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Abstract We present a construction of algebras of generalized functions of Colomb-
eau-type which, instead of asymptotic estimates with respect to a regularization
parameter, employs only topological estimates on certain spaces of kernels for its
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1 Introduction

Colombeau algebras, as introduced by Colombeau [1,2], today represent the most
widely studied approach to embedding the space of Schwartz distributions into an
algebra of generalized functions such that the product of smooth functions as well as
partial derivatives of distributions are preserved. These algebras have found numer-
ous applications in situations involving singular objects, differentiation and nonlinear
operations (see, e.g., [9,12,15]).

All constructions of Colombeau algebras so far incorporate certain asymptotic esti-
mates for the definition of the spaces of moderate and negligible functions, the quotient
of which constitutes the algebra. There is a certain degree of freedom in the asymp-
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totic scale employed for these estimates; while commonly a polynomial scale is used,
generalizations in several directions are possible. For an overview we refer to works
on asymptotic scales [3,7], (C, £, P)-algebras [5], sequence spaces with exponent
weights [6] and asymptotic gauges [8].

In this article we will present an algebra of generalized functions which instead of
asymptotic estimates employs only topological estimates on certain spaces of kernels
for its definition. This is a direct generalization of the usual seminorm estimates valid
for distributions.

We will first develop the most general setting in the local scalar case, namely that of
diffeomorphism invariant full Colombeau algebras. We will then derive a simpler vari-
ant, similar to Colombeau’s elementary algebra. Finally, we give canonical mappings
into the most important Colombeau algebras, which points to a certain universality of
the construction offered here.

2 Preliminaries

N and N denote the sets of positive and non-negative integers, respectively, and R " the
set of nonnegative real numbers. Concerning distribution theory we use the notation
and terminology of L. Schwartz [18].

Given any subsets K, L € R" (with n € N) the relation K € L means that K is
compact and contained in the interior L° of L.

Let 2 € R” be open. C*°(£2) is the space of complex-valued smooth functions on
Q. Forany K, L € ,m,[ € Ny and any bounded subset B € C*°(2) we set

I flgm:= sup [3%f(x)] (f € C®(Q)),

xekK,|la|<m

1Bk = swp  [320fG0) (& € C2(2, D),
xeK,|la|<m

yeL,|BlI=l
sup (£ (), 3%G(x)()| (¢ € C(Q, E'()).

xekK,|la|<m
feB

@1l & m:B

Note that ||| k m, I |k m; 2,1 and ||| k,m; B are continuous seminorms on the respective
spaces. _

We define § € C®(Q, () by 8(x) := 8 for x € Q, where §, is the delta
distribution at x.

D (€2) is the space of test functions on €2 with support in L. For two locally convex
spaces E and F, L(E, F) denotes the space of linear continuous mappings from E
to F, endowed with the topology of bounded convergence. By U, (£2) we denote the
filter base of open neighborhoods of a point x in €2, and by Uk (€2) the filter base of
open neighborhoods of K. By csn(E) we denote the set of continuous seminorms of a
locally convex space E. B, (x) := {y € R" : ||y—x]|| < r}istheopen Euclidean ball of
radius 7 > Oatx € R”, and for any subset K € R" we define B, (K) := |J,cx Br(x).
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Our notion of smooth functions between arbitrary locally convex spaces is that of
convenient calculus [11]. In particular, d* f denotes the k-th differential of a smooth

mapping f.

3 Construction of the algebra

Throughout this section let 2 € R” be a fixed open set. Let C be the category of
locally convex spaces with smooth mappings in the sense of convenient calculus as
morphisms.

Definition 1 Consider C*°(—, D(R2)) and C°°(—) as sheaves with values in C. We
define the basic space of nonlinear generalized functions on €2 to be the set of sheaf
homomorphisms

B(Q) := Hom(C*(—, D(Q)), C*(-)).
Hence, an element of B(2) is given by a family (Ry )y of mappings
Ry € C®(C™(U, D(Q),C*U)) (U S 2 open)

satisfying Ry (¢)|y = Ry (¢|y) for all open subsets V € U and ¢ € C*®°(U, D(R)).
We will casually write R in place of Ry .

Remark 2 The basic space B(£2) can be identified with the set of all mappings R e
C(C*® (22, D(2)), C*(2)) such that for any open subset U < €2 and @, w €
C*(Q, D(R)) the equality §|y = /|y implies R(@)|y = Ry (cf. [10]).

B(2) is a C*°(2)-module with multiplication

(f Ru@ = flu-Ru(p)

for R € B(R), f € C®(R), U € Qopenand ¢ € C®(U, D(2)). Moreover, it is an
associative commutative algebra with product (R - S)y (@) := Ry (@) - Sy (@).

A distribution u € D’ (R2) defines a sheaf morphism from C*®°(—, D(2)) to C*®(-).
In fact, for U € Q open and ¢ € C*°(U, D()) the function x — (u, ¢(x)) is an
element of C*°(U) (see [18, Chap. IV, §1, Th. II, p. 105] or [20, Theorem 40.2,
p. 416]). More abstractly, this can be seen using the theory of topological tensor
products [16,17,20] as follows:

C*(U,D(Q)) = C¥(U) ® D(Q) = L(D'(R), C*(U)),

where C*°(U)®D(2) denotes the completed projective tensor product of C*°(U) and
D(R2). The assignment ¢ > (u, ¢) is smooth, being linear and continuous [11, 1.3,
p. 9]. Hence, we have the following embeddings of distributions and smooth functions
into B(£2):
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Definition 3 We define 1: D'(Q) — B(Q) and o : C®(2) — B(R) by

W) (@) (x) = (u, §(x))  (u € D(Q)
@H@@) = fx) (feCP(Q)

for ¢ € C®(U,D(R)) with U € Q openand x € U.

Clearly ¢ is linear and o is an algebra homomorphism. Directional derivatives on B(£2)
then are defined as follows:

Definition4 Let X € C (2, R") be a smooth vector field and R € B(£2). We define
derivatives Dy : B(2) — B(2) and Dy : B(2) — B(2) by

(DxR)($) = Dx(Ry($))
(DxR)(@) = — dRy ($)(D5X$) + Dx (Ry($))

for ¢ € C®°(U, D(R)) with U C 2 open, where we set
DY@ :=Dx¢ + DY 0 4.

Here, (Dx @) (x) is the directional derivative of ¢ at x in direction X (x) and (D% o) (x)
is the Lie derivative of ¢(x) considered as a differential form, given by DY (¢(x)) =
Dy (¢(x)) + (Div X)(x) - ¢(x).

Note that both Dy and Dy satisfy the Leibniz rule. We have

~

Dyoo=00Dy, Dxyoo=00Dy, Dxyot=10Dy.

While ]5;( is C%°(2)-linear in X, ﬁX is only C-linear in X. We refer to [13,14] for a
discussion of the role of these derivatives in differential geometry.

Definition 5 For & € Ny we set

Pr:= RV [yo, ...,y
T i={A e R Yo, .oy Yks 205 -+ -» 2&) | A(V05 - -+, Yk, 0, ..., 0) = 0},

More explicitly, Py is the commutative semiring of polynomials in the k + 1 com-
muting variables yyp, . . ., yx with coefficients in RT. Similarly, 7y is the commutative
semiring in the 2(k 4+ 1) commuting variables yy, ..., Yk, z0, - - . , 2k With coefficients
in R™ and such that, if A € Z; is given by the finite sum

A= Z Aapy® 2P,

a,ﬂeNé"’l

then A,0 = O for all «. Note that P is a subsemiring of P41 and Z; a subsemiring
of Zj41. Furthermore, Z; is an ideal in Py if Py is considered as a subsemiring of
R*[vo,..., Yk, 20, ..., 2k]. Given A € Py and y; < ylf fori = 0...k we have
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A(y) < A(y). For &, u € Py we write & < p if A(y) < u(y) forall y € (RT)**1,
and similarly for A, u € Z.

We can now formulate the following definitions of moderateness and negligibility,
not involving any asymptotic estimates:

Definition 6 An element R € B() is called moderate if

(Vx € Q) AU € U, () (YK, L € U) (Vm, k € Ny)
(3c, 1 € Ng) (3x € Py) (VgBo, e @k e C®(U,DLU))) :
1A R(@0) (@1, - -+ @) lkom < A GOl K.c s - > 1@kl K e 0)-

The subset of all moderate elements of B(£2) is denoted by M ().

Definition 7 An element R € B(2) is called negligible if

Vx € Q) AU e U (RQ)) (VK,L € U) (Vm,k € Ng) (3c, [ € Np)
(3x € Ty) (3B € C*°(Q) bounded) (Ygo, ..., ¢ € C°WU, DL (U))) :
Id*R(@0) (@1, ... Bl km
< 2(l@oll&.c;r.ts - NGl k.cins 1G0 — 8Nk c:Bs 11K e8Ik K B)-

The subset of all negligible elements of B(2) is denoted by N (£2).

It is worthwile to discuss possible simplifications of these definitions, which at this
stage should be considered more as a proof of concept than as the definite form they
should have. First, we note that we cannot replace (Vx € Q) (U € U, (R2)) VK, L €
U) by (VK, L € Q). In fact, in the second case K and L can be distant from each
other, while in the first case it suffices to control the situation where K and L are close
to each other. However, the following result shows that we can always assume K € L

and that the ¢y, . . ., ¢ are given merely on an arbitrary open neighborhood of K , i.e.,
as elements of the direct limit C*° (K, Dy (R2)) := ﬁ_II)lVEU @ C>®(V,Dr()):
K

Proposition 8 Let R € B(2). Then R is moderate if and only if

(Vx € Q) QU € Us(Q)) (YK, L € U : K € L) (Ym, k € N)
(3c, 1 € No) (3r € Pr) (Yo, ..., ¢ € CP(K, DL(U))) :
1RG0 @1 - - @l km < Aol Lot - s Gkl ez

Similarly, R is negligible if and only if

(Vx e Q) AU eU(Q) VK, L €U : K € L) (Ym,k € Ny) (3c, ! € Np)
3r € Iy) @B C C*®U) bounded) (Yo, ..., ¢ € C(K,Dr(U))) :
Id*R(@0) (@1, ... &)l km
< IGoll&.c:rts - - N@rlkcins 1G0 — 8llk e B 11 KB - - <o 1k K B)-
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Proof Obviously each of these conditions is weaker than the corresponding one of
Definition 6 or Definition 7.

Suppose we are given R € B(S2) such that the condition stated for moderate-
ness holds. Given x € Q there hence exists some U € U, (S2). Now given arbitrary
K,L &€ U we choose a set L' € U such that K UL € L’. Fixing m,k € Ny
for the moderateness test, for (K, L") we hence obtain ¢,] € Ny and A € P.
Now fix some ¢, ..., ¢ € C®(U, D (U)); each of those represents an element
of C*°(K, Dy (U)), whence we have the estimate

IdR(@0) (@1, - s @) lkm < A G0Nk e s - -+ s 1Bkl K e )
= rlollk, ;L1 10kl K ;1)
where the last equality follows because the @y, ..., ¢ take values in Dy (U). This

shows that R is moderate.

For the case of negligibility we proceed similarly until we obtain ¢,/ € No, A € Z
and B € C®(U). Let x € D(U) be such that x = 1 on a neighborhood of L’ and
set B := {xf | f € B} € C*®(R), which is bounded. For any ¢y, ..., ¢; we then
obtain

AR (@0) (@1, - - -, Bl km

<Al@ollk,c;i 05 - NGkl ,e:nr 05 160 — Sllk,e;Bs | @1l KBy - - - 1@kl K s B)
=rlollx.c:ts - 10kllK ;005 100 — Sl e:Bs | @1l K e - - 1@k Nl ke BY)
which proves negligibility of R. O

If the test of Definition 6, Definition 7 or Definition 8 holds on some U then clearly
it also holds on any open subset of U. The following characterization of moderateness
and negligiblity is obtained by applying polarization identities to the differentials of
R:

Lemma 9 Let R € B(Q2).
(1) R is moderate if and only if

Vx e Q) AU ey () VK,L € U) (Vm, k € Ny)
(Fc,1 € No) 3 € Puin(1t)) (Y@, ¥ € CO(U, DL (U))) :
A@l k. e;L.0) ifk =0,

IdR@) W ) lkom < i . ,
" AUGlk cns Wk en)  ifk > 1.
(ii) R is negligible if and only if

(Vx € Q) AU € Us(RQ)) VK, L € U) (Ym, k € No) (3c, I € Ny)
(3r € Inin(1,0) (3B S C*(Q) bounded) (Y, ¥ € C®(U, DL(U))) :
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IER@ W, W) km
M@l k,e;.0: 1@ — Sllk.c:B) ifk =0,
M@l ke 1Wlk,e:ni 19 = 8lik,e:8s 1Vk,e:B) k=1

Proof We assume k > 1, as for k = 0 the statements are identical. (i) “="": One
obtains A € Py such that

I R@ W, ) kom < 2B & oL WK it - 1 K esr0)
=M UIgllk et 1K e;0.0)

with A" € Py given by 1’ (yo, y1) = A(Y0, Y1, - -, Y1)-
“<": One obtains A € P;. We then use the polarization identity [19, eq. (7), p. 471]

o . _ )
dR@G) (@1, §1) = — D (=D {Zk} A*(d*R(¢0))(S1)
a= JC{1...
|J]|=a

where S; := )", ; ¢; and we have set A*(dkR((z()))(l/_}) = dkR(éo)(IZ, e 1/7).
Hence,

A

k
14 R@0) (@1 - - @)l ko < Z Z 1A% (d*R(@0)) (Sl k.m

a=1J|=a

k
1 -
p} E E Aleollk,e;z.0: 1S7 Ik e;2,0)

=
11|J|=a
k
< — Z > aligollkeias Y NGillk.eia)
'a= |J|=a ieJ
(”(;BOHK,C;L,I’ ey ”(Zk”K,C;L,l)

with ./ € Py, given by
1 k
I — .
N(o, ..., ) = o} E § A(yo, E yi).
a=1|J|=a ie

(ii) “="": We have A € Zj such that

b - . - -
A" R@ W, ... VI lkm =A@k ;0 Wk ;s - 1l K et
16 = Sllk.c:ps 1Nk iy -+ |1V llK.c:B)
=NUgl&.c:Lts 1k .cinas 16 = Sllk.c:s 1l k.c:B)

with A" € 7 given by
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N (0, ¥1520521) = A(Y0s Y1y oy Y15 205 Zhs «« -5 21)-

“«=": We obtain A € Z; such that, as above,
Id*R(G0)(@1. - ... @)l k.m

k
1 N N >
— 2 2 MUGollk.irts 1S k.esr.ts Ido = Bl o 15711k )

=
“a=1|J|=a
1 o .
== DO Mligol ke Y NGillk.einas g = Slik.c:ss Y Nillk.cin)
a=1|J|=a ieJ ieJ

=MUGollk,c;,0s - 1@kl k,c:n.05 160 — Sl & e;B5 1611k c:Bs - - - |Gk K e; B)

with ' € Z given by

k
A/(yo,...,yk,zo,...,zk)z%Z Z )»(yo,Zyi,zo,Zzi).

“a=1|J|=a iel iel
O

Note that the polarization identities could be applied also in the formulation of Propo-
sition 8.

Proposition 10 A (Q) € M(Q).

Proof Let R € N(Q2) and fix x € Q for the moderateness test. By negligibility of R
there exists U € U, (2) as in Definition 7. Let K, L € U and m, k € Ny be arbitrary.
Then there exist ¢, [, A and B such that the estimate of Definition 7 holds. We know
that A € 7y is given by a finite sum

AY0s - V2000 2) = D hapy 2P
a.f

It suffices to show that there are A1, Ay € Py such that for any ¢ € C®°(U, Dy (U))
we have the estimates

¢ —Sllk.c:B < AMUGllk.c:L.0)s (D
1@k, c:8 <A@l K, c:1.0)- (2)

In fact, these inequalities imply

Id*R(@0) (@1, - - -, Pl km

by d o - (03
<Y hapl@oll ey g NN
a.B
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1180

2 Al AL
N0 =81 e NG i BRI oo
- - o
< hapl@oll ey NGk
a.p

a(1@ollk.c:r P - UG k)P 2Bkl keon.) P
= 2@l k.crds - 1Bl Kcor 1)

with A’ € Py, given by

KO0y =Y Aapy M 00y - a0

Inequality (1) is seen as follows:

”(;Z_(S”K,C;B = sup
xek,|a|<c
feB

ILI - sup |l fli.o - I9l&.c:.0 + supll fllk.e
feB feB

/Lf(y)a,‘f@(X)(y) dy — 0% f(x)

IA

=MUl@lk,e;.0)

with A1(y0) = |L| - sup gl fllz.o - Yo + supsepll fllk.c. where |L| denotes the
Lebesgue measure of L. Similarly, inequality (2) results from

l¢llk,c;8 = sup /f(y)afcﬁ(x)(y) dy
xekK,|la|<c /L
feB
<IL|-supllfliz,o- 16llK,c:L.
feB
=r(lollk,e;,0)
with A2(yo) = |L| - supsepll fllz,0 - o o

Proposition 11 M () is a subalgebra of B(2) and N () is an ideal in M ().
Proof This is evident from the definitions. O

Theorem 12 Let u € D' () and f € C*° (). Then

(1) tu is moderate,

(i) of is moderate,
(iii) ¢f — of is negligible, and
@iv) if wu is negligible then u = 0.

Proof (1): Fix x for the moderateness test and let U € U, (€2) be arbitrary. Fix any
K, L @ U andm € Ny. Then there are constants C = C(L) € RT and! = [(L) € Ny
such that [(u, ¢)| < C|l¢|lL; for all ¢ € D (£2). Hence, we see that
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@) (@) lkm = 1w, @)l km = sup |, 3¥Go(x))|

xekK,|la|<m

<C- sup
xekK,|la|l<m
yeL,|B|<l

0000 () ()| = Cllgoll i m:1.1 = +(1Goll k1.0

with A(yp) = Cyp. Moreover, we have

Id()(@0) @D km = Cl@illk,m:r.1 = 2 @ollk,m; .15 G111 K ms,0)

with A(yo, y1) = Cy;. Higher differentials of (u vanish and the moderateness test is
satisfied with A = O for k > 2.
(ii): Fix x and let U € U, (L2) be arbitrary. Forany K, L € U and m € Ny we have

@)@ lkm = I llkm = 1(Igollx,0:L.,0)

with A(yo) = || fllk.m- Differentials of o f vanish, i.e., A =0 fork > 1.
(iii): Fix x and let U € U, (L2) be arbitrary. For any K, L € U and m, k € Ng we
have

f —af)(@o) = (f, o — 3),
def — af)(@0)(@1) = (f. §1),
duf —af) (@) @1y ... @) =0 fork > 2.

Hence, with ¢ = m, ] = 0 and B = {f} the negligibility test is satisfied with
A(yo, z0) = zo for k =0, X(yo, y1, 20, 21) = z1 fork =1 and A =0 for k > 2.

(iv): We show that every point x € €2 has an open neighborhood V such that
uly = 0, which implies u = 0.

Given x € @, let U € U,(S2) be as in the characterization of negligibility in
Proposition 8. Choose an open neighborhood V of x such that K := V € U and
r > O such that L := B,(K) € U. With k = m = 0, Proposition 8 gives ¢, € Ny,
A €Zyand B € C*®(U), where A has the form

My = Y dapyel
aeNj,peN

Choose ¢ € D(R") with suppp € B1(0), [¢(x)dx = 1 and [ x?¢(x)dx = O for
y € Ng with 0 < |y| < ¢, where ¢ is chosen such that B(¢g + 1) > a(n + ¢ + 1)
for all &, B with Ao # O (e.g., take ¢ = (n + ¢ + [)deg, A, where deg, A is
the degree of A with respect to y). For ¢ > 0 set ¢.(y) = ¢ "¢(y/e). Then for
& <1, ge(x)(y) 1= @(y — x) defines an element ¢, € C®(K, DL (2)) because
supp ¢e(.—x) = x+supp @, € B.(x) € B,(K) C Lforx € B,_.(K).Consequently,
we have

@) (@e)llk,0 < 2@l & c;L0s 16 = Sllk,c; B)-
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Because of the estimates
- —(n+l
IGell k.0 = O™+
IGe = 8llk.c:8 = 01,

which may be verified by a direct calculation, we have

1) @)llk0 <D hap - O D) 0@y - 0
a.p

by the choice of ¢, which means that (t#)(@:)|y — 0 1in C(V) and hence also in
D’ (V). On the other hand, we have

(u, ge)lv — uly

in D'(V), as is easily verified. This completes the proof. O

Theorem 13 For X € C*(Q2, R") we have

(i) Dx(M(R)) S M() and Dx (M(R)) € M(Q),
(ii) Dx(N(Q)) S N () and Dx(N(Q)) € N(Q).

Proof The claims for Dy are clear because

Id*Dx RY@) W, -, V) lkm = ||Dx<d"R<¢’3<12f, s e
< CId*R@ W, ... ) Ik mtt

for some constant C depending on X. As to D x, we have to deal with terms of the
form

dTR@ DG . ... ¥) and dR@DFV. ... %)
for which we use the estimate

SK - -
IDX @llk ;.0 < Cl@llk 4151041
for some constant C depending on X. O
We now come to the quotient algebra.

Definition 14 We define the Colombeau algebra of generalized functions on 2 by

G(Q) :== M(Q)/N(Q).

G(2) is a C*°(2)-module and an associative commutative algebra with unit o (1).
¢ is a linear embedding of D’(£2) and o an algebra embedding of C*®°(R2) into G(£2)
such that tf = of in G(2) for all smooth functions f € C°°(2). Furthermore, the
derivatives D x and D x are well-defined on G(£2).
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Finally, we establish sheaf properties of G. Note that for " € 2 open, the restriction
Rl (@) := R(@) is well-defined because for U € Q open we have C*®° (U, D(Q')) C
C*®(U, D(2)).

Proposition 15 Let R € B(Q) and Q' C Q be open. If R is moderate then R|q is
moderate; if R is negligible then R|qy is negligible.

Proof Suppose that R € M (). Fix x € €', which gives U € U, (). Set U’ :=
UNQ € U(Q) and let K, L € U’ and m, k € Ny be arbitrary. Then there are
¢, 1, A as in Definition 6. Let now ¢, ..., ¢, € C®(U’, D (U")) be given. Choose
p € D(U’) such that p = 1 on a neighborhood of K. Then p - ¢! € C*(U, D (U))
(i=0...k)and

Id* Rl (@)@ - - . @)l k.m = Id* Rl (pB0) (0@ - . . PR I K om
= [d“R(0G0) (@1 - - -, PED 1K m
< 2UlpGoN&.c:rds -+ 1PFN K c:1.0)
=AGollk.c:rts s NGk c:0.0)-

Hence, the moderateness test is satisfied for R|g.

Now suppose that R € N (R2). For the negligibility test fix x € €', which gives
U € U(R). SetU' :=UNK and let K,L € U’ and m,k € Ny be arbi-
trary. Then 3c,, B, A as in Definition 7. Let now @, ..., ¢, € C®(U’, DL (U"))
be given. Choose p € D(U’) such that p = 1 on a neighborhood of K. Then
p-@. e C®U,DL(U)) (i =0...k)and

I1d* R (GO (@Y, - Gk = X Ry (0G0) (0BYs - PO K
= Id*R(0)) (pB), - - P K m

< Mlp@olk.c:is - ol k.c:nis 1Py — Slk.c:Bs - - s 10PN K B)
= @l k.c:ris - NGl K en.0s 180 — Sllk,c:Bs - - - |G K e: B)
which shows negligibility of R|g. O

Proposition 16 G(—) is a sheaf of algebras on Q.

Proof Let X € 2 be open and (X;); be a family of open subsets of 2 such that
U Xi = X.

We first remark that if R € B(X) satisfies R|x, € N (X;) foralli then R € N (X),
as is evident from the definition of negligibility.

Suppose now that we are given R; € M (X;) such that R,-|X,.,qxj — Rj|xmxj €
N(X;NX;)foralli, j with X; N X; # . Let (x;); be a partition of unity subordinate
to (X;);, i.e., a family of mappings x; € C°°(X) such that 0 < yx; < 1, (supp xi)i
is locally finite, Zi xi(x) = 1 for all x € X and supp x; € X;. Choose functions
pi € C*(X;, D(X;)) which are equal to 1 on an open neighborhood of the diagonal
in X; x X; foreachi. For V C X open and ¢ € C*®(V, D(X)) we define Ry (¢) €
C°(V) by
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Ry (9) := sz'lv “(R)vnx, (pilvax; - @lvax,)- 3)

1

For showing smoothness of Ry consider a curve ¢ € C®°(R, C*(V, D(X))). We
have to show thatt > Ry (c(¢)) is an element of C*°(R, C*°(V)). By [11, 3.8, p. 28]
it suffices to show that for each open subset W € V which is relatively compact in V
the curve t — Ry (c(t))|lw = Rw(c(t)|w) is smooth, but this holds because the sum
in (3) then is finite. Hence, (Ry)y € B(2).

Fix x € X for the moderateness test. There is a finite index set F and an open
neighborhood W e U, (X) such that W N supp x; # ¥ implies i € F. We can also
assume that x € ﬂl- <r Xi. Let Y be a neighborhood of x such that p; =1onY x Y
foralli € F.Foreachi € F let U; € U,(X;) be obtained from moderateness of
R; as in Definition 6. Set U := ();cp UiNWNY € U(X),and let K, L € U as
well as m, k € Ny be arbitrary. For each i € F there are c;, [;, A; such that for any
@05 ..., P € C®(U, DL (U)) we have

I1d¥R; (G0) (@1, - G km < Ai (I B0l KcsiLdis - - s |Gk K oL )

Now we have, for ¢ € C®° (U, Dy (U)),

R@lw =Y xilw - (R)wnx, (pi¢lwnx;)
iel

and hence, for ¢, ..., gr € C°U, Dy (U)),

d“ R(@0) (@1, - -, g)lw
= ilw - & (R wrx) (pigolwx) (pigi lwnx, - - - - piGklwrx,)-
ieF
We see that

1A R @0) (@1, - - ., @)l km

<Y Cm) - Axillkm - 2i@ollK.ciip - - Gkl K ciin,)
ieF
=Arloollk.c;ris - Gkl K ;0,0

with ¢ = maxjcp cj, | = maxep [}, some constant C(m) coming from the Leibniz
rule, and A € Py given by

= Cmxillkm - hi-

ieF
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This shows that R is moderate. Finally, we claim that R| X; — R; € N(X ;) forall j.
For this we first note that

(Rlx; = RD@ =Y xilx; - (Ri(pilxinx,;) — Rj(#))

for ¢ € C*(X;, D(X;)). Again, for x € X; there is a finite index set F and an
open neighborhood W € U, (X) such that W N supp x; # ¥ impliesi € F, and we
can assume that x € ﬂie r Xi. Let Y be a neighborhood of x such that p; = 1 on
Y x Y foralli € F and let U; € Uy(X; N X;) be given by the negligibility test of
Ri|X,-ﬂXj — leX,—mX,- according to Definition 7. Set U := ﬂieF U NWnNY.Fix
any K, L € U and m, k € Ny. For each i € F there are ¢;, [;, A;, B; such that for
00, ..., P € C®(U, DL(U)) we have

1d(Ri | x:nx; — Rjlxinx,)(@0) (@1, - GOl K.m

S )"i(||¢0||K,C,';L,liv ey ”(ZO - SHK,C,';B," ||¢1||K,Ci;Bl‘7 sy ||¢k|IK,Ci;Bi)'

As above, we then have

Id*(RIx;, — R)@0) (@1 -, @)l km

<Y Com) - Axillkm - 2i(@ollK.ciiis - - 160 = Sl k.ciimi 161K i)
ieF
< Mlgollk.e:ris - G0 — Sl ez IGoll ki35 - )

with ¢ = max;cp ¢j, | = max;crl;, B = Ul-eF B;, and A € 7j given by
L= Cmlixlkm ki
ieF

This completes the proof. O

4 An elementary version

We will now give a variant of the construction of Sect. 3 similar in spirit to Colombeau’s
elementary algebra [2]: if we only consider derivatives along the coordinate lines of
R" we can replace the smoothing kernels ¢ € C*°(U, Dy (2)) by convolutions. This
way, one can use a simpler basic space which does not involve calculus on infinite
dimensional locally convex spaces anymore:

Definition 17 Let 2 € R” be open. We set
U(Q) := {(p,x) e DR") x Q| suppy + x € Q}

and define B°(€2) to be the set of all mappings R: U(2) — C such that R(p, -) is
smooth for fixed ¢.
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Note that this is almost the basic space used originally by Colombeau (see [2,
1.2.1, p. 18] or [9, Definition 1.4.3, p. 59]) but with D(IR") in place of the space of test
functions whose integral equals one. We now introduce a notation for the convolution
kernel determined by a test function.

Definition 18 For ¢ € D(R") we define ¢ € C®(R", D(R")) by
Px)(y) =@y — x).

In fact, with this definition we have (u, ) = u * ¢, where as usually we set ¢(y) :=
¢ (—y). Furthermore, for ¢ € Ny we write

lele .= sup |3%(x)| (¢ € DR™M)).

xeR", |a|<c
The direct adaptation of Definition 6,7 then looks as follows:

Definition 19 Let R € B°(R2). Then R is called moderate if

VxeQ) AU ey (RQ) (YK, LeU:K €L)(¥Ym e Ny)
(3c € Ng) @r € Py) Vo € D(R") : K +suppyp C L) :
IR, Ik.m < Alelle)-

The subset of all moderate elements of 3°(£2) is denoted by M€(L2).
Similarly, R is called negligible if

(Vx € Q) AU eUs(Q)) VK, L€ U : K € L) (Vm € Np) (3c € Np)
(3r € Zy) (3B € C*(U) bounded) (Vo € D(R") : K + suppp C L) :
IR, Mkm < 2(@lle. 16 = 8l k.c:)-
The subset of all negligible elements of B°(2) is denoted by N¢(2).
It is convenient to work with the following simplification of these definitions.
Proposition 20 R € B°(2) is moderate if and only if
(VK € Q) 3r >0: B.(K) € Q) (Vm € Np) (Ic € Ny)

(3r € Po) (Yo € D(R") : suppy < B (0)) :
IR(@, Ikm = Al@lle).

Similarly, R € B¢ () is negligible if and only if

VK € 2) 3r >0: B (K) € Q) (Vm € Ny) (3c € Ny)
(3r € Zp) 3B € C*®° () bounded) (Vo € D(R") : suppy € B, (0)) :
IR, Mgm < Alele, g — g”K,c;B)-
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Proof Suppose R is moderate and fix K € 2. We can cover K by finitely many open
sets U; obtained from Definition 19 and write K = |J; K; with K; € U;. Choose
r > O such that L; := B,(K;) € U, for all i. Fixing m, by moderateness there exist
¢; and A; for each i. Set ¢ = max; ¢; and choose A with A > X; for all i. Now given
¢ € D(R") with supp ¢ C B, (0) we also have K; +supp ¢ C L; and we can estimate

IR(@, ix.m = suplR(@, )&;.m = supri(llglle;) = Allelle).
L ]

Conversely, suppose the condition holds and fix x € €2 for the moderateness test.
Choose a > 0 such that B, (x) € 2. By assumption there is r > 0 with B, ,(x) € Q.
SetU := B,,2(x). Then, fix K € L € U and m for the moderateness test. There are ¢
and A by assumption. Now given ¢ with K 4 supp ¢ C L, we see that for y € supp ¢
and an arbitrary point z € K we have |y| < |y +z — x| + |z — x| < r, which means
that supp ¢ € B,(0). But then |R(¢, )llk.m < A(|l¢|l) as desired.

If R is negligible we proceed similarly until the choice of K; € L; € U; and m
gives c¢;, A; and B;. Choose x; € D(U;) with x; = 1 on a neighborhood of L;, and
define B := J;{xi f | f € B;}, which is bounded in C*°(£2). Then with ¢ = max; ¢;
and A > A; for all i we have

IR, Ig.m =< supri(ll@lle;, g — Sliksci) < Al@le. 1 — 8llk.c:m)-
l
The converse is seen as for moderateness by restricting the elements of B € C*°(R)
toU. O
The embeddings now take the following form.
Definition 21 We define (°: D'(Q) — B°(Q) and 6¢: C*®(Q) — B(Q) by
(Cu)(p, x) = (u, p(. — x)) (u € D'(2))

@ f)(@,x) = f(x) (f € C(Q).

Partial derivatives on B¢(£2) then can be defined via differentiation in the second
variable:

Definition 22 Let R € B°(2). We define derivatives D;: B¢(Q2) — B(Q) (i =
1,...,n)by

d
DiR)(p, x) := 8—(x = R(gp, x)).
X

Theorem 23 We have D; (M°(2)) € M°(Q) and D; (N°(Q)) € N°(Q).
Proof This is evident from the definitions. O

Proposition 24 We have D; ot = 10 0d; and D; oo = 0 0 0;.
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Proof D;(u) (9, ) = g (u(y), 9(y=x)) = (u(y), —@0ip)(y—x)) = (iu(y), ¢(y—
x)) = 1(dju) (¢, x). The second claim is clear. O

Proposition 25 N¢(Q) € M(Q).

Proof The result follows from

16 = Bllk ;8 < 21 (ll@ley)
for suitable A1 and ¢y, which is seen as in the proof of Proposition 10. O
Similarly to Proposition 11 we have:
Proposition 26 M¢(Q) is a subalgebra of B¢ () and N°(Q) is an ideal in M ().
Theorem 27 Letu € D' () and f € C*°(R). Then

(1) (“u is moderate,

(ii) o€ f is moderate,
(i) ¢ f — o€ f is negligible, and
(iv) if tu is negligible then u = 0.

The proof is almost identical to that of Theorem 12 and hence omitted.

Definition 28 We define the elementary Colombeau algebra of generalized functions
on by G°(Q) := M(Q)/N(Q).

As before, one may show that G€ is a sheaf.

5 Canonical mappings

In this section we show that the algebra G constructed above is near to being universal
in the sense that there exist canonical mappings from it into most of the classical
Colombeau algebras which are compatible with the embeddings.

We begin by constructing a mapping G(2) — G°(R).

Definition 29 Given R € B(2) we define R e B (2) by

R(p,x) = R@x) (¢, x) € U(Q)

where ¢ € C®(Q2, D(RQ)) is chosen such that ¢ = ¢ in a neighborhood of x.

This definition is meaningful: given (g, x) in U(£2) we have supp (. — x’) C Q
for x’ in a neighborhood V of x. Choosing p € D(2) with supppo € V and p = 1 in
a neighborhood of x, we can take $(x) := p¢. Obviously, R (¢, x) does not depend
on the choice of ¢(x) and ﬁ((p, .) is smooth, so indeed we have Re B¢(Q).

Proposition 30 Let R € B(2). Then the following holds:
(1) w = ‘u foru € D'(Q).
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(i) of =0 f for f € C(Q).
(i) R € M°(Q) for R € M().
(iv) R e N¢(Q) for R € N ().

Proof (i): For u € D'(2) we have
i (@, x) = () (@)(x) = (u, $(x)) = (u, 9(x)) = (U(y), p(y —x)) = (“u)(p, x).

(ii) is clear.

(iii): Suppose that R € M(L2). Fixing x € 2, we obtain U as in Proposition 8. Let
K € L @ U and m be given, set k = 0, and choose L’ such that L € L’ € U. Then
Proposition 8 gives c, [, A such that for ¢ € C*°(K, Dy (U)),

IR@km = AIGlKk c;20.0)-

Now for ¢ € D(R") with K + suppg € L we have ¢ € C®(K, Dy, (U)), which
gives

IR, Mgm = IR@Nkm < +gllk.c:rr) < 2@lle+)

which proves that Re ME(Q).

(iv): Similarly, if R € N(Q) then for x € Q we have U as in Proposition 8. For
K @L € U,mgiven, k =0, and L' such that L € L’ € U, we obtain ¢, [, A, B as
in Proposition 8 such that

IR@Nkm < 2SNk i1 16 — Sllk.c:3)

and hence
IR@. lg.m = IR@)]| K.m
< rl@llk,c: . 19 — Sl B)
< rl@llcti: 19 = 8lk.c:B)
which gives negligibility of R. O

5.1 The special algebra

We define the special Colombeau algebra G° with the embedding as in [4]: fix a
mollifier p € S(R") with

/,o(x)dx =1, /xa,o(x)dx =0 Vo e Nj\{0}.

Choosing x € DR") with0 < x <1, x = 1 on B1(0) and supp x € B»(0) we set

—n

pe(y) i=e"p(y/e), Oe(y) = pe(Y)x(yllnel) (e >0).
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Moreover, with
Ke={xeQ|dx,R"\Q) >e}NB(0) EQ (¢>0)

we choose functions k, € D(2) such that 0 < x, < 1 and k, = 1 on K. Then the
special algebra G*(2) is given by

EN(Q) == C®(Q)! with I := (0, 1],
E3(Q) = {(ue)e € E5(Q) | VK € QVm € Ng3AN € N : lug|lg.m = O™ M)},
N () == {(ue)e € E5(Q) |VK € QVm € Nog VN € N : |ug|x.m = OM)},
G5 (Q) 1= E3,(Q) /N (),
e = (u, ) (ueD(Q),
@ f)e = f (f € C¥(Q),
Ve (X)) 1= 0 (x — Y)ke (1),

Definition 31 For R € B(Q2) we define R® = (R}), € £°(Q) by

RE(x) := R(Ye) (x).

Proposition 32 (i) (w)* = *u foru € D'(Q).
(i) (o f)* =0’ f for f € C(Q).

(iii) R* € &3,(RQ) for R € M(Q).

(iv) RS € N*(Q) for R € N ().

Proof (1) and (ii) are clear.

For (iii) it suffices to show the needed estimate locally. Fix x € €2, which gives
U € U,(2) asin Proposition 8. Choose any K, L suchthatx € K € L € U, fixm,and
setk = 0. Thenthere are c, [, 1 as in Proposition 8. Because supp 1}8 x) € B)inet! (x)

we have 1?08 € C°(K, DL (U)) for & small enough, which gives

IR Nk m < AVellk,es2,0)-

Consequently, (R}), € £3,(S2) follows from

Wellkers = sup [0 (pe(x = y)x(Cx = ) Ineliee ()| = O™,

x,0,y,p8

For negligibility we proceed similarly; the claim then follows by using that for a
bounded subset B € C*°(U) we have ||y, — §||K,C;B = 0(eN) forall N € N, which
is seen as in [4, Prop. 12, p. 38] and actually merely a restatement of the fact that
5 f — o’ f = 0(e") for all N uniformly for f € B. O
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5.2 The diffeomorphism invariant algebra

There are several variants of the diffeomorphism invariant algebra G¢; we will employ
the following formulation [10,13,14]:

£4(Q) == C®(D(Q), C*(Q)
51‘{4(9) :={ReC®(MD(Q)|VK € QVk,m e Np V(@e)e € S(RQ) V(l/ﬁ/],s)g,
(ke)e € SUQ IN e N: ARG W16, Vi)l km = O},
NUQ) = (R € C®(D(RQ)) | VK € QVk, m € No V(@e)e € S() Y(W1.e)es - -,
(Uk,e)e € SAQ VYN € N1 [d R@) (Wie. ... Vi)l km = O™},
gl = & /N (),
@u) () (x) = (u. 9),
@ ) = fx).

The spaces S(€2) and S°(2) employed in this definition are given as follows:

Definition 33 Let a net of smoothing kernels (@), € C®(, D)) be given and
denote the corresponding net of smoothing operators by (&), € L(D'(2), C* ).
Then (¢, ), is called a fest object on Q if

(i) ®. — idin L(D' (), D'(2)),

(i) Vp € csn(L(D'(R), C*®(Q))) IN € N: p(d,) = 0(e™N),

(iii) Vp € csn(L(C>(R2), C®(R2))) Vm € N: p(dg|coe(q) —id) = O(e™),

iv) Vx €e Q3V e U, () Vr > 03gg > 0Vy € V Ve < gp: supp ¢ (y) € B-(y).
We denote the set of test objects on 2 by S(£2). Similarly, (@, ). is called a 0-test object
if it satisfies these conditions with (i) and (iii) replaced by the following conditions:

(i) ®. — 0in L(D' (), D'(Q)),

(iii’) Vp € csn(L(C®(R), C*(RQ))) Vm € N: p(D¢lco(n)) = O(™).
The set of all O-test objects on € is denoted by S°(£).

Definition 34 For R € B(Q) we define R? € £4(2) by
RY(p)(x) == R([x' = @D (x).

Proposition 35 (i) ()¢ = (%u foru € D'(Q).
(ii) (o) = ou for f € C®(Q).
(iii) R € E,(Q) for R € M(R).
(iv) R4 € N4(Q) for R € N(Q).
Proof (i) and (ii) are clear from the definition. (iii) and (iv) follow directly from the
estimates

- N
| @ellk.c:o0 = O(™")  forsome N,

lge — SHK,C;B =0(EN)  foral N,

which hold by definition of the spaces S(£2) and § 0(Q). m|
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5.3 The elementary algebra

For Colombeau’s elementary algebra we employ the formulation of [9, Section 1.4],
Sect. 1.4. For k € Ny we let Ax(R") be the set of all ¢ € D(R") with integral one
such that, if kK > 1, all moments of ¢ order up to k vanish.

U®(Q) := {(¢, x) € Ag(R") x Q| x +suppy C Q}

ECQ):={R:U(Q) - C|VYp € Ay(R") : R(p, .) is smooth}

E(Q) :={R e &E(Q)|VK € QV¥m e NgIN e NVp € Ay(R") :
IR(Se@, Mlk.m = O™}

NQ) :={Re&(Q)|VK €2Vm e NgVN e N3g e NVyp € A,(R") :
IR(Se@, Mlk.m = O™}

G4 (Q) 1= E5,(Q)/N*(Q)

(Cu) (@, x) = (u, p(. — x))
@)@, x) = f(x)

Definition 36 For R € B°(2) we define R® € £¢(2) by R(¢, x) := R(¢p, x).

Proposition 37 (i) (:“u)® = (u foru € D'(Q).
(ii) (6€f)¢ =cufor f € C®(Q).

(iii) R® € £3,(RQ) for R € M (Q).

(iv) R® € N¢(Q) for R € N¢(Q).

Proof Again, (i) and (ii) are clear from the definition. For (iii), fix K €  and
m € Np. From Proposition 20 we obtain r, ¢ and A such that for suppep < B,(0),
IR(p, Mk,m < Al¢lle). For ¢ € Ag(R") and & small enough, supp Sc¢p S B,-(0),

so we only have to take into account that ||Se¢|. = O(¢~V) for some N € N.
Similarly, (iv) is obtained from the fact that given any N, for ¢ large enough we have
[(Se@)* —Sllk.c:8 = O(eV) forall g € Ay (R"). o
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