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Abstract

We prove that given a family (G,) of strictly pseudoconvex domains varying in C>
topology on domains, there exists a continuously varying family of exposing maps
h ¢ for all G; atevery ¢ € 0G;.
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1 Introduction

Let G CC C" be adomain and let ¢ € 9G. We say that ¢ is a globally strongly convex
boundary point of G if 3G is of class C> and strongly convex at ¢, and G N T: (0G) =
{¢}, where T; (dG) denotes the tangent hyperplane of 9G at ¢. It is known (cf. [5])
that

Theorem 1.1 If G is strictly pseudoconvex and has boundary of class C?, then for
every { € 0G there exist a neighbourhood G of G and a holomorphic embedding
h: G — C" such that h(¢) is a globally strongly convex boundary point of h(G).

Such an £ is called an exposing mapping of G at {. The exposing maps are useful
in the investigation of the boundary behaviour of the intrinsic metrics (see [6] or
[26]), in the studies on squeezing function (see, for example [4]), and in the proof
of the boundary version of the open mapping theorem for holomorphic mappings
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between strictly pseudoconvex domains (see [2]). See also a survey article [27] and
the references therein.

A point ¢ as above is called a peak point with respect to O(G), the family of
functions holomorphic in a neighbourhood of G, if there exists a function f € O(G)
such that £(¢) = 1 and f(G\{¢}) C D:={z € C: |z| < 1}. Such an f is called a
peak function for G at ¢.

The following question has been formulated in [4]:

Problem1.2 Let p : D x C* — R be a plurisubharmonic function of class
Ck k € N,k > 2. Assume that for any t € D the truncated function plyxcr
is strictly plurisubharmonic and globally defines a bounded strictly pseudoconvex
domain G; = {w € C" : p(t,w) < 0}. This latter can be understood as a family
of strictly pseudoconvex domains with boundaries of class C* over . Do there exist
C*—2-continuously varying families:

(A) (f1,0)red,ceac, of peak functions for G, at ¢ € 3G;.
(B) (hs,¢)rep,cesc, of exposing maps for G; at & € 0G,?

In the papers [15] and [16] we have affirmatively answered the question (A). In [15]
we treated the particular case, where the parameter space D was replaced with some
compact metric space, and the constructed family of peak functions was continuous
with respect to the parameter (actually, it was continuous with respect to all variables).
Later, in [16], we considered the problem (A) in its full generality. The hereby paper
is, in the author’s intention, parallel to [15] for the problem (B): we show that, under
some additional assumption, given a family of domains G, as in Problem 1.2, for any
compact K C D, there exists a continuous family (h; ¢ );ek resG, of exposing maps
for G; at ¢ € 9G4, t € K. Namely, we prove

Theorem 1.3 Let (Gy):ep be a family of strictly pseudoconvex domains as in Problem
1.2 with k = 2. Let 0 € (0, 1). Take an R > 0 such that UZEUEE, cc B(0, R).
Assume that there exist a C*-continuous family (V1,0) 10D, G, of smooth embed-
ded arcs [0,1] — C" such that y;:(0) = ¢, y1.c(1) € S*"Y(R) and y; ¢ (x) €
C"\(G; US™ (R)),x € (0,1), forallt € oD and ¢ € 3G;. Then there exists a
family (hf’f)teaﬁ,{eaG, of exposing maps for G; at ¢, continuous with respect to all
variables.

Here and below B(a, R) stands for the open ball in C" with centre at @ and radius
R > 0,and S*"~!(R) := 3dB(0, R).

Remark 1.4 Our assumption concerning the C>-continuity of the family o)
should be understood in the following way:

Foreachr let ', be aneighbourhood of 0 G, with Vr; # Oon Ty, wherer, := p(t, -)
and Vr; denotes its gradient. The neighbourhoods I'; may be chosen to depend in a
C?-continuous way on .

Then there exist a positive constants o’ € (o, 1) and &

teoD, €3G,
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such that the family (y: ¢),c, 5 ceaG, May be extended to a C>-continuous family

(Vt,s“)zea’m,geUM<g 3G

of smooth embedded arcs [0, 1] — C" such that y; ; (0) = ¢,y (1) € S?=1(R) and

Ve (x) € CN\(GI USSP 1(R)), x € (0, 1), forallt € o'Dand ¢ € 3G, k| < &.
Here, for small |« | we have put

G¥ = (GA\D Uz el :r(2) <«).

Notice that the assumption concerning the existence of the family (y;, ;) of suitable
embedded arcs is completely in the spirit of Theorem 1.3 from [3], which is a version
of our result for a single domain. This kind of assumption is not present in Theorem
1.1, which is indeed a “pointwise” result for single domain. It seems that the existing
methods do not allow to relax this additional assumption, with the main obstruction
being of rather topological nature. On the other hand, in certain subclasses of the class
of strictly pseudoconvex domains, the existence of such family of embedded arcs
need not be assumed: in Example 5.1 we show that if the domains G, are all strongly
linearly convex, then the family (3, ;) can always be constructed and therefore the
family (h1,¢), ¢, £edG, always exist. This latter should be compared with Theorem 1.4
from [5], which says that if a single domain G CC C" is convex, smoothly bounded,
and of finite type 2/(/ € N), then there exists a smooth family (h;); ey of exposing
maps for G at ¢ (moreover, in such a case, each i, may be chosen to be a holomorphic
automorphism of C"), and with Theorems 5.1 and 5.2 from [3].

We propose the proof of Theorem 1.3, which merges the methods of [5] with those
from [3]. In the first part of the proof, ideologically similar to Lemma 3.1 from [5], we
deliver some parametric version of Narasimhan lemma (see [9] for another approach),
thus constructing the family of local and locally exposing maps. Then, with the aid
of [24], we find the family of global and locally exposing maps. In the final part of
the proof, based on ideas from [3], we pass to the construction of the required family
of exposing maps. The main tools will be the parametric version of the so-called
Forstneri¢ splitting lemma for biholomorphic maps due to Simon (see Theorem 2.4)
and the following parametric version of higher-dimensional Mergelyan approximation
theorem [7, Theorem 21]. Although some authors refer to certain parametric versions
of Mergelyan theorem (cf. [5]), we were not able to find any in the literature. Also,
versions referred in mentioned sources seem to be not suitable for our purposes.

Theorem 1.5 Let S = K UM C C" be admissible in the sense of [7], i.e. S and K
are a Stein compacts and M = S\K is a totally real submanifold of class C* (with
boundary) with some k € N, let (g;);er C CX(W) N O(V) be a family of functions
continuously dependent on all variables together with the parameter t € T, where
T is a compact metric space and V, W are some open neighbourhoods of K, S,
respectively. Then there exists an open neighbourhood 2 of S such that for any ¢ > 0
there exists (fi)ier C O(R2), a family of functions continuously dependent on all
variables and such that for allt € T we have ||g: — fllcks) < €.
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700 A. Lewandowski

Theorem 1.5 is proved in Sect. 3, while the proof of our main result, Theorem 1.3, is
presented in Sect. 4. Finally, in Sect. 5, we discuss the case of the family of strongly
linearly convex domains. We start with some preliminary results, presented in Sect. 2,
and end with some concluding remarks in Sect. 6.

2 Preliminaries

Definition 2.1 Let G cC C" be a domain. It is called a strictly pseudoconvex if there
exist a neighbourhood U of 4G and a defining function r : U — R of class C? on U
and such that

(i) GNU ={z€eU:r(z) <0},
(i) (C"\G)NU ={zeU:r(z) >0},
(iii) Vr(z) # 0for z € D, where Vr(z) := ( 0 (2), ..., 337’"(1)),

1

together with
L;(z; X) > 0 for z € G and nonzero X € TZ(C(BG),

where £, denotes the Levi form of r and TZC(B G) is the complex tangent space to 0G
at z.

It is known that U and r can be chosen to satisfy (i)-(iii) and, additionally:
(iv) L,(z; X) > 0 for z € U and all nonzero X € C",

cf. [13].
Note that for a function r as above and a point { € dG, the Taylor expansion of r
at ¢ has the following form:

r(z) =r(¢) —2RePr(z; &) + L (552 — &) +o(llz — ¢ |1, 2.1)
where
"9 1 < 92
P 0) == ) =@ =) = 5 D s (@ = ) — &)
= Zj i1 2i0Z;

is the Levi polynomial of r at ¢.
In Sect. 5, we shall discuss the stronger notion than that of strictly pseudoconvex
domains. Namely, we need the following

Definition 2.2 A domain G cC C” with C? boundary is called strongly linearly
convex if there exists a defining function r for G with

L@ X) > | Y

Jjk=1

XiXkl,
aZjaZk(Z) J Tk
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Families of Exposing Maps in Strictly Pseudoconvex Domains 701

for all z € dG and all nonzero X = (Xy,..., X,) € T;C(E)G).

Finally, an important ingredient of the proof of Theorem 1.3 is the parametric version
of ForstneriC’s splitting lemma for biholomorphic maps close to identity.

Definition 2.3 A pair (A, B) of compact subsets of C" is called a Cartan pair, if

(i) A, B, AU B, AN B are all Stein compacts,
(i) AA\BN B\A = @&.

The following comes from [21] (see also [20], and [8] for a nonparameter version).
Henceforth for a set Z C C" and a number 8 > 0 we abbreviate Z° := (., B(z, 9).

Theorem 2.4 Let T be a nonempty compact topological space, let (A;, B;);eT be an
admissible (in the sense of [21]) family of Cartan pairs, and let ;v > 0. Then there
exists a T > 0 such that for any n > 0 there exists an &, > 0 with the property
that for any family (y; : (A; N B)* — C");c71 of injective holomorphic maps
satisfying ||y, — Id||a,nByn < €y, € T and depending continuously with respect
to all variables, there exist families (o, : A?’ — C"er, (B - Blzr — C"yeT Of
injective holomorphic maps, depending continuously on all variables, and such that
forallt € T we have

(1) ys = Broa; L on (A, N BT, and
2) llar — Id||(A,)2r <n B — 1d||(B,)2r <.

Remark 2.5 In the proof of Theorem 1.3 we shall apply Theorem 2.4 in the situation
where for sufficiently small positive k

Ai¢=D;c NBE&, k), B¢ =D \B (;, g) .
with the indices (¢, ¢) taken from a compact set of an Euclidean space and (D, ;)
forming a family of strictly pseudoconvex domains varying in a C2-continuous manner,
and with the property that ¢ € dD; ;. In this case, it is possible to choose (e, ) and
(B1,¢) as above, where the functions «; ; additionally interpolate identity at ¢ to an
arbitrarily high order, cf. remarks from Lemma 5.3 in [3] and from Lemma 5.2 in [5].

3 Proof of Theorem 1.5

The proof of Theorem 1.5 goes along the lines of the proof of Theorem 21 from
[7], with the most important modification at the end, where we use methods of [17],
together with the parameter dependence of the solution of the 1st Cousin Problem
with bounds (to be deduced from the proof of Theorem VII.6.3 in [19]). We include
the proof here for the convenience of the reader and in order to be able to point out
the modifications of it needed in getting the target described in Remark 3.1 below.

Proof Step 1: Suppose that there exists az € T such that sptg; N K # &.
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702 A. Lewandowski

Take fz, a Stein neighbourhood of S such that K := K 0@ C V (cf. [7, Lemma

2]). Let K C V be a O(2)-convex compact set such that Ko CintK;. Choose y, a
smooth cutoff function with support equal K; and with the property that x = lina
neighbourhood of K. By Oka—Weil theorem with parameters ([8, Theorem 2.8.1]),
there exists a continuous family (¢;);er C O() with

SupzeK.,teT|gt(Z) — ¢ (2| <e.

Let

gri=xer +(0 =08 =9+ 1 = x)(& — ¢r).

Then ||g; — grllcr(sy < Ce forall 1 € T with positive constant C depending only on
K and x. Therefore, it remains to show that we are able to approximate the family
Wy = —x)(gr — @))ter C Ck(S), which enjoys the property that the supports of
the functions ¥, do not intersect some (common) neighbourhood of K. We therefore
can pass to the following:

Step 2: Approximation of (¥,);er (if the condition in Step 1 is empty, we go directly
to Step 2).

If for some t € T we have spty; NdM # &, we take a bigger totally real subman-
ifold, still denoted by M, of class C¥, by extending M through 3 M, and we extend all
functions ;| to the functions of class C¥ with compact supports contained in the
relative interior of M (we keep the notation y; for these extensions). Note that this
extension of M may be taken one good for all + € T and the extensions of functions
Y, may be taken to depend continuously on all variables. Using now the fact that x
above equals 1 on a neighbourhood, say Vy, of K¢, we may multiply everything by
another cutoff function, obtaining the existence of some compact set in ' C M\ K
such that for all + € T we have spti; |y C F.

We cover F by a finite number of domains My, ..., M,, C M such that for every
j € {1, ..., m} Proposition 2 from [7] (one may also bear in mind Proposition at the
beginning of Section 3 from [17]) holds true for M; (observe that the functions f;
constructed therein changes continuously if the input data are perturbed in a contin-
uous way) and U;’-’Zl M./ C M\K. Let (x; € C(lj(Mj));’?:l be a partition of unity
subordinated to the cover M, ..., M,, of a neighbourhood of F so thatforallr € T
we have ¢, = Z’}’zl Xxj¥:. We see it suffices to approximate every single family
(Xj¥1)rer with j fixed. Without loss of generality, assume that sptyy, CC My, t € T.
Let U C C" be a neighbourhood of d M as in (b) from Proposition 2 in [7] (observe
it is independent of ;). Take open sets A, B C C" such that

MycB, S\MiCA, ANBCU.
Let €2 be a Stein neighbourhood of S with 2 C (AU B) N Q and define
Qs =QNA, Qp:=QNB.
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Families of Exposing Maps in Strictly Pseudoconvex Domains 703

By shrinking €2 little bit, we may assume it is a strictly pseudoconvex domain with
smooth boundary. Now, analysing the proof of Theorem VII.6.3 from [19], we see the
solution of the 1st. Cousin Problem with bounds depends continuously on parameters
if only input functions are entire and taken to also depend continuously on parameters.
Now, if we consider the family (h;);c7 C O(C") of functions, continuously dependent
on all variables, given by Proposition 2 from [7], with

Ve = hillckyy < €and [Ielly <&, t€T,

we find, by above observation, the continuous (in all variables) families of functions
(hf‘),er € O(R24) and (htB),eT € O(2p) such that for a positive constant D, inde-
pendent of t € T, we have

Ihtllq, < De, |hE ), < De,
and
hy = h* —hB

on 2N AN B forallt € T. Finally we put f; := h; + htB on Qp and f; = h,A on
Q4. Invoking the Cauchy estimates, we get the conclusion. O

Remark 3.1 Actually, in the proof of Theorem 1.3 we shall need stronger version of
Theorem 1.5, where the domains of definition of certain injections g; will vary, the
functions g; themselves will depend in a C?-continuous way on all variables and we
will need to construct a family f; of holomorphic embeddings, depending in a C>-
continuous way on all variables and admitting an interpolation to order 3 at a certain
point. We shall include the details within the proof of Theorem 1.3.

4 Proof of Theorem 1.3

Proof of Theorem 1.3 Let r; := p(z,-),t € D. As in Remark 1.1, for each ¢ let I'; be
a neighbourhood of dG;, C2-continuously dependent on 7, and with Vr; # 0 on I';.
Take positive o’ € (o, 1) and & such that the family (y; ) teoD,ceaG, MAY be extended

to a C2-continuous family

(Vtﬂc)IEU/ID),CGU‘K|<§<t) BG,(")

of smooth embedded arcs [0, 1] — C" such that y; ; (0) = ¢, y;..(1) € S>"1(R) and

V() € C\(GI USTI(R)), x € (0, 1), forallr e Dand £ € 0G™, || < &.
After possible decreasing of &, there exists a C2-continuous family

(lt’f)tED,{EUh(kg G

@ Springer



704 A. Lewandowski

of global changes of coordinates, being compositions of translation and unitary trans-
formation, such that/, ; (¢) = 0 and with the property that n; ;, a unit exterior normal

vector to BGI(K) at ¢ is transformed to a vector (1, 0. .., 0). In particular, in these new
coordinates we have TC(C(E)G;K)) = {wy = 0}. Write [, ¢ (z) = Dy ¢ (z — ¢) with ;¢

being a unitary matrix depending C>-continuously on ¢ € D and ¢ € 3G ,(K).

Denote by P; ; the Levi polynomial of 7, at ¢. It is standard that there exist positive
constants C, &, and A such that for any ¢ € ¢'DD, any ¢ € I'y with dist(¢, 3G,) < &,
and any z € B(¢, ) we have

rt(z) = r(¢) — 2RePr ¢ (z) + Cllz — ¢ |1

In particular, if { € 3G, and z € G, is such that ||z — | < A, we have
C
—RePrs(2) = = llc — 2.
Putting ﬁt,;(z) = P, 4“1 (z)) we get the estimate

5 ¢ ) Cho-1.12 Cop
—RePr (@) = =8 =L DI = =M1, p2lI" = =1zl “.D

for z € I; ;(G;) N B, p) (and all ¢ € o'D and ¢ € 3G,) with some positive p.
Consider the mapping

V(@) = (=P (@), 20,0 2n) = (=P (/@) 22, 20),
forz = (z1,...,2,) € C". Wehave ¥, ;(0) = 0, ¥, ; is injective and holomorphic in
B(0, p) with some positive p (independent of 1 € o’ID, ¢ € dG;). Also n; ; becomes

(1,0, ...,0) in the local coordinates near ¢ given by W; , o/, ;.
Define

Qt,{ = lt,{ (Gt)

Recall that the elements of W;  (2; ; NB(0, p)) are of the form (—f’t,; (2),22, -+, 2n)
forz € Q; NB(O0, p).
For z € Q;; NB(0, p), writing z; = x1 +ix2 and 2’ = (22, ..., z,), we get from
(4.1) the following estimate
—ReP, (2) — o ¢ (—ImPr £ (2), 7)) <0,
where

wr e (x2,7) == —D(3 + 17117
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with some positive constant D, independent of ¢ € ¢’ID and ¢ € dG;. In particular,

Wy e (2, NBO0, p)) C{z € C" 1 x1 —wy c(x2,2) <0}, (4.2)

which implies that near 0 the domain W, ;(£2;,;) is strictly 2-convex in the sense of
[5].

All the above constructions remain valid if we allow ¢ not only from 9 Gy, but also
from 8G,(K), where |k| < e, with some positive constant ¢ < & which is taken one
good for all r € o'DD. Let us denote from now on

N@G) = | 9G". rea'D.

£
|K|<§

Observe that for fixed ¢ and ¢ € N(dG;) there exists only one « with ¢ € BG,(K).
Therefore, fixing a pair (¢, ¢) actually determines the triple (¢, ¢, k). We shall fre-
quently use this fact in the sequel without additional comments: namely, we shall only
sometimes—when it will be not clear from the context—write « (¢, ) to indicate the
fact that the particular « arises from the choice of (¢, ¢). Otherwise, we shall omit this
indexing.

Analysing the proof of Proposition 1.2 in [24], we see that there exists a C2-
continuous family (O, ¢);eo'D,ceN@G,) of holomorphic automorphisms of C”, that
can be represented as

O () =V () + fi,0(2),

where f; . is entire, and there exist positive constants ¢ and A, independent of ¢ € o’'D
and ¢ € N(3G;) with the property that for ||z|| < 6 we have || f; ; (2) || < Allz|]? (note
that the set of parameters in [24] is assumed to be a Stein space. On the other hand,
the dependence of parameters considered there is holomorphic. We need only a C?-
continuous dependence of parameters and in this case the assumption about Steinness
of the set of parameters can be omitted. Also, the very same conclusion is possible to
be obtained by using [25]).

Fort e o’'Dand ¢ € acﬁ”) put Dt('? =0 (¢ (G;K))) and observe that for these

K)

domains we have Ty(d Dt(’ ¢ ), the real tangent space to 8Dt(§) at 0, equals {x; = 0},

ng = (1,0,...,0), and BDI(? is 2-convex near 0 in the sense of (4.2), after possible
decreasing p and D there, so that they remain to be independent of € ¢’D, |k| < &
after possible decreasing ¢, and ¢ € BGfK).

As in [3], we may without loss of generality (after possible slight decreasing of o)
modify the family of curves (v1,¢)reo'D,ceN(3G,) SO that the initial parts (of uniform
length) of the curves ©; ;(I; ¢ (y:,¢)) are all equal to the segment 1[0, s] with some
positive s, arbitrarily small, and so that they are perpendicular to ©; ¢ (/; ¢ (S?*=1(R)))
where they intersect. The modification may be carried out so that the modified family,
still denoted by (yr,¢)reo'D,ceN(3G,)- Keeps its regularity.
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706 A. Lewandowski

For any t € ¢’D and any { € N(dG,) (after possible decreasing ¢) let U; ; be

a neighbourhood of D(K) U (e1[0, s]) and V; ; C U; ¢ be a neighbourhood of D;K{),
both C2-continuously dependent on (t,¢), and let a C2-continuous family (8¢ -
Ui,y = C"ieod.ceN@a,) of smooth embeddings such that g, = Idin V; ¢, g ¢
stretches e1[0, s] to cover O, ¢ (I;,¢ (v, ([0, 11))), and g ¢ (e1[0, s]) is perpendicular
to (B¢ o l,,;)(Szn’l(R)). Note that U, ; and V; ; may be chosen to be independent
of |k| < €, and thus of ¢ (after eventually decreasing €).

We want to apply Theorem 1.5 for small &9 > 0 and the family (g; )¢ ¢c)ep-
where P is some relatively compact subset of the open set {(#,¢) : t € ¢/'D,¢ €
N(3G,)} containing in its interior all the couples (¢, ¢) with ¢ € oD, ¢ € 3G,. In our
concrete situation we want to modify the construction of (f; ;) therein, taking into
account the variable domains of the functions g ; and in order to get its C?-continuous
dependence on all variables and thus allowing the interpolation to order 3 at se; with
the continuity of new approximating and interpolating family of functions with respect
to all variables. Of course the domains of such functions will also depend on ¢ in a
suitable way. Moreover, we need to make sure that the functions f; ; are injections

in some suitable chosen neighbourhoods of D(KC) U (e1[0, s]) for (¢,¢) € P. Below
we indicate the modifications of the construction of the family ( f; ;) required when
proving a variant of Theorem 1.5 in this particular case.

Variable domains, the C* dependence on all variables and the interpolation at sey .
Fix P, a relatively compact subset of the open set {(z,¢) : t € ¢'D, ¢ € N(3G,)}
containing in its interior all the couples (¢, {) with ¢ € oD, ¢ € 0G;. There exists a
small positive constant # < 3 with the property that for all couples (¢, {) € P we may
find the strictly pseudoconvex domains H; ; with C?-smooth boundaries, depending

in a C>-continuous way on (¢, ), and satisfying

(1) DY) cC Hi; CC Vig

2) dist(D). 9H; ;) = B

(3) dist(H; ¢, 0V ) > B

(4) tube with radius % around e [0, s] is compactly contained in U, ¢

(5) m N(e1lB,s]) =Pand S; ; = T{ U (e1[B, s]) satisfies the assumptions of
Theorem 1.5.

In order to apply the standard interpolation corrections with the continuity of corrected
family of functions with respect to all variables, we need to adjust the construction
of (f;,¢) in Theorem 1.5 (for § = §; ;) so that we take care of the variable domains
U;,; and that it will depend in a C2-continuous way on all variables (as the input
data (g;,¢) do). To get this aim, observe that in our particular situation, in Step 1
of proof of Theorem 1.5 we may take ¢, ; = Id, (¢, ¢) € P (and a suitable family
(X1,£)t,0)ep of cutoff functions, smoothly dependent on all variables, with supports
contained in V; ; and equal one on neighbourhoods of H; ; with— by the compactness
argument—distances to the boundaries uniformly bounded from below). Putting now
Yo = (1 = x1,0)(8r,c —1d)¢,c)ep, We observe that there exist an § > s and a
compact set F' C e (B, 5] such that for all (¢, ¢) € P we have spty; ¢l¢ 1851 C F
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Families of Exposing Maps in Strictly Pseudoconvex Domains 707

(after possible multiplying by suitable cutoff function) and it suffices to approximate
the family (; ;) c)ep. Therefore, we only have to modify the construction from
Step 2 in order to get the better regularity we are after. Here, observe that the proof
remains unchanged until we have to choose the open sets M1 C B and S; ;\M; C A
with AN B C U forall (¢, {) € P. Observe that, by the compactness argument, these
sets may be chosen to be independent of (¢, ¢) € P.

For a fixed (¢,¢) € P one may choose a strictly pseudoconvex and smoothly
bounded domains N; ; and ](7,@ such that

Si.e CC Nig CC Nyp C AUB,
and by Theorem V.2.5 from [19], there exist neighbourhoods
N, 1. t¢ 7
e CVy® CC VP CC Nig

and a solution operator for 3-problem

t,. yh$ -
T Y Co (VIE) = Coo(VEE)

satisfying (i)—(iii) therein. Observe that for (s, &) sufficiently close to (¢, £) we have
SS,S CcC N[,é',

with the distance to the boundary uniformly bounded from below.

Now the family (s ¢) C O(C") from Step 2 of the proof of Theorem 1.5, appearing
there as (/,), depends in our situation in a C>-continuous way on all variables and it
suffices to get the same regularity with respect to the parameters of the solutions of the
Ist. Cousin Problem with bounds for functions A ¢ and the coverings N; ¢ 4 := N; ;N

A, N; ¢ B = N; ¢ N B of Ny . This we reach by observing that utilizing in the proof
¢ yild R
of Theorem VII.6.3 from [19] the operator T Y Yo instead of S (cf. [19, Theorem

VIL.5.6]) gives, for (s, &) close to (¢, ¢), the functions h;’é’A € O(N;¢,A), hi’é’B €

O(Nt,¢,B), depending in a C2-continuous way on all variables, and such that A, ¢ =

& — hy$ ¥ on Ny o N AN B and with

t,0,A t,¢,B
Mg e s < Ees RGN, 5 < Ee, 4.3)

where the positive constant E is independent of s and £. Note that we have used (iii)
from Theorem V.2.5 in [19] (to get suitable regularity with respect to the parameters)
and estimates from the beginning of Section V.3.2, also in [19] [to get estimates (4.3)].
Observe it is crucial that the functions A ¢ are entire.

Then, by the compactness argument, we find Wy, ..., W,, and open cover of a
neighbourhood of P suchthatforeach j = 1, ..., ¢ there exist a strictly pseudoconvex
and smoothly bounded domain N; with the property that for all (s, §) € W; we have
Ss,e C N with the distance to the boundary uniformly bounded from below, and there
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exist functions hg”; € O(N;NA), h{f € Q(Nj N l?), depending in a C2-continuous
way on all variables, and such that i, s = h;”? — hif on N; N AN B and with
i, A i, B
I8¢ Inyna < Eje, Ih: Inng < Eje,
with positive constant E; good for all (s, &) € W;.

Let (p j)3=1 be a partition of unity subordinated to the covering (Wj);].:1 of a
neighbourhood of P. Define for (¢, ¢) € P

q q
9 T
hie =" pj@.oOnll hfo =" pi. Onll
j=1 j=1

Then htAJ € O(Z;: NA), hfg € O(Z;,: N B), where Z, ; is a neighbourhood of §; ¢,

C?-continuously dependent on (7, ¢) and with the distance to the boundary uniformly
(in (¢, ¢)) bounded from below. Moreover,

h v, cna < E'e Ik v, s < E'e,
where positive constant E’ does not depend on (¢, ¢). Also,
hie = hit; —hi,

on Z; ; N AN B and we finish the proof along the lines of the proof of Theorem 1.5.

Finally we may add a family of small corrections to get interpolation at se;, which
now depends continuously on all variables.
Injectivity in neighbourhoods of D[(f? U (€110, s]) with uniform distance to the bound-
ary. This is a consequence of suitably modified techniques presented in Lemma 2.3

from [3]. Namely, let us fix (¢, ¢) € P and consider the restriction of the function g;
to the domain U 2 ¢ with

() 0
D; i cc U, CC Uy,

created by attaching to H; ; a tubular neighbourhood of radius % around e1[0, s]. Then
for (s, &) sufficiently close to (¢, £) we have

(k(5.8)) 0
Dy cc U,

as well as
(x) 0
Dt,{ ccC Us,i:"
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We claim that for every (s, &) sufficiently close to (¢, ) there exists W; ¢, a neigh-

bourhood of D(KS(Y Ay (e1[0, s]), such that the distance to the boundary is uniformly
bounded from below and with the property that the functions f; ¢ given by Theorem
1.5 for g5 ¢ with & < g for some sufficiently small &9 > 0 and with the modifications
described in the preceding paragraph are all injections on the domains W; ¢. Indeed,
let g > 0 and for (s, &) close to (¢, ¢) take the decreasing sequences of domains
(Ugs, ), )keN created in a similar way as UOS, only with the radius of the used tube
less than 1 3 and with Hy ¢ replaced by D(K;Y o " with sufficiently small positive §
(so that it is compactly contained in Hj ¢ for large k).

Suppose that for any k € N and any r € N large enough to ensure U gy C
Zs g NZ; ¢ for (s, &) with the distance to (7, ¢) smaller than % (recall Z; ¢ are in place
of € in Theorem 1.5—see also preceding paragraph—and they do not depend on ¢),
and any jo € Nthereare N 5 j > joand (t ; ,, {k,j,») € P with the distance to (¢, ¢)

G Ckjr (ak,j,r) =
1

fti i g“kjr(bk» j.r)» where the functions fsj g are given by Theorem 1.5 with ¢ = 7
(after modifications described in the preceding paragraph concerning the regularity
with respect to parameters and the interpolation condition). We may assume that
—_—
(k(,8))
D, . u

smaller than }, and ag,j,r # bkjr € U ;,.q ).k such that fri,

(tk,jors Sk jor) — (¢, ¢) and ag j» — a,bij, — b, where a,b €
(e1[0, s]) as k, jo, r — oo. '

Using the injectivity of g; ; and the fact that, by the construction, the family ( fs", g) s
uniformly bounded (and hence equicontinuous) near a and near b for (s, &) sufficiently
close to (¢, ¢), we conclude that in fact it has to be a = b. From the methods used
in the proof of Lemma 2.3 in [3] we get a may only be an element of the segment
e1(d, s]. Now, using the properties of the domains Uy ¢) x, the equicontinuity of the

family ( f,{ ¢ )(t,c)eP, jeN near a, and performing the computations similar to those from

the proof of Lemma 2.3 in [3], we get f,i i (ak,j,r) # fti,_,'.r,{k,_,v,, (b, j.») for large
k, j, r, a contradiction.

sJsls

Therefore, for (s, &) close to (¢, ¢) there exist neighbourhoods W ¢ of D(K(s Dy

(e1[0, s]), such that the distance to the boundary is uniformly bounded from below
and with the property that the functions f; ¢ given by Theorem 1.5 for g; ¢ withe < g9
with sufficiently small &9 > 0, and with the modifications described in the preceding
paragraph are all injections on the domains W; . Using the compactness argument,
we see that for arbitrarily small ¢ and for all (¢, ) € P there exist neighbourhoods

W ¢ of Dt(,'? U (e1[0, s]), such that the distance to the boundary is uniformly bounded
from below and with the property that the functions f; ; given by Theorem 1.5 for
&r,¢ With ¢ are injections on the domains W; . Moreover, for ¢ sufficiently small, the
domains W; ; do not depend on &.

To summarize: we proved the existence of a continuous family (f;¢).c)ep of

holomorphic embeddings D(’? U (e1[0, s]) — C”" uniformly (in all variables) close
0 O ¢ (¢ (¥1,¢10, 1])) and with the property that f; (e1[0, s]) is perpendicular to
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(®,¢ 0l ,,g)(SZ"’1 (R)). Note that in the case of a single domain treated in [3], similar
result is obtained by different methods, based on [14].
Let

flr,g = (®t,{ Olt,g)il o ft,g“ ° (®t,§ o lt,{),

on the set where the composition is defined. In the last part of the proof we shall
construct, for sufficiently small positive s, the continuous family (F; ¢),¢)ep of holo-
()

morphic embeddings G,

(1) Frc(2) = O ol )" (se),

) Fe(GENYie) COrc olir) ' (€10, s — 2b1)° UB(e (s — b), b) U {se}),
(3) I1Fre —ldll—& e is arbitrarily small,

such that for all (¢, ) € P we have

G(K)
with some small positive s, b, ¢, where Y, 1,¢ is some small neighbourhood of ¢ . Taking,
forall t € oD and ¢ € 9G;, the composition

]’l;y; = ht,{ [¢] Ft@-

will end the proof.

Construction of the family (Fy ¢),c)ep. Observe that there exist r, § > 0 such that
for all (¢, ) € P we have

014 (G N B, M\(]) C B(=Ser, 5)
and
Or,¢ U1, (2)) =0 € dB(—Sey, S).
By Theorem 3.1 from [3], for all sufficiently small positive s, 8, ¢, and b with b <

s, ¢ < s there exists a holomorphic injection & : E(—Sel, S) — C" such that

(14) @ —Idllg_ge, 5)\B(0.s) 1S arbitrarily small,
(2+) ®(0) = sey,
(3+) ©(B(—Sey, S) NB(O,5)) C (er[0,s —2b])  UB(ei(s — b), b) U {se1}.

Define, for (¢, ¢) € P,

Frr(z) = ((Orc 0l ) o®o (@ ol r))(2)

for z from B(¢, r) intersected with some neighbourhood of G(K) of uniform size
(in 7,¢). Then, after eventually shrinking the domains of definition, the family
(Ft o)a.0)ep depends C2-continuously on all variables and for every (r,¢) € P we
have

(1%) I:"t,; is a holomorphic injection,
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%) F Q) = Org 0l o) (ser),

(3%) Fr (G NB(E,s") C (O olie)~" ((e110, s —2b1)° UB(e1 (s —b), b)U{se})
with some sufficiently small s’ € (0, s).

Let us consider, for sufficiently small positive k, the family of Cartan pairs
((Ar ¢, Br.¢))t,c)ep, Where

— = — k
A =GY NB(. k), B :=G"\B <;, 5) _

Define
Cic:=ANB ¢
and observe that if k is small enough, then we have
Or,c (1, (Cr ) CCB(—Seyq, S)

with the distance to the boundary uniformly (in ¢, ¢) bounded from below. If in the
choice of ® the constant § [and consequently also s’ from (4*)] was sufficiently small,
then for all (¢,¢) € P the mappings ff},{ are uniformly arbitrarily close to Id in
neighbourhoods of C; ; of uniform (in ¢, ¢) size. By Theorem 2.4 and Remark 2.5, we
get the existence of the continuous family (@,¢)(,¢)ep of biholomorphic mappings in
neighbourhoods of A; ¢, of uniform (int, ¢) size, interpolating the identity to arbitrarily
high order at ¢, and the continuous family (5; ;) (,¢)ep of biholomorphic mappings
in neighbourhoods of B; ; of uniform (in #, ¢) size, such that the family

I:},; oa, inaneighbourhood of A; ,

FI,{ = 9 (t7 é‘) € P7

Br.c in a neighbourhood of B; ,

fulfilling (17)—(3"), is the last piece of our puzzle. O

5 Strongly Linearly Convex Case

Example 5.1 Let k > 3 and let p and G, be as in Problem 1.2 and assume additionally
that G, is strongly linearly convex for each 7. Let o < o’ € (0, 1).

By Proposition 2.2.3 in [12], for any ¢ there exist U;, a neighbourhood of dG; and a
C*—!_continuous mapping 77; : U; — 9G; such that for x € Uy, 7, (x) is a unique point
from dG; that realizes dist(x, dG,). By analysing the proof of that proposition, we
see that U, and 77; may be chosen to be C¥~!-continuously dependent on ¢. Moreover,
by our assumptions, the choice may be carried out in such a way that for s, ¢ close
enough we have 0G; C Uy and G C U;.

For each ¢ let us choose open sets

G, c U/ cc U; cc U,
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varying in a C¥~!-continuous manner with 7, and cutoff functions y, such that y, = 0
on C"\U/ and x; = 1 on U/, also varying in a C*~!-continuous way.
If now s, t are close enough, the mapping

Qst - C'">sz— z2+4 (m5(z) — 71 (2)) x5 (@) x: (2) € c

is a Ck_l-diffeomorphism (cf. [22], p. 400). Obviously ¢ (0G;) C 0Gy, and even
an equality must hold there, because boundary of strongly linearly convex domain of
class at least C? is diffeomorphic with S~ (see [23]), and S?*~! is not diffeomorphic
with any of its proper subsets. Therefore, for s, # close enough gy, constitutes a C¥~!-
diffeomorphism between dG; and dG; (and indeed between G, and Gy).

We would like to construct a C¥~!-continuous family of C¥~!-diffeomorphisms
(W : C" — C"), /3> mapping G; diffeomorphically to G. Define

teo

R :={r €[0,0']: there exists such a family for ¢ € rD}.

Obviously R # @. Furthermore, R is open in [0, 6']: let rp € R and let (IZ,)I croD be
a suitable family. In virtue of the observation we just made, that for s, ¢ close enough
@5 is a diffeomorphism between G; and G, we may, without loss of generality,
assume that ro # 0. Similarly, we may assume ro # o’. It is apparent that we only
need to show that there exists some r € (rg, o) and the family (), < of required
diffeomorphisms. Let us consider the covering of the circle |¢| = rq by the finite family

Ui, ..., U, of closed balls, with the multiplicity of the covering equal 2, such that
for any j € {1, ..., m}, if we denote by a; the centre of the ball U;, then |a;| < rg
and a; ¢ Uy foreveryk € {1,...,j—1,j+1,...,m}, and moreover;for every
jef{l,...,m}andforevery s,t € Uj, gy is a diffeomorphism between G, and G;.
Put
w . 1/~/t, 1 e I’OE
t = -~ —
Vaw © eawye, t € Uj=y Uj\roD,

where d(t) denotes a point from |t| = r( closest to ¢. Since we take ¢ outside roD,
we get d(¢) is unique, and the function d is smooth. Then (x[/,)te (U’};l U,-)Uroﬁ isa
C*=! family of required diffeomorphism, which ends the proof of openness of R (after
restricting the set of parameters to rD with suitable r € (ro, o).

R is also closed: let r, — rg. Then we cover the circle |t| = rg with balls
Ui, ..., U, as in the proof of the openness, and we observe that there exists a vy
with {|t] = ry} € U} Uj and |a;| < ry, j = {1,...,m}. Now we use a similar
argument as in the proof of openness to produce a suitable family of diffeomorphisms
fort € roD C (U;’Ll Uj) U ry,D.

Let ® : Gg — I be a C!-diffeomorphism, where I is a complete circular domain
with boundary of class C? (see [18]) and let ¥ : T — B be a C'-diffeomorphism,
whose existence was pointed out to the author by Andrea Spiro (private communica-
tion; the proof requires some modifications of standard proofs that open star-shaped
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domain is diffeomorphic to the unit ball, cf. [10]). The composition of these latter
diffeomorphisms gives a C'-diffeomorphism between G and B, and by the argument
as in the proof of Theorem 5.2 in [3], there exists ®, a C!-diffeomorphism of C”
such that ®(Gg) = B. Define 'y == ®o Yy, whichis a C*=!_continuous family of
C!-diffeomorphisms of C" with I';(G,) = B. Also, if R > 0 is large enough, all the
mappings v, are equal Id on the preimage by ® of the sphere ||z]|| = R. Now the
family of embedded curves (y;,¢) as in Theorem 1.3 may be produced as in the proof
of Theorem 5.1 from [3] and with the aid of results from Chapter 3 in [11] and the
discussion from [1, Section 4.1] concerning the parameter dependence of the evolution
operators of parameter-dependent vector fields.

Remark 5.2 Observe that the argument similar to the one just presented would remain
true if only we knew at the very beginning that the closures of the domains we work
with are all C!-diffeomorphic to the closed unit ball (compare Theorem 5.2 in [3]).

6 Concluding Remarks

As we have observed in the Introduction, it seems that with the existing methods at
hand we are not able to omit the assumption about the existence of the family (y; ;)
in Theorem 1.3. On the other hand, even with this additional assumption, the full
solution for the question (B) from the Problem 1.2, i.e. passing from “compact” case
to the case where the set of parameters equals D, and increasing the regularity of the
family (h,,;) with respect to all variables (if the domains vary in suitably more regular
manner) still requires developing some subtle tools, for example, a qualitatively new
version of parameter Forstneri€ splitting lemma, where we would have better regularity
of the families (/) and (8;), and we would be able to change the size of - and t-
hulls appearing there pretty arbitrarily with the parameter (see Theorem 2.4 for the
notation). We hope to undertake this problem in the forthcoming paper(s).
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