Queueing Systems (2019) 91:265-295
https://doi.org/10.1007/511134-019-09602-5

®

Check for
updates

Markov chains on Z*: analysis of stationary measure
via harmonic functions approach

Denis Denisov' - Dmitry Korshunov?® - Vitali Wachtel®

Received: 28 November 2018 / Revised: 18 January 2019 / Published online: 19 February 2019
© The Author(s) 2019

Abstract

We suggest a method for constructing a positive harmonic function for a wide class
of transition kernels on Z*. We also find natural conditions under which this har-
monic function has a positive finite limit at infinity. Further, we apply our results
on harmonic functions to asymptotically homogeneous Markov chains on Z* with
asymptotically negative drift which arise in various queueing models. More pre-
cisely, assuming that the Markov chain satisfies Cramér’s condition, we study the
tail asymptotics of its stationary distribution. In particular, we clarify the impact of
the rate of convergence of chain jumps towards the limiting distribution.
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1 Introduction

Let us consider a positive recurrent Markov chain X, on Z* with stationary prob-
abilities 7(i) > 0, that is,

J

Y zi)y=1 and @)=Y 2()P(.i) for alli€ Z*,
=0 =0

< Dmitry Korshunov
d.korshunov @lancaster.ac.uk

Denis Denisov
denis.denisov@manchester.ac.uk

Vitali Wachtel

vitali.wachtel @math.uni-augsburg.de
University of Manchester, Manchester, UK
Lancaster University, Lancaster, UK

University of Augsburg, Augsburg, Germany

@ Springer


http://orcid.org/0000-0003-2516-8216
http://crossmark.crossref.org/dialog/?doi=10.1007/s11134-019-09602-5&domain=pdf

266 Queueing Systems (2019) 91:265-295

where P(j, i) is the transition probability from j to i. In terms of infinite matrices, x
is a positive left eigenvector of P corresponding to the eigenvalue 1. We are inter-
ested in the asymptotic behaviour of z(i) for large values of i. Markov chains on
Z* and their stationary probabilities naturally arise in various queueing models. A
classical example is given by the queue length process at service completion epochs
in the M/G/1 queue, which goes back to Kendall [10]; see Boxma and Lotov [3] for
further analysis. A natural modification of this process is a system where the service
rate depends on the current state of the system.

We study the case where the distribution of X, has some positive exponential
moments finite, more precisely, the so-called Cramér case. Let £(i) denote a ran-
dom variable distributed as the jump of the chain X, from the state i, that is,

P{EG) =j} =PGi+)), j=-i
We shall always assume that X, is asymptotically homogeneous in space, that is,

E)=>& asi— oo ¢))
We assume E£ < 0 and that Z is the lattice with minimal span for the distribution of
£. By the Cramér case, we mean the case where

Ee* =1 and E&e’ <o for some f > 0.

The simplest and one of the most important examples of an asymptotically homo-
geneous Markov chain is a random walk with delay at zero—the Lindley recursion

[11]:
Wn+1 = (Wn + Cn+l)+’ nz O’

where {(, } are independent copies of £. As is well known, the stationary measure of
W,, say my,, coincides with the distribution of sup,5o >.;_, {. Then, by the classical
result due to Cramér and Lundberg, for some ¢ > 0,

y (i) ~ ceP asi— oo.
Since the jumps of the chains X, and W, are asymptotically equivalent, one could
expect that their stationary distributions are asymptotically equivalent too. This is
true on the logarithmic scale only: Borovkov and Korshunov have shown, see Theo-
rem 3 in [2], that if sup;, Ee’*¥) < oo, then

l_logﬂ(z’) - —f asi— oo.
i

It turns out that the exact (without logarithmic scaling) asymptotic behaviour of z
depends not only on the distribution of &, but also on the speed of weak conver-
gence in (1); see Theorems 2, 3 and Corollaries 2, 3. Our aim in this contribution
is to show how such results may be proved via an exponential change of measure,
similarly to how it is done for sums of iid random variables, where an exponential
change of measure is used to change the sign of the drift. The issue with transition
probabilities is that if we apply an exponential change of measure with parameter
f, then we get a nonstochastic transition kernel instead of a transition probability.
The good news is that the transition kernel obtained, say Q(i, j), is asymptotically
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homogeneous in space, that is, Q(i,i +j) — e#P{& = j} as i » oo, where the limit
corresponds to the jump distribution of a random walk with positive mean E£e??.

So, we need to alter this transition kernel a little in order to get a transition
probability which makes it possible to analyse the corresponding stochastic
object, which is a Markov chain with asymptotically positive drift. We perform
such an alteration via Doob’s h-transform with a suitably chosen harmonic func-
tion. To make this approach possible, we first need to understand how to con-
struct harmonic functions for transition kernels and how to analyse the harmonic
functions constructed.

Let Q be a nonnegative finite transition kernel on Z*, that is, Q(i,j) > 0 and

QG,Z") =) 0G,j) <o for alli € Z*.
j=0

We additionally assume that Q(i, Z*) > 0 for all i € Z*. This kernel is also assumed
irreducible in the sense that, for all i and j, there exists n such that Q"(i, j) > O.
A function u(@) is called harmonic if Qu = u, which means

> QG puG) = u) for alli € Z*.
Jj=0

Then u is a right eigenvector of Q corresponding to the eigenvalue 1. In this paper,
we only consider nonnegative harmonic functions. Pruitt [14] has found sufficient
and necessary conditions for the existence of such a function, but these conditions
are quite hard to verify. Furthermore, his results do not give any information on the
limiting behaviour of harmonic functions as i — oo. Since this information is impor-
tant for the study of asymptotic properties of Markov chains (see, for example, Foley
and McDonald [8]), we are interested in a constructive approach to harmonic func-
tions which would allow us to determine their asymptotics. This is the first problem
we solve here; see Sect. 2.

As mentioned above, our primary motivation for studying harmonic functions
of transition kernels comes from asymptotic tail analysis of stationary measures
of Markov chains. The standard tool for studying large deviations is an expo-
nential change of measure (Cramér transform). If we follow this approach in the
context of Markov chains, then we usually get a positive transition kernel which
is not stochastic, in general. In Sect. 5, we show how the results on asymptotics
for harmonic functions obtained in Sect. 3 can be helpful in the study of station-
ary measures of asymptotically homogeneous Markov chains.

If the jumps of a positive recurrent Markov chain are bounded, then the equa-
tion for its invariant measure can be considered as a system of linear difference
equations. The asymptotics of a fundamental solution to these equations can
be found using refinements of the Poincaré—Perron theorem; see Elaydi [6] for
details. However, one can not apply these results directly as we are only inter-
ested in a positive solution.
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2 Construction of harmonic function

Any transition kernel can be seen as a combination of a stochastic transition kernel
and of a total mass evolution. Indeed, let us consider the following stochastic transition
kernel:

Q(.))
o/(Wark

and a Markov chain X’? with transition probabilities P2(i,j). Then we have, for all
n>1landi, j € Z", that

P, j) :=

n—1
Q")) = E, lH (X2, Z*); X2 =j] ;
k=0

hereinafter, E;, means the expectation given XOQ =1i. We call Xg the underlying
Markov chain.
Assume that

E; Hmax(Q(X}?, Z",1) <o for all states i. )
n=0
This condition ensures that the following function is well defined:
f0) :=E ] ex2,z%) € 10,c0). 3)

n=0

Under the condition (2), the function f is harmonic for the kernel Q. Indeed, it fol-
lows by conditioning on X]Q that

f) = 0G24 Y POG, j)E{H o(x2, z+)|x§~’ = j}
Jj=0 n=1

= ' QG-
j=0

The expression (3) for a harmonic function f{i) originates from what we observe in
the following two particular cases: The first simple case is provided by a stochastic
kernel Q where we have the harmonic function f(i) = 1 which is the unique (up to a
constant factor) bounded harmonic function for recurrent Markov kernels; see Meyn
and Tweedie ([12], Theorem 17.1.5).

The second case concerns a kernel Q which is obtained from some stochastic kernel
P of a Markov chain Y, by killing it in some set B C Z*, that is,

Q. j) = P.PIj & B},
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which is only defined for those i where P@,Z*\B)>0. In this case,
0@, z%) =P,{Y, ¢ B}and (3) reads as

f@) =P{rg = o0}, (@)
where 7z :=min{n > 1 : Y, € B}. So, if the original Markov chain Y, with transi-
tion probabilities P is transient and B is finite, then the probability of not return-
ing to B is a harmonic function for this Markov chain killed in B. It was proved
by Doney [5, Theorem 1] that there is a unique harmonic function for a transient
(towards oo) random walk on Z killed at leaving Z*. This harmonic function equals
the renewal function generated by descending ladder heights, which in turn is equal
toP;{ry; = o} with B = {—1,-2,...}; see Sect. 4.

An equivalent way to introduce the condition (2) is as follows:

oo Q
EjeZio®" X0 < oo, Q)

where 6(j) :=log Q(j, Z*); hereinafter, 6t := max(§,0) and 6~ :=(—48)" so that
6 = 61 — 67. Then the function f{i) may be also defined as

i) 1= EpeZn 00 ©)

where £(j) is the local time at state j,

£G) 1= Y HX2 =j).
n=0

3 On the limiting behaviour of the harmonic function for a transient
kernel

In this section, we answer, in particular, the following question: What are natural
conditions sufficient for (2) in the case when Q is transient? These sufficient con-
ditions are presented in Proposition 3, and they guarantee that limsup,_, ,, f(i) < 1.
Another question is what conditions guarantee that f{i) is a positive function and,
moreover, liminf; , _ (i) > 1. This is answered in Proposition 2. Combining these
two statements, we find sufficient conditions for the existence of a harmonic func-
tion satisfying f(i) — 1, which is our main result in this section, given in the follow-

ing theorem.

Theorem 1 Suppose that the chain X,? is transient,

D 18() < o, %)
i=0
and that
sup [Eie‘mi) < 00, 8)
iez+
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where

5= 5. 9)
i=0
Then the function fis harmonic and f(i) — lasi — oo.

We split the proof of this result into two parts: the lower and upper bounds,
given in Propositions 2 and 3, respectively.

Our construction of a harmonic function is alternative to the construction of
Foley and McDonald; see [8, Proposition 2.1]. Their analysis is based on the
assumption that the series

Y 0"
n=1

has the (common for all i and j) radius of convergence R bigger than 1. It seems to be
quite difficult to compare this assumption with our condition (8). Clearly, the condi-
tion (8) is ready for verification in particular cases because the total masses and the
embedded Markov chain are factorised there. Also, our condition (7) is weaker than
the ‘closeness’ condition in [8].

3.1 Lower bound for the harmonic function f

We start with a solidarity property for the kernel Q related to positivity of the
function f, which may be considered as a generalisation of the Harnack inequality
well known for sub-stochastic matrices.

Proposition 1 If /(i) > O for some i € Z*, then f(j) > O for all j € Z™.

Proof Irreducibility of Q implies that
Pi{v; <o} >0 for allje€ Z*, (10)

wherev; :=min{n > 1 : XnQ = i}is a stopping time. By the strong Markov property,

vi—1 )
o 2 €[] owe.x%,) < E [ ] oo?. 2%
n=0 k=0

vi—1

=fOE [ [ PPx2. X2, )ox2,z),
n=0
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which is a positive quantity by the hypothesis and (10), so, hence, the proof follows.

U
Proposition 2 Suppose that the chain XnQ is transient,
D 67() <o, (11)
i=0
and that the local times satisfy
sup IE,f(l) < 00. (12)

icz+
Then
liminff (@) > 1.

In particular,

[ggf(z) > 0.

Proof First notice that, since X’? is irreducible due to irreducibility of the kernel Q,
transience of XnQ is equivalent to the following: for any fixed N,

P{X? > N for alln>0} >1 asi— oo. (13)

Further notice that

fi) > Eje” i ® 070

> ¢~ T 5 LG 14

by Jensen’s inequality applied to the convex function e*. Fix an N. By the Markov
property, for every j < N,

E/Z() <P;{X? <N for some n > 0}E;Z()).

Therefore, by (13) and the condition (12),

N
D SOELG =0 asi— co. (15)
j=0
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On the other hand,

Z T (HEL() < 2 §(DEL(G) =0 asN — oo,

j=N+1 j=N+1

due to the conditions (11) and (12). Together with (15), this implies that

Z 5§~ (HE,L() =0 asi— oo,

j=0

which being substituted into (14) completes the proof. |

3.2 Upper bound for the harmonic function f

Proposition 3 Suppose that the sequence §7(j) is summable, that is, the § defined in
(9) is finite. Then, for every i € Z*,

f(@i) < sup E;e®D < co.
jez+

If, in addition, the chain X,? is transient and

sup E;e?’? <co,

e 16
then

limsupf(i) < 1.
Proof Take r(j) := <2 so that Zico VL(/) = 1. We have

5+
had had [ .
fo) <E [0 =, [[ e .
j=0 j=0

Applying Holder’s inequality,

i) T segy )0
T < [T (o)™
=0 =0

Therefore,
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£y <[ JE et 0y oo
=0 17)

N\ 20640/
< ( sup [Eie‘%(’)) ! ,
JEZT

which yields the upper bound for f{(i) in terms of exponential moments of local
times, by (9).

Now let us turn to a more precise upper bound. Fix some N and rewrite (17) as
follows:

N ©
fl) < H([Eieﬁf’(/'))ﬁ(i)/ﬁ % H ([Eie5f(i))5*(i)/5_
=0 J=N+1

By the Markov property, for any fixed j < N,

E;e®? <P;{X? > N for alln >0}
+ IP’,-{XnQ < N for some n > 0}[Eje‘5f(7) -1 asi— o,

by (13) and the condition (16). Therefore, for any fixed N,

N
l_[([E,'e‘sf("))‘ﬁ(")/‘S -1 asi— oo. (18)
J=0

The second product possesses the following upper bound:

[so] o0
(N6 ()/6 AONMOVA
[T Ee 0y 0/ < TT &)
J=N+1 j=N+1
* 8t (j)/6
<(sup IE.eM(/))ZFNH o
jez+ !

Since Y70 6%(j)/6 = 0as N — oo, by (16),

(j=N+1

H ([Eieéf(i))tS*(i)/& -1

Jj=N+1

as N — oo uniformly for all i € Z*, which together with (18) yields the required
upper bound for f(7). ]

@ Springer



274 Queueing Systems (2019) 91:265-295

3.3 On exponential moments for local times

Example 1 Let Q be a local perturbation at the origin of the transition kernel of a
simple random walk on Z* as follows:

00,1)=a >0,
QUi+ 1)=p>1/2, QGi-1)=1-p=iq, ix21
Then we have Q(0, Z*) = a and Q(i, Z*) = 1for all i > 1. In other words, 6(0) = log «

and 6(i) = 0 for i > 1, so that 6 = log a. The underlying Markov chain XnQ is a simple
random walk with reflection at zero. More precisely, its transition kernel is given by

P20, 1) =1,
PO i+ 1)=p, PoL,i—-1)=¢q, i>1.
According to Theorem 1, the condition Eya’® < co implies that the function

f(i) = E,a”? is a positive harmonic function with f(i) = 1 as i — co. The local
time £(0) is geometrically distributed with parameter ¢/p, that is,

Po{£(0) =k} = (1 —q/p)q/p)*", k>1.
Therefore,

1—
f(0) = Ega”® = a—q/p < oo ifandonlyifa < p/q. (19)

1 —aq/p
Moreover, for alli > 1,
f(i) = Ea”®
=P{X2 #0foralln> 1} + P;{X? = 0 for some n > 1}Eya”®  (20)
=1-(q/p)' + (a/p)'f(0).

Since any harmonic function f{i) for Q is a solution to the system of equations
f(0) = af (1),
FO=pfG+D+qgf-1), i=1,

we may determine it using standard methods in the theory of difference equations.
Indeed, equations for i > 1 can be rewritten as

fa+ 1D —-f0) = g(f(i) —f—1).
Consequently,
i-1 i-1

FO=fO) = Y (G+ D =fG) = (F() =£O) Y. (q/pY
j=0 =0

1— i
=(f(1) —f(O))(—q/p)-
1—gq/p
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Noting that (1) = f(0)/a, we get

1—(q/p)

fO=fO[1+dA/a—-1) T—a/p |

i>1 (21)
Choosing f{0) as in (19), we conclude that the expressions in (20) and (21) are
equal for all @ < p/q. Further, for every a > p/q and every f(0) > 0, the function
(i) from (21) becomes negative for i large enough. Therefore, there is no posi-
tive harmonic function for « > p/g. Finally, in the critical case « = p/q, we have

[ = f(0)q/p) — 0. O
Example 2 Consider the following transition kernel:

0Gi+1)=a;>1, i=0,...,N—1,
ON,N+1)=p, OW,0)=gq,
0G,i+1)=p, QGi-1)=gq, i>N.

Aggregating the states 0,..., N — 1 into a new state, we obtain the transition
kernel from Example 1 with @ = @, ... ay_;. Therefore, there exists a positive har-
monic function f with f(i) > 1asi — oo if and only if p/g > a, ... ay_;. This is
equivalent to

N-1
supe®’® < co,  where § = Z log a;.
i<N ‘=

This shows that exponential moment assumption on the local times in Theorem 1 is

quite close to a necessary one. [l
Next let us give simple sufficient conditions that guarantee finiteness of some

exponential moment of local times for a Markov chain X, valued in Z*.

Proposition 4 Suppose that there exist a level N € Z* and a random variable # such
thatEn > O and, for alli > N and j € Z,

PAX, — Xy >j} 2P{n >}, (22)

that is, # is a stochastic minorant for the family of jumps of X, above the level N.
Then

sup E;e’’D <o for some y > 0. 23)
iez+

Proof Let v, :=min{n > 1 : X, =i}. By the Markov property, the distribution of
the local time £ (i) given X, = i is geometric with parameter P;{v; < oco}. Thus, the
statement on exponential moments of local times is equivalent to the following:

sup P, {v; < o0} < 1. (24)

ez
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Due to irreducibility of the transition kernel, the solidarity property says that either
all states are transient or recurrent. Therefore, (24) is equivalent to

supP.{v;. < 0} <1,
wp Pl <) 25)
and it suffices to check that
gl]g[F"i{Xn >i+1for alln >0} >0. (26)

Indeed, by the condition (22), for any initial state i > N, we may construct the chain
X, =i, X,,... and independent copies #;, #,,... of # on some probability space in such
a way that

X, >i+n+--+n, foraln>1,

on the event where 5, + --- + 1, > 1for all n > 1. Since Ex > 0, owing to the strong
law of large numbers,

py, = P{n+-+n,21for alln > 1} >0,

which implies (26) and the proof is complete. [l

As follows from the proof, (23) holds with any y < log 1 I provided the

-Pp
chain X, satisfies the condition (22) with N = 0. !

The last result may be generalised to the case where there is no common mino-
rant for jumps, but the drift is everywhere positive. In order to produce such a
generalisation, we start with the following statement, where

roi=infln>1:X, <i—1}.

L

Proposition 5 Assume that, for any i € Z™, there exists a positive decreasing func-
tion g,(j) such that g,(X;,,. ) is a supermartingale and

Py 1= sup &) 27
! ix1 g&(i—1)
If, in addition,
Py = }%P,{Xl >i+1} >0, (28)

then (23) holds.
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Proof For any i > 1, applying Doob’s inequality to the supermartingale g;(X,,,. )
with X, = i, we obtain that

Pt{lgfxn <i- 1} ZPi{Supgi(Xn/\r-) 2 gl(l - 1)}
nz n>1 !

E,8,(Xy) 8i(0)
<— = ; < P
gii—1) gii—1)

Therefore,

Pz vt} 2 3 P = (1-P i, <)
Jj=it1
>(1-p) Y PAX, =}
J>i

2l =p)p, > 0,
uniformly for all i € Z*. Then
P{£G) > k+1} < (1-p), wherep :=(1—p,)p, > 0;

1
1-p

hence, (23) holds for all y < log O

The last proposition helps us to deduce finiteness of exponential moments of
local times for a Markov chain with everywhere positive drift.

Proposition 6 Assume that there exist e > 0 and M < oo such that
Ef{X,—i;X,—i<M}>e forallie Z*. (29)
Assume also that there exists a random variable { > 0 with E{ < oo such that
PAX, —i<—j} <P{¢ >j} foralli, j€ Z*. (30)
Then (23) holds.
Proof SinceE¢ < oo, there exists a decreasing integrable function 4, (x) : Rt — R*,
such that P{{ > x} = o(h(x)) as x — oo. In turn, by [4], there exists a function /,(x)

which is continuous, decreasing, integrable and regularly varying at infinity with
index —1 such that 4 (x) < h,(x). Put

J :=/ h,()dy < oo.
0

Then there exists a sufficiently small 6 > 0 and a sufficiently large 7 such that
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JP(C > T) <ehyQT + M), 31)
and, forallt > T,

(T + (1= 8)0) = byt + T+ M) < 5t + T+ M), (32)

ngzaﬂ§§%0+T+M) (33)

Now take

h,Q2T +M) fort € [0,2T + M],

h() = min(h,T + M), h,(1)) = { e fort> 2T 4 M

and consider a positive decreasing function

g(x) :=/ hy)dy, xe€eR,

x+T)*

which is linear for x € [-T, T + M] with slope g'(0) = —(T) < 0 and h(-T) < J.
By (32) and (33), the function # satisfies

MT+(1 =81 <(1+e/2EQh(t+T+M) for allz >0, (34)
JP{C > 61) < %h(t+ T+M) forallt>T. 35)

Define g;(j) := g(j — i). By construction,

g _ s _ [ hoy

gi—=1 " g1 " [ h(ydy

which guarantees fulfilment of (27). The condition (28) follows from (29). Then it
remains to show that, for every i € Z¥, g,(X,,,, ) is a supermartingale, that is,

Eg(X, —i) <g(j—1i) for allj>i.

Indeed, for all j between i and i + T, g(x) is linear on [-T,j — i + M]. Therefore, for
i<j<i+T,
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[Ejg(X1 -)-g(—-H=< [Ej{g(Xl -)—g(i—-0; X, —j<M}
=g OE (X, —j; —~T+i—j<X,—j <M}
+ @) =g —DP{X, —j<-T+i—-j}

< — hOE;{X, —js X, —j < M} + g(~T)P;{X, —j < T}
< —-hQRT+M)e+JP{¢>T} <0,
(36)
by (29) and (31). Now let us consider the case j > i + T. Since g is decreasing,
Ejg(X, — i) — g — i) < E;{g(X, — i) — g — 1) X, —j < —56( — i)}
+ E{gX, - —g(—0; —6(G—1) <X, —j<0} a7
+ E{sX, —D—-g(—-0;0<X, —j<M}
=E, +E, +E,.
We have, by the upper bound g(x) < J and (35),
E\ < JP(C 26—} < ShG—i+T+M). (38)
Since g'(x) = —h(x+ T) for all x > —T, the second term possesses the following
upper bound:
E, <g((1=8)(j—EAX, —j; —6(G—i) <X; —j <0}
= - hT+A-8)7-DELX, —j; —6( -1 <X, —j<0}
< T+ 1 -6 —DEAX, —j; X, —j <0}
Therefore, due to (34),
E, <—(+e/2EOhG —i+ T+ ME{X, —j; X, —j <0}
<= hG—i+T+MEX, —;X, =] S0} + ShG— i+ T + M) (39)
The third term is not greater than
Ey <g(—i+ME{X, —j;0 <X, —j< M}
(40)

= - h(Gj—i+T+ME(X, —j;0<X, —j<M}.

Substituting  (38)-(40) into (37), we get the desired inequality
Eig(X; —i)—g(—i <0 for all j>i+T. Together with (36), this proves that
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8/(X,,.) constitutes a nonnegative bounded supermartingale and the proof is com-
plete. O

4 Random walk with negative drift conditioned to stay nonnegative

Consider the simplest application of our method of construction of harmonic functions.
It deals with random walk conditioned to stay nonnegative. Let S, =0, S, = X/ &
be a random walk with independent and identically distributed jumps, E&, < 0. One
of the possible ways to define a random walk conditioned to stay nonnegative—see for
instance [1]—consists of performing Doob’s A-transform over S, killed at leaving Z*,
that is, a Markov chain on Z* with transition probabilities

P(i, ) =%P{i+§1 =j}, iLjEZ",

where fis a positive harmonic function for the killed random walk, that is,
fi)= Y P{& =j-i}f(). i>0.
=0

According to Theorem 1 of [5], such a function exists if and only if

Eefé =1 for some f > 0.
This function is unique (up to a constant factor) and is defined in [5] as
£y =Y "), (41)

J=0

where u(j) stands for the mass function of the renewal process of strict descending
ladder heights of S,

Now let us show how our approach provides another representation of the harmonic
function f{i). Start with the following transition kernel on Z*:

Q(le) = e(j_i)ﬁp{él =] - l}’ l?.] € Z+'
This kernel represents the transition probabilities for the random walk S killed at

leaving Z*, where S is the result of an exponential change of measure with param-
eter f3, that is,

n

h _ F) — B
00, =Y
k=1

P(eP =j) =eP{g =)}, jeZ

As we have already mentioned in the introduction, see (4),
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4@ :=P{i+8P > 0foralln >0} = P{m>i(r)155f) > —i}
is harmonic for the kernel Q. Hence, the function
f@) = f*) = "P{ min P > i “2)

is harmonic for the random walk S, killed at leaving Z*. Notice that this harmonic
function possesses the following lower and upper bounds:

Pl —eP < fi) < el (43)
The upper bound immediately follows from f*(i) < 1. The lower bound follows by
the Cramér—Lundberg estimate

[P’{mmS(ﬂ) < —i-— 1} < e PEHD,

n>0
In addition to (43), notice that, by the Cramér—Lundberg approximation,
fi)—e" > Ce(-e?,0) asi— .
Let us show that the functions defined in (41) and (42) coincide up to a constant fac-

tor. Indeed, let (7, x;) and (7 @ ]fﬂ )) denote descending ladder processes for S, and
SP, respectively. It follows from the definition of ¥ that

Plr =xt =j) =Py =x7 =)

for all x, j > 0. Therefore,

co k
P {min s = 1} - ZP{Z%@ 1t < o 2 < oo ) = oo}
k=0 =0
—P{T(ﬁ)—oo}z {Z}( }

=P{z” = co}e Plu(l).

This gives us the desired equivalence with the multiplier P{riﬁ ) = o)} =1-Ee’n,

The random walk conditioned to stay nonnegative is the simplest Markov chain
where the general scheme of construction of a harmonic function helps. In the next
section, we follow almost the same techniques in our study of tail behaviour for
asymptotically homogeneous in space Markov chains with negative drift under Cra-
mér-type assumptions. Although the scheme is the same in the main aspects, some
additional arguments are required.
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5 Positive recurrent Markov chains: asymptotic behaviour
of stationary distribution

In this section, we consider an asymptotically homogeneous in space Markov chain
X, with jumps &(7), that is, £(i) = & as i - oo. Our next result describes the case
when the convergence of jumps is so fast that the stationary measure 7 of X, is
asymptotically proportional to that of the random walk W, delayed at the origin.

Theorem 2 Suppose that the jumps of X, possess a stochastic majorant =,
c0) <, B ieZt, (44)
such that EZef* < co. If

D BP0 — 1] < oo, (45)
i=0

then (i) ~ ce#'asi — oo, where ¢ > 0.

It is worth mentioning that (45) is weaker than conditions we found in the literature.
First, using so-called equilibrium identities, Borovkov and Korshunov [2] proved expo-
nential asymptotics for z under the condition

Z/ PIPLEWD <y} = PLE < y}ldy < o,
i=0 J—

which is definitely stronger than (45) and implies, in particular, that the expectations
of £P(i) also converge with a summable speed. Further, to show that the constant ¢
in front of e#"is positive they introduced the following condition:

L

(Ee® — 1) ilogi < oo.
=0

Second, Foley and McDonald [8] used an assumption which can be rewritten in our
notations as follows:

> D ePLEG) = j} — P{E = j}] < oo.

i=0 jeZ

Furthermore, the condition (45) is quite close to the optimal one. If, for example,
Eefé® — 1 are of the same sign and not summable, then z(i)e’’ converges either to
zero or to infinity; see Corollary 2 below. Thus, if (45) is violated, then z(i) may
have exponential asymptotics only in the case when Eef¢® — 1 is changing its sign
infinitely often.
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Example 3 Consider a Markov chain X, which jumps to neighbours only:

P{E@) =1} =1 -P{EO = -1} =p + 00).

Assume that, asi — oo,

@ = [FrouTh =2k
PO= =i+ oary  i=2%k+1,

with some y € (1/2, 1). Clearly, (45) is not satisfied. Let us have a look at the values
of X, at even time moments, i.e. ¥, = X,,, kK > 0. Then we have

PiY, —i=-2} =(q— p())(g — @i-1)),
P{Y, —i=0}=(@— @)@+ ei—-1)+ @+ e@)(g—ei+1)),
PiY, —i=2} =@+ e@)p + @i+ 1)),

where g := 1 — p. From these equalities, we obtain

Y, —i 2 2
E; <i’> —1=<p——1>p,.{yl—i=—2}+<q——1>P,~{Y1—i=2}
p q* p?

p’ q’
= <—2 - 1)(6]- P())(g— i—1)) + <—2 - 1>(p+ ()P + @i+ 1))
q P

2

2
= —q(% - 1)(<p(i> +oli—1) +p<l% - 1>(<p<i> + @i+ 1)+ 0.

Noting that @)+ @@i+1)=0G"""), we conclude that the sequence
|E,(q/p)"'~" — 1| is summable and, consequently, we may apply Theorem 2. Since 7
is stationary for Y, too, we obtain z(i) ~ c¢(p/q) asi — oo. [l

Proof of Theorem 2 Fix some N € Z*. As is well known (see, for example, [12,
Theorem 10.4.9]), the invariant measure r satisfies the equality

N [+
(i)=Y z() ) PiX, =is 7y > n}, (46)
j=0 n=0

where

Ty :=inf{n>1: X, <N}

Let (i) be a harmonic function for X, killed at entering [0, V], that is,

E,{h(X,); X, > N} = h(i) for alli> N.
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Then we can perform Doob’s h-transform on X, killed at entering [0, N] and define a
new Markov chain X on Z* with the following transition kernel:

1G)
h(i)
if h(i) > 0, and [P’i{)?l = j} being arbitrarily defined if (i) = 0. Since /4 is harmonic,
then we also have

PAX, =j} = PAX, =Jjsoy > 1}

hG)
h(i)

Combining (47) and (46), we get

P; { L =JF = PAX, =j; Ty > n} for alln. 47)

N <)
L1 o s
"0 =55 ,Z; () ZO P;{X, =

~ N
06 o
=0 121 z()HhG),

(48)

where

(s
UGy := ) PIX, =i}
n=0
is the renewal measure generated by the chain )?n with initial distribution

1

P{X, =j} =¢x(Dh(), j<N. where? := —_
Zj:() z(Hh()

Suppose that the harmonic function A(i) is such that the jumps 2(1') of the chain )?n
satisfy the following conditions:

Ei)>% asx—> o0, EE>DO, (49)
the family of random variables {|2(i)|, i € Z*} admits an integrable majorant 5 ,

that is,

1EG)| <, E for allie 7+, EE < oo; (50)
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and

sup ﬁ(l) <00. (51)
i€zZ+

Then the key renewal theorem for asymptotically homogeneous in space Markov
chains from Korshunov [9] states that U(i) - 1/E& as i — oco. Substituting this into
(48), we deduce the following asymptotics:

i)~~~ asi— oo, (52)

So, now we need to choose a level N and to construct a harmonic function A(i) for X,
killed at entering [0, N] such that & satisfies the conditions (49)—(51). The intuition
behind our construction of the function % is simple. Since we consider asymptoti-
cally homogeneous Markov chain, the chain behaves similarly to the random walk
with jumps like £. We assume that the limiting jump satisfies Cramér’s condition;
hence, it should be such that i(i) ~ e/ asi — .
Consider the transition kernel
Aj

B: oo € e s

N (l’.]) M eﬂlP(l’])[l{'] > N}a
which is the result of an exponential change of measure. By the theorem conditions,

Q%D(i, Z%)is finite for all i. Let us find a level N such that the kernel Q;f) satisfies the
conditions of Theorem 1.

Denote
8y(i) :=1og Qi Z%)
=log Y e"PG,j)
j=N+1
=log E{efD;i + £(i) > N}.
Since

D IE( i+ &) > N} = 1] < ) [EePO — 1] + ) E{eDsi + £() < N)
i=0 i=0 i=0

(o] [so]
< Z |[Eeﬂ<f(i) _ 1| + Z e—/i(i—N)’
i=0 i=0
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we conclude by the condition (45) that the condition (7) of Theorem 1 holds for any
N e 7.

Further, 67(i)) = 0 as N — oo, for every i € Z*. Moreover, &7 (i) < log™ Ee#*®,
where the series

Z log™ Eeé0)
i=0

is convergent, due to the condition (45). Then the dominated convergence theorem
yields that

Sy 1= 25;(1') -0 asN — oo.
=0

So, if we proved that, for some y > 0,

sup Eje’n @ <co, (53)
iez+
then we may choose a sufficiently large N such that condition (8) of Theorem 1
holds; here #(i) is the local time at state i of the underlying chain X\ il ,n>0,of
the kernel Q;é\{. ’
By Proposition 4, the relation (53) would follow if we constructed, for a suffi-
ciently large N, a minorant with positive mean for the jumps I(Vﬂ)(i) of the chain X;f;
The asymptotic homogeneity of the Markov chain X, implies that

EDG) 5EP  asi— oo, (54)

where the limiting random variable has distribution

P{EP =j} = PP{& =}

with positive mean E&e?é. The left tails of Z(f)(i) are exponentially bounded. There-

fore, there exist a sufficiently large N and a random variable # with positive mean,
Exn > 0, such that

fl(f)(i) >.n for alli> N,

and a minorant is identified.
Finally, (13) also follows from minorisation and convergence: for every fixed N,

Pli+n +-+n,>2Nfor alln>1} -1 asi— oo.
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So, for a sufficiently large N, the kernel Q(ﬁ ) satisfies all the conditions of Theo-
rem 1. Therefore, there exists a positive harmonic function f for this kernel such that
f@) — lasi — oo.

Let us consider a function h(i) := e”/f(i). For any i € Z*, we have the equality

Y PGRGY = Y, PG, ()
J=N+1 J=N+1
=" Y VGG
j=N+1

= eP'f (i) = h(i),

and, hence, A(i) is a harmonic functlon for the Markov chain X, killed at entering
[0, N]. Let us check that & producesX satisfying the conditions (49)—(51). First, the
condition (49) holds because, for any j > N — i,

e EDf (i +j)
ePf (i)
Notice that EE = E&ef.
Second, let us prove that the condition (50) holds. From the upper bound

P{EG) = j} = P{&() =j) = PP =j) asi— co.

k
PLEG) > j} = Zf(}:))ﬂk {E6) = k)
k=j+1

<c [E{eﬂ'f(i)~§(i) >]}
<¢,E{e#*;5 >}, ¢ < oo,

owing to the condition (44). We deduce that g(i) <y =, where

EZ, <c; )\ E{ef%:2 > j} < ¢EZe’* < co. (55)
On the other hand,
P - FG=B poprpreiy = -k
(&) < —j) = Z [£6) = -k}
k=j+1 f( )
<c, Z _ﬂk<—e ', ) < 0,
k=j+1
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so that 2(1') > —Z=,, where =, has some positive exponential moment finite. Together
with (55), this implies fulfilment of the condition (50) for the function a(i) = €#f(i).
Third, the condition (51) follows from the equalities

UGy =) PX, =i}
n=0

=fG) Y, P{Xy) =i} = fOELY (D)

n=0

and from boundedness (53) of an exponential moment of the local times of Xz(\f)n
Therefore, we may apply (52) and deduce that

X DG) s T x(EFG)
(i) ~ — —~ e P asi— .
B fO EZeft

The proof of Theorem 2 is complete. O

We now turn our attention to the case where Ee#*® converges to 1 in a nonsum-
mable way. The next result describes the behaviour of 7 in terms of a nonuniform
exponential change of measure.

Theorem 3 Suppose that, for some € > 0,
sup EePr50) < oo,
iezl3 (56)

Assume also that there exists a differentiable function f(x) such that

[e]

i=0

and | #’(x)| < y(x), where y(x) is a decreasing function which is integrable at infinity
of order o(1/x). Then, for some ¢ > 0,

7(i) ~ce” POV a5 o

It should be noticed that Theorem 2 can be seen as a special case of Theo-
rem 3 with f(x) = f. We have decided to split these two statements because of the
milder moment condition (44) in Theorem 2 and since the proof of Theorem 3 is
simpler via a reduction to the case of summable rate of convergence, which has
been considered in Theorem 2.
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Proof of Theorem 3 Consider the function g(x) := elo PO and perform the follow-
ing change of measure:

09(.j) := £ p(i. ).
g()

First let us estimate

Eg(+ &) — g
g()
= Eel PO _ 1,

Q(g)(i, Z+) —1=

Observe that, with necessity, f(i) — f so that, by the condition (56),

E{ef ™" P00 _1; |£0)] > Vi) =o<e—f\ﬁ/z) asi— .

Further, the condition on the derivative of f(y) implies that

HEG) HEG)
‘ / ﬂ(y)dy—ﬁ(i)cf(i)’s / 16G) — BD)Idy

< sup |B'G+)IEG)/2

Iyl<vi

<r(i-Vi)&os,

uniformly for |£(i)| < V/i. We have y(i— \/2)52(1') < y(i— \/2)1 -0 asi— oo.
Therefore, again in view of the condition (56),
E{ef™ 000, |2()] < Vi) = BP0 4 0(7,<,- _ \/;) n e—s\ﬂ/2> a5 i = 0.

Hence,

109G, 7%) — 1] < |E¥0 — 1] +0(y (i = Vi) + Vi),

Taking into account (57) and summability of the sequence y(i - \/; ), we conclude
that

D 109G, Z%) - 1] < co.

i=0
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This allows us to apply Theorem 1 to the kernel Q@ killed at entering some set
[0, N] in the same way as in the proof of Theorem 2 and to deduce that z(i) ~ ¢/g(i)
asi — oo, which completes the proof. |

Since the function f(x) is stated implicitly in Theorem 3, it calls for speci-
fication of some cases where f(x) can be expressed in terms of the difference
Eef® — 1.

Corollary 1 Assume the condition (56) and that there exists a differentiable function
a(x) such that o’(x) is regularly varying at infinity with index r € (-2, —3/2) and

EeD — 1 =a(i) + 7(), (58)
where Zzo |¥(i)] < oo. Suppose also that

D' la)(EE@™ — m)| < oo, (59)
Jj=0

where m := E&eP¢. Then
7(i) ~ce PHADIM a5 o, (60)

where ¢ > 0 and A(x) := fox a(y)dy.

Proof Notice that, since r € (=2, —-3/2), a(x) is regularly varying at infinity with
indexr+ 1 € (—1,—-1/2), A(x) > o0, A(x) = o(x) as x — oo and ZZ] a2(i) < oo.
Take f(x) := f — a(x)/m. Since r < =3/2, a(i) = 0(1/\/?). Hence, by Taylor’s
theorem, uniformly for [£(7)| < \/;
e OO =1 — a(DE@D/m + 0> (DE D),
which yields

EeP 0 = EeP0 — a()EE®)e™ P /m + O(a*(i))
= Ee”? — a(i) + O(|a(i)(EEWD)P D — m)| + a*(i))
= 1+ y(i) + O(|a()(EEDe™ D — m)| + a*(i)).

Thus, the function f(x) satisfies all the conditions of Theorem 3 and the proof is
complete. |

Notice that the key condition on the rate of convergence of Ee#( to 1 that implies

the asymptotics (60) in the last corollary is that the sequence (i) is summable. If it
is not so, that is, if the index r + 1 of regular variation in the function a(x) is between

@ Springer



Queueing Systems (2019) 91:265-295 291

—1/2 and 0, then the asymptotic behaviour of z(i) is different from (60). This is
specified in the following corollary.

Corollary 2 Assume the condition (56) and that there exists a differentiable function
a(x) such that

la(x)| < ;1
(14 x)w=1te
forsomec < oo, M € N, and € > 0,
la’' )| <y, (x) (61)

for some decreasing and integrable at infinity function y,(x), and

EePD — 1 = a(i) + y,(i), i>0,

where ZZO 7,(i) < co. Assume also that, for every k = 1, 2,..., M, there exist con-
stants Dy ; such that

M-k
my (i) = mg+ Y Dyl (i) + 0@~ (i), (62)
j=1

where m, (i) := E&*(i)ef*® and m, := E&*efe. Then there exist real numbers ¢ > 0,
R, R,...., Ry, € Rsuch that

S

x(i) ~ cexp{—ﬁi -2k / l a"(x)dx} as i — oo. (63)
0

k=1

Proof Define

M
Ax) = ZRkak(x).
k=1

In view of Theorem 3, it suffices to show that there exist R}, R,,..., R); € R such that

Z |[Ee(ﬂ+A(i))€(i)_1 < oo, (64)
i=1

Indeed, A(x) is differentiable and |4’(x)| < C|a’(x)|. Therefore, we may apply Theo-
rem 3 with f(x) = f + A(x).
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By Taylor’s theorem, calculations similar to those in the previous corollary show
that, asi — oo,

M .
EeP+A0E0) — Eelé0) 4 2 —m]’;fl)A"(i) + 0¥+ (i)

k()

=1+ a(i) + () + Z Ak( )+ O(@1(i) + e Vir2),

From this equality, we infer that we can determine R,, R,...., R;, by the relation

a(i) + Z i )Ak(i) = 0(aM*1(i)). (65)

It follows from the assumption (62) and the bound A(x) = O(a(x)) that (65) is equiv-
alent to

Z+Zkv<m’<+ZDkJ ><ZRZ]> =0 asz-0.

Consequently, the coefficient of z* should be zero for all k < M, and we can deter-
mine all R, recursively. For example, the coefficient of z equals 1 + m R,. Thus,

R, =—1/m,. Further, the coefficient of z* is D, R, +mR,+myR?/2 and,
consequently,
Dl,l _ my
T om omd
All further coefficients can be found in the same way. O

If a(x) from Corollary 2 decreases slower than any power of x, but (61) and
(62) remain valid, then one has, by the same arguments,

M i i
7(i) = exp{—ﬁi - ZRk/ o (x)dx + 0(/ aM“(x)dx) }
k=1 0 0

which can be seen as a corrected logarithmic asymptotic for z. To obtain precise
asymptotics, one needs more information on the moments of the jumps m,(i).
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Corollary 3 Assume the condition (56) and that there exists a differentiable function

a(x) such that (61) holds,
EefS D — 1 = a(i), i>1,

and there exist constants D, ; such that

mk(l) =m + Z DkJaj(i),

j=1

(66)

(67)

for all k > 1, where m, (i) := E&X(i)e#* and m, := E&*efe. Assume further that

sup ZDk]r’ < co for somer > 0.
k>1

Then there exist real numbers R, R,...., such that

r(@) ~c exp{—ﬁi— ZRk /lak(x)dx} asi — oo.
k=1 0

Proof For anyi > 1, let A(i) denote a positive solution to the equation

EPOE0) — 1.

Since Ee’" is finite for all y < f + €, we can rewrite the last equation using Taylor’s

series:

Eefe® + 2 [Efk (e BEG) — =1,

where A(i) = f(i) — f. Taking into account (66) and (67), we get then

k
a(x) + Z A (x) Z Dy jof(x) = x>0.

Set Dy = 1and define

(68)
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Therefore, (68) can be rewritten as F(a(x), A(x)) = 0. In other words, we are
looking for a function w(z) satisfying F(z,w(z)) =0. Since F(0,0)=0 and
%F (0,0) =m; > 0, we can apply Theorem B.4 from Flajolet and Sedgewick [7]
which says that w(z) is analytic in a vicinity of zero, that is, there exists a p > 0 such
that

[e+)
w(z) = Zan”, lz| < p.
n=1

Consequently,

Ax) = Z R,a"(x)
n=1

for all i such that |a(i)| < p.
Applying Theorem 3 with f(x) = f + A(x), we get

(i) ~ cePO=Js A0y,
Integrating A(y) as a series, we complete the proof. O

We conclude with the following remark. In the proof of Corollary 3, we have
adapted the derivation of the Cramér series in large deviations for sums of independ-
ent random variables; see, for example, Petrov [13]. There is just one difference: we
need analyticity of an implicit function instead of analyticity of an inverse function.
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