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Abstract

The paper is the first part of a program devoted to the study of the behavior of operator-
valued multipliers in Morrey spaces. Embedding theorems and uniform separability
properties involving E-valued Morrey spaces are proved. As a consequence, maximal
regularity for solutions of infinite systems of anisitropic elliptic partial differential
equations are established.
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1 Introduction

The aim of this note is to study the behavior of some differential operators in Morrey
spaces. Useful tools to achieve this goal are embedding properties of these spaces
studied in [33-35]. It is worth to mention that weighted spaces are used, in order to
introduce weighted variational and quasi-variational inequalities and kinetic equations
(see [4-6]).
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The interest of such a general setting raises from the following considerations.
Fourier multipliers, in vector-valued function spaces, has been well studied (see
e.g. [29,45]) as well as operator-valued Fourier multipliers [7,15,22,25,46]. On the
other hand, the study of Morrey spaces has received considerable attention in the last
thirty years in different research areas (see e.g. [§-10,16,17,19-21,23,28,31,36,43]). A
further motivation comes from the fact that, to our knowledge, nothing is known con-
cerning Morrey estimates for such operator-valued Fourier multipliers and embedding
properties of abstract Sobolev—Morrey spaces. Lebesgue multipliers of the Fourier
transformation are, in a clear way and in detail, treated in [45], §2.2.1-§2.2.4. We also
mention the papers [24,37,47] where boundary value problems (BVPs) for differential-
operator equations (DOEs) have been studied.

Our main results are operator-valued multiplier theorems in E-valued Morrey
spaces LP* (Q; E) . To develop this study, the authors consider the E-valued Sobolev—
Morrey type function space W\-P* (Q; Eg, E) = WhHP*(Q; E) N LP* (Q; Ep),
where 2 is a domain in R", Ey and E are two Banach spaces and Ej is continu-
ously and densely embedded into E.

Let us introduce the set E (A?) as the space D (A?) equipped with the following
norm

1
lullgaey = <||u||p + ||A6qu)P , 1<p<oo, —00<6<o0.

Let E1 and E; be two Banach spaces and 6 and p suchthat0 < 6 < land 1 < p < 0.
Let us denote by (Eq, E2)g, P the interpolation space obtained from {E1, E>} by the
K-method ([45] §1.3.1), for the above values of p and 6.

In Theorems 4.2 and 4.6 the authors prove that the most regular class of interpolation
space Ey, between Eq and E, is the one such that the mixed differential operators D*
are bounded from W'-P* (Q; Eo, E) to LP* (Q2; Ey), where o = (a1, a2, ..., ay)
and/ = (I1, [2, ..., I,) are n-tuples of nonnegative integer numbers such that |« : [| =
Yi—1 7 < 1, and are compact from Whrr(Q; Eg, E) to LP* (2 Ey) if the last
inequality is strict, that is, if | : [| = Y }_, 7_: <1

We point out that these results are sharp because, among the spaces E, such that
the following embedding holds

D*W,, (2 E (A), E) C L"* (Q: Ea),

the space (E (A), E)i, , is the most smooth, i.e. (E (A), E); , C Eq for all kind of
spaces E, such that the above embedding is valid.

The undertaken study has the purpose to refine and improve the outcomes contained
in [3] §9, [42] §1.7 for scalar Sobolev spaces, the upshot contained in [26] for one
dimensional vector function spaces, and the achievements obtained in [39—41] for
Hilbert-space valued class.

Throughout the paper we refer to the following parameter-dependent differential-
operator equation

(L+vu= Y aDu+A+v)u+ Y Ag(x)DU=f, (1.1)
lec:l[=1 la:l|<1
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Embedding of vector-valued Morrey spaces and separable...

where v is a positive parameter, a, are complex numbers, A and A, (x) are linear
operators in a Banach space E. We notice that, for [ = I, = --- = [, = 2m, Eq.
(1.1) can be written as the following elliptic DOE

D ag ) DMu () + Au(x) + Y Ag (x) Du (x) = f (x).

loe|=2m la|<2m

We establish that Eq. (1.1) is L” +(R", E )-separable, namely, we show that, for all
f € LP* (R"; E), there exists a unique solution u € W-7* (R"; E (A) , E) satisfy-
ing (1.1) almost everywhere on R" and there exists a positive constant C independent
of f, such that the following coercive estimate:

> ot

k=1

L/’v)“(R”'E) + ||Au||Lp.)L(Rn;E) S C ”f”Ll")‘(R”;E)

is true.

This enables us to state that if f € L”* (R"; E) and u is the solution of (1.1), then
all the terms of Eq. (1.1) belong to L”** (R"; E) or, equivalently, that all the terms are
separable in L”** (R"; E).

Moreover, we point out that the above estimate implies that the inverse of
the differential operator generated by (1.1) is bounded from LP* (R"; E) to
WhrA (R E (A), E).

The paper is organized as follows. In Sect. 2 we mention the necessary tools from
Banach space theory and some background materials. Section 3 is devoted to the proof
of multiplier theorems. In Sect. 4 we study continuity and compactness of embed-
ding operators in E-valued Sobolev—Morrey spaces. In Sect. 5 we obtain separability
properties and, finally, in Sect. 6 maximal regularity properties of infinite systems of
anisotropic

2 Notation and background

Let us introduce the main tools and briefly discuss some consequence of them. Given
Q C R™ ameasurable set, E a Banach space and, forx = (x1, x2, ..., x,), ¥ = ¥ (x)
a positive measurable function on €2, we set L, ,, (£2; E) for the Banach space of
strongly measurable E-valued functions defined in €2, endowed with the norm

Wfllz,, =I1Flz,, F = (/;2 ILf Ol v (x)dx)p I <p<oo

We note L, = L, (2; E), the space L, , (2; E) when y (x) = 1.

Let us consider 1| < p < oo and 0 < A < n. We use the notation LP*(R"; E),
for the E-valued Morrey Space of those functions f € L }0 -(R"; E) for which the
following quantity is finite

1
AL ooy = SUP ﬁ/m 1 IE dy.

xeR" r>0
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It is worth emphasize that a Banach space E is a {-convex space if there exists a
symmetric real-valued function ¢ (u, v), defined in E x E, that is convex with respect
to each variable and that satisfies the following properties

£(0,0) > 0,8 (u,v) < llu+vll, for flull = v] =1.

We mention that a ¢ -convex Banach space E is usually called a UMD space, see for
instance [11]. We also recall that E is a UMD space if and only if the Hilbert operator

(Hf) (x) = lim / IO (y)

\x y|>e

is bounded in the space L, (R; E),Vp € (1, 00).
Note that L, and £, spaces, as well as Lorentz spaces L 4, p, g € (1, 00), belong to
the class of UMD spaces. We refer the reader to [11] for further information on the
above definitions and comments.

In what follows we need the following definitions.

Definition 2.1 Let y be a weight function. A Banach space E is called a y-UMD space
if all E-valued martingale difference sequences are unconditional in L, ,, (R"; E), for
every p € (1, 00), or, equivalently, if there exists a positive constant C}, such that for
any martingale { fi, k € No} (see [14] §5), any choice of signs {¢, k € N} € {—1, 1}
and any N € N, we have

N
fo+ Y e (fi — fir))

k=1

= Cplifnllz,, .-
Ly (Q.E)

We assume that a Banach space E has the &, ,, property if the Hilbert operator is
boundedin L, ,, (R"; E), forall p € (1, 00).
Let C be the set of complex numbers and 0 < ¢ < 7. We set

Sp =15 £ €C, |argé| < ¢} U {0}.

A linear operator A is said to be positive in a Banach space E and has bound M > 0,
if its domain D (A) is dense in E and

H(“f”_l”m <M+EN", VEES, VYpelo,n),

where [ is the identity operator in E and B (E) is the space of bounded linear operators
on E. The constant M is dependent only on ¢ but, since we consider ¢ a fixed angle,
we do not need uniformly estimate with respect to ¢. Without ambiguity we only write
A + & instead of A + &1 and denote it by Ag. It is useful to recall ([45] §1.15.1) that
there exist fractional powers A? of the positive operator A, —oo < 6 < oc.

We need to introduce the following definition, that hereafter plays an important
role.
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Denoting by F the Fourier transformation, a function ¥ € L°° (R"; L (Ey, E»))
is called a multiplier from LP* (R"; E1) to L9* (R"; E,), provided there exists a
positive constant C such that

| F'w @ Ful

L4 A(Rn E>) < C ”u”LPA(Rn Ey)
forall u € LP* (R"; Ey).
Let us denote by MZ:;‘ (E1, Ey) the set of all multipliers from L”* (R"; E1) to
L%* (R"; Ey) . If E; = E; = E we simply write Mf,i: (E) instead of M;ﬂﬁ (Eq, Ep).
In the sequel let us consider H a generic set, i a parameter in H and

M (H) = {\ph € MY (Ey E) . h e H}

a collection of multipliers in MZ,”; (Eq, Ey).

A family of sets M (H) C B (E1, E»), dependent on i € H, is called a uniform
collection of multipliers , if there exists a positive constant C, independent of & € H,
such that

HF_I\I/]/,FM‘ SC”M”LP,A(RVL;EI)

L9 (R Ey)

forallh € H andu € LP* (R"; Ey).

Aset K C B (E1, E») is said to be R-bounded (see e.g. [15,22,46]), if there exists
a positive constant C such that for all 71, 13, ..., T, € K and uy uz, ..., uy € Eq,
m € N,

. 1
er,-(y)T,»u, dy=<C f | dy,
o ll/=1 B o /=1 E

where {r j} is a sequence of independent symmetric [—1, 1]-valued random variables
on [0, 1]. The smallest constant C is called the R-bound of K and is denoted by R (K).

A family of sets K (h) C B (E1, E2), dependent on the parameter 2 € H, is called
uniformly R-bounded with respect to h, if there is a positive constant C such that, for
alTy, T, ..., T, € K(h)yandujuz,...,u, € Ej,m e N,

1 1
/ riMTj(Wuj| dy < / riMuj|  dy,
0 0

Jj=1 E> j=1 Ej

where the constant C is independent of the parameter #, that is

sup R (K (h)) < oo.
heH

In a similar way we can introduce the multipliers in the weighted spaces
L, , (R"; E) and define M,‘,’”)’,/ (E) as the collection of multipliers in L, ,, (R"; E).
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In view of the next definition we set
—(R— B _ gPighr Bn
Un_{ﬂ_(ﬁlsﬁ21'-'a/3n)ENxNX"'XN7|ﬁ|Sn} and% —51 Ez ‘s;:n

Definition 2.2 A Banach space E satisfies a multiplier condition, with respect to p €
(1, 0o0) and a weight function y, if for every ¥ € C" (R" \ {0}; B (E)) such that

[P Dl @) g e R\ (0B e UL,

is R-bounded, it follows that ¥ € M ,I,’;,/ (E).

Remark 2.3 1tis interesting to observe that the classical multiplier results (see Theorem
1 and 2 in [44]) implies that the space £, p € (1, 00), satisfies the multiplier condition
with respect to p and the weight functions
N " B
y:lxla,—1<a<p—l,y=1_[ 1+Z|xj}ajk ,
k=1 j=1
ajr >0, NeN, BreR.

We recall that a Banach space E satisfies Property («) (see e.g. [22]) if there exists
a constant « such that

N N
’ ’
E Olijé‘,'&‘jxl‘j < o E eiejxij

i,j=1 Lz(QxQ/;E) b=t Lo(QxQ;E)

foral N eN,x; ; € E,a;; €{0,1},i, j =1,2,..., N, and all choices of indepen-
dent, symmetric, {—1, 1}-valued random variables ¢1, €2, ..., ey, €], &5, ..., &) on
probability spaces 2 and .

For instance, the space L, (2), 1 < p < oo, verify Property (a).

A Banach space E is said to have local unconditional structure (in short lL.u.st.)
(see [32]) if there exists a positive constant C with the following property: given any
finite dimensional subspace F C E, there exists a space U, with an unconditional
basis {u,}, and operators A from F to U and B from U to E such that BA is the
identity on F and |[A]l - | B]l - x{u,) < C.

Let us recall that a function y is a Muckenhoupt A , weight (see [30] ),i.e. y € Ap,
1 < p < oo, if there is a positive constant C such that

p—1

1 1 _ 1

—_ d —_— p—1 d C,

|Q|/“x) * |Q|/V (dx ] =
0 0

for all balls Q C R".
The next remark shows a useful property that correlates the above definitions ([38],
Theorem 3.7).

@ Springer



Embedding of vector-valued Morrey spaces and separable...

Remark 2.4 1f E is a UMD space having Property («), it satisfies the multiplier con-
dition with respect to y € A, for p € (1, 00).

It is well known (see [25,27]) that any Hilbert space satisfies the multiplier condi-
tion. There are, however, Banach spaces which are not Hilbert spaces but satisfy the
multiplier condition, for example UMD spaces (see [15,22,46]).

Definition 2.5 We say that a positive operator A is R-positive in the Banach space E,
if there exists ¢ € [ 0, 7 ) such that the set

Ly={sa+enT:ses,]

is R-bounded.
In a Hilbert space, every norm bounded set is R-bounded. As a consequence, in a
Hilbert space all positive operators are R-positive.

Let us now consider 2 a domain in R"” and [ = (I1,1,...,1,). We define
wl.p.2 (2; Eg, E) the space of all functions u € Lp:* (2; Ep) having generalized
derivatives D,lcku = a%{u € LP*(; E) and equipped with the norm given by:

k

n
_ I
lellwr.ri ;g0 8) = Nl Lr i Eq) + kz_] H Deul pro.)

For Eq = E the space W-P* (Q; Eg, E) is simply denoted by Wh-P* (Q; E).

Let us recall the definition of a Hardy-Littlewood Maximal function, a notion which
is very important in various areas of analysis including harmonic analysis, PDE’s and
function theory (see e.g. [18]).

Definition 2.6 Let f € L 110 (R"; E). The Hardy-Littlewood Maximal function of f
is defined by

M(f)(x) = sup

LF Ol d
P B o S, DY

where B, (x) is a ball centered at x € R" with radius r > 0.

Let us consider the following anisotropic partial differential equation (PDE)

Y aDu(x) = f (),

le:l|<1

where a,, are complex numbers. It is anisotropic elliptic if, for all £ € R", there exists
a positive constant C such that

n
D aE| = C) lal.
la:l|=1 k=1

The term anisotropic means that the principal part could contain generally, different
differentiation with respect to different variables.
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3 Multiplier theorems

Our aim in this section is to prove a sufficient condition to have multipliers in E-
valued Morrey spaces L”*(R"; E). In order to obtain this result we make use of
the concepts of Hardy-Littlewood maximal function, Muckenhoupt weights A, and
Fourier multipliers theorems in E-valued in L? spaces. We refer the reader to [2,12,48]
for related results.

Theorem 3.1 Assume that the following conditions are verified:

(1) E, E{ are UMD spaces satisfying Property (o), W, € C" (R" \ {0}; B(E, E})),
heH;
2) yeAyl<p<oo

Moreover, if the quantity

sup R ({67 DLwy €) 16 € R"\ (0}, B € U })

heH

is finite, then {\Vy,}pen is a uniformly collection of multipliers in M,f,’;,/ (E, Ey).
If n = 1 then, the result remains true for all the UMD spaces E and E.

Proof The theorem is proved, in a similar way as in [1]. O

Remark 3.2 1t is easily verifiable that Theorem 3.1 is true if multiplier functions are
not dependent on a parameter.

Theorem 3.3 Let us suppose that all conditions of Theorem 3.1 are true. Then,
(W Ynen is a uniform collection of multipliers in LP** (R"; E), for every 1 < p < 00
and ) < A < n.

Proof We recall that a function W € Lo (R"; L (E)) is a multiplier in the space
L, , (R"; E) if there exists a positive constant C such that the operator u —
F~ly (6) Fu isbounded in L, , (R"; E). This is equivalent to say that the convo-
lution operator u — Ku = [F_I\Il (5)] * 1 is boundedin L, ,, (R"; E) i.e.

IKullr,,&nE)y < CllullL,, & E) (3.1

forallu e L, , (R"; E).
We get the required result if we prove that estimate (3.1) implies

||Ku||LM(Rn;E) <C ||u||LP~)~(R”;E)‘

Let us fix any y €]A/n; 1[. Forany xo € R" and any r > 0 we consider x = X, (xy)>
the characteristic function of B, (xo) and M xp, (x,) the Hardy-Littlewood maximal
function of xp, (xy)-

We know that [(MXB,-(xo))};] €A1 CApfor0 <y < 1,1 < p < oo ([13] see
also [18]) and from Lemma 8 in [9] we have
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f IK u(x)|? dx =/ IK u(x)l% [(XBr(Xo)(x))?]dx
B (x0) R
5/ 1K u()lg [(MXBr(xw(x))f]dx
Rn
< [ o [0, 0)7 ]
Rll
= {/B )1 (M X,y @) dx
2r

é/

G IE (M xB, xp) (X)) dX}

Boie, \Bye1,
o Zkk
< crt ””‘Hip,?\(]en) {2)‘ + Z m}
k=2
< crt ull) s o

Then, it follows immediately

”KM”LI),)L(RM) S C ”M”Lp.)L(Rn).

4 Embedding theorems in abstract Morrey spaces

In this section, continuity and compactness of embedding operators in E-valued
Sobolev—Morrey spaces are derived. Specifically, boundedness and compactness of
mixed differential operators in the framework of abstract interpolation of Banach
spaces are shown.

Theorem4.1 Letl < p <00,y € Ap, 0 <X <n, I =(l1,lr,...,1,) and E be
a Banach space. Let us also assume that Q@ C R" is a region such that there exists
a bounded linear extension operator from Wzlm/ (2 E) to W;,’V (R™; E). Then, there

exists a bounded linear extension operator from W'-P-* (Q; E) to W-P* (R"; E).

Proof From the assumptions we know that there exists a bounded extension operator
P acting from W}, (2, E) to W}, , (R", E), i.e.

IPullwt (rn gy < Clullwt (2 k)

forallu € W’ y (82, E). Letusfixany y €]\/n; 1[; weknow that [(M x B, (xy))" 1(x) €
Ay C Ay, for every ball B, = B, (x¢) having center xo € R" and radius r > 0. Then,
we have
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/B IPuldx = /R 1P U2 Gt (P [(x5, 0y (1)) Jdx
r (X0 "
< /R 1 PUCOIE (X5, a0 00 [(M x5, (r0y) (X7 Jlx

< / O I3 (XB, (x0) ) LM xB, (x0)) (x)7 1dx
Q
< crtlull}, s g 5

Repeating the same arguments for the generalized derivatives D,l(" Pu we obtain the
requested inequality

||Pu||wl,p-k(Rn,E) <C ||M||Wl,p,h(Q,E) 4.1)

forallu € WhPA(Q, E). o

Theorem 4.2 Let us suppose that the following assumptions are true:

(1) EisaBanach space satisfying the multiplier condition with respectto p € (1, 00),
A is a R-positive operator in E for ¢ €]0, ];

) let0 < A <n,a = (x1, a2, ..., qy) be given and suppose thatl = (11, o, ..., ;)
is a n-tuples of nonnegative integer numbers such that

n
o
K=|a:l|=Z—k§1andO§,u§1—K;
I
k=1
(3) 2 C R" is a region such that there exists a bounded linear extension operator

from WhPA(Q; E (A), E) to WhPA (R™; E (A) , E).
Then, the embedding

DYWLPA (Q: E (A), E) C LP* (Q; E (AH*/‘))
is continuous and there exists a positive constant C,, such that

H D%u || LPH(QE(A<1))

< [ Nullwir@spcaey +H 0 Ml sy (42)

forallu € WhP* (Q; E (A), E) and every h > 0.

Proof We distinguish two cases.
First case: Q2 = R".
We have that

“ Dau”LP’)‘(Rn;E(Al*K*;L)) ~ HF*/ (ig)()t Al*K*[,Lﬁ

LPH(RME)
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Additionally, for every u € wi.p.h (R"; E (A), E), we see that

n
1}
”u”Wl'p')‘(R”;E(A),E) = ”u”Lp,A(Rn;E(A)) —+ Z H Dkku)

LPA(RYE
=1 ( )

= HF‘lﬁ

LP*(R"E)

n
~ n HF—l[ik’kﬁ]
LP+(RU: E(A)) g ()

~ HF_lAﬁ

LPA(R™E)

n
1 [ie \lk A
Lo (RN B) + 1; HF [(zék) u]‘
Then, prove (4.2) is equivalent to show

HF‘I (&) Al K

L[),)L(Rn R E)

n
w —1 4 SN PTPRN N
< Culn (HF A, g+ 2| [0504]

Lp-MR*l,E))

for a suitable positive constant C,,. We obtain inequality (4.3), at once, if we prove

that Qo = £“Qy, (&) and Qyp, = é,ik Qp, (&) are uniform collections of multipliers in
LP* (R" E), where

e Hrla 4.3)

L]),A(Rn’E)iI ’

0 (£) = h* (A +3 |sk|’k> +h 0 s

k=1

This fact is proved in a similar way as in [1], Theorem A;. Really, to achieve this, we
prove that the sets

[EPDPW; ()16 € R"\{0}, B €Uy, i =0,1,...,n}
are R-bounded in E and the R-bounds are independent of /4, applying a technique

similar to the one used in [40] Lemma 3.1. From [40] Lemma 3.1, we have the existence
of a constant C > 0 such that

& | DP Wy, ©)] sy < C. & € R\ {0}, B € U, 4.4)

uniformly in A. Using the R-positivity assumption of the operator A and from the
above estimate we obtain that the following sets

[a07 @5 e R\ ()], {(1 + 3 Il +h‘) 0,'©:&eR"\ {0}}

k=1
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are R-bounded, uniformly respect to . Furthermore, for uy ua, ..., u, € E,m € N
and &/ = (&7, &j,.... &) € R"\ {0}, we get

m

> o)W (&)

j=1

> (gl g)! (&) us

j=1

Lp(O,l;E)

m n —(k+p)
=1 rime (1 + > la +h1)
j=1 =1
: Ik -1 -1 i e 1 A 1+
D et ) 0 (gf) [AQh (gf)] uj Ny 0.1:5):

k=1

L,,(O,I;E)

where {r j} is a sequence of independent symmetric {—1, 1}-valued random variables
in [0, 1]. By virtue of Kahane’s contraction principle ([15], Lemma 3.5) from the
above equality, we obtain

m

S W (6) u
j=1 L,(0,1:E)

m n (re+p)
= Mol Y () [(1 + 3 |l +h—1> 0;' (sf)}

j=1 k=1

1 i\ 1=
[Ath($J>] (et ujlle,0.1:E)-

From (4.4), combining the above estimate and product properties of the collec-
tion of R-bounded operators (see e.g. [15], Proposition 3.4), we get that the set
{W, (&) : € € R™\ {0}}},~0 is R-bounded, uniformly with respect to 4. Analogously,
having in mind Kahane’s contraction principle and both products and additional prop-
erties of the collection of R-bounded operators ([15], Proposition 3.4), we ensure that
the sets

[€PDPWy, (&) : £ € R"\ {0}, BeUn},_,

are R-bounded, uniformly with respect to /. It implies that {¥}, (§) : £ € R" \ {0}},,-¢

is a uniform collection of multipliers in M [[:; (E) and, therefore, we obtain estimate
4.3).

Second case: €2 is a generic set in R".
Let us set B a bounded linear extension operator from wip-2(Q; E(A), E) to
whp-A(R"; E(A), E), and let Bg be the restriction operator from R” to 2. Then, for
any u € WhPY(Q; E(A), E), we have

| D]l (g (a1-c-nyy = [1D“ BaBu| g p 15y
< |

| D Bu ”LI’«'A(R";E(A'*’(*“))
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f C/L I:hﬂ ||Bu||WI~P=)‘(R”;E(A),E) =+ h_(l_u) ”Bu”Ll’-}‘(R”;E):I

<Cu [h" Nl g ayey +h~ ||u||Lp,y(Q;E)],

from which follows estimate (4.2). O

|ot]

Corollary 4.3 For the isotropic case i.e, ly =1 = --- =1, = m, k = =1

l<p<oo,0<pu=<1—-kand0 < X < n, the embedding

>

DEW™ IR (Q; E (A), E) © LM (2 E (A7<71))

is continuous and an estimate of type (4.2) holds.
Forn=1,0<j <m — 1 we get that the embedding

DIW™P*(0,1: E (A), E) C LP (0, IE (Alﬂ%))

IS COntinuous.

Theorem 4.4 Let us suppose that all assumptions of Theorem 4.2 are satisfied.
Then, forO < u <1 —«k and 0 < A < n, the embedding

D*W'PH(Q; E (A), E) C LP (Q: (E (A), E),.,)
is continuous and there exists a positive constant C,, such that
o
[0l Lo euce e, ) = € Mllwers @iz

forallu € WhP* (Q: E (A), E).

Proof Following the line of the proof of Theorem 4.2, it is sufficient to show that an
operator function W (§) = §¥[A + >} _, S,ik]_l is a multiplier from L?* (R"; E) to
LP*(R"; ((E (A), E) «,p))- Itis proved taking into account R-positivity properties of
the operator A and using the definition of the interpolation spaces ([45], §1.14.5). O

Let us now prove the next compactness result, using the s-horn condition (see
definition in [3], §7).

Theorem 4.5 Let E and Eg be two Banach spaces such that the embedding Ey C E
is compact. Let also Q C R"™ be a bounded region satisfying the s-horn condition,
. 1
l<p<n: 1<p§q<p*=;f1p,1<q15q,a;=22215,0<k<n,

11 1
(E_J)ZZ:IE < landnfn(l—qq—'>.
Then, the embedding

WhPR (@i Eo. E) € LT (R E)

is compact.
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Proof Using Rellich’s Theorem, we have that wlp (2; Ep, E)is compactly embedded
in L1 (Q; E), forevery q € [1, p*[. We also have that

n—n
q1

L1(QE)yC LT (L E), q1<gq:

Z

NE

According to the fact that whp. (Q; Eg, E) C wlp (2; Ep, E) , the compactness is
established. O

Theorem 4.6 Suppose that E is a Banach space, Q C R" is a bounded region
satisfying the s-horn condition and A" is a compact operator in E. Let us also
assumeO<k<n,1<p<n:1<p§q<p*_mp Zklzk

1 <q 5qand0<l§n<l—§).
Then, for 0 < u < 1 — k, the embedding

DUWhPH (Q: E (A), E) C LP* (sz; E (Al_"_“))

is compact.

Proof Let us consider (4.2) for h = |lullppi(q: g) ||u||W, PR EA).E)"
We obtain, for 0 < u < 1 — «, the following multiplicative inequality

1%
HD u”LpA(Q E(Al K— /J,)) = C/L ||I/l|| LPX(QE) ”u”Wl PA(Q; E(A)E) " (45)

Assuming, in Theorem 4.5, g1 = p and A = n, we get that the following embedding
WhP*(Q; E(A), E) C LP*(; E) is compact.
Then, for any bounded sequence {ux}iey C wh-pr (2; E (A), E) there exists a

subsequence { u; } ¢,y Whichconvergesin L? *(Q; E)to an element u. Furthermore,
J

the boundedness of the set {ug};cy in Whrr(Q: E (A), E) and the estimate (4.2)
imply the boundedness of the set {D%uy ;e in LP* (Q; E), for k < 1, i.e. this set
is weakly compact in L?* (Q; E). hence, generalized derivatives D*u of the limit
function u exist and verify D% € Lr* (R2; E). Moreover, due to closedness of
A we get Au € LPM(Q E), ie. u € WHP*(Q; E(A), E). Then, from (4.5), for
0 <k <1—pu,wehave

H D* (ukj - u) ||LP-)L(Q;E(AlfK7}L))

=Cu “ (“kj - M)HZPJ(Q;E) ” (”kj )” WLPA(Q:E(A),E)’

Due to the boundedness of {”k}keN in WhPA (Q; E (A), E), there exists a positive

u)”WlpA(Q E(A),E) — < M.Since “ (uk )HILLPJ(Q;E) -
0 for j — oo, the above estimate implies that | D* (uz, — )HLP,.A(Q.E(AI,K,M)) -0

constant M such that || (u; —

for j — o0. Hence, the operator u — D%u is compact from wl.p-2 (2 E(A), E)to
LP*(Q; E (A'=%71)) and we reach the conclusion. ]
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In a similar way we obtain the following result.
Theorem 4.7 Suppose that all assumptions of Theorem 4.6 are satisfied.
Then, for 0 < u < 1 — k, the embedding
D*W'PH(Q; E (A), E) C LP* (2 ((E (A), E)epip))

is compact.

We highlight that for the isotropic case and n = 1. From Theorem 4.7, we obtain
the following result.
Corollary4.8 Let us set 0 < j <m—1,0 < u < 1—%, Il < p < nand
O<i<n(l- g )

Then, the embedding

DIW™PH (0,15 E (A), E) © LP* (0,15 (E (4), B, )

m
is compact.

Remark49 f E = H,p =q=2,Q2=(0,T),ly =l =--- =1, = mand
A = A*, we obtain a generalization of result Lions—Peetre [26]. Namely, even in the
one dimensional case the result of Lions—Peetre has an improvement considering, in
general, nonselfadjoint positive operators A.

Corollary4.10 If E = R, A = I and Q is a bounded domain, we obtain an embed-
ding in Sobolev—Morrey spaces W' P-* (Q). Precisely, for 1 < p < n, 0 < A <

n (1 _ 5) and k = Y }_, §& < 1, the embedding D*W'P* (Q) C LP*(Q) is
compact.

Example 4.11 For s € R™ let us consider the following space ([45], §1.18.2):
l; ={u; u=A{u},i=1,2,...,00,u; €C,}

equipped with the norm

00 1/q
luelyy = (Z 2148 |u,-|‘I> < o0.
i=1

We point out that lg = {,. Let us also set A an infinite matrix defined in the space £,
such that D (A) = €5, A = [5;;2""], where §;; = 0 fori # j and §;; = 1if i = j,
being i, j = 1,2, ..., co. Since the operator A is R-positive in £,, from Theorems
4.2 and 4.7, we have:
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(D) fore =Y % <L1l<p<nand0 <21 < n<1—§> the embedding

L =
DYWw!l.pA (Q; e, Zq) c LpP* (Q; Zé(l_'()) is continuous and there exists a pos-
itive constant C;, such that

” D%u ||Lp1)u (Q;lf]l”‘*“”)

(11—
=Cyu |:hu ”“”wl,p,x(sz;lg,zq) +h ||u“”‘*(9ilq):|

forall u € Wi (€5, ¢,) andh > 0;
2)fork < 1,0 < A < rnand 0 < pu < 1 — k the following embedding

DY Wl,p,)n (Q’ K;’ Kq) C va)‘ (Q, K;(]7K7M)> is compact.

It should be noted that the above embedding has not been obtained by the authors
using a classical method concerning the integral representation of differentiable func-
tions.

5 Separable differential in Morrey spaces

Let us consider the parameter-dependent principal equation
= o —
Lu= Z\a:ll:l agD%u+ (A+v)yu=f, (5.1

where a, are complex numbers, v is a complex parameter and A is a linear opera-
tor defined in a Banach space E. We want to highlight the fact that A could be an
unbounded operator.

By reasoning as in [1] Theorem A4 we have the following result.

Theorem 5.1 Let us assume that the following assumptions are true:

(1) E isa Banach space satisfying the multiplier condition with respect to p € (1, 00)
and ) < A < n;

(2) A is a R-positive operator in E with ¢ € [0 ), v € S(¢1), ¢1 € [0 m),
¢+ @1 <mand

K (§) = Z ag (61 (i62)*% -+ (&) € S (9),

le:l|=1

K@ =CY lal*, &R

k=1
Then, for every f € LP* (R"; E) there is a unique solution u of equation (5.1)

that belongs to the space WhP* (R™; E (A) , E) and the following coercive uniform
estimate holds true:
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> I DY 4 1 Aulipps < CHEllpoa (5.2)

la:l|<1

Proof Applying Fourier transform to Eq. (5.1) it follows

KE 4+ A+vuE) =f©), (5.3)
where

K& = ) ag (&)™ (&)™ (&)

Jee:l]=1

Since K (§) € S (¢), for every & € R", we derive that the operator A 4+ K (§) is
invertible in E. Then, the solution of (5.3) can be expressed as

u@x)=F 'A+KE +v] f. (5.4)

Thanks to this expression of u, we have

|Aullps = | F ATA+ K @ + 017" f

L’
[Du] 0 = [ 771 g G820 8™ (A + K @ + 017! f]

Lp,)» :

Then, it is enough to prove that

o1 () = A[A+K &) +v]7h,
o (€)= ) (&)™ (&)™ - (i&)™ [A+ K (§) +v] ™!

Je:l]<1

are multipliers in Lp:* (R"™; E). Therefore, we must show that the following collec-
tions

6P DPoy (8) 1 & € R"\ {0}, B € Uy},
{€PDPoy (£) : £ € R\ {0}, B € Uy}

are R-bounded in E, uniformly in v € S (¢1). Thanks to the R-positivity of A, the set
{o1(€): £ € R"\ (0}, B € Uy}

is R-bounded, uniformly with respect to parameter v. Similarly to the proof of Theorem
4.2 and having in mind hypothesis (2), we have that the set

{02(6) 16 € R"\ {0}, B € Uy}
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is R-bounded. Furthermore, making use of Kahane’s contraction principle, product
properties of the collection of R-bounded operators (see e.g. [15], Lemma 3.5, Propo-
sition 3.4) and R-positivity of operator A, we have

R{€’DFPo; () : & € R"\ {0}, B € U,} = C,
R{ePDPor (§): 6 € R"\ (0}, pe Uy} = C. (5.5)

Estimates (5.5) imply that the functions o (§) and o5 (§) are L” A (E) multipliers.
The proof is achieved. O

Let us denote by L the differential operator in L”* (R"; E) generated by (5.1)
that is
Lou = Z agD%u + Au.
la:l|=1

The domain D (Lg) of Lg is equal to whrr(R" E(A), E).
From Theorem 5.1 we obtain the following consequence.

Corollary 5.2 Let us assume that all conditions of Theorem 5.1 are satisfied.
Then, there exist two positive constants My, M, such that the solution
u € WhPA(R"; E (A), E) of (5.1) satisfies the following inequalities

My Nlullweroge:£ay. 6y = 1 LouliLeagn gy = Mo lullwir g £ a). )

Proof The left part of the chain comes from Theorem 5.1.
The right side is obtained from Theorem 4.2. Indeed, according to the last mentioned
result, for all u € WH-P-* (R"; E (A), E), we have

Lol o rrsey < Y laal [D¥u] o g, gy + 1ARN L gos
la:l]=1

< maxlagl Y [ DUl gy + 14U Lo Ry
lad|=1
< Mo lullyiprcre. Eca),E)-

Corollary 5.3 Let us suppose that all assumptions of Theorem 5.1 are satisfied.

Then, Lo has a bounded inverse Lalfrom LP* (R"; E)into W-P* (R"; E (A) , E)
and the resolvent operator (Lo + v)™', for v € S (1), satisfies the following sharp
coercive estimate

3

3yl H (Lo + 1)~ HB(LM) n HA (Lo+v)~" H

<
B(LP*) —
ezl <1 (L)

for a suitable constant C > Q.
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Proof From Theorem 4.2 we have that, for v € S (¢), the operator (L + v) s
bounded from LP* (R"; E) into W/-P-* (R"; E(A), E) and applying (4.2) the above
estimate follows. O

As a natural consequence of Corollary 5.3 we have the following result.

Corollary 5.4 Let us suppose that all conditions of Theorem 5.1 are true.
Then, the operator Ly is positive in LP* (R"; E).

Let us call L the differential operator in L?-* (R"; E) generated by (1.1). Namely,

Lu = Lou+ Liu, where Lju= Z Ay (x) D%u,

lae:l]<1

and its domain D (L) is the set W:-P* (R", E(A), E).

Theorem 5.5 Let us consider that all conditions of Theorem 5.1 hold and let us also
suppose that

Ag (x) AT e Lo (R"; B(E))  for 0 <p<1—a:l.

Then, for all f € LP* (R"; E) and sufficiently large |v| > 0, Eq. (1.1) has a unique
solution u that belongs to the space W-P* (R"; E (A) , E) and satisfies the following
coercive estimate

> I DUl o+ I Aull s < ClLFllpoa.

Ja:l]<1

Proof In view of the above condition on A, and by virtue of Theorem 4.2 we can state
that there exists 2 > 0 such that

ILiullpr = Y JAw@ Dy, = 2 |4l e

lee:l|<1 lee:l|<1

L1”)‘

<h D DU oo + AUl | + B ull o (5.6)
lae:l]=1

for u e whrt (R"; E(A), E). Then, from estimates (5.2) and (5.6), for u €
wlP-» (R"; E(A), E), we obtain

ILaullzos < € (W I (Lo + v)ullps +h=O7 ful Ly | (5.7)

Since |lullzpn = % I(Lo+v)u — Loul|zp» for v > 0, by Corollary 5.4, Yu €
WhPA(R™; E(A), E), we get
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A

1 1
el = 5 (Lo +v)ullpps + [l Loullr

IA

1 M
~ Lo+ ullprn + — ;IHD“uHU.wnAuuW . (5.8)
al|=

For every u € WEHPA (R™; E (A), E), from estimates (5.6) and (5.7), it follows
IL1ullpr < CH* (Lo + ) ullpps + CMvT AU (Lo + v) ullppr. (5.9)

Taking suitable 4 and v : Ch* < 1 and CMh~1=® < v, from (5.10) for sufficiently
large v, we have

|21 o+ 07| (5.10)

<1
B(LP*(R";E))

Now, we have the following relations

(L+v)y=Lo+v+Ly,
-1
(L+v)"" = (Lo+v)"! [1 + Ly (Lo + v)_l] .

Hence, using inequality (5.10), Theorem 5.1 and the perturbation theory of linear
operators. we obtain that the differential operator L+ v is invertible from L”** (R"; E)
into W-P* (R"; E (A), E). This concludes the proof. O

6 Maximal regular infinite systems of anisotropic equations

Let us define the following infinite system of equations

o0
> aa DUy () Fdp () um )+ Y Y daj (¥) D uj () Fuy ()= fin (X).
la:l]=1 la;l|<1 j=1
6.1)
forx e R", m=1,2,...,00,v > 0. Let us also fix

D ={dy},dn > 0,u = {up}, Du = {dyup},m=1,2,...00,
lq(D)zl;,s>O

forevery x € R"and 1 < g < oo.

Theorem 6.1 Let us suppose p,q € (1,00), 0 < A < n, ag, damj € Loo (R") be such
that, forO < u < 1 — o : 1],
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D an GEN™ ()™ -+ (€)™ | = C Y 1&l™ £ € R",
la:l|=1 k=1

00 J | .
Z Z I:daidl;(l—la:l\—u)jl < o0, fora.e. x € R'. =4+ — =1.
. q q

/
la:l|<1 j,m=1

Then, for all f (x) = {fn ()c)}‘l’O e LP* (R”; lq) and for sufficiently large |v|, v €
S(¢), 0 < ¢ < 7, system (6.1) has a unique solution u(x) = {un (x)}° that belongs
to the space whp (R", lg (D), lq) and the uniform coercive estimate

1—]e:l
Do W DU gy < C U lLrs (e,

la:l|<1
holds.

Proof Let E =1,, A and A, (x) be infinite matrices, such that
A= [dmémj], Ay (x) = [daj (x)], j=12,...00.

The operator A is obviously positive in £,. Thus, thanks to Theorem 5.5, the assertion
is immediate. O

Remark 6.2 As an application of the above results, considering concrete Banach spaces
instead of E, and concrete R-positive differential, pseudo differential operators, or
finite, infinite matrices instead of operator A, on the differential-operator equation
(1.1), by virtue of Theorem 5.5 we catch different classes of maximal regular partial
differential equations or systems of equations.
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