cancel and

Z1(s) = (s 14) — ¢ (s R-) = Zp, (s). (7.15)

20
To the principal ray class I of Clcso; 00,, We associate 2 = iM where M = (0 6) and

1/5 0
q= < (/) ) We may choose ¢; € R? arbitrarily so long as ¢ Mc; < 0; take ¢ = 1 )
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23
The left action of & on Z + /37 is given by the matrix P = ( 12 ) By Theorem 1.3,

(27) T Z1, () = oo (i ). (7.16)
Taking a limit as s — 0, and using Egs. (7.15), (7.16) becomes
Z}(0) = Z;,(s) = TP (i, 0). (7.17)

For the purpose of making the numerical computation more efficient, we split up the
right-hand side as

~c1,Pey ~Pc1,P%cy . ~P2c1, P3¢y,
Z;(0) = 5,1[1 Cl(lM,O)-{—{O’;l Cl(lM,0)+§0,qC1 “L(iM, 0) (7.18)
= Z51PO(iM, 0) + ZghPe (iM, 0) + Zh P (i, 0), (7.19)

1 2 2
where g = g = % <0>,q1 =qg= % <1),andq2 =q= % (4) are obtained from the

residues of €Y, ¢1, ¢2 modulo 5.

Using Eq. (5.11), we computed Z;(0) to 100 decimal digits. The decimal begins
Z;(0) = 1.35863065339220816259511308230. . .. (7.20)

The conjectural Stark unit is exp(Z;(0)) = 3.89086171394307925533764395962 . ... We
used the RootApproximant [ ] function in Mathematica, which uses lattice basis reduc-
tion internally, to find a degree 16 integer polynomial having this number as a root, and
we factored that polynomial over Q(+/3). To 100 digits, exp(Z;(0)) is equal to a root of the
polynomial

x8 — (8 + 5v/3)x” + (53 4 30+/3)x® — (156 + 90+/3)x° + (225 + 130v/3)x*
— (156 + 90/3)x + (53 + 30+/3)x> — (8 + 5+/3)x + 1. (7.21)

We have verified that this root generates the expected class field Ho.
We have also computed Z;(0) a different way in PARI/GP, using its internal algorithms
for computing Hecke L-values. We obtained the same numerical answer this way.
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