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Abstract The N-system with independent Poisson arrivals and exponential server-
dependent service times under the first come first served and assign to the longest idle
server policy has an explicit steady-state distribution. We scale the arrival rate and the
number of servers simultaneously, and obtain the fluid and central limit approximation
for the steady state. This is the first step toward exploring the many-server scaling limit
behavior of general parallel service systems.
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1 Introduction

In this paper we study the many-server N-system shown in Fig. 1, with Poisson arrivals
and exponential service times, under the first come first served and assign to the longest
idle server policy (FCFS—ALIS), as the number of servers becomes large. Before
describing the model in detail, we will first discuss our motivation for studying this
system.
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Fig. 1 The multi-server
N-system

A Ay

The N-system is one of the simplest special cases of skill-based routing in parallel
server systems, as defined in [9,15] and further studied in [4,6,7,12-14,17,19,20,
22,23]. The general model has customers of types i = 1,..., I, servers of types
j =1,...,J, and a bipartite compatibility graph G, where (i, j) € G if customer
type i can be served by server type j. Arrivals are renewal with rate A, where successive
customer types are i.i.d. with probabilities «;. There are a total of n servers, of which
nd; are of type j, and service times are generally distributed with rates u; ;. Assume
the system is operated under the FCFS—ALLIS policy, that is, servers take on the longest
waiting compatible customer, and arriving customers are assigned to the longest idle
compatible server. For this general system, necessary and sufficient conditions for
stability (positive Harris recurrence for given A), or for complete resource pooling
(there exists a critical Ao such that the system is stable for A < X¢, and the queues
of all customer types diverge for A > i) cannot be determined by the first moment
information alone (as conjectured by an example of Foss and Chernova [9], which is
further discussed in [16]). In particular, under FCFS—ALIS, calculation of the matching
rates r; j, which are the long-term average fractions of services performed by servers
of type j on customers of type i, in general, is intractable.

In the special case that service rates depend only on the server type, and not on the
customer type, with Poisson arrivals and exponential service times, the system has a
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product form stationary distribution, as given in [2]. In that case matching rates can
be computed from the stationary distribution.

The following conjecture was made in [4]. If the system is stable and has complete
resource pooling for given A, n, and we let both become large together, the behavior of
the system simplifies: there will exist 8; such that servers of type j perform a fraction
B; of the services, and the matching rates r; ; will converge to the rates for the FCFS
infinite matching model with G, «, B, as calculated in [1] (see also [5]). The conjecture
is based on the following heuristic argument: in steady state the times that each server
becomes available form a stationary process which is only mildly correlated with the
other servers, and so servers become available approximately as a superposition of
almost independent stationary processes, which in the many-server limit becomes a
Poisson process, and server types are then i.i.d. with probabilities 8;, while customer
types arrive as an i.i.d. sequence with probabilities ¢;. This corresponds exactly to the
model of FCFS infinite matching. Under FCFS—ALIS it is also possible that while the
system is stable, service by all the servers is not pooled. Instead it is decoupled: the
bipartite compatibility graph breaks into two or more subgraphs, and when the system
is operated under FCFS—ALIS the links connecting the subgraphs are only rarely used.
The conjecture then is that under many-server scaling this decoupling is the same as
in the FCFS infinite matching model, with the same matching rates.

In our current study of the many-server N-system we shall verify the conjectured
many-server behavior for this simple parallel server system. To do so we start from
the known stationary distribution of the N-system with many servers, as derived in
[2], and study its behavior as n — oo. As it turns out, the product form stationary
distribution, even for this simple case, is far from simple, and the derivations of limits,
which use summations over server permutations and asymptotic expansions of various
expressions, are quite laborious. We feel that this emphasizes the difficulty in verifying
the conjectured behavior of the general system, which remains intractable at this time.

We mention that the N-system with just two servers has been the subject of several
papers, including [3,10,11,19,20]. In this paper, our focus is on the N-system with
many servers under FCFS—ALIS and its limiting behavior.

The rest of the paper is structured as follows. In Sect. 2 we describe the model, and
in Sect. 3 we use some heuristic arguments to obtain a guess at the limiting behavior,
where we distinguish between pooled and decoupled modes. In Sect. 4 we verify the
heuristic guess and obtain the stationary behavior under many-server scaling. In Sect. 5
we illustrate our results with some numerical examples. To improve the readability of
the paper we have put all the proofs for Sect. 4 in the Appendix.

2 The model

In our N-system, customers of types ¢ and ¢ arrive as independent Poisson streams,
with rates A1, Ay. There are skill-based parallel servers, n| servers of type s; which
are flexible and can serve both types, and n, servers of type s, which can only serve
type c; customers. In our notation, ¢ customers and s; servers are flexible, while ¢,
customers and s, servers are inflexible. (s servers cannot serve ¢y customers.) We
assume service times are all independent exponential, with server-dependent rates.
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Fig. 2 State description under FCFS—-ALIS

The service rate of an s server is j¢1; the service rate of an s, server is po. See Fig. 1.
Welet L = Ay + Ao, n = ny + ny. The service policy is FCFS—ALIS.

The system is Markovian. In [2,3,21] the following state description for the
skill-based parallel server systems under the FCFS—-ALIS policy was used: imag-
ine the customers arranged in a single queue by order of arrival, and servers are
attached to the customers which they serve, and the remaining idle servers are
arranged by increasing idle time in front of the queue; see Fig. 2. The state is then

= (51,91,52,92, - -, Sn—is Gn—i» Sn—i+1, - --» Sn), where S, ..., S, is a permu-
tation of the n servers; the first n — i servers are the ordered busy servers, and the

last i servers are the ordered idle servers, and where g, j = 1,...,n — i, are the
queue lengths of the customers waiting for one of the servers Sy, ..., S}, and skipped
(could not be served) by servers S;11, ..., S,. When service rates depend only on the

servers, arrivals are Poisson, and services are exponential, this description is Marko-
vian, as shown in [21]. The reason is as follows: given the permutation of servers, we
know for each ¢; exactly what types of customers may be present, and since those
customers are in the order in which they arrived, the type of each of them is randomly
distributed according to the initial frequencies of customer types, and independent of
all others. Hence, each server with a queue in front will have to go through an inde-
pendent sequence of trials as he scans the customers FCFS until finding a match, and
the specific sequences of customer types in the queues are not relevant to the steady
state of the scan. This yields Markovian transition probabilities.

For the special case of the N-system, in steady state, the following three random
quantities are important: i1 = I(s), the number of idle servers of type s1, i» = I>(s),
the number of idle servers of type s2, and k = K(s) > 0, the number of servers
of type s which follow the last server of type s; in the sequence Si, ..., S,. An
incoming ¢ customer has to skip & sp servers and find the last s server to be served.
We let i = I(s) be the total number of idle servers in steady state. Because of the
structure of the N-system and the FCFS—ALIS policy, the following properties hold
fori =0,...,nandk=0,...,n

(1) There are no customers waiting for any server which precedes the last s; server

in the permutation. In other words, for all j < min(n —k, n —i) we have g; = 0.
In particular, if there is an idle server of type s; (meaning i > k), then there are
no waiting customers at all.

(ii) If there are any idle servers, then there are no type ¢ customers waiting for
service; in other words, if i > 0, then all the waiting customers are of type c;.

(iii) If there are no idle servers (all servers are busy), then only the last queue can
contain type c¢; customers; in other words, if i = 0, then the last queue may
contain customers of both types, but all the other waiting customers are of type
co.
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Then a necessary and sufficient condition for stability is
p<l1, §<I.

Throughout the paper, we assume the above stability condition. For the stable system,
define g as the long-term fraction of customers served by servers of type s, and
1 — B the long-term fraction of customers served by servers of type s>. Since type s1
servers are the only ones that can serve type ¢, servers, we must have 8 > 1 — «, or,
equivalently, « + B > 1. The stable system under FCFS—ALIS may operate in two
different modes: it may be that servers of both types share the service of customers of
type c1, in which case B > 1 — « and we say that resource pooling occurs for large n,
or it may be the case that servers of type s; serve almost exclusively only customers
of type c7, and almost all the service of customers of type ¢ is done by servers of type
52, in which case B ~ 1 — « for large n, and we say that the system is decoupled.

Using the results of [1,2] we can then write the exact stationary distribution of this
system. We wish to show that, as the arrival rate and the number of servers increase,
the system simplifies, and we get very precise many-server scaling limits, and in
particular we find sharp conditions for pooled or decoupled modes of operation. We
will investigate the behavior of the system when we fix the values of «, 6, p, and
let n — oo. To be precise, we shall then have n, ny = [0n], np = n —n, A =
p(piny + puan2), A = ai, A2 = (1 — o)A, all of which go to infinity. Average
processing times 1/41, 1/u2 are fixed and not scaled.

3 Heuristic fluid calculations

In this section we use some heuristic arguments to guess at the fluid behavior of the
many-server system. In particular, we calculate a guess for some key quantities. Using
these quantities we give a heuristic description of how the system will behave under
the FCFS—ALLIS policy, in the many-server case, distinguishing between pooled and
decoupled modes of operation. The main part of the paper, in Sect. 4, is the verification
of these guesses.

We assume some fixed p < 1, § < 1 sothatthe system under FCFS—ALIS is stable.
We then observe that under many-server scaling there will almost always be some idle
servers available of both types and customers will almost never wait, so that they will
enter service immediately upon arrival. At the same time, when a server completes
a service there will almost never be any waiting customers, so, after almost every
service completion, the server will experience some idle time. Because our policy is
ALIS, when a server becomes idle, he always joins the end of a queue of idle servers.
In a slight abuse of the notation, we reuse /1, I and K to denote, respectively, the
stationary numbers of servers of type s1, s2 and the servers of type s which follow
the last server of type s in s.
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When the system is stationary, the sample path of each server will consist of a
sequence of cycles, each of which consists of a single service period followed by an
idle period (which can be equal to 0). We denote the generic idle periods between
services by Y1, Y>. We can bound the values of 71, T5 as follows: servers of type s
can serve only customers of type c1, some of which may also be served by servers of
type s1. Hence, the arrival rate per server is no larger than A1 /n>, and so the average
interval between arrivals is no less than ny /A1, and the average service time per arrival
is 1/up, hence To > ny /A1 — 1/u2. Servers of type s; serve all customers of type
¢z and may in addition serve some customers of type ci. Hence, the arrival rate per
server is no less than A, /n1, and so the average interval between arrivals is no larger
than n1/A;. The average service time per arrival is 1/u1; hence, Ty <ni/io —1/u1.
Hence, we have found that the stationary expected idle time satisfies

ni 1 ny 1
h=EYp)s———, Dh=EY)>2_—-—. (D
Ay W Al M2

We now distinguish three cases for the values of the parameters:

np 1 ni 1

Case] —— — > — — —

1 M2 A2

1 1

Case 11 n—z——<ﬂ——
1 M2 A2

np 1 ni 1

Cagelll —— — = — — —
1 M2 A2

Casel

In this case, by (1) we will have 7> > Ti, and the system will decouple. The
reasoning is as follows: because our policy is ALIS, each server, on completion of
service, joins the end of the queue of idle servers, and his idle period consists of waiting
until all the servers ahead of him who are of his type, as well as all the other servers
that can serve customers who are compatible with him, are assigned to customers, and
he is then assigned to the next compatible customer.

At the end of his idle period, a server of type s; has been idle for Y;, and he is then
the longest idle server of his type. If we assume the idle times Y; converge to their
means 7; as the system becomes large, i = 1, 2, then since 7> > T7, we can say that
most of the time the longest idle server will be of type s». Therefore almost all the
arriving customers of type ¢; will be assigned to a server of type s2, and so servers of
type c; will serve almost only customers of type c>.

This implies that in Case I the system under many-server scaling will behave like
two separate M/M/s queues. Because servers of type s, serve almost all customers of
type c1, and servers of type sj serve all customers of type c» and almost none of the
customers of type ¢, we have, for large n,

a+B=~1
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and inequalities (1) will be close to equalities, and we will have (by Little’s law)

A2 Al
E(h)=MT1~n ——, E(h)y=MTr~ny——.
1231 M2

We can also estimate the value of K, the location of the first type s server. Since
service completions of customers of type ¢; occur at rate A; and almost all of those
are served by type s, and service completions of customers of type ¢ occur at rate A1
and all of those and almost no others are served by type s, servers of type s> and s
join the end of the queue of idle servers at the ratio of A1 /A2, 50 (I — K)/I1 = A1/A2
and

A ny 1 ny 1
E(K)*E(Iz)—E(Il)k—z=)»1(T2—T1)%)»1 ————— +—).

It is worthwhile to note that the condition of Case I that implies decomposition is
not simply that § > p, which is equivalent to ”?f“ > n?ﬁ (the load of customers of
type ¢ on servers of type s; is higher than the load of customers of type ¢ on servers
of type s2). In fact, under FCFS, servers of both types may share service of customers
of type ¢; even when 6 > p. To explain, when § > p, under decoupled service, the
load and therefore the busy time percentage of type s, servers is smaller than the load
of type s servers, but, if £ < 2, the idle time of type s servers (Y2) could be shorter
than that of type s servers (¥7). In that case, under FCFS the work of ¢; customers
will be shared by both types of servers.

The stationary behavior of the decoupled system is described in Fig. 3. In this
figure we have, from left to right, a section of busy servers of both types serving
all the customers in the system, followed by a section of more recent queueing idle
servers of mixed types, followed by a section of the oldest idle servers, all of which
are of type sp. Servers that complete service join the queue of idle servers at its left
end. Arriving customers of type ¢ pick the oldest waiting server, which is of type c;
arriving customers of type c» skip all the K servers of type s>, and pick the oldest
idle server of type s1. Note that the idle servers of both types are mixed in the middle
section, and Iy # I} + K.

The exact limiting behavior under many-server scaling for Case I is derived in
Sect. 4.4, where the heuristic calculations are verified. Our main results for Case I are:

e The probability that K = 0 converges to 0 as n — 00, and so every customer of
type c is served by a server of type s>.

<«—K—> Arrivals of ¢y
Idle type s, | e == == == o o o o o o
Busy servers A Tdle type s, | Arﬁvzls-o ‘.
\ - - - 1

Completed Service

Fig. 3 FCFS-ALIS many-server system, queues of idle servers decoupled
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e The two sets of servers and their customers behave like independent M /M /n| and
M /M /n> queues.

Case II

In this case, we argue that Ty — T, asn — 0o. Assume to the contrary that 7} > T»
as n — o0o. Then, for large n, we should have that most of the time the longest idle
server will be of type s1. But s1 servers can serve all customers, and so by ALIS s
servers will serve almost all the customers in the system, which is a contradiction.
Now assume that 7> > 77 as n — oo. But in that case we already argued that the
system will decouple and so the inequalities in (1) will hold as equalities, which, since
we are in Case II, contradicts 7» > Ti. Therefore, there is no decoupling in Case I,
and we conclude that, for large n,

ny 1 ny 1
——— <Dh~T1<——-—
A2 Ay
Our first conclusion from 7, > % - t is that servers of type s, do not serve all
the customers of type ¢;,s0 1 — 8 < a,ie,a + B > 1,and from 77 < 7+ — L we

A2 1
conclude that servers of type s1 serve some customers of type c; as well as customers

of ¢3 (again, 8 > 1 — «).

The following is a heuristic description of the behavior of the system in Case II
under many-server scaling. When »n increases, the (random) number of idle servers
becomes large, of order O (n), and successive servers join the queue of idle servers at
short intervals (of expected length 1/A, which is O(1/n)). They will spend a time of
O(1) to traverse the queue and will then reach the head of the queue of idle servers
with short intervals between them. At this point they will need to wait for a compatible
customer, and this waiting time does depend on the type of server, but because X is
large, once a server is at the head of the line his wait for a compatible customer will
be short; hence, successive server arrivals to the idle queue are close to each other and
so are their departures from the idle queue. So, as n — oo, not only does 71 = T,
but also the idle times, Y; and Y», have the same distribution, and K is of order O(1).
This heuristic description will be verified in Sect. 4.

We denote by T the presumed common value of 77 and 7>. We now calculate the
value of T. Let T be the average length of the idle time, common to all servers. The
average cycle times will be 1/ + T and 1/ + T. We defined § as the long-run
fraction of services performed by s servers, with 1 — 8 services by type s>. The cycle
rate of one type s server is 1/(1/u1 + T); hence, the processing rate of all type s
servers is n1/(1/u1 + T), which should equal LS. Similarly, the flow rate out of all
type s servers should equal A(1 — $). That is,

AM=n/A/u1+T), 21 —=pB)=n2/(1/p2+T).
Now we solve for 7 and S to obtain

ni 1 ny 1

'Bzyl/lxl-i-T’ _/3:71/#2+T

@)
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Idle type sl Arrivals
Idle type s, *-—-

Busy servers

e
| J———

Completed Service

Fig. 4 FCFS-ALIS many-server system, queues of idle servers pooled

and a quadratic equation for 7':

g(T) = aupaT? + (w1 + p2) — (n1 +n2)pwipa)T + A — nypy — nopp = 0.

Here g(0) < 0 because p < 1, so the equation has one positive and one negative root.
Solving for positive 7" we get

1{n 1 1 n2 n—n 1 1 1 1\2
T=-|2-—-—+,/5 +22 2(———>+(—7—)
2\r pm1 M2 X e K1 M2 K1 M2

:1< 1 1 3)

2\plu +(1-0u) w1 w2
e B e W
p2Our + 1 —0u?  pOu+ (1 —0Oua) \ 1 p2 wr owm2) )’

Note: for the case of ) =, = u we get T = I_TP
From T and Little’s law we can obtain m;, the approximate average number of idle

servers in pool i,i = 1, 2:

=

TAB Ty TA(l — B) Ty
ni = = -, mp = — = —_
: ? T+ 1/

T+ 1/u @

When 71 = T, servers are pooled. Servers share the load, and both types of
customers receive similar levels of service. The pooled behavior of the system for
FCFS-ALIS under many-server scaling is our main interest in this paper. Figure 4
shows the analog of Fig. 3 for the pooled system. Note that the idle servers of both
types are mixed, and I # 1.

Case II1
This case lies on the boundary of the other two cases. As a sanity check, on the one
hand, we see that setting 71 = K—? - Lz and T, = K—? - Lz would correspond to the

values for Case I, and result in 77 = 75. On the other hand, considering the equation
(2) for Case II, if we substitute

ni 1 ni 1 ni 1 A2 1
_— = — = — = —_— = —a’
AlVpi+T A lpi+Ti A /pr+n/r—1/p A

B =

ny 1 _m 1 _m 1 Al
Alp+T A l/pi+T A l/pa+na/ry—1/p2 A

—B=

=,
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therefore, « + 8 = 1.

4 Many-server limit of the stationary distribution

In this section, we keep the stability assumption p < 1, § < 1 and derive the many-
server limit from the exact stationary distributions.

4.1 Exact stationary distributions

We first obtain the stationary distribution for each state s. We note that the stationary
probabilities depend mainly on the values of k, 7y, i>. Let (S;) denote the service

rate of the server at position j.

Theorem 1 The stationary distribution of the state s of the FCFS—ALIS many-server
N-system is given by

n—iy—iy (1 - [Nk VK k=0,..., na,
B 1_[ ZM(SJ') (X) (7) s ih=1,..., ni,
=1 \j=I ! =k, ..., na,
nﬁl i -l nllif 340 1\ k=1,..., ny,
7(s) =1 B w(s)) 2 (—) i =
| o , ,
= \io i amn + p2(j =) Al iy = X
-1
n—k—1 ! n—1 qj

A Adn k=0,...,ny
B w(S;) 2 k=0,

E (; TSt n G n)) T Qum + pang) @t i = ip =0,

%)

where B is a normalizing constant.

Proof This follows for all three parts of (5) by utilizing properties (i),(ii),(iii) in Sect. 2
and substituting into Equation (2.1), Theorem 2.1, in [2]. O

Before we manipulate Eq. (5), we introduce a lemma to facilitate the calculation.

Lemma 1 Letting Ay, ..., A, denote a permutation of m given positive real numbers
ai, ..., ay, we have

(A1, Am)€EP(ar,...am) I=1 \j=1

where P(ay, ..., ay) denotes the set of all the permutations of ay, . . ., ap.

Now we can get the joint stationary distribution of K, I, Io. We denote by
m(k, iy, ip) the stationary probability of K =k, I} = ij and I, = i».
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Theorem 2 The steady-state joint distribution of K, 11, I, is given by

i +i k=0,..., ,
o (M) (P22l i =k = DY (TR k - "2
1 i i (2 — k) Wy Ky 3 N s l'l— ----- n,
b=k, ..., na,
. . k=1,....n
n—iz in B > 12,
mkirin=1 g _Mmm' ! (1)
1 Mg - — . i1 =0,
(n2 — k! 2._1_[ pwint +pa(j —n) — iz \ Al .
j=n—k ir=1,...,k,
n—1
niyny! 1 1 k=0,..., na,
B ,Mll/ﬁ ]_[ - y .
(n2 —i)! o (G =) = A pany +pany =& iy =i =0,

6)

where B1 is a normalizing constant.

4.2 The distribution of (11, I7) given K

In this section we obtain the asymptotic distribution of (I, I2) conditional on K = k,
as n — oo. We first show that, as n — o0, the probability of no idle servers of type
s1 goes to zero, and so the probability that customers need not wait goes to 1. Next

we condition on K = k and show I1/n LN f1, I/n LN f2, where

mq T6 mo T —6)

fl:T:m’ f2:__

n T+1/ps’

where T is given in (3). Finally, we condition on K = k and show that the scaled and
centered values of (I, I) converge in distribution to a bivariate normal distribution.
Proofs of the following theorems can be found in the Appendix.

Theorem 3 When n — oo, there exists an € > 0 such that

P(I; =0) = o (exp(—en)).

From this theorem we see that when n — oo, P(I; > 0) — 1. Therefore, P(K =
k, 11 > 0) - P(K = k) forany 0 < k < I,. From Eq. (6), given K = k, the limiting
stationary distribution as n — oo is

P(ly =i, L =0]K=k)— P(I1 =i, h=i2|K =k, I} >0)
nyy n2\. . . i! i1 iy —i{—in—ky —k 1
=B i1(1+in —k— D!'———utpu2a 2O —
1(1'1)(1'2) Wi Yoo UPK =k

Theorem 4 Conditional on K = k, (I‘ 12) converges to (f1, f») in probability for

o n
any k > 0. That is, for any € > 0, when n — o0, we have

P (I1 — fin| = enor |l — fon| > en|K =k) — 0.

After showing the fluid limit result, we are now ready to show the central limit
result.
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Theorem 5 For any k > 0, when n — oo, we have

I — fin Ih— fon| of ,00102}>
< Jn v |57 k) =N <0’ [00102 o5 ’ @
1

(w—ﬁm—e—mﬂﬁ :
( ))

where

P=\en+ -+ 12
O-ma-on+r7)\°
o1 = 2 2 )
9f2 + (1 —6?)f1

(U=t h L+ )
°T 0f2 + (1—0)f2 '

Note that the above is consistent with the bivariate normal distribution stated in
Sect. 3.

4.3 Case II: Pooled system

1 ny 1

Now we consider Case 11, where "—f —5 < First we show the limit distribution

of K, the location of the first type s server.

Theorem 6 In Case II, for any k > 0, as n — oo,

k
P(K:k)—><1—1_’3)<l_ﬂ). (®)
[07 o

Theorem 6 shows that K converges in distribution to a geometric distribution in
Case II, so P(K < o0) = 1. Therefore, we can extend Theorems 4 and 5 into
unconditional versions.

Theorem 7 In Case II, as n — 00, K becomes independent of I\ and I.

(%, %) converges in distribution to the bivariate normal distribution

described in (10).

Consider the special case when u; = pu» = w. Then 6 = 8, f1 = (1 — p)o

and o = (1 — p)(1 —6). When n — o0, ]'7(1/%”)’“, hf(\;}””) converges in

distribution to a bivariate normal distribution with mean (0, 0), variance

(p0(1 = p(1 =0)), p(1 =0)(1—pd)),
and correlation

oI —6)
JT= o0 =0T —p0)
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The total idleness has mean of (1 — p)n and variance of

Var(ly) + Var(ly) +2Cov(ly, I) = pn.

4.4 Case I: Decoupling to two independent systems

ny 1 nj 1

We now assume 32 — = s T where we find that under many-server scaling

the system decouples into two independent M/M/s service systems. We first show the
following proposition:

Proposition 1 In Case I, as n — oo, we have P(al; > (1 —a)lb) =0 (%ﬁ)

We next obtain the conditional distribution K|(/y, 7).

Theorem 8 Given I} = ijn, I, = i>n, where i1 € (0,0),i, € (0,1 — 0), and

iy, we have

1y > T—o

K = (i = 121 )n
Jn

Oli]
(1 -a)?

(11=i1n,12=i2n):N<0, >,asn—>oo.

Therefore, given (1 —a)lr > aly, P(K =0|I1, ) =0 (JLZ) Now we have

P(K=0)<P(K =0/I1,1h)+P(1 —a)h <al}))=o0 (L)
NG

That means the number of type c; customers served by s; servers is no more than
o(4/n), which cannot affect the fluid scaled mean or the diffusion scaled variance of
two independent decoupled systems.

Theorem 9 In Case I, as n — oo,

Il_(nl_’%), =2 35) :N(o[o%ox_l]) ©)

v v iz

This is exactly the many-server scaling limiting distribution of the number of idle
servers in two independent M/M/s queues, one of which has arrival rate A,, service
rate 41, and n servers; the other has arrival rate A, service rate (47, and n; servers.

Furthermore, K will then consist of I, minus the idle servers of type s» which are
mingled with the /; servers of type s1. The following calculation obtains the mean
and variance of K under many-server scaling. We denote by /> | the number of idle
servers of type s, that are mingled with the 7 idle servers of type s1. Since the type s;
servers join the idle servers with rate A, and type s servers join the idle servers with
rate A1, we have
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I
L= Z Wi,
j=l1

where W; are i.i.d. random variables independent of I, each of them having the
distribution of the number of failures before the first success in a sequence of Bernoulli
trials with probability of success %2 We have

A+t
Ewy) =
l - )\’25
AM(A+ A
Var(W;) = w’
)”2
A M\ A
E(b)) =E()—=|n—— | —,
A2 n1/) Ao

e A\’
Var(l.1) = E(11)¥ + Var(I)) <—1>
A5 A2

M\ A +r2) - A (An)?
=(m-—)——+—(—]) -
Ki A5 i \A2

Furthermore, as n — oo, centered and scaled /> | converges to a normal distribution,
and is independent of I>.

It now follows that centered and scaled K also converges to a normal distribution,
and centered and scaled ([, I», K) converge to a multivariate normal distribution.
The relevant parameters are

Al A2\ Al
E(K)=E(h)—E(1)=n———\n——|—
%) ni/) Ao

A 2\ AT(Ar + A oM\
Var(K)=Var<12)+Var(12‘1>=M—‘+<m ——2>u+—2<—‘)
2

"1 )\% 1 \A2

AMA 1 1

=n1—2+)»1 — .
)\2 12%) 1231

K is correlated with both /1 and I>:

Cov(lr, K) = Cov(lp, I — 12’1) = Var(l»),

A
Cov(I1, K) = Cov(I1, I — Ir.1) = Cov(l}, —Ir1) = —)\—lVar(I]).
2
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4.5 Case III: Slowly decoupling as system becomes large

As n — o0, we have seen that when 2 ﬂ — i < % - = (Case II) then 2 >0
in probability, and in fact K = O(1); when 2 — L > A _ o (Case I) then

Al M2 A2
K _,n (”—2 —L_my —) > 0 in probablhty, and in fact K O (n). We now

n n
examine Case III, where % ﬂ - t = —; — ——. We will show that in this case, as n
becomes large, with fluid scaling the queues decouple but with diffusion scaling K
has nontrivial behavior.

We first prove a monotonicity result on K as a function of «, which holds for all

three cases, I, II, and III. To mark dependence on « we use the notation K.

Proposition 2 Keep all the other parameters fixed and change a. If o1 < a3, then
K, stochastically dominates K.

From the monotonicity and the previous statements for Cases I and II, we conclude:
Corollary 1 In Case IIl, as n — oo, % — 0 in probability.

We can in fact derive more precise asymptotic results for Ij, I, K in case

III. We note first that the result of Theorem 5 on the limiting distribution of
I—my Ih—my
NN

but also in Cases I and III. In the following theorem we investigate the limit, for fixed
K = kn).

+
Theorem 10 For any k € |:O, 1—0— [%] ) as n — 00, we have

) K = k) as n — oo, for any fixed k, is valid not just in Case II,

Li—m; DL—my

k,asn—>oo,of(7, Tn

w2

2
o PLkO1,k02. k
K=k N0, | 1k S 10

(11 — fixn DL — fokn

NN
where
o — fralfrx =00 = i) =6 — i) !
(fﬁk + (ok =D (fox — k)2 + fix(l—60—k) )
1
o1, = (O Lo =7+ fril =0 = k) )°
’ fE(l =0 —k) + (fax —k)%0 ’
1
(1 =0 — fa)(fak — O + (o —K)O) | 2
02,k = ) > )
fl’k(l -0 - k) + (f2,k - k) 0
where fix = #‘jm’ k= %‘Zf) +k, and T > 0 solves

ni 1 +n2—kn 1 .
Al +T A Y u+T
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Note that f; o equals f;, defined in Sect. 4.2, fori = 1, 2. So when k = 0, Theorem
10 agrees with Theorem 5. We can now use these results to obtain the centered and
scaled limiting behavior of K in Case III.

Theorem 11 In Case Ill, as n — oo, % converges to a half truncated normal
distribution with density function

2 x2 V> 0
——exp|——=],Vx >0,
012{71 P 2012{

where a,2< =« (% <t - %) + ﬁ)

The result of Theorem 11 in combination with Theorem 10 should in principle allow
us to obtain the joint distribution of (/1, I5). Its centered and scaled limit is, however,
not a bivariate normal distribution, and too messy to write down. Theorem 11 directly
implies that P(K = 0) — 0 as n — o0o. That means the proportion of type cj
customers who are served by type s servers goes to 0. Therefore, we can obtain the
following fluid limit result:

Corollary 2 In Case I,

11—(n1—)h—2> Iz—(nz—)”—l)
lim —M]—>0, lim ——— 2/

n— 00 n n— 00 n

— 0,

which is the same as in Case I.

4.6 Comparison to the bipartite FCFS infinite matching model

The infinite matching model was defined and studied in [1,5,8] and is as follows: there

are a set of customer types C = {c1, ..., ¢} and a probability vectorat = («1, ..., ry),
asetof server types S = {s1, ..., sy} and a probability vector 8 = (81, ..., Bs),anda
bipartite compatibility graph G C C X S. There are two infinite sequences C!, C2, ...
where C™ are i.i.d. drawn from C with probabilities o, and S 1 §2 .. where S" are

i.i.d. drawn from &S with probabilities 8. The two sequences are matched according to
the compatibility graph, using FCFS. That is, C! is matched to the earliest S” in the
server sequence that is compatible with it, and thereafter C™ is matched to the earliest
S™ in the server sequence that is compatible with it, and that was not matched to one
of the customers C!, ..., C™~! This model is much simpler than a parallel servers
queueing model; because there are no arrival times, no busy or idle servers (only a
sequence of service types), and no processing times, only ordered customer types and
ordered service types matched in the FCFS manner. This model is tractable: under
a condition of complete resource pooling the system reaches a steady state, and in
particular it is possible to calculate the matching rate for each compatible pair 7, ¢;,
the frequency of matches that happen between server type s; and customer type c;.
In the special case of the infinite matching model corresponding to the N-system,
there are an infinite sequence of customers of types ¢y, ¢2, where the customer types are
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i.i.d., the type is c; with probability & and ¢, with probability 1 —«, and an independent
infinite sequence of servers of types s1, 52, where the server types are i.i.d., the type
is s1 with probability 8 and s, with probability 1 — 8, and the compatibility graph G
has arcs {(c1, 51), (c1, 52), (c2, s1)}. The condition for complete resource pooling is
then & 4+ B > 1, corresponding to Case II in our queueing model. Based on the exact
formulain [1], successive customers and servers are matched according to FCFS, with
matching rates e, gy =+ B — 1, re; 5 =1 = B, 1ey5 = 1 — .

After n customers have arrived and been matched, there may be some unmatched
s> servers skipped by the customers. We define K, to be the number of unmatched
so servers before the first unmatched s server after the first n customers have been
matched. We can see that (Kn)zoz | 1s a Markov chain. If K;, = 0, that means server
§"*1is of type s1, and then a new customer C"*! will be matched to $"*! and will
add a geometrically distributed number with parameter 8 to K,,. If K,, > 0, then a new
customer C"*! of type ¢; will reduce K, by 1, and a new customer C"*! of type 3
will add a geometrically distributed number with parameter 8 to K,,. The steady-state

distribution for this Markov chain is that P (Koo = k) = (1 — 3£ (%)k k>0,
which is exactly the limiting distribution of K in (6). This supports our intuition
that when the large N-system is underloaded with resource pooling in Case II, the
replenishment of idle servers of types s; and s becomes i.i.d with probability f and
1 — B, respectively.

In the infinite matching model, if complete resource pooling fails then there is a
subset of customer types whose frequency is larger or equal to the frequency of all the
compatible server types. In that case the infinite matching model will not reach steady
state. However, in such cases there will be a unique decomposition of the model, so
that each component on its own is an infinite matching model with complete resource
pooling. In the case of the N-model this will happen when o + 8 < 1, and then the
model will decouple to two subsystems, one consisting of customers and servers of
types c1, s2, and the other of customers and servers of types c2, s1. This is exactly the
same decomposition that we observe in Cases I and III.

5 Numerical examples

We test our results by investigating an N-system with A = 100, n; = n, = 100,
u1 = p2 =1, p = 0.5. In this example 8 = 0.5, 0p(1 — p +60p)n = (1 —0)p(1 —
p+ (1 —60)p)n = 37.5. We use the exact stationary distribution to verify this. We
calculate the expectation and variance of the idle number in each pool exactly, listed
in the following table. In this example 8 = 0.5. When o > 0.5 (Case II), so the
average number of idle servers in each pool is close to 50, with variance close to
Op(l—p+0p)n=0-0)p(1 —p+ (1 —0)p)n =37.5; when a < 0.5 (Case ),
resource pooling disappears, and s servers seldom serve c; customers. The N-system
operates like two separate queues: s servers server ¢ customers, and s, servers serve

c1 customers. The utilization of the s server pool is (1;‘:{))‘ , and the utilization of the

52 server pool is % When o = 0.4, almost zero portion of services performed by s
servers are for ¢ customers, the number of idle s; servers can be approximated by
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Table 1 The exact calculation

E[nh] Var[/] ElD] Var[l5]
0.8 49.838 37.705 50.162 37.381
0.7 49.648 38.078 50.352 37.374
0.6 49.179 39.215 50.821 37.572
0.55 48.606 40.871 51.395 38.082
0.5 47.333 44.883 52.667 39.549
0.4 39.981 59.821 60.019 39.785

a normal distribution with mean n; — (1 — a)A = 40 and variance (1 — o)A = 60,
whereas the number of idle s, servers can be approximated by a normal distribution
with mean n, — @l = 60 and variance oA = 40; when o« = 0.5 (Case III), we can see
that the means are somewhat close to the fluid prediction 50, whereas we do not have
analytic approximation for the variances (Table 1).
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A Appendix: Proofs for Sect. 4.1

Proof of Lemma 1 We prove this lemma by induction. Define the left-hand side as
Cn.

1 1 ay +ap 1
C2 = + = = .
al(ar +a2)  ax(a; +az2) aax(a +az)  aa
m l -1
Cn = 2. [T{>4

(A1, Am)€EP(ar,....am) I=1 \j=1

1 m m—1 l
2D >4
=150 p=1 (A Ap—)€P(aj:j#p) 1=1 \j=1
_1 1

_ 0 12, =19 _ ;
B 21_1 Z l_[ ! Zl*lal 1_[ i=14j 1_[ :

p=1 \j#p
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Proof of Theorem 2 Summation over the geometric terms g; = 0, ..., coin (5) gives
n—ii—iy (1 ! I\H2k Nk k=0,..., na,
B [T [2_nesn @j (;), i1=0,....m
=1 \j=1 ! =k, ..., na,
Z n—k—1 1 - n—ip 1 1 in k=1,..., na,
w1 T (L) T = ) o
Qoo =1 \J=1 o 2 =) = A A ih=1,...k,
-1
n—k—1 1 n—1
1 1 k=0,..., ny,
B (S;) - . .
E (Z_;M ") jﬂkull11+uz(1—n1)—kz ping +pany — A i =i =0.
Next we see that in this expression, permutations of S, .. ., S, with the same (k, i1, i2)

have a similar structure. We now sum over all the permutations of the appropriate
Si, 1 <j<n-—max{k+1,i; +iz}. By Lemma 1 we obtain

. . 1\ i1ti2=k /1 \k k=0,...,n7,
1 —n —n .
B:Uql 1#22 : — i1=1,...,ny,
A A o
ir=k,...,no,
n—in k=1,...,no,
1-ny k—nj 1 1 )
Buyp "y I1 : (i i1=0,
jonog P+ pa(— ) = A2 A i =1.....k
n—1
1— k— 1 1 k=0,...,no,
Bl’vl nlﬂz " l_[ " S i—iy =0
jmn—t M1 +pa(j —ny) — iy ping +ponpy — A ip =i =0.

(1D
Each permutation of the remaining servers, S;, n — max{k + 1,i; +i2} < j < n
has the same stationary probability. It remains to count the number of permutations.
When iy = 0 we have i» < k. For each permutation we choose 1 type s; server and k
out of np type s servers to form the last k + 1 servers. The number of permutations is

ny niny!
ni0F )k = 22
k (np — k)!
When i; > 0, we have i > k. For each permutation, we choose i; out of n type s1
servers and i out of ny type s2 servers. We then choose 1 from the i1 idle servers of

type s1, and k from the i; idle servers of type s to obtain the last k + 1 servers. The
number of permutations is

ni\ (n2\. (i2\,. : (i (m\ !+ i —k—1)!
(n)(n)”(k)“‘”_k_l)""‘(z'l)(iz) G-kl

Multiplying the terms in (11) by the appropriate number of permutations and defining
Bi = Bu; "'y " gives (6). m]

B Appendix: Proofs for Sect. 4.2

Proof of Theorem 3 We prove the theorem in three steps:
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(i) We show that

J2rnyexp(ny(—logk +x—1)), O0<k <],

1
P(I]ZO)NBI 5 X \/27[7’1 /2 K=1,
_ 1— (11 pa)p+ K> 1,

where k = & Note that —log x +x — 1 > 0.
(ii)) We show that

Py = [m1], I = [m2], K =0)

) 12
3 (o) e[ (e (1) + )
(ny —my)(ny — mo)my nj n

oot ) 2]

where ~ means the ratio of the two sides converges to 1 when n — oo, m and
my are defined in (4). Note that the definition in (4) does not require a specific
case. And for all cases, we have ﬁ—; = %

(ii1) We show that, as n — oo,

P (I, =0)
P =[m], L =[my], K =0)

= o(exp(—en)),

for some € > 0, which proves the theorem.

The details of the proofs of these three steps are as follows:
Proof of (i):
First we calculate

ny
P(L =0, 1, =0)= Zn(k, 0,0)

_nynal nz' X ol 1 1
Z wins ] : :
= ! o i (G = m) = Ay g+ pang — A

We use induction to calculate

ny k n—1 1

Ha
U =E —_— || -
T e m=br 2 i+ e -~
=m J=n

fromm =nytom = 1. Whenm = n»,

ny n—1 1

Ko 1
Up, = [1 .
— | — ; — —
(ny =n)tpany = Ay, 200 mann+ p2(j —ni) = A2
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Suppose
w ! ! ™ 1
Un+1 = | 1_[ : ’
(np —m — D! pwiny — Ao o P11 +u2(j —n1) — A2
then
Mm+l 1 n—1 1
Un = 2

~(ma—m =Dy — jonom M1 B2 = n1) — Ao

n—1

,U«gl 1—[ 1
(ny —m)! jenem M1 + ua(j —n1) — 22

s ﬁ 1 (Mz(ﬂz —m) n 1)

 (na—m)! ; ming +p2(j —ny) — A2 \ ping — A

=n—m

T 1 ’ﬁ 1

(i —m)! ping — A imnt i P pa(j —n1) — Ao

Therefore, the induction is valid and we have

1
U = 12 .
(n2 — D! wing — 2z
P(I;=0,1,=0)= U131n1n2!$ + (0,0, 0)
ming + puony — A
nony Hing Mming

B 1Mlnl — A2 ping + uang — A Blmm + uany — A
miny iy + pony — Ao

miny — Ay ping + pony — A
I 1—-—(0—-wp

1-56 1—p '

=Bl

Next we calculate

ny k ny np
P(I, =0, L, > 0) = Z Z 7k, 0,iy) = Z Z 7k, 0, i2).
k=1 i=1 ir=1k=ir
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Similar to the induction calculating U, above, we can obtain

ny 1\ 2 na n—iz 1
Zﬂ(kolz)—&( 1) nlmnz’z(z_k), l—[ -

k g b pa(j —n) = A
=iy

1\"2 pi2 1
= B, (—) nyy npl——2
A (n2 —i2)! wing — Az

1 f2 !
g () m
1 -8\ (ny —ip)!

Therefore,

1 S\
(h 2>0) 11_5n2i 1( ) )]
—

1 A\ e
a2 E G
1-§6 I2%) ‘ m2/) iyl

=

1 w2\ A
(=2 20 px
T—5™ (M) exp s (X <np)
1 P(X <m)
s PX =)’

where X is a Poisson random variable with parameter ;% Using Stirling’s approxi-

mation,
1 A\ M
P(X =np) = — exp| ——
2 7%
«/—1 () (== 32)
~ exp|ny — —
2mny \ H2n2 P “2
e (= (e () + - 20)
= exp|no(lo —
2mny P ¢ Han Hang

1
= exp (ny (logk +1—«)).

_ M
Recall that k = o

X can be approximated by a normal distribution with mean % and variance % Next

we analyze ﬁgiﬁ;; in three cases depending on k.

e When 0 < « < 1, from the normal distribution approximation, when n — oo,
P(X < np) — 1. Therefore,

P(I;=0,1,>0)~ B

i 3 (\/27{}12 exp (—n2 (logk + 1 — K))) .

1
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e When k = 1, —logk +x — 1 = 0. When n — oo, the normal distribution
approximation gives P(X < ny) — %

1 1
P (Iy =0, 12>0)~B11 85\/%'

e When k > 1, when n — 00, the normal distribution approximation gives P(X <
ny) — 0. We need more care to treat this case. For any 1 < j < n»,

A n2=j 1
P(X =ny — ) _ (;Tz) G ny! - 1
P(X = o A\ int — 7 _J
( nz) (/t_lz> an‘ kiny(ng — j)b K
Therefore,
ny
P(X < ny) - L 1

- < .
P(X =ny) _j—l K/ Kk —1

In fact, for any fixed j, when n — oo,

P(X =ny—j)
_ s —
P(X =ny) KJ
Forany € > 0, let J = [_l;zié]. We have € > k7. There exists an N such that,
whenn > N, forany 1 < j < J,

PX=nm—j) 1 €

P(X =ny) KJ J

Therefore,
P(X <ny) <~ 1 1=’ 1 Ke
_— > — — € = — € > -
P(X =ny) /_1K] Kk—1 k—1 x—1
Therefore, when n — o0,
P(X < ny) 1

— .
P(X =ny) Kk —1

We have
1 1

(11 =0, b >0) - S—
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In summary, when « < 1, P (I} =0, I =0) is negligible compared with
P (I; =0, I > 0) when n — o0. We have

| V2rnpexp (ny (—logk +k —1)),0 <« < 1,
5 X «/27'[}’1 /2 k=1,

k> 1.

P (I, =0) ~ By

Proof of (ii):
From Eq. (6) we have

Py =[m], b= [m2], K =0)

[my1+[m2]
ni FMH fma] (1
=B -1 -
() Y+ - o (1)
Bl <nl>(”l2> my  my (1>ml+m2
> my(my +moy — Dlp'u
m%mz(ml + ma)? g g \my ) \ma e 2\

B n n 1\/mtme
> — ! ( 1)( 2)m1(m1+m2—1)' Ty (*)
n i \mi ) \ma A

B mi ni'lny!

~ (my +mp) " py2 a2
m s my +my (ng —mp)lmy!(na — ma)lms!
By < 2mrmniny )1/2 n'l”ng2
A pipn \ (my 4+ m2) (1 —my)(ny —ma)my (n1 —mp)m="mmi" (ny — mp)r2—"2m?

my+ma \" T p\m g\ me
(mm) (" ()
_ B] 2nm1n1n2 172
TS ((ml +ma)(ny — my)(ny —mz)m>

» n " ny " my 4+ ma " (my A+ my "™
ny —mj ny —my mi

ni(ng — ml))ml <M2(n2 —mz)>m7

A

B] 271/3n1n2 172 e ( )
— xp(—m| —m
wuip \ (n1 —mp)(na — ma)my np —mp ny — my P : g
B 2w fniny 1/2e oo [ 1 mj I mi
= xp | —n - — —
wuip \ (n1 —mp)(na — ma)my P toe ni ni
X exp (—nz <log (1 - ﬂ) + @)) .
ny ny

The second equality is due to ml"_;_‘mz = B, m1”4l-2mz =1-8, M = B,
ua(np—mp) __ 1 — ﬁ
£ = .

X exp(—my — my) (

Proof of (iii):

Since log(1 —x) +x < 0Owhen0 < x < 1, we have

log(l——>+—<0andlog(1——)+—<0
ny ni np np
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1/2
When n — oo, note that (Mﬁ%) is of the order of n~1/2. Therefore,
Py = [m1], L = [m>], K = 0)/B] increases exponentially. Whenx > 1, P(I} =
0)/B; converges to a constant; when k = 1, P(/; = 0)/B; increases in the order of
«/n. Therefore, when n — oo and « > 1,

P (I} =0)
Py =[m1], I = [m3], K =0)

= o(exp(—en)),

for some € > 0. When« < 1,

P (I =0) - ((”1 —mp)(ny —mz)m2>1/2
Py =[m], I =[m2], K =0) Bni(l —8)?

my my
X exp <n1 <log (1 — —> + —))
ny ni
mj mj
xexp(nz (10g<1——)+——10g/c+x—1)>.
nz na

We have that
J— )\. _ _
log (1 m2>+——lOgK+K—1 = log (”2 my M2n2>+ 1—(n2 —ma)p
" "2 nain

((nz - mz)m) A — (na—ma) o
log + K

Al
<1 ) a— (-5
< log

o

log<l a+,8—1>+a+,3—1

o

)

which is nonpositive no matter whether « + g is larger than, equal to, or small than 1.
Therefore, when n — o0,

P (I, =0)
P(ly = [m], I = [ma], K = 0)

= o(exp(—en)),

for some € > 0. This completes the proof. O

Proof of Theorem 4 First we show that the weak convergence is valid given K = 0.
Then we show that the same holds when K = k, for any fixed k. When K = 0, we
prove the convergence in probability in two steps:

(1) We show that for all states |1 —m | > en or |, —m2| > €n, the conditional prob-
ability is dominated by a bounded constant multiple of the conditional probability
of some point on the boundary of the rectangle |I1 —m | < en X |, —m3| < €n.

(ii)) When n — oo, we approximate the conditional probability of the points in the
rectangle [I] —m1| < en X |l — my| < en. We then show that the probability
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of points on the boundary is negligible compared with the conditional probability

at ([m17, [m2]1).
Proof of (i):

Py =i, h =i2]K =0)
= Bz<.1)<i22>i1(i1 + iy — DI pga="

i
ni!ny! L K1\ a2
=5 -0i(5) (5)
2 o il = Dl — it T2 DU A
where B, = B;/P(K =0).
P(hh=i1+1,b=0p|K=0) (@ +i)mn —iwr  ,ni—ip i1 +iz
Py =i, =i2]K =0) 1A np—mp ip
Pl =ii, b=+ 1K =0) (> +i)n2—inpur ny —izii+1is

=(1-5)

P(lh=i;,h=iK=0) (iy + DA ny—my ip +1°

We look at several cases:

e when iy < mj; and (1 — B)iy < Bip, we have % > % Therefore,
P(I1=i1+1,h=i| K=0)
P =iy, h=i2| K=0)
. . . i+i 1
e when i < my and (1 — B)i; > Bip + 1, we have lllez > 15 Therefore,
P(I=i1.h=ip+1|K=0) _ |.
P(I=iy, h=i2| K=0) ’
e when i| > my, ip > my and (1 — B)i; > Bir, we have % < /lg Therefore,
Py =i +1.h=iK=0) _ |.
P(I1=i1,r=i7| K=0) ’
e whenij > my,i, > mpand (1—B)i; < Bi,+1, we have ’l.‘;’f < ﬁ.Therefore,
Phi=i1, b= +1|K=0) _ .
P(h=i1,h=i2|K=0) =~ " . .
e when Bir < (1 — B)i; < Bir+1,i1 <my —enandir < my — €n, as long as

> 1;

ny—iy _ip P(h=i1,b=i+1]K=0) ; ; ;
mamy 1 > 1, we have Pih=t . L=hlK=0) > 1. When n is large, this requires
e 1=0-=f
iy >i) = ————.
f2
np—ip ij—1 P(l1=i1+1,1b=i|K=0) .
As long as 7= == > 1, we have —5r——==-5—0= > 1. When 7 is large,

this requires

i1>if=—

fi

Forall i1 > i T orip > ii“ , we can move the state to a neighbor state with larger
steady-state probability, as shown in Fig. 5.

@ Springer



Queueing Syst (2018) 88:27-71 53

] (1-B)i1=1312/{/(_B)iniii;;1
- Nz
. \ -
- i)
T
(0,0) i

Fig. 5 The dominance of steady-state probability

Eventually the movement stops at the boundary which is en away from (m1, m»).
Therefore, the probability of any state (i1, i) satisfying i1 > i i“ orip > i’z" would be
dominated by the probability of some point at the boundary.

For any (i1, i2) satisfying i; < i} and i < i3, since

Py =i+ 1, L =i]K=0) Py =i, Lh=ir+1|K=0)
- - > B and - - >1- 8,
P(ly =i1,h =i|K =0) P(Iy =i1,h =i|K =0)
we have

Py =i1,hL=i]K=0) P(Ilziik—i—l,Iz:iik-I—”K:O)

<
ﬂll-H (1 _ ﬂ)lz'H
and P(Iy =i} +1, I, = i5 +1|K = 0) is dominated by the probability of some point
at the boundary.
Proof of (ii):
When iy € [m; —en,my + en] and i» € [my — en, my + en], and n grows large,

we can use Stirling’s approximation.

P(ly =i1, L =i]K=0)

= Bz<.1>(.2>i1(i1 +iy = Dl A
i i

i ni'ny! . . L1\ /2 \i2
iy i)
211+12 (n]—11)!11!(n2—12)!12!(1 2) A A
N Bq( i )1/2 (i1 +i2)i'+i2 exp(—i] —i2) (ﬂ)il (g)iz
T\ +i) (= i) (2 — )iz () — inm=iil (ny — igym—izi2 \ A A

. 1/2
_ i o o
=5 ((il +i2)(n1 —i1)(n2 — iz)iz) exp (1 + i) loglin + i2)
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—(ny —ip)log(ny —i1) — iy log(i)
. . . . . Mm1 . n2 . .
—(ny —iz)log(ny — iz) — iz log(iz) + i log (7) + iz log <7) — i — 12)

. 12

— 1

-5 ((z’l Fin)(m — iz — iz)iz) xp (n((x1 +32) gl +x2)
—(0 — x1) log(0 — x1) — x1 log(x1)

(1= 0 — x)log(l — 0 — x2) — x2log(x2) + x1 log (%)
+x7 log (%) —x1 — xz — log(n))),

where By = B2n1!n2!(2n)_%e”, X1 = %, Xy = ’72 We have x; € [f1 — €, f1 + €]
and xo € [f2 — €, fo + €]. We define

F(x1, x2) = (x1 + x2) log(x) + x2) — (0 — x1) log(60 — x1)
—(1 =6 —x2)log(1 — 0 — x2)
+x1(log 1 — logr —logx1) + xp(log upy — logr —logx) — x1 — x3.

The first-order derivatives on x; and x; are

F
o = log(r +x2) +log(8 —x1) — log(x1) — log % —0,
1
oF
Py log(x1 + x2) + log(1 — 6 — x2) — log(x2) — log % =0.
2

Solving the first-order conditions gives

x1=fi, x2= /.
Consider the second-order derivatives:
32F 1 1 1
—5 == - — + <0,
8)‘1 0 —x1 X1 X1+ x2
92F 1 1 N 1 0
S — < s
8x§ 1—60—x2 x2 x1+x
92F 1

dx10x2 x1+x2’
92F 9°F < 92F >2
3x12 8x§

x3(1—0) +x30 0
>
x1x2(xp +x2)(0@ —x1)(1 =0 — x2)

dx10x2

The Hessian matrix is negative definite. Therefore, F'(x1, xp) is strictly concave on
(0, 0) x (0, 1 —0) and reaches its unique global maximum at ( f1, f»). The maximum
of F(x1,x2)on[8,0 —6] x[5,1—0—81\(f1—¢€, fi+€)x(fa—¢€, fr+¢€)isonthe
boundary {(x1, x2)||x1 — f1| = €, |x2 — f2| = €}. Since the boundary is a compact
set, the maximum is attainable, denoted by F'(f1, f2) — n, where n > 0.
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Note that

( i )1/2_ < x1 )1/2n1
(i1 +i2)(n1 — i) (n2 — i2)iz (1 +x2)(0 — x1)(1 — 0 — x2)x2
changes slowly when x; and x; change, compared with exp (n F (x1, x2)). We have

Pl =iy, L =i]K =0)
Pl = [m1], b = [m2]|K =0)

~exp (n(F(x1,x2) — F(f1, f2))) < exp(nn).

Therefore,

Z|i1—m1|>€n Or |ip—my|>€n P(Il =11, 12 = i2|K = O)
P(ly = [m], I, = [my]|K = 0)

(* + D@+ 1)

It converges to 0 when n — oo.
When K =k > 0, and n — oo, similarly,

P(ly =i, [p =i2]K =k)
= Bl<’zll) (’Z)il(il +iy—k— 1)!#!]()!Mim;z,\—n—iz—m’f/P(K =k)
Py =i1+ 1, =i]K =k)
P(ly =iy, =i|K =k)
(i =k —i)p
A ny —mi i1
Py =i, hp =i+ 1|K =k)
Pl =iy, I = i|K =k)
i+ =k — i) ny —ip iy +ip—k

=(1-— .
(b +1—FKkA ( ﬁ)nz—m2i2+1—k

ny—iyp i1 +ix—k

We can use a similar two-step argument to show that (/1/n, I>/n) converges to
(f1, f2) in probability given K = k. O

Proof of Theorem 5 To obtain the asymptotic distribution of Iy, I, as n — oo, we
need to consider, by Theorem 4, only values i1, i, for which (i1 — m1)/n — 0 and
(in —mp)/n — 0. We write iy = m + z14/n, i = my + Zzﬁ, with Z]/ﬁ — 0,
72/+/n — 0.Note that m|, my, ny —my, ny —m; are of the same order of magnitude
as n, ni, np, and we only consider i1, i of the same order of magnitude.
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P(ly =iy, [, =i2|K =0)
i ni'ny! ey iy —iy—i
= By—— — —— (i1 + i) us AT
i1+ iz (np — iy — ix)liz! 1
i1+ ip iiti i
— M

e 1

~ B3i| My — i)~ ("l_i‘)i;iz(nz — ip)(272) ( 1%2;\—:1—[2

i 12
) <(i1 T i)ia(n1 — i) (2 — iz)) ’

where the use of Stirling’s approximation is justified for large n. Here B, =
Bi/P(K = 0) and By = Banna!(2) e,
We clearly have

i 12 m 12
<(i1 +i2)ia(ny —i1)(n2 — iz)) ((ml +ma)ma(ny —myp)(ny — mz)) ’

so we can treat that part as a constant. Consider

mi+z1/n
(ml+Z1~/_)m'+z'f—mm'+zlf(l+Zl\/_) o .

mj

Then from the Taylor expansion of the logarithm function, we have

M1+11f
log((lﬁ‘f ) <m]+mf>log(1+z‘f)
2 1 2
(- fvo(2)) =i st o
2

; zin
log (iil) ~ my log(m) + z1+/n(log(my) + 1) + It
2mq

= (m1 +z21v/n)

Therefore,

Similar expansions are valid for i>, ny — i1, no — iz and i + io:

2
il z5n
log(iy)) ~ malog(my) + z2+/n(log(mz) + 1) + 2%412

log((n; — i)™~y ~ (n; — my) log(n —my)

2
in

— z1v/n(log(ny —my) + 1) + ———.

2(ny —my)

log((ny — i2)"*™"2) ~ (n2 — m2) log(na — m2)

2n

—z2v/n(log(ny —mp) + 1) + —2——.

2(ny — my)
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log((i1 +i2)"1*2) ~ (m + m2) log(m1 + m2)

21 +22)%n
(a1 + z)Valogmy +mo) + 1) + AT
2(my +my)

We now use the calculations in Sect. 3 to evaluate all the /n coefficients. By (4) we
have

(mi—mpur 1 (a2 —mppua 1

_ —_— =,

Amy AT’ Ama AT

+ T( noo,_m ) AT
m mn = = .
b T+ 1w T+1/m

Therefore, we have

(mi+mo)(ny —mppur | (my+ma)(ny —ma)pa
miA ’ moA
log (P(Iy = i1, L = i2|K =0)) ~ By

(z1 4+ 22)*n 22nn 23nny

2(my +ma)  2(np—mp)m; 2(ny —ma)my’

11

12
where B4 = log (33 ( il ) )—nl log(ny—m1)—n2log(ny—

(my+mp)ma(ny—my)(ny—my)

my) — my — my. Define

b= (n1 —my)(na — maymyma \° _ O—Ma—-0—fhfH \
(nimy + m?)(nymy + m3) Ofr+ D=0+ D)
1 1
o — (n1 —m)mi(namy +m3)\° _ ©—MA=of+rH\’
! mm2 + nym? 0f2+ (1—6)f2 ’
1 1
(ny —m)yma(mma +m) \* (A —0— ) fr0f+ /D)’
2= 2 2 = 2 — o 2 :
nim; + npmj 0f; + (1 —0)f;
We have

P(lh =iy, I, =i|K =0)
1 z%n z%n 20721221
~ exp(By) e —— |+ -]
xp(B4) xp( ) <U12 + o2 p

Therefore, (1'_%, 12_%) given K = 0 converges in distribution as n — 00 to the
bivariate normal distribution as stated in (10).
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When K =k > 0, and n — o0, similarly,

Py =i, h =K =k)

(™ 2! it iay —ij—ia—ky k _
_Bl<i1)<i2>ll(”+lz_k_1)'mﬂl My AT A]/P(K_k)
iy i% nyln!

(i1 + i) (g — iDlin!(ny — ix)lin!

~ Bjak (i1 + i) w5212 [ P(K = k).

We again write i1 = m + z1./1, i2 = ma + z24/n, with z; //n — 0, z2//n — 0.
We then have

iy Mg gy
(i1 + ip)kt! (my + mp)kt! .

We can now use the same approximation as for k = 0 to show that (1 1;%’” , IZ;;”)

converges to the same bivariate normal distribution. O

C Appendix: Proofs for Sect. 4.3

Proof of Theorem 6 From (4),

o m  TA1-p)
A+ mi+m TiAB+TrA(—p)

Take a fixed arbitrary € € (0, min{f1, f>}). Fix k > 0. For any iy, i» satisfying
lit/n — fil < €, lia/n — fo| < € and i} > 1, from (6), noting Ziﬁ > ¢ for any
0 <a <bandc > 0, we have

nkiviy) _i—k+11 _ia+11 _ (forten+11

wk —1,i1,i2) i1+i2—k06_i1+i205_l1+(f2+6)n06
(HL+em+1 1
(fi—on+(fh+tena

_(hteon+1l _ fH <1 € L)_l—ﬁ<1 € L)
ST hiiam e itpa\ TR )T +f2+fzn

Therefore,

1—B\* 1 \¥
wlk, iy i) < 70, 1, b2) (Tﬁ) (1+i+—> .
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For fixed ko > 0,

P(K = ko, ) =i1, 1 =i2) <m(0,i1,12)

Note the above inequality is valid for any i1, ip satisfying |i1 /n— f1| < €, |i2/n— f2| <
€. We have

€ 1 0
P(K = ko I/n=fil <elb—fl<e) _ ( ) (1+3+m)
P(K=0,I/n—fil<elb—fal <€) 1— ( )(1+f2+f2n)'

From Theorem 4, there exists an N; such that, when n > Nj,
P(L/n— fil <€, |b/n— fo]l <€)>1—€.
Then we have,

P(K > ko) < P(K = kol|l1/n — fil = €, |I2/n — f2] = €)
X P(|li/n— fil <€ |hL/n— fa] <€)
+ P (I/n— fil 2 € |Ia/n— fa2] > €)

< P(K=0[li/n— fil Zz € |Ia/n— f2] = €)

()" )
-8 € 1 (d—e) e

= () (1+ 5+ )

() )
o fz fan (1—e)+e.

S (a><L+ﬁ+ﬁ»

This upper bound can be arbitrarily close to O when choosing €, n > Nj, and k.
Therefore, we have shown the tightness of K; that is,

o

anpm=m=L (13)
n—oo

k=0

Using

P(K=k)y=P(K =k, |I1/n— fil <€ |l/n— fr| <e€)
+P (K =k, [I1/n— fil 2 €,|2/n— fa| =€),
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for fixed k > 0, when n > Ny, the ratio pfz((KTﬁ)l) is lower bounded by

P(K =k, [I1/n— fil <€, |l2/n— f2]l <€)
P(K=k—1,[Ii/n— fil <€ |h/n— fa]l <€) +e

and upper bounded by

P(K =k, |I1/n— fil <€, |L/n— fo] <€)+€
P(K=k—1,IIi/n— fil <€ |L/n— fal <e)

For any i1, i satisfying |ij/n — fi| < €, lia/n — f2| < € and i} > 1, in addition to
(12), we have the lower bound

w(k,iy,ip) _iz—k+ll> (fz—é)n—k-i-ll
wk—1,i1,i2) i1+i—ka i1+ (h—en—ka
(p—en—k+1 I (h—en—k+11
(fiton+(h—en—ka  (fi+fIn—k o

Now we have

w(k, iy, i2) |:(f2—e)n—k+1l (f2+€)n+ll]
w(k —1,i1,i2) (fi+fon—k o (fi+fon af

Therefore,

2lin/n—fil<elin/n— fol<e T i1, 12) [(fz —eon—k+11 (f2+en+l l}
Z|i1/n_f1|<€,|i2/n_f2‘<57T(k—l,il»iZ) (f1 + fa)n—k a (fi+ fIn «a '

that is,

P(K =k, |Ii/n— fil <€ |h/n— fo] <€)
P(K=k—1,[Ii/n— fil <€ |L/n— fa| <€)
(a—en—k+11 (fo+en+11
[ (fi+fn—k o (fi+ fon a]'

(14)

For fixed k, as n — o0, the lower bound and the upper bound in (14) both converge
to % Noting that € can be arbitrarily close to 0, we have

. P(K =k) 1l -«
lim =
e PK=k—1) B

This, together with the tightness (13), proves (8). O
Proof of Theorem 7 When % - ;%1 > % - t, the unscaled K converges to a geo-

metric distribution. As we saw in Theorems 4 and 5, as n — o0, the distribution
of the scaled deviations of Iy, I conditional on the value of K = k converges to a
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normal distribution, with mean and variance that do not depend on k. We can now
use the law of total probability and find Ny large enough so that the unconditional
probability distribution of the scaled 1, I5 is close to the specified normal distribution
when n > Ny. One more step then shows that, as n — o0, the conditional distribution
given K is the same, so we have the asymptotic independence. O

D Appendix: Proofs for Sect. 4.4

Proof of Proposition 1 Let A1(t) be the arrival stream of customers that are served
eventually by servers of type s, and let /1 (¢) be, as defined above, the number of idle
servers of type s1. We now compare this to an M/M/n| system, with type s| servers,
whose processing times are exponential with rate 1, and with arrival stream Al(t)
which consists of all the arrivals of the stream Aj(¢) which are customers of type
2, but excludes arrivals of type c;. Clearly, A;(t) > Al (t) a.s. Denote by I 1(¢) the
number of idle servers in the M/M/n| system at time ¢. It then follows directly from
Theorem 1 of Shanthikumar and Yao [18] that the stationary distributions of 7 and I 1
satisfy I >s7 1.

Define similarly an M/M/n, system with type s> servers, whose processing times
are exponential with rate o and arrivals A (1) of all the customers of type c1. Then
Ar(t) < Ag(t) a.s. and, by the same argument, 12 <st I>.

As n becomes large, the numbers of idle servers in the two independent M/M/N
systems (f 1(00), iz(oo)) can be approximated by normal distributions with means

A2 !
n——, np——
123 "2
and standard deviations /M and respectlvely Since, in Case I,

<n2 1) <n1 1)
c=———])—-——-——]>0,
Al M2 A2 M

(2= i) (=32
I—-a)|np——)—a|ln—— ) =a(l —a)rc = O(n),
w2 K1

we have

while the standard deviations are O(4/n). Define the middle point
M= ((1 —a)( ny — —) ta <n1 —_ —)) /2. Asn — oo, wehave P(al; > M) =

(f) and P((1 —a) < M) = 0( ) Therefore,

W/
P(al; > (1 —a)h) < P(aly > M)+ P((1 —a) [ < M) < P(al; > M)

8 1
+P(1—a)hb < M) =0 (ﬁ) .

O
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Proof of Theorem 8 Given iy € (0,0),i2 € (0,1 —0),and i, > 2-iy, for 0 < k <
i2,

P(K =kn|l} =iin, I = iyn)
_ (M) (™ iin(ian)!(iin + ion — kn — 1)!Mi1nuizn)\—i1n7i2na7kn
iin) \ixn (ion — kn)! 2
172 (G +i2 — k)n)(il+i2_k)na_kn
(G2 — kym) =7 ’

~ B3 ((i1 +i2 —k)(i2 — k)~

where By = Bi/P(I1 = iin, Iy = ian), By = Bo(["))(12)i1(am)! (1) (£2)™"
exp(—iin). Choose k to maximize

(1 +i2 — k)n) log((iy + iz — k)n) — ((i2 — k)n) log((i2 — k)n) — knloga.
The first-order condition is
—log((i1 + i — k)n) +log((in — k)n) —loga = 0.
Therefore, the optimal value is

k=k=i,—

1 —Olll.
Given K = kn + x/n,

((i1 + i)n — (kn + x+/n)) log((i1 + ix)n — (kn 4 x/n))
= ((i1 + iy — k)n) log((i1 + ir — k)n) — x/n(log((i1 + iz — k)n) + 1)

2
 (ian — (kn + xy/m) log(ian — (kn + xy/n))

+ﬁ
2(i1 +ip — k)

2
= ((i2 — kb)n) log((iz — k)n) — x/n(log((iz — k)n) + 1) + ———.
2(ip — k)
Therefore,
o P(K =kn +x/n|l} = iin, I = i>n) i1x?

& P(K =kn|l, = i\n, I, = i>n) 2(i1 +ir — k)(i2 — k)
2
X

T 2ai/(1—a)?

Therefore, Kjg” I = iin, I = ipnis anormal distribution with mean 0 and variance

ol

2 _
O = a2
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Proof of Theorem 9 From Theorem 8, we know that, as n — o0, the percentage of
type c1 customers served by type s1 servers goes to 0 faster than O ( \/Lﬁ). Therefore, as
n — 00, the two server pools are decoupled in the sense that type s; servers serving
type c1 customers do not affect the fluid and diffusion limits of the decoupled systems.
From the proof of Proposition 1, we know (I 1—(ny— l);—zl)) /+/n converges to a normal

distribution with mean 0 and variance n)‘ﬁ; independently, (1> — (nz — ﬁ—;)) //n
converges to a normal distribution with mean 0 and variance % O

E Appendix: Proofs for Sect. 4.5

Proof of Proposition 2 We want to show %ﬂji is decreasing in k. Note that
ny  ny k
P(K()=k =YY mlkiri)+ Yy m(k0,ip) + 7 (k,0,0).
i1=1ir=k ir=1
From Theorem 2, given k, for any i1 € {1,...,n1},i2 € {k, ..., na},

Tay (k. i1, i2) _ Bi(e) (al)"

oy (k. i1, i) Bi(an) \e2
which is decreasing in k; for any i» = {1, ..., k},
n—i

1—[2 wing + pa(j —ny) — (1 —api (m)iz

naz(ka 07 12) _ B] (052) -1
ming +u2(j —np) — (1 —ax)d \

Ty (k, 0,i2) Bi()

=n—k

which is decreasing in k;

7o,y (k,0,0)  Bi(a) uiny + pua(j —np) — (I —apr
7oy (k,0,0)  Bi(op) jong pa(j —ni) — (1 —a)r’

n—1

P(K(az)=k)

which is decreasing in k. Therefore, PRG@I=

is decreasing in k, that is,

P(K() =k+1)  P(K(a)=k)
P(K(w) =k+1) = P(K(a) =k)’

meaning K (o) is larger than K («p) in the likelihood ratio order, implying K (o1)
stochastically dominates K (7). O

Proof of Corollary I The condition 42 — #LZ =5 % is equivalent to o = 1 — .
By Proposition 2 Ko, >s7 K1-g >s7 Ko, Wwhenever o < 1 — 8 < 3. But, for all
1 -8B <ay, Ky,/n — 0,and foray < 1 — B, limg,1_glim,_,o Ko, /n =0, and

the corollary follows. O
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Proof of Theorem 10 We prove this theorem in two steps:

e Prove that fluid limits are lim,, o I1 /7 = f1, lim, 00 2/0 = fo .
e Prove the central limit behavior.

When i € [m; —en,m; + en]and iy € [my — €n, my + €n], and n grows large, we
can use Stirling’s approximation:

Py =iy, I, =12|K =kn)

~ Boy (nl) <i’l2> irip\(iy +ip — kn — Dlpj‘,uéz)u_il_iza_k"

i1 ) \i» (in — kn)! 1

i nilna!(iy + iz — kn)! (Ml)il (Mz)iZ —kn
— —) «
2 i —kn () — i)Y (2 — i)' (ip — kn)! \ A Py

i 1/2
~ B3 ( — - — )
(i1 +i2 —kn)(ny —i1)(n2 — i2)(i2 — kn)
(i1 + in — kn)1H 27k exp(—iy — ip) (m )"1 (,uz)iz
(ny — im=ii} (g — ip)"2=12(ip — kn)iz—kn \ A A

12
i
= BS,k( — - — )
(i1 +i2 — kn)(ny — i1)(ny — i2)(i2 — kn)
exp ((i1 +i2 — kn)log(it + i» — kn) — (ny —iy) log(ny — i)
—iplog(iy) — (n2 — iz) log(na — iz) — (i2 — kn) log(iz — kn)
. M1 . n2 . .

+iy log (T> +islog (T) —i] —i2)
= By exp (n((x1 + x0 — k)log(x1 +x2 — k) — (0 — x1) log(6 — x1)

—xplog(xy) — (1 =6 —x2)log(1 — 0 — x2)

I 2
— (x2 — k) log(xy — k) + x1 log (T) + x5 log <T> —x1 —x2)),

where By = Bi/P(K = kn), B3y = Bz,knllnzl(Zﬂ)fgenafk”, By =

Byn—"3/2 X1 2 x; =1 xy = 2. We define
3 G- O—xNIT-0-x)m—b ) M= 7427 5

F(x1,x2) = (x1 +x2 — k) log(xy + x2 — k) — (6 — x1) log(d — x1)
—(1 =6 —xp)log(1 —0 — x3) + x;(log 1 — logr —logxy)
+x2(log o — logr — logxz) — x1 — x2.

The first-order derivatives on x| and x; are

F M1

Pyl log(x1 + x2 — k) + log(@ — x1) — log(x1) — log = 0,
1
IF M2

Py log(x1 + x2 — k) +log(1 — 0 — x3) — log(xa — k) —log— = 0.
X2 r
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We can solve

x1= fix. X2= fox.

Look at the second-order derivatives:

92F 1 1 1
3_)6122_9—)61_;+m<0’

%F 1 1 1
@z_l—G—XQ_Xz—k+xl+x2—k<O’
92F 1

0x10x2 X1 —I—xz—k’
92F 32F ( 2F >2 (=0 — k) + (x2 — k)%0

—— - > 0.
dxy 0xj x1(xp —k)(x; +x2 —k)(O —x1)(1 — 60 — xp)

0x10x)

The Hessian matrix is negative definite. Therefore, F'(x1, x2) is strictly concave on
(0,0) x (0, 1 — 6) and reaches its unique global maximum at ( f1 x, f2,x). Similar to
the proof of Theorem 4, we can show that

.0 . D
lim — — fix, lim = — fo;.
n—oo n n—-oo n

To obtain the asymptotic distribution of /1, I, asn — 00, we only need to consider
i1, iz for whichii/n — fix andiz/n — f2 k. Similar to the proof of Theorem 5, we
write i| = fixn + z21/1, i2 = foun + z24/n, with z; /3/n — 0, 22//n — 0.

P(ly =iy, I =i|K =kn) ~

. 172
i
B3,k< — - — )
(i1 +i2 —kn)(ny —i1)(n2 — i2)(i2 — kn)
exp ((i1 +ir —kn)log(iy + ip — kn) — (n1 — i) log(ny — i)
—iylog(iy) — (n2 —i2) log(ny — i2) — (i2 — kn) log(iz — kn)
+ i1 log (%) + i log (%) — i — iz).

From the definitions of fj x and f> x in Theorem 10,

O — frLom _ (1 =0— frru _ 1
A1k A frx — k) n(fix+ fox —k)’
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Therefore, similar to the proof of Theorem 5, we can obtain

(z1 + 22)?
2(fik + fok — k)
B 230 - 23(1—0—k)
20— fi)fix 200—0— fr)(for —k)’

log (P(Iy =iy, I = i2|]K = kn)) ~ Bs  +

15)

_ Sk 1/2 5
where Bs) = log (B3’k ((fl.k+f2.k*k)(f2,k*k)(effl,k)(lfeffz,k)) - znlogn -

n@log® — fix) + (1 —0)log(1 — 0 — fox) + fik + f2.x) + kn(log(fox — k) —
log( f1.x + f2.k — k)). Therefore, organizing the formula, we have

K = kn) = N (0 Glz,k PkO1,k02 k
| PkO1,K02 K oik ’

I — fixn I — fon
NN/

where

s

1
o = Jre(fo e — kO — fr)d =0 — far) ’
(FEr + (frk — OO ((fak — k)2 + fra(l — 6 — k)

1
(6= [ fial(fax =+ fral —0—k)\°
Ol,k - 2 2 ’
FE =60 —k) + (fax — k)0

(1 =0 — ) (fak =L, + (k= k)O)\?
02,k = 3 5 .
FEe =0 =k + (frx — k%0

]

Proof of Theorem 11 The density of the highest point of the approximating binormal
distribution in Theorem 10 is

1
V2 (1 = ot koo
_\/ (foxk =k + f2,(1 =60 — k)
TN 2 Sk =@ = fL(0 =0 = )ik + fok =K

For a large n, letting [x] be the ceiling of a real number x, and from Theorem 10,

P =T fixnl, b = [ foxn]|K = kn)

1\/ (fak — K20 + f2,(1 =0 — k)
27 fiu(fak —K)O — fi)(A =0 — fr)(fix + fak —k)

~ —
n
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Combined with (15), we have

1
Bs i ~ —logn + - log

2

(fak =K% + [ (1 =0 — k)
27 f1x(fox =)0 — fLi)A =0 — L )(fix+ ok —k ]

Recall that

Bs, =log (B ( h )1/2 - grloen
NG k= 0ok = 0@ = o0 =6 = f2.0 2"

—n(@log(® — fi1) + 1 =0)log(1 =0 — f2 1)+ fik+ f2.6)
+kn(log(f2,x — k) —log(f1,k + f2,x — k)
— —log(P(K = kn)) + log (Blnl!n2!(2rrn)_3/2)

+ 1 log < Sk )
2 i+ Lok =0 (forx —0O = fr)d—0— fr1)
5
+n— Enlog" —n(@log® — fip) + (1 =06)log(1 =0 — f2 1) + fi.k + fo,6)
+kn(log(f2,x — k) —log(f1 x + f2.k — k) — knloga.

Therefore,

1
log P(K = kn) ~ B +log(f1.0) — 5 log ((fa =% + f,(1 =6 — b))

—n (0log® — fix) + (1 = 0)log(1 =0 = fo.) + fik + frk — klog(fax — k)
+klog(fix + fax —k) +kloga)

where
1 5 3
Bs = log (Bmllnz!(Zn) ) +n— En logn — 3 logn.
Define

Gk) =0log(® — fix) + (A —=0)log(1 =0 — fri) + fre+ fox
—klog(fox — k) + klog(fix + fox — k) +kloga.

From Theorem 10, we can denote k by T,

(=)0 = A+ T)(r — o +rpaT)

k
a1+ 1 T)

Note that T is nonnegative and no larger than the value in (3), denoted by T. Note
also that fj x = %, Pk = TT(IJ:&:? + k. Algebra gives

a6 (rma(l+ T+ pur = 12)6) (log (7 — 427 ) = log(ar) )
a7 - a1+ T)?
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dG

Solvmg = 0 gives
0 1
T
=y
If
no 1 ni 1
P e S
AL M2 A2
then
—  np 1 0 1
T < =

% m T Uar
and G(T) is minimized at T* = T otherwise,

— 1 0 1
T Z T T = T T,
A opmr (I—a)r

and G(7T) is minimized at 7* = —%— — L. When G(T) is minimized at 7* = T,

- (d=o)r m
the corresponding k* = 0, we go back to the pooled system case; when G(T) is

minimized at 7* = (1—9a)r — the corresponding

By now we have shown that, for any € > 0,

. K
lim P(——k* >e> =0.
n—o00 n
Therefore,
. L N D
lim P||—— f{| > € _OhmP ——f2 >e€) =0,
n—00 n n

. (1 —a)r ar
= p=1-0-2.
23 M2

This is consistent with our intuitive calculation in Sect. 3.
Suppose T changes from 7* = a Ga)r — 1 to T* + x/+/n; then f]x changes

3f1 = flkf+f1k2n+0( ) fzkchangeS(sz—kaf-i-fzkzn—|—0( ) and k
changesSk—k[+k2n+o()
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nG(T) =nplog(® — f1.1) +nalog(l =6 — fox) + frun + foun — knlog(fo,x — k)
+knlog(fi,x + f2.6 — k) + knloga
sf G2
0—fF 20-f)?
8h GR)?
(I1=0—f3) 20-6-f})7?
+(F A+ SO0+ Gfi +8f2)n + (K* + 8k) nloga
8fr =8k  (8fr— 8k)?
f3=k2fy k2

=ny (IOg(9 - -

+ny (log(l —-0—f)—

— (k* 4+ 8k)n (10g(f2* — k" +

. e e e SIS — 0k (8f1 +8f> — 8K)?
+ (k*48k) n (log(ff + f5 — k*)+ -~ +o(D).
( )”(Og( i+ 2=k e+ =k 2(f1*+f2*—k*)2> ot

The coefficient of the x./n term is

—0fi (=01,

0—fr 1-0-fF

(foy — KK
-k

+ fix + fox +k loga —k log (fy —k*)

(f{,k + fog = k/) k*
i+ -k

)

+ kK log (ff + fr — k) +
which equals 0. The O (1) term is

/ 2 1 ! 2 ”
(fl,k) ¢ T (fz,k) (1-0) _ A=0fy
200-f7) 20-£7) 20-0-p3)° 200-0-13)

"

k
+— (logar — log(f5 — k*) + log (fi + f5 — k%))

2
iy (K (oK) k(5 )
’ Rk ey 2(E )
(fl/k + fz/k - k/) kK ~ <f]/k + fz/k - k/)zk* N * (fl”k I fz/,k _ k//) 2
Ref=k a(prp-ey  20HE-R) )

The above equals

(1 —o)?r?((1 — a)’r(p1 — p2) + pip20) o
2011 262 ’
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Noting that

M = )P (s — p2) + pipab)
w120 '

k |T:T* =
the change from k* to k* + y/n gives

y= k/IT:T,x.

Therefore, we have

P(K =kn+yyn) (1=a)*r*((1 = a)’r(u1 — ) + p14426)
P(K =k*) 2001 1262

(_ 126 )2
M= a)?r(ur — o) + pipad)”

B Y2 —a)?pipg

© 20((1 —a)?r(u1 — p12) + Hi1p2b)

A
K=Kn converges to

Jn

Therefore, as n — o0, the variance of

’

2 _
OK—

a((1—e)’r(p1 — pa) + tapaf) _ " (r <i B L) 0 )
(1 —a)uip M2 M (1—a)?
K —k*n

T—)N(O,oé).

This is consistent with our calculation in Sect. 4.4.
If

k* = 0, the above calculation is valid only for x < 0, and % converges to a truncated

normal distribution. The density function is

2 k2
fx (k)= exp (——),szo.
U oin N\ 2R

Note that P(K = 0) ~ 2 — Qasn — oo.

n,/2(r,2(n

If
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k* = 0, the above calculation is no longer valid because the coefficient of the x /n term
is nonzero. From Theorem 6 we know that K converges to a geometric distribution

when n — oo. O
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