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Abstract We present three new sets of weighted partial sums of the Gaussian g-binomial coefficients. To
prove the claimed results, we will use g-analysis, Rothe’s formula and a g-version of the celebrated algorithm
of Zeilberger. Finally we give some applications of our results to generalized Fibonomial sums.
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1 Introduction

The authors of [2] present some results about the partial sums of rows of Pascal’s triangle as well as its
alternating analogues. As alternating partial sum of Pascal’s triangle, from [2] we have

<r> k m (l" — 1) .
Z (=D" =D , integer m.
k<m k m

The authors note that there is no closed form for the partial sum of a row of Pascal’s triangle, S (m,n) =
D <m (Z) However, they give a curious example for the partial sum of the row elements multiplied by their

distance from the center:
Z r (r k) m—+1 r it
- — = — , integer m.
k) \2 2 \m+1 g

k<m

Ollerton [11] considered the same partial sum of a row of Pascal’s triangle S (m, n) and developed formulae
for the sums by use of generating functions.
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We recall a different result from [6]: for any nonnegative integer ¢,

() 0-0-("")

k<t

These kinds of partial sums, as well as certain weighted sums (both alternating, and non alternating) are
very rare in the current literature. Calkin [1] proved the following curious identity:

3

n k
Z Z n ol o 3y, 21 yn2
J n .

k=0 \ j=0

Hirschhorn [5] established the following two identities on sums of powers of binomial partial sums:

2

ZZ()zn.zn_u—z" and Z Z(j) zn_22n—1+22n_%(2nn>'

k=0 j=0 j=0

Recently, He [4] gave g-analogues of the results of Hirschhorn as well as a new version of another result.
For example, from [4], we recall that

mir(y _ (4" @)n — ’"(”“)( L)
>3] -

k=0 j=0

where the g-Pochhammer symbol is (x; ¢), = (1 —x)(1 —xq)...(1 — xq”_]) and the Gaussian g-binomial
coefficients are

|:n:| _ (45 @)n
kly (@O Dk

i) =)

Meanwhile, Guo et al. [3] gave some partial sums including g-binomial coefficients, for example

5" -1y imq 2=<:§[2;L) (é[ik])

k=0 j=0

Note that

For later use, we recall that one version of the Cauchy binomial theorem is given by

n

Zq (3 [ ] ot = ﬁ(l +xqb),
q k=1

and Rothe’s formula is

n n—1
3 =1k 0) m = () = [J(1 - x4,
k=0 q k=0

Nowadays, there is increasing interest in deriving g-analogues of certain combinatorial statements. This
includes, for example, g-analogues of certain identities involving harmonic numbers, we refer to [9, 10].




Arab. J. Math. (2018) 7:101-112 103

Recently, Kili¢ and Prodinger [7] computed half Gaussian ¢-binomial sums with certain weight functions.
They also gave applications of their results as the generalized Fibonomial sum formulas. For example, they
showed that forn > 1 such that2n — 1 > r

n

2 2
Z n (_l)kq%(kz—k(2r+]))(1 F b2 = o n
n—+k q nl,

k=1

and

" 2n I 2n -3 (1—¢q) n n—
> gD (1 - gty =2 L—g—g.
k=0 n+kl, noldea

More recently, Kilic and Prodinger [8] computed three types of sums involving products of the Gaussian
g-binomial coefficients. They are of the following forms: for any real number a

> [" :k} [Z] (~Dkg™ 0 @ - gb),
q q

k=0
" n+k] [n ket (6 1
Z[ k } u DO
k=0 qL%dq g —a
and
n n n +k —1 _1 k _nk_,’_(szrl)a — q*k
P L (—D*q =2
=0 L dq q q

They also presented interesting applications of their results to generalized Fibonomial and Lucanomial
sums.

In this paper, inspired by the partial sums given in [2], we present three sets of weighted partial sums of the
Gaussian binomial g-binomial coefficients. Before each set, we first give a lemma and then present our main
results. To prove the claimed results, we will use Rothe’s formula, g-analysis and a ¢-version of the celebrated
algorithm of Zeilberger. For the sake of simplicity, we will only prove one result from each set.

2 The main results

In this section, we will examine each set in separate subsections. We start with the first set of weighted partial
sums.

2.1 First kind of weighted partial sums

We start with the following lemma to use in proving our first set of results.

Lemma 2.1 (i) For odd n,
n
|:nj| g PRk — .
k=0 q

(ii) For even n,
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Proof We only give a proof for the first case (i). The second case (ii) is similarly done. For odd n, we write

2n+1 2n+1 .
20+ Tyt oy () hn [2”+1] ) —kn kn( itly i-1 . k)
;[ ' ]q (=) = ]; L -1 —— ()

. 2n+1 . 2n+]

i+1 2n+ 17 ky_ . i—1 2n+ 17 .

== Z[ . }q(z) kn (_pykn ik _ . Z[ . } Gk 1y ik
k=0 k=0

which, by Rothe formula, equals

i+1 . i—1 .
> (—(=D"ig™"; @)oan+1 —T((—l)”lq " @+
2n 2n
i+1 . ke i—1 . k—
= E)(H(—l)"nq ")‘Tﬂ)(l‘(‘”"“’ ").

Here we consider two subcases: first, if n is even,

. 2n i
1
l—|2- l_[(1+iqk _ 1_[(1 k n)_21 (l_[(lq k(1+q2k)) 1_[( lqk(1+q2k))>

k=1 k=1

2il g2 >]"[(1+q2")[< D" — 1],

k=1
which clearly equals O for even n. The other subcase, n is odd, can be done in a similar way. O

Theorem 2.2 Forn,m >0

2n+1

S [20H2m 4] ek g )tk b3 —kn

2 L (1-gq ) (=D q
+m |,

k=0
 a[2n+2m+4 (14 ¢" ™A — g™ +2)  ifn is even,
—1 m+1 (1= ¢" A + ¢ ifnis odd.

Proof Consider the LHS of the claim

2n+1
Z 2n+2m +4 (1 — g2mimi—ky (_1)(§)+kn qzk(k 3)—kn
= k+m

— (_l)mnf(m;rl) q%m(m+3)+mn

2n+m+1
2n+2m+4 B o Len B
X Z |: . :| a- q2n+2m+4 k) (_l)k(m+n) ) qzk(k 2(m+n) 3).

k=m

By Lemma 2.1 (ii), we have

2n+2m+4
2 2 4
Z [ n+ km + } (1 — g2n+2m+4—ky (_l)k(ern)f(;) q%k(k72(m+n)f3) —o.
k=0

Apart from the constant factor, we consider the LHS of the claim and write

2n+m+1
|:2n +2m + 4} (1 — g2ntam+a—k) (_1)k(m+n)—(’;) q%k(k—Z(m+n)—3)

]

k=m k
m—1
_ [Zn +2m + 4] (1 — g2m+am+i—ky (_1)k(m+n)—(’§) g Prk=20mtn)=3)
k
k=0 4
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2n+2m—+4
2n+2m + 4 B
+ E [ k } (1 _ q2n+2m+4 k)
k=2n+m+2 q

x (= kenm=() g PRE=20m =3,
which, after some rearrangements, equals

m—1
Z |:2” +2m + 4] (1 — g2n+2m+a—ky (_l)k(m+n)—(§) q%k(k—Z(m-i-n)—?’)
q

k=0 k

m—+2
2n +2m + 4
1_ m—k+2
+g|:m+2—k]q( i )

« (_l)kn+n(m+1)—(’§)+(’”§“1)+1 (m—k+1)(k+m+2n+2)

1
q_7
m—1
_ |:2n +2m + 4} (1 — g2n+2m+d—ky (_l)k(m+n)—(§) q%k(k—z(m+n)—3)

k
k=0 q

m+2
s [Zn +2m + 4] (— 1)+ Dntm=(31) =5 k=) @m—ke+2n-+4) (1 — qk> :
q

k=0 k

After further rearrangements, this equals

m—1
(1- q2n+2m+4) <Z |:2n + im + 3] (_l)k(m+n)f%k(kf]) q%k(k72m72n73)
q

k=0

m+2
+ Z [2" J’]; 2m1+ 3} (—1) kD Om+m) krhy q—;(k—l)(zm—k+2n+4))
k=0 - q
m—1
— (1 — g2n+2mt4) <Z [Zn + im + 3] (_1)k(m+n)f('2“) q%k(k72m72n73)
k=0 q

m+1
n Z |:2n +2m + 3} (_l)k(m+n)_(§)+1 q;k(k—zm—zn—a)
q

k=0 k
m—1
— (1 _ q2n+2m+4) (Z [Zn + im + 3i| (_l)k(m+n)—(1£) q%k(k—Zm—Zn—3)
k=0 q

m+1
B Z |:2n +2m+3 (_l)k(m+n)—(§) q;k<k—2m—2n—3))

k

k=0 q

which, by telescoping, equals

(1= g 2n+2m +3 (= 1) 2mnt 1) = n4 D (m2n+2)
q m 1 ] q

n |:2n +2m + 3:| (_1)%m(m+2n+1) q—%m(m+2n+3))
m
q

(] _ q2n+2m+4) (_1)%m(m+2n+l) q—%m(m+2n+3)

2 2 3 2 2 3
y |:n+ m + i| (—1)"q(”+1)+|:n+ m+ ]
m+1 q m q
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= — (_1)%m(m+2n+1) (m+1)(m+2n+2) [2n +2m + 4]
q

m—+ 1
" (1+ q”“) (1 —g™™*2)  ifniseven,
- (1 —q" ) ( + q’"""”‘z) if n is odd.
Thus, we get
2n+1
Z |:2n +2m + 4} (1 _ q2n+m+4—k> (_1)(§)+kn q%k(k—.’»)—kn
= k+m q
—tn[2n+2m+4 (1+ q”“) (1 —g™**2)  ifnis even,
=4 mn+2y e
m+1 | | -(1-¢""")(1+q ) ifnisodd,
as claimed. O

We present the following results without proof.

Theorem 2.3 Forn > 0Q0andm > 1,

2n
Z |:2n +2m — 1:| q(k;—l)_kn (_1)""—(5) 1y [Zn +2m — 1i| ,
q q

= k+m m—1
2n
= k+m m—1 q

Theorem 2.4 Forn,m > 0,

s

2
2": [2n + 2m + 1] G HG2n) (5 _ [2}1 +2m + 1]
= k+m q m .

2n+1
|:2n +2m + 3i| q%k(k—Zn—3) (_1)(§)+k"
k+m q

k=0
_(Cpy gt [P A [ (A =g/ — gt ifnis odd
= q m4+1 (1+ qn+l) /(14 qn+m+2) if n is even.

2.2 Second kind of weighted partial sums

Now we continue with our second set of sums. Before that, we need the following lemma which could be
proven similar to Lemma 2.1.

Lemma 2.5 (i) If n is odd,

(ii) If n is even,

k=0

We start with the following result.
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Theorem 2.6 Forn,m > 0,

4% dnk2m+3) ey _ ot (L @20 @) Tan 4 2m 3
k+m |, 01 - (I =g+ ,

m
k=0

Proof Consider the LHS of the claim, by taking k—m instead of k, we note

4n+1
dn+2m + 3 gy
q

= k+m
4n+m—+1
_ (1 g bt Z [4n +2m + 3} (— 1)k g 3ktk—4n=2m=3)
k=m k q
and by Lemma 2.5 (i),
4n+2m+3
Z [4n + im + 3:| (= 1)k g 3kk—an=2m=3) _
k=0 4
Thus, we obtain
4n+m+1
_ Z |:4}’l +2m + 3:| (_l)k q%k(k—4n—2m—3)
k=m k q
m—1
-y [4n +2m + 3} (1) g bk—dn—2m=3)
k=0 k 4
4n+2m+3
N [4" +2m + 3} (= 1)k g 3K —4n—-2m=3)
k=4n+m+2 k g

which, by some rearrangements, equals

—1
mX: [4n +2m + 3:| (_l)k q%k(k—4n—2m—3)
k=0 k q

+1

N " [ 4n +2m +3 } (—1)kHm =3 (m—k+ D ktm +dn+2)
= lktan+m+2],
-1

= mZ [4n e 3] (— D g#hth=in2m=y
k=0 k a
+1

B ’”X: [4n +2m + 3} (— 1)k q%k(k—4n—2m—3).

k=0 k 4

By telescoping, this equals
(=1 q—%(in+l)(m+4n+2) _|:4” +2m + 3] n |:4” +2m + 3:| g2+
m+1 q m q

= — (—l)m qi%(m+1)(m+4n+2) (Q)4n+2m+3 X (—(l _ q4n+m+3) +q2n+1(1 _ qm+1))’
Dm+1 D ansms3

which equals
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(=" q_%(M+1)(m+4n+2) (@ansomrs (1 —g*" (A +g>m2)

(Q)m (q)4n+m+3 1- qm+1
_ (_l)m qf%(m+1)(m+4n+2) 4n +2m 4+ 3 (1 _ q2n+1)(1 +q2n+m+2)
m p (1 - qm+1) :

Thus, we derive

dn+l
"2: [4n +2m + 3} (1)t g Hhtk—dn=3)
P k+m q

e (1 _ q2n+1)(1 + q2n+m+2) 4n + m + 3
4q (1 _ qm+1) m q’
as claimed. O

Using similar techniques as in the above proof, we obtain the following identities, for all n, m > 0,

4n+1

4n+2m +4 Yk g sk G—dn=3) (| _ dntm+d—k

E r (=D"¢q (1—g¢ )
+m q

k=0

2n+1 ansomia, (L= > (1 + g2 2y Tan 4+ 2m + 3
=—q7 " (1—¢ ) ,
q

(1— qm+1) m
4n+2
Z |:4n +2m + 3] (1) q%k(k74n73) _ [411 +2m + 3i| 0
P k+m p m q
4§1 dn +2m — 1 (D 4Y-2kn _ o (L= g 4+ g™ [4n 4+ 2m — 1
| k4m [ —1 =gl m—2 |
42" [4n +2m — 1] q(k;rl)_an (1) = g2 [471 +2m — 1]
= k+m p m— 1 q

4n+2
4 2 4 \ ) 3
Z |: n: ) ] q_%k(“n_kH) (=D (1 - 614n+4+m_k) =(1- q4”+4+2m)|: n+2m + ] )
+m g 2 q

k=0

4n
Z 4n 4+ 2m q%k(k_4n+l) (—l)k (1— q4n+m—k)
= k+m |,

dn +2m — 1
m—1 q'

2.3 Third kind of weighted partial sums

We start with the following lemma for later use.

Lemma 2.7 For m > 0 and integer r,

mZH[4n+2m+2

. ] (_1)kq%k(k—4n—2m—1)(1 4 g2nrmtl—ky
q

k=0

_ (_1)m+rq—%(m+r)(m+4n—r+l)(1 + q1+m+2n)|:4n +2m + 1i| )
q

m-+r
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Proof Denote the left-hand side of this identity by S[m, r]. Using the celebrated algorithm of Zeilberger in
Mathematica, we obtain

_1 _ 1 (D ant2mi2
S [m,r] = (_1)m+rq 5 (m+r)(m+4n—r+1) ,
(1 - q1+m+2n) (Q)4n+m+1—r (q)m—i-r

which is easily seen to be the same as the right-hand side of the desired identity. O
Theorem 2.8 Forn > 0and m > 0,

4n+3
Z [471 +2m + 2} q%k(k—4n—3) (_1)’< (11— qk)
= k+m q

i1 (L= g™ ) (1 — g™) [4n + 2m + 2
m—1 q'

(] _ qm—i-2n+1)

Proof Note that

q

4n+m+3
Lin(m-+4n+3) 1y Z |:4n + im + 2i| q%k(k—4n—2m—3) (—D)* (1 = g5
q

k=m

4n+3
4n+2m 42| 1pg_an_
k=0 q

k+m
and also
4An+2m+2
Z |:4}’l +2m + 2] q%k(k—4n—2m—3) (—1)k a- qk—m) =0.
k=0 k q
Thus, we write
4n+m—+3
B Z |:4n +2m + 2i| q%k(k—4n—2m—3) (=1 (1 — qk—m)
k=m k q

-1
s |:4}’l =+ im + 2] q%k(k—4n—2m—3) (_1)k (1— qk—m)
q

k=
m—
4 2 2
Z [ n + m+ } (= 1)k g B Db dn=2m=2) (| _ omtdnt2—ky

q

4n +2m +2

. [ it 1+ } g H DA (_pym= (ol

m — q
-2

m—
4n 4+ 2m + 2
+ [ . } (—Dk

k=
X[ lk(k 4n—2m— 3)(1 m)+q%(k+l)(k—4n—2m—2)(1 _qm—k+4n+2)]
dn +2m + 2 I P _ _

m—1
+

q (2n+m+1)(1 2}1-1—1)

— [4n +2 2
« Z [ n+ km + } (_l)kq%k(k—4n—2m—l)(1 4 g2nmrl=ky
k=0
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which, by Lemma 2.7 with the case r = —2, equals
(_l)m—l q—%(m—l)(m—&-4n+4)
dn +2m + 2 _ dn +2m + 1
m— q m = q
— (=" qf%(mfl)(m+4n+4)fl

« (1 = g2 2)(1 4 g2y (] — g™y (Dantam+1 .
(Q)m—l (Q)4n+m+3

Thus,

k+m

4§:3 dn+2m + 2
m—1

2n+2
} g ) (k) ghy = et 10— 4™ [4” +2m + 2]
! q

_ om+2n+1
k=0 (I—g¢g )
as claimed. O

We present the following results without proof. The proofs use Lemma 2.7 and are similar to that of
Theorem 2.8.

Theorem 2.9 Forn > Q0andm > 1,

4n+2

dn +2m +2 Lo A dn +2m + 1
> [ ] gHEI (1 (- gh) = (- g +q1+’”+2">[ ] |
= k+m p m—1 q

Theorem 2.10 Forn,m > 0,

4n+1

dn +2m + 2 T A o dn+2m + 1
Z[ k } (=D g I (1 — ) = g7 1<1+q2”+’”“)<1—q”’“)[ ] ’
k=0 tmeo g n q

4n
|:4n +2m + 2j| q%k(k74nf3) (_1)k (11— qk)
=0 K

h k+m

L ap (L= g1 — g2 [4n 4+ 2m 42
=4 (11— q2n+m+1) m41 q‘

3 Applications

In this section, we will give some applications of our results to the generalized Fibonomial coefficients. Define
the non-degenerate second-order linear sequences {U, } and {V,,} by, forn > 1

Up=pUp-1+Up—2, Up=0, U5 =1,
Vi=pVoo1 +Vua, Vo=2, Vi=p.
The Binet formulas of {U,,} and {V,,} are
o — ,Bn

U, = and V,=da"+p8",
a—p

where o, B = (p £/ p? +4)/2.

For n > k > 1, define the generalized Fibonomial coefficient by

{n} . uu,...U,
k U‘ WUy ...Up) - (U Uy...Uy—p)
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with {}, = {3}, = 1.
When p = 1, we obtain the usual Fibonomial coefficients, denoted by {7} -
The link between the generalized Fibonomial and Gaussian g-binomial coefficients is

{n} :a"_k[n] with ¢ = —a 2.
kf, kl,

By taking ¢ = B/«, the Binet formulae are reduced to the following forms:

11-4"

U, =dod""
l—gq

and V, =a"(1+q"),

wherei=+—1=oa,/q.
From each set, we now give one application. From Theorem 2.3, Eq. (1) and Theorem 2.9, we have the
following identities by taking ¢ = B/«, respectively: forn > Oand m > 1,

2n
2n +2m 2n +2m — 1
> { } (=D U = Uzn+2m{ } :
U U

Pt k+m m—1
4n42
dn +2m +2 1,00 dn +2m + 1
: } (—1)2ké=h Uk:U2n+1V1+m+2n{ } .
k+m U m—1 U

k=0

As a showcase we will prove the second identity just above. First we convert the second identity into
g-form. Thus, it takes the form

4n+2
nX: [4” +2m + 3} ko) G424 3—ebm)) () kk=1) _ [4” +2m + 3] o+ 2m+3—m)
q q

= k+m m
or
4n+2
) [4” +2m+ 3} g rmn—ictdn) )bkt _ [4” +2m+ 3} o dntm+3)
=0 k +m q m q
or

4n2+:2 |:4n +2m + 3i| (D q—%k(4n—k+3) _ |:4n +2m + 3]
q q

= k+m m

which was already given as the identity (1).
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