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Abstract

Strong external difference families (SEDFs) have applications to cryptography and are
rich combinatorial structures in their own right. We extend the definition of SEDF from
abelian groups to all finite groups, and introduce the concept of equivalence. We prove
new recursive constructions for SEDFs and generalized SEDFs (GSEDFs) in cyclic groups,
and present the first family of non-abelian SEDFs. We prove there exist at least two non-
equivalent (k2 + 1,2, k, 1)-SEDFs for every k > 2, and begin the task of enumerating
SEDFs, via a computational approach which yields complete results for all groups up to
order 24.
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1 Introduction

There has been considerable recent interest in strong external difference families (SEDFs),
which have applications to cryptography and are rich combinatorial structures in their own
right (see [1, 4, 6, 10, 12, 13]). Up till now, all SEDFs have been in abelian groups.

We ask: what is the situation for SEDFs in general finite groups, not simply abelian
groups? For given parameters, which groups contain SEDFs with these parameters? How
many “different” SEDFs exist with the same parameters?

In this paper, we introduce the notion of equivalence for SEDFs, and characterise admis-
sible parameters. We present a recursive framework for constructing families of SEDFs with
A = 1 (and related generalized SEDFs) in cyclic groups, which encompasses known results
on SEDFs and GSEDFs. We present the first non-abelian SEDFs, a construction for an infi-
nite family using dihedral groups, and establish the existence of at least two non-equivalent
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(k*> 4 1,2, k, 1)-SEDFs for every k > 2. Finally, we begin the task of enumerating SEDFs,
and present complete results for all groups up to order 24, underpinned by a computational
approach.

2 Strong external difference families

External difference families (EDFs) were introduced in [11] in relation to AMD codes,
while strong EDFs and generalized strong EDFs were introduced in [12]. They were defined
in finite abelian groups. We extend these concepts in the natural way to any group of order
n: the definitions correspond to the originals, with the removal of the word “abelian”. Since
the differences are defined in terms of ordered pairs, there is no ambiguity in this definition.
For abelian groups, additive notation is generally used; when we focus on the non-abelian
and general cases, we will adopt multiplicative notation.

Definition 2.1 Let G be a group of order n.

(i) An (n,m, k, 1)-external difference family (or (n, m, k, 1)-EDF) is a set of m > 2
disjoint k-subsets of G, say Ay, ..., Ay, such that the multiset M = {xy‘1 1 X €
A;,y € Aj,i # j} comprises A occurrences of each non-identity element of G.

(ii)) An (n, m, k, 1)-strong external difference family (or (n, m, k, 1)-SEDF) is a set of
m > 2 disjoint k-subsets of G, say Aj, ..., Ay, such that, forevery i, 1 <i < m,
the multiset M; = {xy™' : x € A;,y € Ujxi A} comprises A occurrences of each
non-identity element of G.

(iii) An (n,m; ki, ..., km; A1, ..., Ay)-generalized strong external difference family
(or (m,m; ki, ..., km; A1, ..., An)-GSEDF) is a set of m > 2 disjoint subsets of
G, say Al, ..., Ay, such that for every i, 1 < i < m, |A;| = k; and the multiset

M, ={xy ':xeA,ye Uj; A} comprises A; occurrences of each non-identity
element of G.

For every group G, there is at least one SEDF, consisting of the elements of G taken as
singleton sets. This has k = 1 and is often referred to as the trivial SEDF.

The literature contains no examples of non-trivial non-abelian SEDFs. The only explicit
construction for non-abelian EDFs is given in [5]; however these are not SEDFs. Recent
existence results [2] on disjoint difference families (DDFs) in non-abelian groups should
also guarantee non-abelian EDFs, but analysis of parameters shows that these will not be
strong.

To enumerate and compare EDFs and SEDFs, we require a notion of equivalence;
equivalence of EDFs has not been previously discussed in the literature.

Recall that the holomorph of a group G is the group Hol(G) of all permutations of G
of the form a — «o(a)g with (¢, g) € Aut(G) x G. It can be verified that, for an EDF (or
SEDF) in a group G, its image under any element of the holomorph of G is still an EDF (or
SEDF) with the same parameters.

Definition 2.2 Two external difference families (respectively, strong external difference
families) A = {Ay,..., Ay} and A = {A],..., A} } are said to be equivalent if, up to
isomorphism, they are in the same group G and there exists an element of Hol(G) turning
one into the other.
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This definition can be naturally extended to GSEDFs (and other EDF-like structures).
Although established in the context of abelian groups [12], the following necessary
conditions remain valid in any finite group.

Proposition 2.3 Necessary conditions for the existence of an (n, m, k, L)-SEDF in a group
G of order n are thatm > 2, n > mk and A\(n — 1) = k%(m — 1). Parameter sets that satisfy
these conditions will be called admissible.

Analysis of these conditions can eliminate parameter sets for SEDFs (see [4, 6]); since
the analysis is purely number theoretical on the parameter equation, such results apply
equally to abelian and non-abelian groups. We characterise the admissible parameters:

Proposition 2.4 The set of all admissible parameters (n, m, k, A) for an SEDF is given by
(noko?k1 + 1, noho + 1, kokika, hokika?)

where kg, k1, ky, Lo, ng € N and n > mk.

Proof Observe thatm — 1 = % is an integer. Let A be the multiset of all prime factors

of A, and let B be the multiset of all prime factors of n — 1. Let C be the multiset of all

prime factors of k; then C is contained in multiset A U B. Let ko be the product of all

elements of C \ A;so kg = m. These elements are all from B; moreover, ké | n—1.

Let k> be the product of all elements of C \ B; so kp = W.
all from A; moreover, k% | . So k = kokaky, where kp is the product of the remaining
elements of C. All of these elements occur in both of A and B,sok; | Aand k; | n — 1. So
(m — DkZk}ks = A(n — 1); then A = kik3 A for some A9 € N, and n — 1 = kjkyn for
some ng € N, withm — 1 = nghg. O

These elements are

Table 1 contains all admissible SEDF parameter sets for n up to 24.

An SEDF will not necessarily exist for all admissible parameters. Some parameter sets
can be ruled-out in certain classes of group using combinatorial or algebraic arguments.
Non-existence results for SEDFs in abelian groups can be found in [1, 4, 8] and [10]. It
is possible that SEDFs with some of these forbidden parameters may exist in non-abelian
groups.

The following is a summary of constructive existence results known for abelian groups.

Proposition 2.5 An (n, m, k, 1)-SEDF exists in the group G in the following cases:

() (,m k2 = K2+ 1,2,k 1) and G = Zja [12]; sets given by {0,1,...,k —
1}, {k, 2k, ..., k2).
2) (m,m,k,)) = (n,2,"2;1,%), n = 1 (mod4), provided there exists an

(n, %, ”25, %) partial difference set in G [4]. When n is a prime power, we may

Table 1 All admissible SEDF parameters for n < 24

n 5 9 10 13 17 19 21

m 2 2 3 2 32 4 2 2 3 4 5 2 33 5 2
k 2 4 2 3 3 6 2 4 8§ 4 4 2 6 3 6 3 10
A 1 2 1 1 2 3 1 1 4 2 3 1 2 1 4 2 5
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take the non-zero squares and non-squares in the multiplicative group of the finite field
of order n.

B) (m,m,k,r)=1(q,2, qT71, %), where g = 166241 is a prime power and t an integer
[1]; the sets are cyclotomic classes in the finite field of order q.

@ (m,m,k, 1) =(p,2, ‘”T_l, p3—_61), where p = 1082 + 1 is a prime and t an integer [1]
the sets are cyclotomic classes in the finite field of order p.

For A = 1, a parameter characterization for the abelian case is given in [12]:

Proposition 2.6 There exists an abelian (n, m, k, 1)-SEDF if and only if m = 2 and n =
k> +1ork=1andm = n.

3 Abelian SEDFs with A = 1: recursive constructions and equivalence

In this section, we consider the situation when A = 1. By Proposition 2.6, all non-trivial
abelian (n, m, k, 1)-SEDFs are (k2 + 1, 2, k, 1)-SEDFs. We show that the construction of
Proposition 2.5(1) is one amongst numerous constructions for SEDFs with A = 1 in cyclic
groups; we provide recursive techniques to obtain these (and related GSEDFs). We show
there exist at least two non-equivalent (k2 +1,2, k, 1)-SEDFs for any composite k (later we
extend this to any k > 2).

We write Z,, additively; its elements will be {0, 1,...,n — 1} and we fix the natural
ordering 0 < --- < n — 1. Fora,b € Z, with a < b, we will sometimes represent the
closed interval {x : x € Z,,a < x < b} by [a, b]. For a set A, we denote by AA the set of
internal differences {x —y : x £y € A}.

Theorem 3.1 Let G = (Zj2,, +), where k = 2a for some positive integer a > 1. Let
S={0,1,...,a — 1} U{2a,2a + 1,...3a — 1}, U?:]{(4i — Da, 4ia}). Then S is a
(k%> 4+ 1,2,k, 1)-SEDF in G and for k > 2, S is not equivalent to the SEDF in G from
Proposition 2.5 (1).

Proof For 0 < h < a — 1, let I, be the closed interval [ha, (h 4+ 1)a — 1] and let I,;L be
In +1=[ha+1,(h+ 1al. Then § = {By, By}, where By = Ip U I and B, = U7_,C;
with C; = {(4i — 1)a, 4ia} for 1 < i < a. It suffices to show that B, — Bj comprises
each non-zero group element precisely once. We have that C; — Iy = 15_2 U I;_l and
Ci—DL= 1574 U 121773. Thus C; — B1 = 1574 U 1573 U 121772 U I‘;Ll is the closed interval
Ji = [4i —4)a + 1,4ia]. It follows that By — By = U{_|J; = Zy,2, \ {0}, i.e. {B1, B2}
isa (4a® + 1,2, 2a, 1)-SEDFE.

Let Ay =[0,2a — 1] and Ay = {2a,4a, ..., (4a — 2)a, 4a2} be the sets of the SEDF
from Proposition 2.5 (1). If {A, A>} and { B, B>} were equivalent, one of A| or A, could be
mapped onto Bj via an appropriate mapping which would preserve the lists of multiplicities
of the internal differences. It can be verified, using the fact that each of A; and A; is an
arithmetic progression and |G| is odd, that the maximum multiplicity of the elements of G
in each of AA; and AAj is 2a — 1. Since By = Iy U I, A B comprises two copies of Ay,
one copy of 2a + Alp and one copy of —2a + Aly. It can be verified, since Iy is an interval
and all three of these multisets are mutually disjoint, that the maximum multiplicity in A By
is 2(a — 1). Hence the SEDFs are not equivalent. O
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The following recursive result for SEDFs with A = 1 in cyclic groups encompasses both
constructions mentioned in Theorem 3.1 and provides a means of generating new examples.

Theorem 3.2 Let S = {Ay, A2} be a (k* + 1,2,k, 1)-SEDF in L2,y with Ay =
{x1,...,xx} and Ay = {y1, ..., y}, such that x; < yj foralll <i,j < k. Leta € N.
Then we can obtain from S an ((ak)? + 1,2, ak, 1)-SEDF §' = {By, B>} in Liaiy241- The
blocks are given by

k k

By :U{ax,-—i—(x:OfozEa—l}andezLJ{a(yi—i—sz):OfBSa—l}.

i=1 i=1

(Here x;, y; denote the elements on(ak)2+1 with these labels.)

Proof For any g € Zp2,q With 0 < g < ak? — 1, let I, = [ag.a(g+ 1) — 1] and
If =I+1=lag+1,a(g+ D] let Ry = {a(g+k*B) : 0 < B <a—1}and R} = Ry +1.
Then B} = Uf:llxl. and B, = Uf:lRyi. It suffices to show that By — B comprises each
non-zero group element precisely once. Now, By — B = Uf: 1 U];: 1(Ry, =1 x_,.). Observe that

_ya=1y+ _a—1 k + T
Ry, — Iy; = UB=OIy,~7xj71+Bk2' Hence B, — By = Ug—o Yi—1 szllyiixjilJerQ. As (i, j)

runs through all possible pairs, (y; — x;) takes each value 1, ..., k? precisely once, since S

isa (k* + 1,2,k 1)-SEDF in Z2 and all x; < y;. So B> — B = U u’;igl 1;&2 -

ug;é[a BkZ + 1, a(B+ Dk?*] = [1,a%k*] = Zp24; \ {0} as required. 0
Example 3.3 Using the construction of Theorem 3.2:

e If S is the trivial (2,2, 1, 1)-SEDF A; = {0}, Ay = {1} in Z,, then S’ is the (a® +
1,2,a,1)-SEDF B; = {0, 1,...,a—1}, B, = {a, 2a, ...,a*} in Z,>, of Proposition
2.5 (D).

e If Sisthe (5,2,2, 1)-SEDF {0, 1}, {2, 4} in Zs, then S is the (4a% + 1, 2, 2a, 1)-SEDF
in Zy,2,, from Proposition 2.5 (1), whereas if S is {0, 2}, {3, 4} in Zs then S’ is the
(4a*+1,2,2a, 1)-SEDF in Z442 1 from Theorem 3.1. This shows that, if the recursion
is performed using two equivalent SEDFs as S, the resulting S”’s need not be equivalent.

Theorem 3.4 For every Z,2 | with k composite, there are at least two non-equivalent (k> +
1,2, k, 1)-SEDFs.

Proof Since k is composite, k = ar for some a,r > 2. Consider the (equivalent) r* +
1,2,r,1)-SEDFs in Z,2, given by S; = {{0,1,....r — 1},{r,2r,...,r?}} and S, =
rS1 ={{0,r,..., rz— r}, {r2 —r+1,...,r2-1, rz}}. Applying Theorem 3.2 to S yields
Si = {A1, Ay}, where A = {0,1,...,ar — 1} and Ay = {ar, 2ar, ..., (ar)z}. Applying
Theorem 3.2 to S> yields S5 = {Bi, B2}, where B; = U._, I, with x; = (i — 1)r, and
B, = U/_,R,, with y; = r? — (r — i). We claim that the ((ar)? + 1,2, ar, 1)-SEDFs in
Zy2., 1 given by S| and S} are non-equivalent.

If {A1, A2} and {Bj, B>} were equivalent, one of A; or Ay could be mapped onto B
via an appropriate mapping which would preserve the lists of multiplicities of the internal
differences. It can be verified, using the structure of the arithmetic progressions A; and
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A», that the maximum multiplicity in each of AA| and AA; is ar — 1. However, since
B = U;;éiar + Iy, ABj comprises r copies of Aly, r — 1 copies each of Aly + ar and
Alp—ar, and in general r — i copies each of Aly+iar and Aly—iar . Using the structure
of the interval Iy and the fact that all of these multisets are disjoint, it can be verified that the
maximum multiplicity in ABj is (a—1)r = ar —r and so the SEDFs are not equivalent. [

In fact, the recursive process of Theorem 3.2 can be performed for GSEDFs with m = 2
and A; = A2 = 1, and by appropriate choice of parameters we can build new SEDFs using
GSEDFs which are not themselves SEDFs. A recursive construction for GSEDFs was given
in [9]; our result differs from this in that the value of A remains unchanged, and the new
group is a larger cyclic group rather than a cross-product.

Theorem 3.5 Let S = {A1, Ay} be a (st + 1,2;5,t;1,1)-GSEDF in Zg 41 with A] =
{x1,.... x5y and Ay = {y1,..., y}, suchthat x; < yj foralll <i <sand1 < j <t. Let
a,b € N. Then we can obtain from S an (abst + 1, 2; as, bt; 1,1)-GSEDF S’ = {By, By}
in Zapst+1- The blocks are given by

B =U_faxi+a:0<a <a—1}and B =U!_{a(y; +Pst) : 0 <P <b—1}.

(Here x;, y; denote the elements of Zapsi+1 with these labels).

Proof The proof is precisely analogous to that of Theorem 3.2. O

Corollary 3.6 Let k = as = bt for some a,b,s,t € N, such that there exists an (st +
1,2;5,t;1,1)-GSEDF {A1, A2} in Zgiy1 withx < y forallx € Ay andy € As. Then an
(k2 + 1, 2; k, 1)-SEDF can be obtained from S.

An example of a GSEDF construction which can be used in the recursion is given by
S=({0,1...,5s =1}, {s,2s,...,ts}), of Theorem 4.4 of [9]. The equivalent GSEDF T =
{0, ¢, ... (s =Dt} {(s— Dt +1,(s — 1)t +2, ..., st} may also be used.

Example 3.7 Taking s = 2 and t = 3 with T = ({0, 3}, {4, 5, 6}) in Z7, Theorem 3.5
may be applied to obtain the following general construction in Zy2 | for any k such that
k = 2a = 3b for some a, b € N, i.e. for any k which is a multiple of 6: S = (B], By) where

e B ={0,1,...,a—1}U{3a,3a+1,...,4a};
® By ={4a,5a,6a}U{10a, 11a, 12a} U --- U {(6b — 2)a, (6b — 1)a, 6ab}.

4 Non-abelian SEDFs with A = 1

In the non-abelian setting, it is not known whether every (n, m, k, 1)-SEDF must be a
(k2 + 1,2, k, 1)-SEDF. The forward direction of Proposition 2.6 does not apply here, so it
is possible that there may exist non-abelian (k%(m — 1) + 1, m, k, 1)-SEDFs with m > 2,
although no examples are currently known. However, (k2 + 1,2, k,1) is an admissible
parameter set. Unlike in the abelian case, there does not exist a non-abelian group of order
k% + 1 for every value of k - for example there exists no non-abelian group of order k% + 1
fork € {2,4,6, 8, 10}.

In this section, we exhibit an infinite family of non-abelian (k2 + 1,2, k, 1)-SEDFs for
k odd.
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We will consider the dihedral group D, of order n as being generated by the elements s
(reflection) and r (rotation by 47”), sothat D, = {s'r/ : 0 <i < 1,0 < j < 7} and the
generators satisfy s2=1, r? =1andsr = rls.

First, we present two examples, which illustrate the general construction to follow.

Example 4.1 (i) Letk =3 and G = Djp; take A = {e, s, r} and Ay = {sr, r3, sr).
(i) Letk =5and G = Dyg; take A| = {e, s, r, sr, r2} and Ay = {sr2, >, sr7, r10, sr12}.

Theorem 4.2 Let k > 1 be odd. Let G = Dy |, the dihedral group of order n = K2+ 1.
There exists a (k2 +1, 2, k, 1)-SEDF in G. Specifically, A = {A1, A2} isa (k> +1,2, k, 1)-
SEDF where

k—1 . .
° A]:{e,s,r,sr,r2 sri oz ) e {r :Ofifk_l}u{sr/ :0§j<@}.
k=1

Proof For disjoint subsets X, Y of a group G, let XY ~! denote the multiset {xy~! : x €

X,y € Y} (or X — Y its additive equivalent). It suffices to show that A1A2_1 comprlses
each non-identity group element precisely once. For x, y € G, xy ~lequals ri=/ if x = /!
and y = ri; sri77 if x = s andy =l ifx = sri and y = sr/; and s/

if x = ri and y = sri. Note that r( 2 H — e. Showing that the elements rl<ic<

kT*l) occur once each is equivalent to verifying that in the additive group (Z,2,,, +), the
2

multiset {0, 1,..., 51} — {k, 2k, ..., K41} and the multiset {551, -1, £o1y
{0,1,..., k%} together comprise each non-zero element of Z >, once each:
=
o (jk k—1y _ k=3y _ ¢ ; k1.
jk+5)—-1{0,1,..., %5 }—{]k+l,]k+2,...,]k+ }Where0<]§ 5
e {0.1,.... 55 — k(5L - ) :{jk+%,jk+%,...,Jk+k}where05J < %3.

Similarly, showing that the elements sri (0 < i < I‘ZT_l) occur once each cor-
responds to verifying that the multiset {0, 1,..., k%} — {k, 2k, ..., k(kgl)} and the

. _ _ 2_ _ .
multlset{%, % e, k > 1} —{0,1,..., %} together comprise all the elements of
Z 2., once each:

2

o (k+5h —10.1,.... 5y = {jk jk+1,..., jk+ 5 where 0 < j < 551
o (0.1.... 53 k(& — ) =ik + ML jk+ 52, jk+ (k— 1)) where 0 <

. _ k=3
J="5 O

We are now able to prove the following result.

Corollary 4.3 For every k > 2, there exist at least two non-equivalent k2 +1,2,k, 1)-
SEDFss.

Proof For k odd, use Proposition 2.5(1) in Z;2 ;| and Theorem 4.2 in D>, ;; these SEDFs
are non-equivalent as the groups are non-isomorphic. Otherwise, k = 2a for some a > 2,
and so two non-equivalent constructions in Z;2 | ; are guaranteed by Theorem 3.4. O
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We end this section with a first step towards addressing the question: are the only non-
trivial SEDFs with A = 1 those with m = 27

Definition 4.4 Let G be a group of order n.

(i) Let.Abe asetof m > 2 disjoint k-subsets of G, say Ay, ..., A,. We say that A is an
(n, m, k, 1)-coEDF if the multiset N = {y_lx :x € Aj,y € Aj,i # j}comprises A
occurrences of each nonzero element of G.

(ii) Let A be a set of m > 2 disjoint k-subsets of G, say Ay, ..., A,. We say that A is
an (n, m, k, A)-coSEDF if, for every i, 1 < i < m, the multiset N; = {y_lx X €
Aj,y € Ujx Aj} comprises A occurrences of each nonzero element of G.

Clearly if G is an abelian group, coEDFs and coSEDFs coincide precisely with EDFs
and SEDFs. An (n, m, k, 1)-coSEDF must satisfy precisely the same parameter conditions
as an (n, m, k, A)-SEDF.

For a set X in a group G, we denote X! = {x~! : x € X}. For a collection A of sets
{A1,..., Ay} ina group G, we denote A~ = (ATY, ..., A,;l}.

Lemmad.5 A= {A,..., A} isan (n,m,k, A)-EDF (respectively, SEDF) if and only if
Al = {Ail, ey A,;l} isan (n,m, k, A)-coEDF (respectively, coSEDF).

Proposition 4.6 Let G be a group of order n. Suppose that A = {A1,..., Ap} is an
(n,m, k, 1)-SEDF and an (n, m, k, 1)-coSEDF (equivalently, that A and A~ are both
(n,m, k, 1)-SEDFs). Then either m =2 ork = 1.

Proof Suppose that m > 2 and k > 1. Let Nl./,. ={y'x:xeAyec A }. The multiset
union U <; < 1<j<n N/ ; comprises every non-identity element of G precisely m times. The
multiset union | J; £1, j£1 Ni’j comprises m — 2 copies of each non-identity element of G,
since | 2N 1 j(= N1) comprises each non-identity element once, as does Ui# 1 N/, (the
set of inverses of Np). Let x # y € Ay (this is possible since k > 1). Seta = y_]x. Since
«a is a non-identity element of G and A is an (n, m, k, 1)-coSEDF in G, there exist u € A;
andv € Aj forsome i, j € {2,...,m} with i # j such that v~ 'u = o (from above, this is
possible since m > 2). Then vi=a= y_lx, which rearranges to vl = y_lxu_l, i.e.
yv_1 = xu~!. However, A is an (n, m, k, 1)-SEDF, and this equality corresponds to two
equal distinct external differences arising out of A - a contradiction. O

This result generalizes the forward direction of Proposition 2.6. It indicates that, if a non-
trivial non-abelian (n, m, k, 1)-SEDF exists with m > 2, it cannot be a (n, m, k, 1)-coSEDF.

5 Computational approach and results

In this section, we describe how we have found and classified all SEDFs in groups up to
order 24, using a computational approach. Computational search results were obtained via
a constraint-style backtrack search. Preprocessing of the group information was performed
using GAP [3], in particular its SmallGroups library, while the search for SEDFs was imple-
mented in Java, using a recursive depth-first search algorithm. The algorithm returns all
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(n,m, k, »)-SEDFs in a group G; a final list of non-equivalent SEDFs is then produced
using the Images package [7] in GAP.

5.1 Summary of results

Table 1 of Section 2 listed all admissible parameters sets for groups of order at most 24.

For abelian groups, results from the literature rule-out the following parameter sets:
9,3,2,1),(10,3,3,2), (13,4,2, 1), (17,3,4,2), (17,4,4,3), (17,5,2, 1), (19,3, 3, 1),
19,3,6,4), (19,5,3,2) [10]; (21,6,2, 1) (Proposition 2.6); (19, 2,6, 2), (21, 2, 10,5)
[6]. This leaves sets: (5,2,2,1), (9,2,4,2), (10,2,3,1), (13,2,6,3), (17,2,4,1),
17,2,8,4).

Table 2 summarizes all non-equivalent abelian SEDFs found by computer search in
groups of order up to 24. All found SEDFs can be classified in terms of constructions in the
literature: Case (a) corresponds to Proposition 2.5(1), Case (b) corresponds to Proposition
2.5(2), Case (c) corresponds to Proposition 2.5(3) and Case (d) corresponds to Theorem 3.1.

There is no (9, 2, 4, 2)-SEDF in the cyclic group of order 9; this is ruled-out by Theorem
4.2 of [6]. The two non-equivalent (17, 2,4, 1)-SEDFs are those guaranteed by Theorem
3.4; here the SEDF from the cyclotomic construction of Proposition 2.5 (3) is equivalent to
that from Theorem 3.1.

For non-abelian groups of order n < 24, we cannot rule-out any of the parameter sets
from Table 1 using results from the existing literature. However, there are no non-abelian
groups of orders 5, 9, 13, 17, or 19. Therefore non-trivial SEDFs in groups of order up to 24
are possible only for two orders, 10 and 21. In each case there is one non-abelian group: the
dihedral group Do of order 10 and the semi-direct product Z7 x Z3 of order 21. The non-
trivial parameter sets for these are (10, 2, 3, 1), (21, 2, 10, 5) and (21, 6, 2, 1). The results
are shown in Table 3 - observe that this establishes computationally that there are no SEDFs
with parameters (21, 2, 10, 5) and (21, 6, 2, 1).

6 Concluding remarks and open problems

We have introduced the questions: for given parameters, which finite groups contain
SEDFs with these parameters? How many non-equivalent SEDFs exist with these param-
eters? Equivalence raises new questions about known SEDF results - e.g. how many
non-equivalent (243, 11, 22, 20)-SEDFs exist? Further constructions and theoretical non-
existence results for non-abelian SEDFs would be of interest. Does there exist a non-abelian
SEDF whose parameters cannot be realised for an abelian SEDF? This is particularly
relevant as the range of possible parameters for abelian SEDFs becomes increasingly con-
strained (in [8] it is conjectured that the known (243, 11, 22, 20)-SEDF is the only abelian
SEDF with m > 2). Do there exist non-abelian SEDFs with m > 2?

The case when A = 1 possesses a richer structural landscape than previously realised,
with new SEDFs found, both abelian and non-abelian. For no other fixed value of A are
explicit families of SEDFs known: can families be found for fixed values of » > 1?

Based on the computational results, we may ask: is it the case that for p an odd
prime, no SEDF with m = 2 can exist in the cyclic group of order p*>? The case when
m > 2 is resolved in [1]; however we know of no such result for m = 2. Does the
finite field construction using squares and non-squares yield a unique (up to equivalence)
(p2.2, 251, 221)-SEDF?
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Table 3 Non-equivalent SEDFs in non-abelian groups of order up to 24

Parameters Non-abelian group ~ No of non-equiv. SEDFs  Example Case
(10,2,3, 1) Dy 1 {e,s,r}, {sr,r3, sr*}  Theorem 4.2
(21,2,10,5) Z7 xZs3 0 - -
(21,6,2,1) Z7 X713 0 - -
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