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Abstract

In Riemannian manifolds, there exists a canonical Riemannian metric on the product of them (Lee in Riemannian geometry
an introduction to curvature, Springer, New York, 1997). But at the product of Finsler manifolds, the canonical Finsler met-
ric has not been defined. In this paper, we are going to study the product of Finsler manifolds and give a canonical Finsler

metric on it.
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Historical remarks

The section brings a survey of Finsler geometry and product
manifolds; a Finsler metric on a manifold is a collection of
Minkowski norms F, in tangent space at x such that F, var-
ies smoothly in x.

In 1854, Reimann introduced the geometry based on the
element of arc length

ds = F(x',x%, ..., X", dx!,dx?, ..., dx").

where F is positively homogeneous of degree 1 in dx’ [2,
3]. For more than half a century, there had been no progress
until P.Finsler introduced the Riemannian—Finsler geometry
(Finsler geometry for short) in his thesis in 1918. A Finsler
metric F = F(x,y) is defined on tanget bundle TM, such that
gives a for x € M by Minkowski norm [4-7],

Flyy=F, : T,M > [0, c0).
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Chern and Shen are defined product metric on Finsler spaces
[8] as:

(1) For Finsler manifolds (M,,F,) and (M,,F),),
x=(x,%) €M =M, xM, and y = (y;,y,) € T, ,,(M; X
M,),letF : M =M, XM, — [0, o) are defined by

Fi(x,y)) if y=y, 00

Fy(xp,y,) if y=0&y, (1.1

F(x,y) := {
Then F is Finsler metric on M;XM,, where
IM=TM &T M,
(2) For Riemannian manifolds (M, g,),(M,, g,) let
f :[0,00) X [0, 00) = [0, ) be a c™ function satisfying:
S(As, At) = Af(s, 1), YA > 0,and f (s, 1) > 0,V(s, 1) # (0,0).
Then for all (x;,x,) € M| X Myand (y,,y,) € TM,; X TM,,
F defined function by

F(x,y) := \/f([gl(xhyl)]z’ [gz(xz’}b)]Z)

is a Finsler metric M = M| X M,.

(3) Kozma et al. have defined a Twisted Products Finsler
Manifolds [9] as:

Let (M, F,),(M,,F,) be two Finsler manifolds and
M=M,xM,, then for all (x,x,) € M; XM, and
O1,)2) € T(x],xz)(M1 X M,) - {(0,0)} = (T, M, - {0})x
(T,M, — {0}) and c* function f : M; XM, — R*, the
Twisted Products metric is defined by

FO1.y) 1= \ 2 30) + 200 )20 12).
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0.y, € T™, — {0}

In this paper, we are going to generalize a new product
Finsler metric F on M = M, X M,, then we call (M, F) as
canonical product Finsler manifolds.

Introduction and preliminaries

We recall some definitions and fundamental results in Fin-
sler geometry.

Definition 2.1 Let V be a n-dimensional real vector space.
A Minkowski norm on V is a functional F on V, which is
smooth on V — {0} and satisfies the following conditions:

(1) Fuy>0,VuelV,

2) F(Au)= AF(u), VA>0,VueVv,

(3) forany basise,...,e,of V, write F(y) = F(', ...
y = Yle;. Then the Hessian matrix

(8) = <[%F2])>

is positive definite at any point of V — {0}.

Y,

The pair (V, F) is called Minkowski space.

Definition 2.2 Let M be a (connected) smooth manifold. A
Finsler metric on M is a function F' : TM — [0, + co) such
that

(1) Fis C* on the slit tangent bundle TM — {0};
(2) The restriction of F to any T,M, p € M is a Minkowski
norm.

The pair (M, F) is called Finsler manifold or Finsler
space.

Let (M, F) be a Finsler space and (x!, ..., x") be a local
coordinate system on an open subset U of M. Then

{—, cees —} form a basis for the tangent space at any
ox! ox"

pointin U.

Theorem 2.3 (Euler’s) Suppose a real-valued H on R" is dif-
ferentiable away from the origin of R". Then the following
two statements are equivalent [5]

(D)  H is positively homogeneous of degree r. That is:

H(iy)= AH(); Y4, A>0

@ Springer

(I)  The radial directional derivative of H is r times H.
Namely,

Y Hy(y) = rH(®).

Corollary 2.4 Let F be positively homogeneous of degree 1
on R". By using Euler’s theorem, we can show that:

(f)) y;?'i =F(-)
EC)) ikﬁw'y]' k =.—F inj
; yyy Yy
(d) y Fyiyjykyl = —2Fyiy;yk.

Corollary 2.5 Let (M, F) be a Finsler manifold . Then F?
defined by:

Fz(y) = (F,(y)) for all p € M and y € T,M; is a posi-
tively homogeneous function of degree 2 on T,M.

Corollary 2.6 Let (M, F) be a Finsler manifolds. Then

OF?
v <2,
y

For simplicity, we put F\(y,), F,(y,);
asF, (y),F, (y2), respectively.(i.e CF =F, . F,= sz).

Proposition 2.7 Let (M, F) be a Finsler manifold of dimen-
sion n. Then

[OPFO)) _ o )
ayioy ay
Proof By definition and Corollary 2.6, we have:

n

OF)® _ 3 F)* 2 i 0 <B(F(y))2>
&7 Tovoy T & o\ oy

ady'ay
N 0 [OF()? 0 [ IF()?
) -z‘;,ya_y( o )Wa_y'( oy )
w0 ( ia(F(y))2> i 0 <5(F(Y))2>
= Z —|Yy - +y— -

el Oy oy ay ay/

o AF())? A AF())?
:i[. yl((X))]+yzi<((Y)))

Y PR oy \ oy
_ 0 [ JOFW?  OFM?Y |, ;0 (0FW)?
=\ & o Yoy ) Y Ty
W\ = y ¥ Y ¥
_90 s GOFG) | 0 a(F(y»z) _OF))?
- (2<F(y>> 2 >+ yay/_( OV ) - 2508
O
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Minkowski structure on product of Finsler
manifolds

Theorem 3.1 Let (M, F)), (M,F, be Fin-
sler Manifolds of dimensions n and m, respec-
tively. Suppose that (p,,p,) EM, XM, and
Fop ot T, py My X My) — [0, + 00)be afunction defined by:

Fop pyO1:32) 1= (Fy @ Fy) 5 V15 ¥2) 1= Fi(v1) + F>(32)
v(ylayz) € T(Pl-Pz)(Ml XMQ). Then,

¢y F(pl,pz)()’pyz) 20, V(.)€ T(pl,pz)(Ml’Mz)~
AD  Fo, Ay, Ay) = AF, 1, (015 32); VA >0, V(yy,
) €T, My, M,).

Proof

(D Since for all y, €T, M;;F (y;) 20 and for
all y, €T, M5;F,(y;) 20, it follows that
F@I,pz)()’l’yz) > 0.

(Il) By the definition of Finsler metric, we have VA > 0,
Fy(Ay)) = AF,(y1), Fy(Ay,) = AF,(y,). It follows
that F, , \(Ay1, 4y)) = AF, ,\(v1,¥,2); VA > 0.

U

Let us denote by

I 1<i<n
Yo {y’z_” n+l1<i<n+m G.D
and

y’i:O n+1<is<n+m 5

¥=0 l<i<n = (3-2)
Theorem 3.2 Let (M,,F,), (M,,F,) be Fin-
sler Manifolds of dimensions n and m, respec-
tively. Suppose that (p;,p,) EM; XM, and
Z(pl’pz) : T(pl,pz)(Ml X M,) = [0, + 00) be a function defined
y:

FpppO1:32) 1= (F1 @ Fy),, ) 015 32) 1= Fi(y) + F2 (),
VO, €T, (M. M,). Then the Hessian matrix

(@)= (477,

Proof By the definition of positive definiteness in linear
algebra, it is sufficient to show that:
Vy = (v, y2) € Ty, pp, (M X M;) — {0}, we have

D] g1 [y] > 0.

(v # 0) is positively definite.

where yi =0, YD) €T, M, — {0} and
Y2 =, ¥3) € T, My — {0}. [y]" is transpose of matrix
[y]. According to the definition of F, we have

FX(y) = [F\ () + F,00)1F = F1(3) + F5(0,) + 2F (0 DF, (3,).

We now compute the Hessian matrix of component at slit
tangent space
TQ’| Pz)(Ml X Mz) - {0} that is:

10°F*(y)

. 1 0
8i = 2 ayiay  20yi0

[Fz()’l) +F2(Yz) +2F, v F,(v,) ]

For simplicity, we write (gii) as, (A“ A12> where
’ Ay Ay

Ay1,A,, Ay and A,, are matrices, where.

Ay = laZFZ(X); 1<i,j<n,
212
(A12)i'=laF(y); <i<m 1<j<m
b 2050y
1 0°F%(y)
(A2 =5 —; 1<i<m, 1<j<n,
" 200y
1 0°F2(y)
(Ap); == ~; 1<i,j<m
b 2050y

By definition of F and its partial derivatives, we have:

0*F3(y))
(All)ijzl<—l 2()’2) ‘(yl> 1<ij<n,

oy, ay' ay)
OF\()) _ OF
(A12)ij=l pRalil 200) ). 1<i<n 1<j<m,
2 dyl y’
OF () OF
(Azl),-,:l(z 1) 20) > 1<j<n 1<i<m,
2 0y’2
1 [ O°F 2(Y2) 0?F5(y,)
(A =3 2F\)——=—=); 1<i,j<m
T2\ o 9y30Y,

It can be seen that:
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[ azFlz(yl) e ) °Fi(y)) azF%(yl O ) °F,(y))
ooy F0)755 Ly oy 0270 Loy
RN o 2100 1(y1> (RO, Fao) 1(y1)
— Fy(y, - PAND) :
(A1) e = 3 ayfay} 9y20y! ay§0y1 2oy
9 f()ﬁ) O ) °Fy(y) _ azF%(YI) Fy(v) 1()’1)
vl " o T
and and
26F1(y1 OF,(y,) ,OF100) | IFy() (422) e
dy! dy) oy} oy (2R . 02F2<v2>> (02F§(yz> PFy() )
1 1 l(yl) 1 1 15,m 1( 1) l m
) : <20F1(y1  OF202) ) LOF100) | OF20) 2,09, 230} 23073 20
A nxm o 2 0 s IF () ) 0°F,(y,) 9 Fz()z) a 2(y2
12/ 2 o} 1 9, 2 o ¥ = % < Y30y} o Y30y} ayﬁaym oys0yy /.
oF oF. oF OF.
<2 al(yl 62()/2)) <2 a](:l 020)” ) PF3(vy) oF 0%F,(;) ang(Yz PF0)
yl y2 yl y2 | 0}’;10}'; 1(}’1) 0)’;10}'5 Oy'z”ay"’ 1(, 1) 0 ,,,a m
20Fz(y2) 0D | (,950))  9F 01
oy oy oyl oy This give the Hessian matrix (g;) 1=
1 <26F2(y2 OF\ (1) ) <20F2<y2 L) ) A, Ap
(A21) 0 = 5 9; % 9, M Ap  Ap)
an(yz) OF, () an(yz) OF, () It is sufficient to show that: V(y,, y,) € T, , \(M; X M,)
2 2 pNT 3 —{0} we have:
0y1 y2 yl
o
! 1 noyl m yn — 1 noyl m 1
DT Leal DT> 0o ooov 3] el | 31 = Do o 03] x5
Y7 ]
(Fl(yl))2 2Fl(yl aFl(yl aFZ(yZ
<)’ +2F,(n)| 7 1 l 5 )’]2
dy| 0y} 0y, 9y M o,
 OX(F 0 2F1(y1 0F1(yl 0F,(y,)
y FZ( ) yl 2 y/2
dylayl ady ayl 0y1 ay’2
9*(F 6 F 0F JF
y LLOD" I (F, ()" )? + om0 ¥ nl(yll) 42 a(y) y,2 »(02)
aylayl 6 0 yl 0y’2
(3F JoF 0*(F 2 92
2<y2><1 01 >>+<),2 (F:0) >+2F1(y1)<},2 12<y_2>>
y, oy dylay, ayloy,
(3F JoF 0*(F 2 . 0%
2<y2><1 01 >>+<}/2 (Fy() >+2F1(y1)<},2 22<y_2>>
% 9 Y’z 9y30Y,
JdF. JoF F : 0°F.
5 2(52><y,1 1(y1>>+<)/2 (Fy0) >+2F1( l)<)/2 2<yg>>
| 9 9%y, oyray, /|
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Ly EEOD e [ R0 ) 9RO (5 0F0)
=% Kyl ooy +2F,(n)| ¥, oy + o] A a)é

1 0X(F,(y))? L 0°F,(y))
+ 230 [ V=== |+ 2R ¥ ) +2—
2 0y, 9y, 0y 9y, oy

oF(yy) y;’an(Yz)
2 ay]‘z

1 1 i
ay) oy Y0,

1, (Lm0 [ 0F o)  P(Fy(y,))? 2 F,0) \ |
+ = 2 ! . + —_— | +2F -
272 S <y1 oy > (3/2 ay20y, 100 22 a2y, /|

2 2 2
lzan(li’z) <y11 aFl(iyl)> + <)/25 (Fz(YzA)) > " 2F1(y1)<>éa Fz()’g))]
9 9y oy, ayray,

<
N3

([ P(F ) 0%Fy(v) OF ) [ 0F,(v,) \|
V———— | + 2F, ()| - +2 - y’ .
_< Loy, U ooy, N

[ 2 2 2 )
+§%fm%(fmm0+@f%%”)wmwcf?%v
| 9y, dyzay’z i

1  2(F (y)? L 02F (y)
=§ylf Y1 /i lz +20,00)1 kl ,'1 +2—
9y, 0y, dy 0y, 9y,

oF,(y;) yl»an(yz)
2 0y§

oF (Yz) ; 0F1(y1) i az(Fz(YQ))z i aze()’z)
+ oy [22 yo—— )+ | y,———="= | +2F,0| ¥,———= ] | .
22 l oy ( oyl > < 2 oyhay! ) ST ayvtay)

In the first expression by Corollaries 2.4 (b), and 2.5, 2.6
and Proposition 2.7, it follows that

0°F,(y)) i OF,(,) JOXFLy))?  o(F, )
f — =0, — = F,(y2), ¥ — = .
' avjoy, Py, T oo o

In the second expression,
.62F(y) - 0F,(y)
= =0, Y= = ROy,

oyhay), oy}
y,' az(Fz()b))z _ a(Fz()’2))2
A 9y,
Then we will have

t 1 4 o(F,(y)))? oF,(y))
Y| 18] Y] = 5Y +2 Fy(»,)
P lelbl = | 25 402

oF,(y,) O(F, (1))
PRV PLLESAV RIS L L
2 9y, ay,

Therefore [y]t [gi] Y] = [F20) + 2F, (50 )DF, () + F2 ()]
2

= [F,(y)) + Fy(y,)] . It is clear that Vy = (y;,y,) € T, )

(M, x M,) — {0} we will have

t
b1 [es] D > 0.
And since the Hessian matrix (g;) := ([%Fz] ' ) (v #0)
Yy
is positive definite. Il

Corollary 3.3 Let (M|, F)), (M, F,) be Fin-
sler Manifolds of dimensions n and m, respec-
tively. Suppose that (p;,p,) EM; XM, and
Fopopn @ T, py My X M) — [0, 4+ o0) be a function defined
by:

o pnO01:32) = (Fy @ F)p, )1 Y2) = Fi(y1) + Fy (),
V1.32) € Ty, )My X M)

Then F, 1 T, p) (M, X M,) — [0, + 00) is a Minkowski
norm.
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Proof The proof is result of Theorems 3.1 and 3.2. O

Theorem 3.4 Let (M, F,), (M,, F,) be Finsler manifolds
of dimensions n and m, respectively. Then the function
F :T(M, XxM,) = [0,+400) defined by:

FoppO1:2) 1= F @ F), )01, %2) 1= Fi () + F2(,)
V(p1.py) € My X My, Y0y, v) € Ty, (M, X My) = T, My & T, M,

is a c®-function on the slit‘ tangent bundle T(M, X M, — {0}.

Proof Since F, and F, are c®-functions, it follows that vec-
tor function 0 : TI,]M1 (a5} szMZ — [0, 4+ ) X [0, + c0)
defined by: 6(y,,y,) = (Fl(yl),Fz(yz)) is a ¢® -function,
and so 4 : RXR — R defined by A(s,f) =s+1¢ is a ¢®
-function. It follows that F,, ,, = 400 is a ¢* -function on
T(M, xM,)—{0}.

As the restriction of F to any T, ,, (M, X M,) — {0} is
c®, we have F is a c® function on the slit tangent bundle
T(M, x My) - {0). O

Finsler structure on product of Finsler
manifolds

Theorem 4.1 Let (M, F,), (M,, F,) be Finsler manifolds
of dimensions n and m, respectively. Then the function
F :T(M, XxM,) = [0,+400) defined by:

V(p1.py) € My X My Y (v yy) €T, (My X My) =T, My & T, M,
F(pl,pz)()’pyz) = Fz)(pl,pz)()’pyz) =Fi(y)+ Fy(n)

is a Finsler metric on M| X M,.

Proof By the Corollary 3.3, the restriction of F to
T, pyM; X M), ¥(py,p,) € M, X M, is s Minkowski norm,
and according to the Theorem 3.4 F'is ¢ function on the slit
tangent bundle T(M, X M,) — {0}. Therefore F is a Finsler
metric on M; X M,. O

@ Springer

Definition 4.2 Let (M,, F,), (M,, F,) be Finsler manifolds
of dimensions n and m, respectively. Then Finsler metric
F =F, 4+ F,on M, X M,is called canonical product Finsler
metric.
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