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Abstract

In this paper, a linear combination of quadratic modified hat functions is proposed to solve stochastic Ito—Volterra integral
equation with multi-stochastic terms. All known and unknown functions are expanded in terms of modified hat functions
and replaced in the original equation. The operational matrices are calculated and embedded in the equation to achieve a
linear system of equations which gives the expansion coefficients of the solution. Also, under some conditions the error of
the method is O(h%). The accuracy and reliability of the method are studied and compared with those of block pulse functions

and generalized hat functions in some examples.

Keywords Modified hat functions - Stochastic operational matrix - Stochastic Itd—Volterra integral equation - Brownian
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Introduction

Nowadays, modelling different problems in different issues
of science leads to stochastic equations [1]. These equa-
tions arise in many fields of science such as mathemat-
ics and statistics [2-7], finance [8—10], physics [11-13],
mechanics [14, 15], biology [16-18], and medicine [19,
20]. Whereas most of them do not have an exact solution,
the role of numerical methods and finding a reliable and
accurate numerical approximation have become high-
lighted [21].

In recent years, different orthogonal basic functions and
polynomials have been used to find a numerical solution
for integral equations such as block pulse functions [2, 21,
22], hat functions [23], hybrid functions [24, 25], wavelet
methods [26-28], triangular functions [3, 29], and Bernstein
polynomials [30]. In this paper, MHFs will be applied to
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find an approximate solution for the following stochastic
1t6—Volterra integral equation with multi-stochastic terms,

X(@®) =f() +/ u(s,)X(s)ds
0

+y / 6,(5, DX(5) dB(),
j=170

where t€ D =[0,T7),X,f,u and aj,j= 1,2,...,n, for
s,t € D are the stochastic processes defined on the same
probability space (Q,F,P) and X is unknown. Also
Jy o:(s.0X(s)dBy(s), j=1,2,...,n are Ito integrals and
B,(t), By5(2), ... B,(t) are the Brownian motion processes
[31, 32].

The paper is organized as follows: In “MHFs and their
properties” section, the MHFs and their properties are
described. In “Operational matrices” section, the opera-
tional matrices are found. In “Solving stochastic It6—Vol-
terra integral equation with multi-stochastic terms by
the MHFs” section, the sets and operational matrices are
applied in the above equation and the approximate solu-
tion is found. In “Error analysis” section, the error analy-
sis of the present method is discussed. In the “Numerical
examples” section, some numerical examples are solved by
using this method. And finally, the last section concludes
the paper.

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40096-018-0269-x&domain=pdf

296

Mathematical Sciences (2018) 12:295-303

MHFs and their properties

In this section, we recall the definition and properties of
modiﬁed hat functions [33]. Let m > 2 be an even integer and
h = L. Also assume that the interval [0, T) is divided 1nt0 =
equal subintervals [ih, (i + 2)h],i = 0,2, ...,(m — 2) and let
X, be the set of all continuous functions that are quadratic
polynomials when restricted to each of the above subinter-
vals. Because each element of X, is completely determined
by its values at the (m + 1) nodes ih,i=0,1,...,m, the
dimension of X, is (m 4 1). Considering that f € y = Cc3(D)
can be approximated by its expansion with respect to the
following set functions, (m + 1) set of MHFs are defined
over D as

ho(t) = sE(t=m)(—2h), 0<1<2h
’ 0, otherwise.

Ifiisoddandl <i<(m—1),

1
hi(t) ={ (Sl_z(t -

Ifiisevenand2 <i < (m—2),

(=Dt —=>G+Dh), (i—Dh<t<@{+ Dh
otherwise.

ey

St = (i = DR)t = (i = Dh), (= Dh <1< ih

hi(1) = (= i+ D) =+ 2, ih <1< +2)h

0, otherwise,

and

212
0, otherwise.

hm(t)z{ L= (T=h)t—=(T=2h), T-2h<t<T
Properties of the MHFs

By considering the above definition, the following properties
come as a result.

1) hyGih) ={ o

i=j

i#j

0, ievenand|i—j| >3
D Ohy(0) = { 0, ioddand|i—j|>2

3) They are linearly independent.
4) Z (1) =1.
i=0

Suppose

H() = [h(0), y (@), ..., b, (D], 2)
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by applying the second property and considering definition
(1), we obtain

h@® 0 .. 0
SYH(OH (1) ~ ? - (3
0 0 0

6) HOH()'X ~diag(X)H(?),

7)Let Abe an (m + 1) X (m + 1) matrix and H(¢) be the vector
of (m + 1)-MHFs defined in (2) then H(")" AH(t) ~ H(H)'A ,
where A is a column vector with (m + 1) entries equal to the
diagonal entries of the matrix A.

Function approximation

An arbitrary real function f on D can be expanded by these
functions as [34]

F@) = Y fih() = FTH@) = H (0)F, 3)
i=0

where F = [f,.f},....f,]7 and H(?) is defined in rela-
tion (2) and the coefficients in (3) are given by
fi=fGh),i=0,1,....,m

Similarly, an arbitrary real function of two variables
g(s, Hyon D X D can be expanded by these basic functions as

g(s.t) ~ H' (s) GL(1), 4)
where H(s), I(#) are, respectively, (m; + 1)- and (m, + 1)
-dimensional MHFs vectors. G is the (m; + 1) X (m, + 1)
MHFs coefficient matrix with entries
G;,i=0,1,2,...,m;,j=0,1,2,...,m, and G;; = g(ih, jk),

T T .
where h = - and k = —. For convenience, we put
1 2

m1=m2=m.

Operational matrices

In this section, we present both operational matrix of inte-
grating the vector H(¢), denoted by P, and stochastic opera-
tional matrix of It0 integrating the vector H(¢), denoted by
P,. Therefore, by integrating the vector H(¢) defined in (2),
we have [34, 35]
t
H(z)dz = PH(?), 5)
0

where P is the following (m + 1) X (m + 1) operational
matrix of integration of MHFs
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Theorem 1 Let H(¢) be the vector defined in (2), the It6 inte-
gral of H(t) can be expressed as

/ H(z)dB(r) = P.H(?), ©6)
0

where P, is the following (m + 1) X (m + 1)stochastic opera-
tional matrix of integration

and

ih
1
L= — —27t - Q2i-3)h)B(r)d
e, Azwhﬁ” (2i - 3)h)B(x) d

G
- /lh ﬁ(Zr — (2i +3)h)B(7)dr.

Proof By considering definitions of /;(f),i =0, 1, ..., m and
integrating by parts, we have

/ hi(t)dB(z) = hy(1)B(t) — h,(0)B(0) — / H(7)B()dz
0 0

= h()B(t) — / H/(1)B(z)dx,
0

expanding fot h;(t)dB(r) in terms of MHFs yields

07 16) Yo V2 - 72 72 72 72

0 B(h)+6,; 0, 01 01 - Oy Oy 0, 0,1

0 n BQ2h) +1myp M35 Map - Mapn  Man M4 Hap
J )

00 0 0 0 .. Wy BT =20+ N30 N4m—2

00 0 00 ..0 0 BT =h)+0,,_, 0,

00 0 00 ..0 0 Mo B(T) +ny,,
with

t m
h
1 . B ~ h.
v =— /O 5572 = 3WB(r) dr /O hi(z)dB(7) ;%hj(f)

2h 1
vy =— /O 527~ 30B@) dr,

ih
1 .
0,; =/ ﬁ(2r — 2ih)B(r)dr,
(i=Dh

@i+Dh 1
0,, = / 527 = 2iB(x) d,
@i—Dh

@i—Dh 1

L= — (27 — (2i = 3)h)B(7r) dr,

M /(i_m 5327 = Qi = )WB(x) de
ih 1

== — 27— (2i — 3)h)B(r)dr,

1, Am%z” (2i — 3)W)B(z) de
ih 1

= — (27— (2i = 3)W)B(r)d

M3 L_mw(r (2i = 3)h)B(r) dz

(i+1)h
- /h 5 (27— Qi+ 3IWB(D) dr,

and

jh
a; = / hi(z)dB(z),
0
jh

= h;(jh)B(jh) — /l hl'.(T)B(T)dT
0

SO we obtain

0, ji=0

h .
ay =4 ~ 02h$(2s —3m)B(s)ds, j=1
-/ ﬁ(Zs —3h)B(s)ds, j>2.
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Ifiisoddandl <i<(m-—1)

0, j<i-1
a; =4 B(ih) - 1h(’ Dk 2 = (25 = 2in)B(s)ds, j =i
— Jt S @s - 2iB(s)ds,  j2i+ 1.
Ifiisevenand2 <i < (m — 2),
(0, j<i=2
— [V L5 — (2i — 3)h)B(s)ds i=i—1
i-2h 7 ¢ ’ J=

th 1

B(ih) — je (25 — (20 = 3W)B(s)ds, j = i
a; =3 = fitan 525 = i = 3)M)B(s)ds
Pk 2;2 (s — Qi+ )HWBs)ds,  j=i+1
- /<, " o 3 (25— (2i = 3)M)B(s)ds
W Qs - Qi+ DBy s, i+
and
j<m-2

— 2T + 3h)B(s)ds, j=m-—1

(T-n 1
f(T 2h) %1
2s = 2T + 3h)B(s)ds, j=m

B(T) = fir o 3

Putting the obtained components in the matrix form ends the
proof. O

Solving stochastic It6-Volterra integral
equation with multi-stochastic terms
by the MHFs

Our problem is to define the MHFs coefficients of X(t) in
the following linear stochastic It6—Volterra integral equation
with several independent white noise sources,

X)) =f)+ / u(s, HX(s)ds
0

no (®
+) / o;(s, X(s) dBi(s), t € D,
=170

where X, f, yand o s j=1,2,...,nfors,t € D, are stochastic
processes deﬁned on the same probability space(Q, F, P).
Also B,(2), B,(), ..., B,(t) are Brownian motion processes,
and /Ot aj(s, 1) dBj(s) ,j =1,2,...,nare the It0 integrals.

@ Springer

We replace X(¢),f(¢), u(s, t) and aj(s, 1, j=12,....,nby
their approximations which are obtained by MHFs:
X ~XTH@®) = HO)TX, )
f() = F'H(@r) = HO)'F, (10)
u(s, 1) = H®O" " H(s) = H(s)" uH(), (11
oi(s.1) ~ H(t)" ATH(s) = H(s)" A;H(2),
| ! (12)

j=12,...,n,

where X and F are stochastic MHFs coefficient vectors and u
and Aj ,j = 1,2, ..., nare stochastic MHFs coefficient matri-
ces. Substituting (9)—(12) in relation (8), we obtain

H(H"X ~ H@)'F + < / H()" p"TH(s)H(s)"X ds)
0

n ' (13)
+) ( / H()"A;"H(s)H(s)"X dBj(s)>.
=1 N0
Using the 6-th property in relation (13), we get
HO'X ~ HO'F + HO u" diag(X) ( / H(s) ds)
0
(14)

+> H(t)TAdeiag(X)< /0 H(s) dBj(s)>.

J=1

Utilizing operational matrices defined in relations (5) and
(6) in (14), we have

H()'X ~ H(0)'F + H)" 4" diag(X)PH()

s)

+ Y H@) A" diag(X)PH().
J=1

LetA = u"diag(X)P andB; = A, leag(X)P J=12,....n
Applying property (7) in relatlon (15) yields

HHO'X ~HO'F + HO A + 2 H(»'B,,
=1

therefore, by using the third property and replacing ~ by =,
we have

which is a linear system of equations that gives the approxi-
mation of X with the help of MHFs.
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Error analysis

In this section, the error analysis is studied. We propose
some conditions to show that the rate of convergence for
this method is O(h%).

Theorem 2 [34] Lett; = jh,j =0,1,...,m,f € y and f,, be
the MHFs expansion of f defined as f, (1) = Z;n:of(tj)hj(t)
and also assume that e, (t) = f(t) — f,,(t), for t € D, then
we have

lle, Il <

h’%
< —|lr
V3

and hence ||e, || = O(h) . Where ||.|| denotes the sup-norm
for which any continuous function f is defined on the inter-
val [0, T) by

IfIl = sup [f(D)I.
€l0.7)

Theorem 3 [34] Let s;=t;=ih,i=0,1,....,m
u€CNDXD) and p,(s,1)= Ty Tty uls; (o),
be the MHFs expansion of u(s,t), and also assume that
e, (s, 1) = u(s,t) — u,,(s, 1), then we have

leall < ——

n’
—— (1®+141)
9\/5

G
2 sl

and so||e,,|| = O(h).

Theorem4 Let X be the exact solution of (8) and X,, be the
MHFs series approximate solution of (8), and also assume
that

Hy @ |IX|| < p,
H, @ ||lull £K,
H; : lojll <M, j=1,2,....n,

Hy o T(K +y() + ) (M; + A)IB)]l < 1,
j=1

then

T(h) + Tor(h) +p Y, A,(|IB;|
=1
I1X = X,,|| < : :

- (T(K +y(0)+ X0, + Aj(h»nB,-u)
-

and||X — X, || = O(h?) , where

rm = 2y
9v3
h3
yh) = —(||u§3>|| + 11 )
9\/5
2 vE LS,
3 = (||o<3)|| +1e1)
9\@
Ao,
243
j=12,...,n

Proof From relation (8), we have
X(1) = X,,(t) = f(@) = f,,(D)

+ / (,u(s, NX(s) — u,,(s, t)Xm(s)) ds
0

n t
+,=21/0

(0,05, DX(5) = 0, (5. DX, (5)) dB/(5),

now the following relation is concluded

1X(0) - X,,0)] < [F() f,n<r>|+rN+Z|B<r>|N, (16)

j=

where

N = sup
5.1€[0,T)

| (s, DX(s) — p,,, (s, DX, ()],

and

N; = sup
5.1€[0,T)

|O-j(s’ Z)X(S) - Gjm(s’ t)Xm(s)l’

using Theorems 2 and 3, we also have

N < NpllX = X0+ Ml = p (X = X 11+ 11X

(17
<X = X, KK + y(h) + y(B)p,
and
N; < llo;Il1IX = X, 1l + llo; = 0, 11X = X, [1 + 1X11)

(18)
< (M; + W)X = X, | + 4,(h)p.
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Table 1 Numerical results for

(m =10) (m = 40)
Example 1
Nodes t; Errors of Errors of Errors of pre-  Errors of Errors of Errors of
BPFsin [22] GHFsin [23] sent method BPFs in [22] GHFsin [23] Present
method
0 7.9e -5 0 0 3.6e—5 0 0
0.1 5.4e-5 1.6e—5 8.9e—6 1.6e—5 1.3e-5 1.0e-5
0.2 1.4e—4 3.9e-5 1.5e-5 6.6e—5 3.4e-5 2.2e-5
0.3 1.1le-5 9.1e-5 3.8e-5 1.7e—6 8.2e-5 3.8e-5
0.4 1.9e—4 1.3e—4 3.7e-5 7.4e—5 1.2e—4 5.1e-5
0.5 7.2e-5 1.9e—4 6.7e—5 8.9e—5 1.7e—4 6.5e—5
0.6 7.1e=5 2.7e—4 6.2e—5 4.8e—-5 2.5e—4 7.9e-5
0.7 1.0e—4 3.5¢e—4 9.0e-5 4.8e-5 3.2e—4 9.6e—5
0.8 9.7e-5 2.9e—4 8.2e—5 1.2e—4 2.5e—4 1.0e—4
0.9 5.7e-5 2.8e—4 1.0e—4 5.2e-5 2.4e-5 1.1e—4
1 1.0e—4 2.3e—4 9.4e-5 5.1e=3 1.9e—4 1.1e—4
=12, ..,n ss x107° k=15 ‘
By substituting (17) and (18) in relation (16), we obtain 3
Exact solution
541 1

X — X, |l <T(h) + T((K + y(W)IIX = X, Il + py(h))

+ D UBIH (M + L)X = X, [l + pA(h)).
=1

J=

and so

L)+ Tor() +p 2 4MIBO]
-

I1X = X,,Il < .
L= ( T4y + 0+ 2,008
~

which means || X — X, || = O(h*). Thus, the proof is com-
plete. O

Numerical examples

In this section, we use our algorithm to solve stochastic
[to—Volterra integral equation with multi-stochastic terms
stated in “Solving stochastic [t6—Volterra integral equation
with multi-stochastic terms by the MHFs” section. In order
to compare it with the method proposed in [22, 23], we con-
sider some examples. The computations associated with the
examples were performed using Matlab 7 and [36].

Example 1 Consider the following linear stochastic [t6—Vol-
terra integral equation with multi-stochastic terms [22]

@ Springer

Exact and Approximate solution for example 1 and m:
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Fig.
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1 Numerical results for Example 1 with m = 10

=40

Exact and Approximate solution for example 1 and m

MHFs method

vy
----- Exact solution
49 b
48 . . . .
0 0.2 0.4 0.6 0.8 1

Fig.2 Numerical results for Example 1 with m = 40
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Fig.3 Error curve of the method for Example 1 with m = 10
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Fig.4 Error curve of the method for Example 1 with m = 40

Table 2 Numerical results for
Example 2

X(@) =X0+/ rX(s)ds
0

n t
+ / aX(s)dB,(s), s, € [0, 1),
=170
with the exact solution

X(5) = Xoe"3 Tl G EL 4B,

for 0<tr<1 where X is the unknown stochas-
tic process, defined on the probability space
(Q,F,P) and B,(?),B,(?),...,B,(t) are the Brown-
ian motion processes. The numerical results for

L=l ol m2 g =t 22 are
shown in Table 1. Also curves in Figs. 1 and 2 show the
exact and approximate solutions computed by this method
for m = 10 and m = 40. Figures 3 and 4 represent the errors

of the present method.

0= 200" T 20 % T 500 *2

Example 2 Let [22]
X)) =X, + / r(s)X(s)ds
0

+ ) / a;(5)X(5)dB;(s), 5,1 € [0, 1),
=170

be a linear stochastic Itd—Volterra integral equation with
multi-stochastic terms with the exact solution

(m =10) (m = 40)
Nodest;  Errors of Errors of Errors of pre-  Errors of Errors of Errors of
BPFsin [22] GHFsin [23] sent method BPFsin [22] GHFsin [23] Present
method
0 43e—-4 0 0 1.0e—4 0 0
0.1 7.5e—4 1.2e—4 1.8e—4 3.3e—4 1.2e—4 1.3e—4
0.2 9.5e-5 3.2e—4 1.7e—4 4.1e—4 2.2e—4 4.3e-5
0.3 9.5e—4 7.6e—4 4.4e—4 3.1e—4 4.7e—4 1.0e—4
0.4 3.7¢-3 5.6e-3 1.2e-3 9.7e—4 2.6e-3 5.1e—4
0.5 4.2e-3 3.4e-2 2.2e-3 1.6e-3 1.1e-2 8.0e—4
0.6 1.1e-3 5.3e-3 3.1e-3 8.3e—4 1.5e—1 1.4e-3
0.7 1.5e-3 5.7e-2 3.9e-3 1.5e-3 3.5e-2 2.1e-3
0.8 4.2e—-4 6.5e-3 9.3e-3 8.2e-3 2.6e—2 5.2e-3
0.9 2.4e-2 2.9e-2 8.8e-3 1.0e—2 1.0e-2 5.0e-3
1 1.6e—2 6.9¢—2 1.6e—2 1.1e-2 6.3e—1 1.1e-2
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Exact and Approximate solution for example 2 and m:
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Fig.6 Numerical results for Example 2 with m = 40
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Error
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0.016
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0.014

T

10 and k:

0.012

0.008

T
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T

0.004

T

Error for example 2 with m

0.002

T

Fig. 7 Error curve of the method for Example 2 with m = 10

X(t) = X, 7073 Ty G OAst T, [ o5
for 0<t<1, where X is the unknown stochas-

tic process defined on the probability space
(Q,F,P) and B®),B,®),...,B,() are the

@ Springer

0.012

0.01

=15

40 and k

0.008 -

0.006 [

0.004 -

Error for example 2 with m:
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Fig.8 Error curve of the method for Example 2 with m = 40

Brownian motion processes. The numerical results for
X, = é,r =1 a = lio,az(s) = 52, a3(s) = 229 are inserted
in Table 2. Also curves in Figs. 5 and 6 show the exact and
approximate solutions computed by this method for m = 10
and m = 40. Figures 7 and 8 represent the errors of the pre-

sent method.

Conclusion

Finding an analytical exact solution for stochastic equations
usually seems impossible. Therefore, it is convenient to use
stochastic numerical methods to find some approximate
solutions. The MHF:s, as a simple and suitable basis, adopt to
solve stochastic [to—Volterra integral equations with multi-
stochastic terms. With this choice, the vector and matrix
coefficients are found easily. This method results in a linear
system of equations that can be solved simply. Numerical
results of the examples show that the MHFs tend to more
accurate solutions than the BPFs and GHFs do.

Open Access This article is distributed under the terms of the Crea-
tive Commons Attribution 4.0 International License (http://creativeco
mmons.org/licenses/by/4.0/), which permits unrestricted use, distribu-
tion, and reproduction in any medium, provided you give appropriate
credit to the original author(s) and the source, provide a link to the
Creative Commons license, and indicate if changes were made.
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