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Abstract We derive Khinchine type inequalities for even moments with optimal
constants from the result of Walkup (J Appl Probab 13:76-85, 1976) which states that
the class of log-concave sequences is closed under the binomial convolution.
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1 Introduction

Letay, a2, ...,0, € Randletry, r, ..., r, be independent symmetric 1 random
variables. The classical Khinchine inequality [8], states that for any positive p > ¢
there exists a constant C), ; (which does not depend on n, a1, a2, . .., &) such that

EISIHP < Cpy - (IS,

where § = > ajr;.
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There was a long pursuit for the optimal values of the constants C), ;. The best
values of Cp, > for p > 3 were established by Whittle [16] while the optimal C5 ;
constant was proved to be equal to /2 by Szarek [14] (see also [12] for a short proof
which extends to the normed linear space setting; this approach was later extended in
[10,13]). Finally, Haagerup [6], found best values of C), > for all p € (2, 3), and of
Cy 4 forall g € (0, 2), thus solving the part of the problem which is most important
for applications since ES* = > aiz is a quantity particularly easy to deal with.
However, the general problem of finding optimal values of the constants C, 4 is open
and probably quite difficult. Its special case when both p and ¢ are even numbers,
and p is divisible by g, was settled by Czerwinski in his unpublished Master thesis
[4]. His method was based on some algebraic-combinatorial identities and does not
seem to generalize to other situations. On the other hand, Konig and Kwapien [9],
and Baernstein and Culverhouse [1], have obtained comparison of moments inequal-
ities with best constants, similar in spirit to Haagerup’s result but with the symmetric
Bernoulli random variables replaced by some multidimensional rotationally invari-
ant random vectors of special form (for example, uniformly distributed on spheres or
balls). Again, as in Haagerup’s approach, it was crucial for their main argument to
work to have p = 2 or ¢ = 2. In the present paper we establish the optimal values
of Cp 4 foreven p > g > 0 (the assumption of g | p no longer needed) both in the
classical Khinchine inequality and its high-dimensional counterparts.

The main tool in our approach is Walkup’s theorem (Theorem 1 of [15]) which states
that the binomial convolution of two log-concave sequences is also log-concave:

Definition 1 A sequence (a;);°, of non-negative real numbers is called log-concave

if al.2 > aj_1ai41 fori > 1 and the set {i > 0 | @; > 0} is an interval of integers.

Theorem 1 (Walkup [15]) Let (a;):2,, and (b;);2) be two log-concave sequences of
positive real numbers. Define

n
n
Cp = Z (i)aibn_,‘.

i=0
Then the sequence (c,)52 is log-concave.

Using Liggett’s terminology [11] we may also rephrase this to another statement:
the class of ultra log-concave sequences is closed under standard convolution opera-
tion, where a sequence of positive numbers (g;)7°, is called ultra log-concave if and
only if the sequence (i! - a,-)?io is log-concave.

There are at least three proofs of this theorem in the literature. Walkup’s original
proof is a bit difficult for non-experts whereas Liggett’s proof [11] is very elementary
but quite long, as it covers a more general result than just Theorem 1. Recently, Gurvits
[5] published a short proof which, however, relies on the powerful Alexander-Fenchel
inequalities for mixed volumes of convex bodies. For reader’s convenience we pro-
vide yet another proof, more similar to Liggett’s than to Walkup’s, but shorter than
Liggett’s proof and very direct. We postpone it till Sect. 3.
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2 Main results

Now we will present an application of Theorem 1. Let us denote the standard Euclid-
ean norm on R by || - ||. In what follows we consider rotation invariance with respect
to the same standard Euclidean structure. Furthermore, let G be a Gaussian random
variable with the standard A/(0, 1) distribution while by G we denote an R4-valued
Gaussian vector with the standard A/ (0, Id;) distribution.

Lemma 1 LetTI : R? — R be the projection to the first coordinate. For p > 0 assume
that X is a rotation invariant R -valued random vector with finite pth moment. Then
Elnx|” — E|X]|”
E|Gl? — E|G|P’

Proof Let 6 be a random vector uniformly distributed on the unit sphere of @R -1
and independent of X. Since X is rotation invariant it has the same distribution as
| X]|| - 0 and thus ITX has the same distribution as || X|| - [16. Therefore E|I1X |’ =
E| X||? - E|T10]?. The same argument used for G instead of X yields

E|G|? = E|IG|” = E|G|? - E|T16|".

O

Definition 2 We will say that an R¢-valued random vector X is ultra sub-Gaussian if
either X = 0 a.s., or X is rotation invariant (i.e. symmetric if d = 1), has all moments
finite, and the sequence (a;);°,, defined by

a;i = E| X% /E|G||* fori > 1, and ag = 1, is log-concave.

Lemma 2 If X and Y are independent ultra sub-Gaussian R¢-valued random vectors
then X + Y is also ultra sub-Gaussian.

Proof If X or Y is equal to zero a.s. then the assertion is obvious. Let
a; = E|X|I*/EIGI* = E(TTX)* /EG?,

bi = E||Y|I*/E|G|* = E(IY)* /EG¥,
ci = E|IX + Y||¥/E|G||* = E(TIX + 1Y)* JEG*

fori > 1, and let ag = by = co = 1. It remains to notice that

Cn

_ E(IIX 4+ 0y 1 Z”: (2n

2i 2n—2i
EG?» T @2n—D 2i)E(HX) BT

i=0
n

B @n)!! L~ (",
=2 iy i = g; (i)a’b"”

i=0

where we have used the fact that [TX and ITY are independent and symmetric. The dou-
ble factorial N!! denotes the product of all positive integers which have the same parity
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as N and do not exceed N. We adopt the standard convention that (—1)!! = 0!l = 1.
The assertion immediately follows from Theorem 1. O

Lemma 3 Assume that an R?-valued random vector X and a non-negative random
variable R are independent, and that R - X has distribution N (0, I1dy). Then X is
ultra sub-Gaussian.

Proof Clearly, X is rotation invariant. Note that for p > 0 we have
E[IX[” - ER? = E[IG|” € (0, 00),

so that X has all moments finite and strictly positive. Let ¢; = E| X||* /E||G||*. By
the Schwarz inequality for i > 1 we have

1/a} = ER*)? < ER*~D . ERY™D = 1/(a;_1a141)
which proves that the sequence (a;);2,, is log-concave. O

Corollary 1 Assume that X is a random vector uniformly distributed on

(1) the Euclidean sphere r - gd-1 (if d = 1 this is symmetric xr distribution)
or

(i) the Euclidean ball r - B¢
for some r > 0. Then X is ultra sub-Gaussian.

Proof Distribution of any R?-valued random vector which is rotation invariant and
unimodal (i.e. it has a rotation invariant density which is non-increasing as a function
of distance to zero) can be expressed as an integral mean of measures uniformly dis-
tributed on balls with center in zero. Since the standard normal distribution NV (0, Idy)
is rotation invariant and unimodal the corollary is established in the case (ii).

For the reader’s convenience, however, we provide an explicit description of this
factorization. Let us denote the volume of the unit ball B¢ by vy = 7¢/?/ F(% +1)

and let g (s) = 27)~42e=5°/2 ie. @a(lIx|) is a density of N'(0, Idy). Furthermore,
fors > O setug(x) = v;ls_d Ly eRd:|x|<s}» SO that us is a density of a random vector
uniformly distributed on s - B¢. Hence

oo oo

ea(llx|) = /(—(p‘/,(s))ds =/1{xeRd;|\x\|gs}S<ﬂd(S)dS
llx] 0
= / vas™ pa(s)us (x) ds.
0

Thus the product of a random vector uniformly distributed on B¢ with an indepen-
dent positive random variable R with density vas? ‘H(pd (5)1(0,00)(s) has distribution
N0, Idy). Setting R = R/r ends the construction.
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The case (i) is simpler, it just suffices to note that

Gl G
= —r—,
r Gl

where the factors are independent, and the second of them is uniformly distributed on
d—1
r- ST O

Corollary 2 For a > 0 let X be an R?-valued random vector with density

d
FGHD _ap,-pare

gx(x) = NEFET,

If a > 2 then X is ultra sub-Gaussian.

Proof Let B € (0, @) and let Y be an R?-valued random vector with density

r@+ FG+D _ap,-ix1#
gr(x) = F(,s D e .

Itis a well-known fact that Y is a mixture of dilatations of X and thus (for § = 2 < «)
the assertion follows. For the sake of completeness we provide a detailed argument.
Let Z be a standard positive 8/a-stable random variable, so that Ee~%4 = e for

every w > 0. Note that for u > 0 we have
1 7 1 T
EZ™H = E—/e*fzt“*‘ dt = —/z“*‘Ee*fZ dt
(1) () /

0
0 Br(w)

‘

Let gz denote the density of Z and let W be a positive random variable independent
of X with density

Br'(d/a) 711/0(

v = rars

gz(1).

We will prove that W~!/% X has the same distribution as Y. Since both random vectors
are rotation invariant it suffices to prove that W—!/%|| X || has the same distribution as
[IY || which immediately follows from the fact that the Laplace transforms of logarithms
of these random variables are equal:

E(W™|X)* = EW M E| X))} = B|Y |
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for every A > 0. Indeed, by a standard and direct computation we obtain E| X ||* =
r(“d)/r(d/a) and E||Y ||* = r(“d)/ I'(d/B), whereas

v _ BL@O e F@OTCR)
al'(d/B) I(d/p)r(2td)’

Now we are in position to state and prove our main results:

Theorem 2 Let n and d be positive integers and let p > q > 2 be even integers. Let

X1, X2, ..., Xn be independent RY valued ultra sub-Gaussian random vectors. Then
E[G|P)/P 1
RSP < =207 Rm(|S|19)4
EISIN'? < e EASIO

where S = X1+ Xo +---+ X,,.

Theorem 3 Let n and d be positive integers and let p > q > 2 be even integers. Let
X1, X2, ..., Xn be independent R9 valued random vectors and assume that each of
them is either uniformly distributed on a Euclidean sphere or uniformly distributed
on a Euclidean ball. Then

EIG|)/P

EIS|P)/P < 22220 7
EISIFHVH < EIG[0)a

CE(S)9)"4
where S = X1+ Xo +---+ X,,.

11
'mMmmemebm”ﬁmqﬂww”
is obviously optimal, as indicated by the example of i.i.d. centered X;’s withn — oo
(by the Central Limit Theorem). For d = 1 this is the classical Khinchine inequality.

Proof of Theorems 2 and 3 Without loss of generality we may and will assume that
all the spheres and balls mentioned in the assumptions of Theorem 3 are centered at
zero, i.e. X;’s are rotationally invariant. Indeed, it suffices to notice that § — ES =
z:’zl(X ; — EX;) is rotation invariant and thus || S|| has the same distribution as
(S —ES)+ ||ES| - 6], where 6 is uniformly distributed on the unit sphere and inde-
pendent of S. Thus by increasing number of variables by one we have reduced the
problem to the case of rotationally invariant random vectors. Corollary 1 allows us to
deduce Theorem 3 from Theorem 2.

Now it is enough to note that S is ultra log-concave by Lemma 2, so that the
sequence (ax)po, given by a;p = E|1S|I**/E|G||** (with a9 = 1) is log-concave.

By multiplying inequalities a,%k > a,’; la’kc 4 fork =1,2,... 5 we deduce that the
sequence (as )°°1 is non-increasing. In particular, ap//g <a 721 which is equivalent

to the assertion of Theorem 2. O
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3 Proof of Walkup’s theorem

We assume that (Z) =0fork <0Oand k > n, wheren > 0, k,n € Z. Let us also set

a;=b;, =0fori <0,i € Z.

Lemmad4 Letn > 1 and k < n be non-negative integers. Then
RO () (! ()
i k—1i k—i+1)\i—1

Proof Fori = 0 the inequality (1) is obvious. For i > 0 it is equivalent to

for0 <i < |k/2].

m—k+i)k—i+1)>i(n+1-1).
Since n > k and i < k/2 we have

n—k+i)k—i+1)—iln+1—i)=m—k)k—2i+1)>0.

Lemma$s Forn > 1,k <nand0 <i < |k/2] consider a sequence

=2()() - (G- ()

Then the sequence (sgn(s;)) li/()zj is non-decreasing.

Proof After some simple reductions we get

1) 2n n—i n—k+i
Sen(s;) = Sgn — — .
s T  n—kti+l ntil—i

Letm =n — k > 0. We have

n—i n—k-+i m+n+1 m—+n+1 (m4+n+1)(m+n+2)
—+ - = ——1 -—1= . ——2
n—k+i+1 n+1-—i m—4i—+1 n+1—i m+i+1)(n+1-1i)

therefore it suffices to notice that the function i — (m +i + 1)(n + 1 — i) is positive
and non-decreasing on [0, k/2]. O

Lemma 6 Let (s;)i_, (I})}_, be two sequences of real numbers. Assume that 0 <
Lh<l---<l, ZLO s;i = 0 and the sequence (sgn(s,-))l’.’:0 is non-decreasing. Then
z;l=0 sil; > 0.
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Proof Letip = min{O0 <i <n|s; > 0}. Then

Zs, ;= ZS,Z +Zsll > l,OZs, —i—l,OZs, =0.

i<ig i>ig i<ig i>ig

Before we give a proof of Theorem 1, let us make some remarks. Let (a;)7°, (bi){2,,
be log-concave. Fix 1 < i < j. Observe that

ajaj > aj_1ajy1, for 0 <i <j. 2)

Indeed, it suffices to consider the case when a; 1 and a;; are positive. Then {i —
L,i,...,j, j+1} C {k > 0 | @ > 0}. By multiplying the inequalities a} > ax— a1
for k =i, ..., j and dividing by aiai2+l . .alz_laj > (0 we arrive at (2). Note that
we have used the fact that {k > 0 | a; > 0} is an interval of integers.

If0 <i < jand 0 < k < then from (2) we get

(a@iaj — aj—1aj+1)(brby — bg—1bi 1) > 0,
therefore

ajajbybi+ai 1aj1by b1 >a;ajbg by +aiajbb;, 0<i<j0<k<I.

3

For fixed k, n, k < n we will use the notation L; = a;ax—;b,—iby—r+i and R; =
aiag—iby_iy1by—_kyi—1. Notethat L; = Ly_; and L_; = 0.

Proof of Theorem 1 1t is easy to check that the set {i > 0 | ¢; > 0} is an interval of
integers. Therefore, for n > 1 we have to prove the inequality

" n+1\ (n—1
Z (')(J)alaj n=ibn— ’> Z ( )( J )aiajbn+1ibnlj.
J

=0,..0. >~ 7 7> j=0,.,

It suffices to prove that

k k
n n 1
%(i)(k—l)alak ibp—ibyn—kyi > Z( )( l)aiakibn+]ibnlk+i
1=l
4)
fork =0, ..., 2n. Inequality (4) for k > n and a pair ((¢;)72, (b;)72)) is equivalent

to (4) fork =2n—k < nand a pair ((bi)?io, (a; )°°0) so we can consider only k < n.
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Fori =0,...,|k/2] wehavei <k—iandn —k+i <n —i, therefore (3) yields

n+1 n—1
r—iv1)\iq (@i@k—ibp—ibn—k+i + Gi—1ak—i+1bp—i11bp—k+i—1)

n—+1 n—1
> (k it 1) (i _ 1)(aiak—ibn—i+lbn—k+i—l + aj1ak—i1bp—ibp—iyi).

Moreover, using Lemma 4 and (2) we have

n+1\(n—-1 n+1 n—1

[( ; )(k _ i) - (k iy 1) (i _ 1)} i@k —ibn—it1bp—kti-1
B GRS R RS
- i k—1i k—i+1)\i—-1

We can rewrite these inequalities in the form of

n—+1 n—1 L.+ L. - n—+1 n—1 R+ Ru_s 5
k—i+1 i1 (1+ z—l)_ k—i+1 i1 (l+ k—l+1) ()

)G -G ) Co))==[CT) 6
—(k’i,*il)('fif)}& ©)

fori =0,..., k/2]. Note thatif k is odd then L |x/2] = R|k/2)+1.In order to estimate
the RHS of (4) we add (5) and (6) fori =0, ..., |k/2], and the equality

n—1 n—+1 L _ n—1 n+1 .
(Lk/2j)(k - Lk/zj) lk/2] = (Lk/ZJ)(k _ Lk/2j) Lk/2]+1

in the case of k odd. We arrive at

and

lk/2]—1

L1 (n—1 n—1\(n+1 n+1\(n—1
SO S (6]
o n—1 n+1 n+1 n—1 .
i k[(Lk/ZJ)(k—Lk/2J)+(Lk/2J)(k_Lk/ZJ):I Lk/2]5

where 0y, = 1/2 if k is even and 6; = 1 when k is odd. Since the LHS of (4) is equal to

Lk/2]-1

; (i)(k—i) i k([k/ZJ)(k_Lk/ZJ) Lk/2]»
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it suffices to prove the inequality

1k/2)—1
Z siLi 4+ 0ks(ky2)Liks2) = 0.
i=0
We have
lk/2]—1 1 k
Z si + OkSik2) =§Zsz-= 0
i=0 i=0

and0 < Lo < Ly <--- < Lx2). To finish the proof it suffices to use Lemma 5 and
Lemma 6. O

Remark 1 Consider sequences (an);2,=(1,0,0,1,0,0,...) and (b,);>,=(1,1,
1, ...) and note that the binomial convolution of these sequences is not log-concave.
Therefore, without the second assumption in the Definition (1) it is impossible to prove
Walkup’s Theorem.

4 Inequalities for factorial moments

For a positive integer n and any real number x we define the Pochhammer symbol
X)p=xx—1-...-(x —n+ 1), with (x)g = 1, and in a standard way we put
(Z ) = (x),/n!. Let n be a non-negative integer and let X be a nonnegative random
variable X with E|X|" < oco. Then E(X), is called the nth factorial moment of X.

Definition 3 Let k € R. We will say that a nonnegative integer-valued random vari-
able X is k-good if the sequence Ee*X (X)), for n > 0 is log-concave (we assume that
all the expectations are finite).

Lemma 7 If X and Y are independent «-good random variables then X + Y is also
Kk-good.

Proof Multiplying the obvious identity

k
X+Y X Y
K(X+Y) — § kX L KY

by k! we arrive at

k

k
FENX Y= (i)e”X(X),- T (g

i=0

To finish the proof it suffices to take expectation of both sides of this equality, use
Theorem 1 and independence of X and Y. O
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Now we can conclude with the following inequality:

Theorem 4 Let k € R and let X1, X», ..., X, be independent k-good random vari-
ables (e.g. {0, 1} Bernoulli random variables) and let p be a positive integer. Then for
S=X1+ X2+ -+ X, we have

(Ee*5(S) )% = Ee*S5(8) p—1 - Ee“S(S) pi1.

Since lim,_, _ e‘“’Ee"X(X)p = p!-P(X = p) the case of k — —o0 refers to
the ultra log-concavity of the sequence P(X = p) which was carefully investigated
and successfully applied for example in a recent paper of Johnson [7]. In fact, the
log-concavity of the sequence Ee<S(S) p may be easily deduced from the ultra log-
concavity of the sequence P(S = p), which in particular covers the case of Bernoulli
sums. However, sometimes the sequence E(X), or, more generally, E(X) ,e“ X may
be log-concave even though the sequence P(X = p) is not ultra log-concave.

5 Tail to moments log-concavity trick

We finish with a discussion of a result of Borell ([3], formulated there in a slightly
different and more general setting) which, in fact, can be traced back to the work of
Barlow, Marshall, and Proschan [2, p. 384] although there it appears with a slighlty
restricting additional assumption. It is very standard by now and has many different
proofs, some of them very simple, but still we think that it may be of some interest to
provide yet another argument, especially because it is quite similar in spirit to the one
we used in our proof of Walkup’s theorem.

Theorem 5 [2,3] Assume that ¢ : (0,00) — (0,00) is a log-concave function
(i.e. log ¢ is concave). Then also ¥ : (0, 00) — (0, 00) defined by

W(q) = L/ﬂ“w(r)dr
)

is log-concave.

Proof 1t suffices to prove that \I/(q)2 > W(g —e)V(g +¢) forg > ¢ > 0, which
obviously follows from

t

=l — )11 —s)ds
T z/s (t =) pls)pt —5)
(@) "

==l — )1 o ()p(t — ) ds

t
> 1 /s
“TI'(g—9T(q+e) /

by integration over ¢ > 0 and using the Fubini theorem.
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Since ¢ is log-concave the function s — @ (s)@ (¢t —s) is non-decreasing on (0, 7 /2]
and non-increasing on [¢/2, t). Also, it is obviously symmetric with respect to 7 /2.
Hence it suffices to prove that

t—a

! 5 /s‘f_l(t—s)”_ldsz !
I'(q) I'(g —e)'(g+e)

a

t—a
/ Sq—a—l(t _ S)q+s—1 ds
a

for 0 < a < t/2, which upon using the homogeneity reduces to proving that

l—o l—a
f(@)=B(qg—e¢, g+¢) /wq_l(l—w)q_ldw—B(q,q) /wq_g_l(l—w)q”_ldw

is non-negative for o € [0, 1/2]. Obviously, f(0) = f(1/2) = 0. Now it is enough
to notice that /() > 0 if and only if

e 1— €
( @ ) +(T"‘) ~2B(q —¢.q +€)/B(g. ). (M)

]l -«

The left hand side of (7) is decreasing in «, so that there exists some «g € (0, 1/2)
such that f is increasing on [0, «g] and then decreasing on [«g, 1/2]. Thus f > 0 on
[0, 1/2] and the proof is finished. O

The following well known corollary follows (note that it reveals some intrigu-
ing similarity to a way in which we used Walkup’s theorem to derive the Khinchine
inequalities):

Corollary 3 Assume that Z is a positive random variable with log-concave tails, i.e.
the function ¢(t) = P(Z > t) is log-concave on (0, 00). Let £ be an exponential
random variable with parameter 1. Then

Ezryr < EEDT

= ®enyr B2

forallp > q > 0.

The constant (EEP)!/P J(EED)'/4 = T'(p + 1)!/P /T (q + 1)!/4 obviously cannot
be improved in general since £ has log-concave tails.

Proof From Theorem 5 we infer that ¥ : [0, co) — (0, co) defined by

W(g) = L/Ootq—l () dt = @
Y= T P Eea
0

for g > 0, and by W(0) = 1, is log-concave (it is an easy exercise to check that W
is right-continuous at zero). Hence g(q) = log W (g) is concave with g(0) = 0, so
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that g — g(g)/q is a non-increasing function on (0, co), which is equivalent to the
assertion of Corollary 3. O
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