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In [4, Theorem A.5], we present the following result.

THEOREM A.5 (flawed version): Let X C C™ be a complex analytic manifold
of dimension d and let M = X N B(0,¢) for some e > 0. Let f : X — C be a
holomorphic Morse function without critical points on X N S.. Then,

X(f7He) N M) = x(M) + (=1) " #5f | u,
where c is a regular value of f|y and #Xf|p is the number of critical points
of flar.

We use [4, Theorem A.4] to show Theorem A.5. But [4, Theorem A.4] is
wrong, we are grateful to Matthias Zach for providing us a counter-example
(see Fig. 1). Here f is a linear projection which has no critical points on X NS..
However, f also has no critical points on M, but M, and M, are not homotopy
equivalent. So (M, f) cannot satisfy condition (C) of Palais—Smale.
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Figure 1

Therefore, we cannot ensure that Theorem A.5 is true unless we add the
condition (C) of Palais—Smale. However, in [4], we present this result because
it was necessary to use it in a much less general framework. We just need it to
be true when X, is a smoothing of an isolated singularity (X, 0) C (CV,0) and
f is a Morsification of a function germ with isolated singularity fo : (X,0) — C.
Therefore, Theorem A.4 of [4] must be removed and Theorem A.5 must be
replaced by Theorem A.5, which we show in this note.

Let (X,0) C (CV,0) be a germ of analytic variety with isolated singularity
and f : (X,0) — (C,0) a function on it, also with isolated singularity. A
Morsification is a function F': (27,0) — (C,0) such that:

(1) (27,0) C (CN x C,0) is a smoothing of (X,0). This means that the
projection 7 : (27,0) — (C,0) given by m(x,s) = s is flat and that if
we put X := 77 1(s), then Xy = X and X is smooth for s # 0.

(2) If fs : Xs — Cis given by fs(z) = F(x,s), then fo = f and fs is a
Morse function for s # 0.

We fix the representative of F' : (27,0) — (C,0) in the open set B. x Dg,
where B, = {z € CV : |jz| <€}, Dg={2€ C: |z] < B} and e > 0 are
small enough. Hence, X is a closed analytic subset of B, and fs: X =+ Cisa
holomorphic function, for each s € Dg.

THEOREM A.5 (corrected version): Let (X,0) C (CV,0) be a germ of analytic
variety with isolated singularity, with d = dim(X,0). Let f : (X,0) — C be a
function with isolated singularity and F : (2°,0) — (C,0) be a Morsification of
f. There exist small enough real numbers 0 < 8 < § < € < 1 such that

X(fH(e) = x(Xo) + (1) #E s,

for any ¢ € Ds a regular value of fs and s € Dg \ {0}.
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The proof of the theorem is based on Morse theory. We will use it in two
steps of the proof, one for the function Gy : X, — [0, +00), where Gy = |fs|?,
and another one for gs : f;1(Ds) — [—d,6], where g5 is the real part of f;
and § > 0 is small enough. In the first case, X is not compact, so we need to
control the critical points at infinity (in the sense of [2, 10.8]). These are the
critical points of the restriction of the function to the boundary X N Sc. In the
second case, f;1(Ds) is a closed submanifold with boundary of X. Besides
the critical points at infinity, we also need to consider the critical points of the
boundary itself, that is, the critical points of the restriction to f;*(0Ds). We
present a pair of lemmas which will be useful to deal with these points.

Assume that f : M — R is a smooth function, where M is a smooth manifold
with boundary. Let p € OM be a regular point of f. Then, p is a critical
point of the restriction floy : OM — R if and only if the gradient of f at p
is collinear with the normal vector to the boundary of M at p (with respect to
some Riemannian metric). We recall that p is called an outward (resp. inward)
boundary critical point if the gradient of f at p points outward (resp. inward).

Let (X,0) C (R™,0) be a real analytic variety with isolated singularity and
let g: (X,0) — (R,0) be an analytic function with isolated singularity. We
denote by (X,0) the analytic variety given by the set of points & where the
gradients of g and p are collinear, where p : (X,0) — R is the function
p(z) = ||z||*. Assume (X,0) = V(é1,...,¢,) for some analytic functions
@i : (R™,0) = (R,0). We also suppose that g is the restriction of some analytic
function g: (R™,0) — (R,0). Then (X,0) is given by the zeros of the minors
of the matrix (Vg,z,Vé1,...,Ve,) of order n — d + 2, where d = dim(X,0).
Moreover, if € > 0 is a Milnor radius for (X,0) and we fix a representative
g : X — R in the open ball B, the critical points at infinity of g are exactly
the points in ¥ N S..

LEMMA 0.1: Let (X,0) C (R™,0) be a real analytic variety with isolated singu-
larity and let g: (X,0) — (R, 0) be an analytic function with isolated singularity.
There exists ¢y > 0 such that for all ¢ with 0 < € < ¢y and for all x € ¥ N S,
g(x) # 0 and if g(x) > 0 (resp. g(z) < 0), then x is an outward (resp. inward)
boundary critical point.

Proof. We first show that (X N ¢g~%(0),0) = ({0},0). If not, by the curve
selection lemma, there would be an analytic arc v : [0,7) — R™ such that

7(0) = 0 and (0,7) € XN g~'(0) \ {0}.
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Since + is not constant and after shrinking 7 if necessary, we can assume that
~(t) # 0 and ~/(t) # 0, for all ¢t € (0,n). In fact, we also assume that for each
i=1,...,n, either v; = 0 or v;(t) # 0 and ~/(t) # 0, for all 0 < t < 5. Since
~i is either constant, strictly increasing or strictly decreasing and ~;(0) = 0, it
follows that ~;(¢) and +.(¢) must have the same sign along (0,7). In particular,

we have
(0) = > B >0, Ve 0.)

Since v(t) € X, we have for all 0 <t <7

Va(v(t) = +ZA (Vi (v(1),

for some A;(t) € R, i =0,...,r. Note that the fact that g has isolated singularity
implies that Ao (t) # 0.
On the other hand, g(v(t)) =0, for all 0 <t < 7, so

0=1(go7)(t) =(go)(t) = (Vg(t),7'(t)) = Xo(t)(7(t),7' (1)),

which gives a contradiction. Hence, we have shown the first part of the lemma.

Observe that a similar argument proves also the second part of the lemma.
In fact, if we take now an analytic arc v : [0,17) — R™ such that v(0) = 0 and
~v(0,m7) € ¥\ {0}, we know that g(y(¢)) # 0, for all 0 < t < n. After shrinking
7 if necessary, we can assume that (g ov)'(t) # 0 and (y(¢),7'(¢)) > 0, for all
0 <t <. Since g(7v(0)) = 0, the sign of g(v(t)) coincides with the sign of its

derivative:

(go)(t) = (g07)(t) = (Vg(t),7'(£)) = X(®)(7(t), 7 (£))-
If g(y(t)) > 0 (resp. g(7(t)) < 0), then A\g(t) > 0 (resp. A\o(t) < 0) and thus y(t)

is an outward (resp. inward) boundary critical point.

Let X be a complex analytic manifold and f : X — C be a holomorphic
function. Let g be the real part of f and G = |f|?. We denote by 3 the subset
of points z € X where Vg(z) and VG(z) are collinear. Assume §% > 0 is a
regular value of G and consider the restriction

g:G710,0% = f1(Ds) — [-0,0].

Then, N G~1(6?) is equal to the set of boundary critical points of
g: f~1(Ds) — [6,4].
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LEMMA 0.2: With the above notation, we have:

(1) If f(x) # 0, then f is regular at x if and only if G is regular at .
(2) Forallz € XNG~1(6%), g(z) # 0 and if g(z) > 0 (resp. g(x) < 0), then
x is an outward (resp. inward) boundary critical point.

Proof. By taking local coordinates in X, we can assume that X is an open
subset of C%. For all i = 1,...,d, we have G, = ff., and G., = f[., so item
(1) is obvious.

To see item (2), we observe that g = (f + f)/2, hence g., = }f., and
gz, = %le_, foralli=1,....d. fz € ¥N G~1(6?), then z is a regular point
of G and G(x) = 62 > 0. Thus, z is also a regular point of f and g, hence
G, (x) = Mgy, (z) for some X # 0. Hence,

F@) @) = Ay fola)y Vi=1,.d

This implies f(x) = A\/2 € R, so g(z) = A/2 # 0 and if g(z) > 0 (resp. g(x) < 0),
then z is an outward (resp. inward) boundary critical point.

Proof of Theorem A.5. We can see X as the germ of a real analytic variety of
dimension 2d in R?Y. We write fs(z) = gs(z) + ihs(7) and Gs(x) = |fs(2)|?,
for each x € Xj;.
We use [4, Lemma A.6], which is unaffected by the mistake; then go has
isolated singularity. By Lemma 0.1 and after shrinking e if necessary, we have
that for all x € ¥ N Se, go(z) # 0, and if go(x) > 0 (resp. go(z) < 0), then x
is an outward (resp. inward) boundary critical point. We also assume that € is
small enough in such a way that (go)|xng, has only isolated critical points.
Let n > 0 such that |go(x)| > 7, for all z € ¥(go|xng, ). Take also a,d >0
such that 0 < a < § < n and the closed disk Dj is contained in the image f(X)
and 6 is a regular value of G. Finally, by continuity, we can choose 8 > 0 small
enough, such that:
(1) Ds C fs(Xs) and 62 is a regular value of Gy,
(2) Igo(@)| > 1, for all & € S(g]x_ns,):
(3) |gs(z)| < o, for all x € X(gs),

for all 0 < |s| < B.

We apply Morse theory to the function g, : f;1(Ds) — [0, d]. Observe that
this is a non-proper Morse function, so we have to use stratified Morse theory
in the sense of [2, 10.8]. Let b1, bs, € R such that —§ < by < —a and o < by < 6
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(see Fig. 2). Then,
N (Ds) = g1 [~6,6] = g5 H[~0,b1] U g5 (b1, 2] U g5 (b2, 3.

Ds

Figure 2

By conditions (2) and (3), g; (b2, d] does not contain critical points at infinity
nor interior critical points. Also, by Lemma 0.2, all the boundary critical points
are outward. It follows from [2, 10.8] or [1, Theorem 4.1] that the homotopy
type of g5 1[—6,b], with by < b < §, does not change when passing through these
critical values, that is,

fit(Ds) = g7 [—6,b1] U g5 (b1, ba).

Also by [2, 10.8], since g; (b1, b2] contains #X fs Morse critical points of g
with index d, we have

N (Ds) ~ g7 [0, b1] with #X f, cells of dimension d attached.

Hence,
X(f51(Ds)) = x(g5 ' [=0,b1]) + (—1) " #E f.
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We observe that g, 1[—6, b1] is a locally closed subset of CV, f; is a submersion
on g; 1[4, b1] and the restriction of f, to the closure of g; 1[4, b1] is a proper
map. Then, by the Thom first isotopy lemma, f, is a fibration on g;1[—6,b1].
Therefore,

X9 =0, b1]) = x (£ (01)x(Ds N ([0, b1] x R)) = x (£ (br)).

Since f, is a fibration on the subset of Ds of its regular values, the homotopy
type of f7!(c) is independent of the regular value c. Thus,

X(fHe) = x(F7H(Ds) + (1)L,

It only remains to show that x(f:(Ds)) = x(Xs). To see this, we apply
again Morse theory to the function G : X5 — [0, +00). For b3 € R big enough,

we have
Xo = G70,b3] = G; 0,82 U G, 62, bs].

By Lemma 0.1, all the critical points at infinity in G;![6%,bs] are outward.
Again, by [2, 10.8],

Xs = Gs_1[0752] = fs_l(D5)

Remark 0.3: When X = C", we get another proof of the following well know
formula for the Milnor number of a function (see [3, Theorem 7.2]): let f :
(C™,0) — (C,0) be a holomorphic function with isolated singularity; then

On
p(f) = dimg ;
W= dime gy
where O,, is the local ring of homolorphic function germs in (C™,0) and J(f) is
the ideal generated by the partial derivatives of f. In fact, by definition u(f) is
the number of (n — 1)-spheres in the Milnor fibre f~!(c). Since f~!(c) has the
homotopy type of a wedge of (n — 1)-spheres, by Theorem A.5 we have

u(f) = (D" x(f 7 e) — 1) = #3fs,

where fs; : B — C is a Morsification of f. But the number #X f; is equal
to the local degree of the gradient Vf : (C",0) — (C™,0) which is equal to
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