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Abstract

In the problem of asymptotic binary i.i.d. state discrimination, the optimal asymptotics
of the type I and the type II error probabilities is in general an exponential decrease
to zero as a function of the number of samples; the set of achievable exponent pairs is
characterized by the quantum Hoeffding bound theorem. A super-exponential decrease
for both types of error probabilities is only possible in the trivial case when the two
states are orthogonal and hence can be perfectly distinguished using only a single copy
of the system. In this paper, we show that a qualitatively different behavior can occur
when there is correlation between the samples. Namely, we use gauge-invariant and
translation-invariant quasi-free states on the algebra of the canonical anti-commutation
relations to exhibit pairs of states on an infinite spin chain with the properties that (a)
all finite-size restrictions of the states have invertible density operators and (b) the
type I and the type II error probabilities both decrease to zero at least with the speed
e~"clogn with some positive constant c, i.e., with a super-exponential speed in the
sample size n. Particular examples of such states include the ground states of the
X X model corresponding to different transverse magnetic fields. In fact, we prove
our result in the setting of binary composite hypothesis testing, and hence, it can
be applied to prove super-exponential distinguishability of the hypotheses that the
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transverse magnetic field is above a certain threshold vs. that it is below a strictly
lower value.

Keywords State discrimination - Fermionic quasi-free states - XX model - Rényi
divergences

Mathematics Subject Classification 42A99 - 46N50 - 62F03

1 Introduction

In the problem of simple binary state discrimination, an experimenter is presented
with a quantum system that is either in some state »® or in another state (!, The
experimenter’s task is to guess which one the true state of the system is, based on
measurements on the system. It is easy to see that even the most elaborate measurement
and classical post-processing scheme cannot outperform single 2-outcome (binary)
measurements when the goal is to minimize the probability of an erroneous decision.
More precisely, there are two types of error probabilities to consider: erroneously
identifying the state as (! (type I error), or erroneously identifying the state as »®
(type II error), and the goal is to minimize some combination of the two. It is easy
to see that (in the finite-dimensional case, at least), perfect discrimination (i.e., when
both error probabilities are zero) is possible if and only if the density operators of the
two states have orthogonal supports.

The error probabilities can be reduced if the experimenter has access to multi-
ple identical copies of the system, and in the asymptotic analysis of the problem
one is interested in the achievable asymptotic behaviors of the two error probabil-
ities along all possible sequences of binary measurements (tests) as the number of
copies tends to infinity. In general, the best achievable asymptotics is an exponen-
tial decrease to zero for both error probabilities; the set of the achievable exponent
pairs is described by the quantum Hoeffding bound theorem [4, 12, 26]. Faster (super-
exponential) decrease is possible if and only if the supports of the states are different.
For instance, if supp oV ¢ supp »©, then there exists a test sequence along which
the type I error is constant zero (hence its exponent is +00), while the type II error
decreases exponentially fast (with the exponent being the Rényi zero-divergence of
»© and w(V). A faster than exponential decrease for both error probabilities is pos-
sible if and only if the supports are orthogonal, in which case both errors can be made
zero trivially for any finite number of copies.

The above are well-known in the i.i.d. (independent and identically distributed) case,
i.e., when all the samples are prepared in the same state, and there is no correlation
between the different samples. Correlated scenarios can be conveniently described
using the concept of the C*-algebra of an infinite spin chain, Cz, = ®xczB(H), where
'H is a finite-dimensional Hilbert space describing a single system. In this case, the
candidate states »® and " can be described by positive linear functionals on Cz that
take 1 on the identity; their restrictions to any subalgebra ®;ea B(H) corresponding to
afinite subset A of samples (equivalently, a finite part of the chain) can be described by
density operators in the usual way. A state on the infinite chain is translation-invariant if
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the density operator of any finite subsystem A is the same as that of any of its translates;
in particular, the single-site density operators are all the same (i.e., the outcomes of
the same measurement performed at different sites are identically distributed). In this
picture, a measurement on n consecutive samples is described by a measurement on a
length n part of the chain, and the asymptotics is studied in the setting where this length
is allowed to go to infinity. Obviously, error exponents are more difficult to determine in
the correlated scenario, but rather general results are available in the setting of Stein’s
lemma, where one of the errors is not required to decrease exponentially [8], and in
the setting of the Hoeffding bound for thermal states of translation-invariant finite-
range Hamiltonians, and more generally, for states that satisfy a certain factorization
property [17]. In these cases, however, the entropic quantities (Umegaki- and quantum
Rényi relative entropies) characterizing the achievable exponent pairs are given by
regularized formulas and cannot be explicitly computed in general.

A particular class of correlated states where explicit formulas are available can be
obtained from translation-invariant and gauge-invariant quasi-free states on the algebra
of canonical anti-commutation relations (CAR algebra). Such a state is specified by a
measurable function on [0, 277) with values in [0, 1], called the symbol of the state;
see Sect.2 for details. The achievable exponent pairs were determined for a pair of
such states in [25], with explicit expressions for the relevant entropic quantities, in the
case where the symbols of the two states, denoted by ¢ and 7, are bounded away from
0 and 1 in the sense that for some n > 0, n < g(x), 7(x) < 1 —p forall x € [0, 27).
In this case, the regularized quantum Rényi a-divergences of the two states are finite
for every o > 0, and the best achievable asymptotics is an exponential decay for both
error probabilities.

Our main contribution in this paper is showing that for certain pairs of quasi-free
states, super-exponential discrimination is possible. More precisely, we show that if
the symbols ¢ and 7 are such that there exists a non-degenerate interval on which ¢ is
constant 0 and 7 is constant 1, then there exists a sequence of tests along which both
error probabilities decrease at least with the speed e "¢1°2" where n is the sample
size. In the same time, unless ¢ is constant zero and 7 is constant 1 (up to sets of
measure zero), then all the local densities of both states are invertible, and hence, it is
not only impossible to make both error probabilities vanish for a finite sample size,
but if one of the error probabilities is made zero, then the other is necessarily equal to
1. This is very different from what can be seen in the i.i.d. case, and to the best of our
knowledge, this is the first time that such a behavior is presented in the literature.

The structure of the paper is as follows: In Sect.2.1, we review the necessary
basics about quasi-free states on the CAR algebra. In Sect.2.2, we explain the notions
of error exponents and super-exponential distinguishability for translation-invariant
states on the spin chain and on the CAR algebra. In Sect. 3, we prove our main result
described above. In fact, we state and prove a more general result in the framework of
composite state discrimination, showing super-exponential distinguishability of two
sets of quasi-free states with invertible local density operators. In Sect.4, we give
various characterizations of super-exponential distinguishability of states in terms of
regularized divergences.
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2 Preliminaries
2.1 Quasi-free states on the CAR algebra

Here we summarize the necessary basics about quasi-free states on the CAR algebra.
For more details and proofs, we refer to [1, 9, 10, 30, 33].

For a complex Hilbert space H, we will denote the set of bounded operators on ‘H
by B(H) and use the notation T (H) := {T € B(H) : 0 < T < I} for the set of tests
on H.

For vectors ¢1, ..., ¢ in a complex Hilbert space H, let

A= o= Y 0o B ®
(A WANNAN )4 ._\/P E0)Po(1) & ... & Po(k)

ToeBy

denote their anti-symmetrized tensor product, where &y stands for the set of permu-
tations of k elements and (o) for the sign of the permutation . For any k € N\ {0},
the k-th anti-symmetric tensor power of H is

HN =span{o1 A ... Agr: @ €H, i =1,..., k],

where the overline denotes the closure, and we define H Y := C. The Hilbert space
of a fermionic system with single-particle Hilbert space H is the anti-symmetric Fock
space

T(H) = @ H*,
keN

where H/N = {0} for every k > dim H. For an operator A € B (H1, H>), let ANk —
ABE o as an operator in B(H{¥, %), and
1

Ap = @ A%,
keN
with AN = A®0 := 1 e B(C). Clearly, Ar is bounded if and only if

min{dim H;,dimHy} < H+oo or ||A]| < 1.If V : Hy — Hp is an isome-
try/unitary, then Vg is an isometry/unitary from ['(H;) into/onto I'(H,) with the
property Ve H € HAE.

For each ¢ € 'H, the corresponding creation operator c(g) is the unique bounded
linear extension of the map

OLA . APk QOAPLA .. A Ok, Ol -0k €H,

and the corresponding annihilation operator is its adjoint, a(p) := c(¢)*. These
operators satisfy the canonical anti-commutation relations (CARs),

{a(p),a@)} =0,  {a(@),a* W)} = (o, ¥) I, ¢, ¥ €H. 2.1
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The C*-algebra generated by {a(¢) : ¢ € H} is called the algebra of the canoni-
cal anti-commutation relations (or CAR-algebra) corresponding to the single-particle
Hilbert space H and is denoted by CAR (H). Note that ¢ — c(¢) is complex lin-
ear and ¢ — a(p) is complex anti-linear. Thus, if H is separable and (el)dlmH
an orthonormal basis (ONB) in it, then CAR () is the closure of the linear span of
the identity and all the multinomials of the form a(e; )*...a(e;,)*a(e;,) ... a(e},),
i1 <...<lp, j1 <...< jm. Forany isometry/unitary V : H; — Ha, Vp(~)V;
is a homomorphism/isomorphism from CAR (H;) to CAR (H>) with the property
Vra(p) V;f =a(Ve), ¢ € Hi. The even part CAR (H) of CAR (H) is the subalge-
bra left invariant by the parity automorphism 7 (-) := (—1)f(-)(—1) . This is exactly
the closure of the linear span of all multinomials with an even number of terms (see
Appendix 1 for more details).
If H is finite-dimensional and ey, ..., ¢4 is an orthonormal basis in H, then {e;, A
.Anep 1 1 <i] <...<iy <d}isan ONB in HME in particular, dim HM = (Z)

and dim F(H) = 29mH Let |0) = [(1)] 11) = m be the canonical ONB of C2.
Then,

Lojelin, ... i}
U :e~/\.../\e-,r—>®‘?_ xXi), x;:= 2.2
e ” =1 / {O, otherwise, 2.2)
is a unitary from I'(H) to ((C2)®d, and it is easy to verify that
Uea(e;)"U, =03 ...Q0 03 ® RIR...QI, 2.3)
j—1 times d—j times

(1) _01 is the Pauli z operator. The map U.(1)U; : B(F(H)) =
CAR (H) — B((C?*)®4) = B(C?)® is called the Jordan—Wigner isomorphism cor-
responding to the given ONB. The particle number operator is

where 03 := 0, 1=

d d
=@ kiyn = Za(ei)*a(ei)
k=0 =

0 1

i—1 times d—i times

0 0
E I®. ®I®[ ]®I®...®I U,.
~————

The eigen-values of Ny are 0, . . ., d, with spectral projections

"=00..000n®08...00
————— ~———

k times d—k times
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—uz| ¥ (8 ?D@( ® |, 8]) U @4

AC[d], |A|=k ieA ie[d\A

where [d] := {1, ..., d}. Note that N4 is defined in a basis-independent way, and the
equalities above are valid for any ONB.

A state on CAR (H) is a positive linear functional that takes the value 1 on /.
For any positive semi-definite (PSD) operator Q € B(H) with Q < I, there exists a
unique state wg on CAR (H) (called the gauge-invariant quasi-free state with symbol
Q) with the property

n

wg (alpn)*...algn)*a(m) ... a(¥1)) = Sun det { (Vi1 Q0 }; i, - (2.5)

It is easy to verify that when 7 is finite-dimensional, the density operator @g of wg
can be explicitly given as:

d & [1—ai
oo =[] (gjatep)*atep) + (1 = gpaepale))’) = U; <®1 [1 Oq] ;f]) v
j=1 -
(2.6)

where Q = Z?:l qj |e j>(ej| is any eigen-decomposition of Q, and U, is the unitary
corresponding to the ONB (ej)‘j?=1 as in (2.2). Note that forall 1 < i| < ... <

iy <d, e, A...NAej is an eigen-vector of $Q with eigen-value (Hje{il,...,ik} qj> .

.....

Q then @¢ can be written as

aQ = det(l — Q) <%>F .

Quasi-free states emerge as equilibrium states of non-interacting fermionic systems.
For instance, if the single-particle Hamiltonian H of a system of non-interacting
fermions is such that e ## is trace-class then the Gibbs state of the system at inverse
temperature S is the quasi-free state with symbol Q = % (see, e.g., [30, Propo-
sition 5.2.23]).

Consider now a fermionic chain with a single mode at each site. The single-particle
Hilbert space of this system is H = £>(Z), the standard basis of which we denote by
{1y : k € Z}. The translation operator is the unitary U™ = 3 |1ty (1 |,
and T(-) := UW™S()(U"™)% gives an automorphism of CAR (¢%(Z)) with the
property T(a(p)) = a(U"™¢p), ¢ € H. A quasi-free state wg is called franslation-
invariant if wg o T = wg, which is easily seen to be equivalent to U wans g — Qutrans,
i.e., the translation-invariance of the symbol Q. For instance, in the above exam-
ple a translation-invariant single-particle Hamiltonian H yields a translation-invariant
quasi-free state as the equilibrium state of the system. Translation-invariant operators
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on ¢*(Z) commute with each other, and they are simultaneously diagonalized by the
Fourier transformation:

eikx
V2

That is, every translation-invariant operator A arises in the form A = F* M; F,
where M denotes the multiplication operator by a bounded measurable function a
on [0, 21r). As a consequence, the matrix entries of translation-invariant operators in
the canonical ONB are constants along diagonals; more explicitly, for any translation-
invariant operator A € B(£2(Z)),

F:022Z) — L*([0,27), Flyy = xe, x(x):= x €[0,27), keZ.

1 . S .
Arj = (1, Algy) = Z/[oz )e*l(k*ﬂxa(x)dx, k,jeZ. (2.7)
L2

A measurement on a subsystem corresponding to modes at the sites (n) :=
{0, ..., n — 1} has measurement operators in the C*-subalgebra .4, € CAR (EZ(Z))
generated by {a(p) : ¢ € H,},

H, :=span{ly, : k € (n)} C EZ(Z).

This subalgebra is naturally isomorphic to CAR (C). Itis easy to see that if the state
of the infinite chain is given by a quasi-free state with symbol Q, then the statistics of
any such local measurement is given by the quasi-free state wg, on CAR ((C(”>) with
symbol Q, := V¥QV,, where V,, is the natural embedding of C™ into £%(Z).

Lemma2.1 Leta : [0,27) — [0, +00) be a nonnegative bounded measurable func-
tion, and let A = F* M, F be the corresponding translation-invariant operator on
0?(Z). The following are equivalent:

(i) 0is an eigen-value of V,* AV, for some n € N;
(ii) 0 is an eigen-value of V,f AV, for every n € N;
(iii) A =0;
(iv) a is equal to O almost everywhere.

Proof The equivalence (iv) <= (iii) is obvious, as are the implications (iii)) =—
(ii)) = (i), and hence, we only need to prove (i) = (iv). Assume therefore that
VAV, = 0 for some ¥ € C™ \ {0}. Then

0= (v, VAV, W) = A2V, |1 = | FAYV2F* FVup > = I Mpe F V|12
= a2 Fv,y)%,

whence @'/ F V,y = 0 almost everywhere. Since F V,,4 is a nonzero trigonometric
polynomial that can only have finitely many zeros, this implies that a is 0 almost
everywhere. O
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Corollary 2.2 Let Q = F*M; F € B(£2(Z)) be the symbol of a translation-invariant
quasi-free state. If q is neither almost everywhere zero nor almost everywhere 1, then
foreveryn € N, @, is an invertible density operator on r(cH).

Proof Applying Lemma 2.1 to a := ¢ yields that 0 is not an eigen-value of Q, for
any n € N. Applying Lemma 2.1 to @ := 1 — ¢ yields that 1 is not an eigen-value of
Q,, either, for any n € N. Thus, the assertion follows from (2.6). O

Finally, a symbol Q on C" is translation-invariant (or rotation-invariant), if it
commutes with the n-dimensional translation unitary U™ = ZZ;(I) |1{k+1}><1{k} ,
where the addition is modulo n. Such operators are also called circular, and are
simultaneously diagonalized by the n-dimensional discrete Fourier transformation

i 21

1 n—1 .
Fp:CM S C Folyy = — Ze’ K1y, ke (n). (2.8)
Vi

That is, U™ Q = QUM™,0 < Q < I, if and only if Q = F} M F, for some
g € [0, 11",

2.2 Asymptotic binary state discrimination

For a finite-dimensional Hilbert space H and every A C Z,let Cx (H) := Q;jea B(H).
Every A € Cp (H) is naturally identified with A ® (®,~EA/\A 1) € Cpr(H) for A D A,
which gives an equivalence relation ~ on U c7 finite Ca (7). Then, the operator norms
on the individual Cx (H) naturally define a norm on

< U cA(H)) / 2.9)
A CZ finite ~

which satisfies the C*-identity || X*X || = || X ||2. The completion of (2.9) with respect
to this norm gives a C*-algebra called the infinite spin chain algebra with single-site
finite-dimensional Hilbert space H, which we denote by

Cz(H) = QrezB(H).

A translation-invariant state @ on the infinite spin chain is specified by density
operators wp in Ca (H) such that Tranp war = wp and wp4x = w4 for any finite
A C Z and k € Z. Equivalently, w is a positive linear functional on the C*-algebra
Cz(H),withw(I) = 1, such that for the translation automorphism t we have wot = w,
and the wy are the density operators of its restrictions onto Cx (H).

Given two sets of translation-invariant states Q© = {0©)};c7 and QI =
{011} jeJ» astate discrimination protocol of sample size n to decide if the true state
of the system belongs to Q© (null-hypothesis Hp) or to Q! (alternative hypothesis
H)), is specified by a test T, € Cj,,)(H) with 0 < T, < I, representing a mea-
surement with outcomes 0 and 1, with corresponding measurement operators 7,, and
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I —T,, respectively. If the outcome of the measurement is k, the experimenter accepts
hypothesis Hj to be true. The (worst-case) type I error probability of incorrectly reject-
ing Hy, and the type II error probability of incorrectly accepting Hy, respectively, are
given by:

0,
an(T,) :=supTr a)E] ;) =Ty, Bu(Ty) = sup Tr C‘)(l y],])T
i€l jed

A test T, is projective, if Tn2 = T,. Given a sequence of tests T = (Ty)nen, with
T, € Ciin(H), n € N, the corresponding type I and type Il error exponents are
defined, respectively, as

- N - N
a”P(T) := liminf —— log o, (T},), BZP(T) :=liminf ——log B, (T,). (2.10)
n—-4o00 n n—-4oo n

We say that Q(O) and Q) can be super—exponennally distinguished, if there exists a
test sequence T along which ozeXp(T) ,Be"p(T)

As it was shown in [2] (see also [23, Section 5.3] for a detailed exposition),
every translation-invariant gauge-invariant quasi-free state @ on CAR (ZZ(Z)) can
be mapped into a translation-invariant state @ on the spin chain Cz(C?) with the
preservation of the locality structure. We give a brief exposition of this in Appendix 1.
In particular, given two sets Q@ = {0©D}; .7 and QD = {0)};c 7 of such
states on CAR (ZZ(Z)) and numbers «, 8 € [0, 1], there exists a (projective) test 7,, €
Ci1.n(C?) such thatsup; .7 Tr &0 (I = T,) = ., sup 7 Ty ) T, = B.if and only
if there exists a (projective) test S, € CAR (H,) such that sup;.7 0@ =8,) =a,
Supje 7 o1 (8,) = B. Hence, in order to explore the achievable error exponent pairs
for the pair QO = (50D YieTs QM) = () } je7» one can work directly on the CAR
algebra with Q@ and Q1. Thus, we introduce the following:

Definition 2.3 Let {g;}ic7 and {7;};jcs be measurable functions from [0, 27) to
[0, 1], defining the translation-invariant quasi-free states Q¢ = {wpn }iez, 2r =
{wgi}jeg on CAR (82(2)). We say that Qo and Qg can be super-exponentially
distinguished, if there exists a sequence 7, € CAR (H,,), n € N, such that

1 1
lim inf —— log supwyi (I — Tp) = +o0 = hm 1nf ——log sup wpy) (15).
n—>+00 ieT n jed

By the above, the sets of states 2p and Qg on the CAR algebra are super-

exponentially distinguishable if and only if so are the sets of states QQ and Qg on the
spin chain.

3 Super-exponential distinguishability
In this section, we prove the main result of the paper:
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Theorem 3.1 Let {Gi}iez and {Fj}jcy be measurable functions from [0,2m) to
[0, 1], defining the translation-invariant quasi-free states Qg = {wgo Yiez, QR =
{wgi}jeg on CAR (Ez(Z)). If there exists an interval [, v] C [0, 21) of positive
length such that §; is constant O and 7 ; is constant 1 on it for everyi € T and j € 7,
then Qo and Qg are super-exponentially distinguishable.

If, moreover, §; is not almost everywhere 0 and 7; is not almost everywhere 1 on
[0, 27) for everyi € T and j € J, then their local densities anf) and aR'([j), neN,
are all invertible.

In fact, the above theorem follows immediately from a more detailed statement
given in Theorem 3.8, which we prove in several steps.

The main intuition behind the proof is the following. (For simplicity, we take |Z| =
|71 =1, 0M =: 0, RV =: R.) Although the symbols Q, R € B(¢*(Z)) commute
with each other, this is not true anymore for their restrictions Q, and R, onto ctn,
unless Q or R is a constant multiple of the identity. On the other hand, if instead
of restrictions of translation-invariant symbols onto finite-dimensional subspaces we
considered translation-invariant symbols Q,, R, on the single-particle Hilbert space
C™ of a length n finite chain (with periodic boundary conditions, or equivalently,
rotation-invariant symbols on a finite ring), then any two such symbols would commute
with each other and would be simultaneously diagonalized by the discrete Fourier
transformation; see the end of Sect.2.1. Now, the analogous condition to the one
in Theorem 3.1 in the finite-dimensional case would be that the functions g, 7, €
C™ satisfy g,(k) = 0 =1—7F,(k), k =1+ 1,...,1 +m for some [,m € C"
(modulo 7). Hence, for the projection E, := F Zi:znﬂ 141y | Frs we would
have Tr E,Q,, = 0 = Tr E,,({ — R;,). A key technical ingredient of our proof, given
in Lemma 3.2 and Corollary 3.3, is that for any such projection, one can construct a
test, using the spectral decomposition of the particle number operator on the subspace
ran E,, such that the type I and type II error probabilities are upper bounded by a
simple expression involving only Tr E,,, Tr E,, Q,, and Tr E,,(I — R},); in particular, if
the latter two are O then so are the error probabilities. When Q,, and R,, are the non-
commuting restrictions of Q, R € B (€2(Z)), we can still follow the above strategy,
where instead of making the upper bounds exactly zero, we can make them sufficiently
small, as shown in Lemmas 3.5, 3.6 and 3.7.

Lemma 3.2 Let H be a finite-dimensional Hilbert space, and

Ldim /2]
Sp= Y. P 3.1
k=0
Forany A € B(H) with0 < A <1,
dim H dim H
U= S < STrA\ 2 Sy < 8STr(I — A)\ 2
@A "=\ dimH ’ PAVH =\ T gim A
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Proof Letd := dimH, S := Sy, and

d
A=) aileel,
i=1

be an eigen-decomposition of A. By (2.4),

S=L§JU: 3 <®[g (1):|>®(j€%\A|:(l) 8}) Ue. (3.2)

AC[d], |Al=k \JEA

Uik 4_] 1 O Uev
d ¢ =10 a;
1- aj 0 U, < - (3 3)
=! ! “ - [1—a; 0 |
J g
U* (®j:1 0 ! ID Ue.

Using (3.2) and the first bound in (3.3), we get

By (2.6),

op = U’
J

wa(l —8) =Trws(I —9)

d 0 0 ) ( 1 o)
<Tr
k=L§2:J+1AC[d]Z|:A|=k (J‘@\[O af} ® je%\z\[o O]
d - Z‘eAaj ‘
- >y [lesy oy (B2,

k=[d/2]+1 AC[d], |A|=k jeA ld/2]+1 AC[d], |A|=k

where the second inequality follows from the geometric—arithmetic mean inequality.
Using that

2 jendj k< D jendj d/2< D jendj d/2<(M)d/2
k =\ 7% =\"an =\an2

forevery k > |d/2] + 1, we get

TrA\? & S (TrANY?  [8TrA\Y?
wi-os(qp) B 2 0= (Gm) ()

k=ld/2]+1 AC[d], |Al=k
N——— ——

=
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Similarly, using (3.2) and the second bound in (3.3) yields

wa(S) =TrosS

Ldfj 5 ( 0 0 l—a; 0
k=0 AC[d], |A|l=k \J€A 01 jeana L O 0
ld/2] 1d/2] Z' (1—a)) d—k
[d\A j
-5 Y [aaey x (BamCoey

k=0 AC[d], |Al=k jeld\A k=0 AC[d], |Al=k
Using that
d—k d—d/2 dj2
Zjeanat =)\ (2 jeana=ap ) (2 = a))
d—k - d—k - d—dj2
- a2
(T
“\d-d/2

forall k < |d/2], we get

Tr(l — A)\9/2 142 Tr(l — A\Y? /8Tr(I — A)\¥/2
0a(8) = (%) > 2 1= (%) = (%) :
k=0 AC[d], [A|=k

————

=()
u]

Corollary 3.3 Let H be a Hilbert space. For every nonzero finite-rank projection E on
'H, there exists an even projection T € span{a(¢) : ¢ € ran E} such that for every
AeB(MH),0<A<I,

TrE
2

G < (BT EA =2 < (BTEU=A) a4
@A “\"TrE o et = TrE ' '

Proof Let Vg be the identical embedding of ran E into H. For any even projection
S € CAR(ranE), T := (VE)FS(VE)’; is an even projection in span{a(¢) : ¢ €
ran E}, and wa(I — T) = wpa,(I = 8), 0A(T) = wa,(S), where Ap 1= VEAVE.
Noting that Tr Ag = Tr AE, Tr(ltang — Ag) = Tr E(I — A), the assertion follows
from Lemma 3.2 by choosing S := Syan £ as in (3.1). O

Corollary 3.4 Let {0V};c7, {R(j)}jej cB (62(2)) be symbols of quasi-free states
on CAR (EZ(Z)). Assume that there exists a sequence of nonzero projections E,, on
C™, n e N, such that

. . Tr En Tr En
lim inf log o=
n—>+o0  n sup;c7 Tr E,, Oy

400,
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. . TI' En TI' En
lim inf log =
n—too n supje7 Tr Ex(I — Ry")

+00.

Then Qg and Qg can be super-exponentially distinguished by even projective tests.

Proof Let T, be the projection corresponding to V,, E,, V,* as in Corollary 3.3, where
V,, is the canonical embedding of C™ into ¢2(Z). Since TrE, = TrV,E,V*

n?

TrE, QY = Tr V,E, V0D, Tr E, (I — RY) = Tr V, E,V;*(I — RY)), (3.4) yields

1 Tr E, Tr E,
n 2n 8TrE, Q)
1 TrE, Tr E,
——logwgi (Ty) = log G (3.6)
n 2n 8TrE,(I — R,

The statement follows by taking the infima over the respective index sets, and then,

e o . . .. . TrE, 1
the liminf in # in the above inequalities, and noting that 0 < r2n log8 < 51og8. O

Hence, in order to complete the proof of Theorem 3.1, it is sufficient to show that if
Q2 and Qp are as in Theorem 3.1, then a sequence of projections as in Corollary 3.4
exists. For this, we will need some simple facts about Fourier transforms, see, e.g.,
[32] for details.

In particular, recall that the n-th partial sum of the Fourier series of an integrable
function on [0, 277) is given by

n

. 1 .
(Snf)x) = Y ™ e ™M f()di = (f*Dy)(x),

= 27 Joon
R | n ikx _ 1 sin((n+1/2)x) - . .
where Dy (x) = 5 Do, et = T st/ 1S the Dirichlet kernel, and

stands for the convolution. The n-th Césaro mean of the partial sums is

n—1

n—1

~ 1 — k| . 1 .

S fHx) = ;} Sify= > ”T"e’“—/m )e‘”"f(t) dt = (f*F)(x).
k=0 i

2
k=—n+1

1yl 1 sin’(nx/2) - ..

where F,, (x) = Do Dn(x) = T s r/2) 1 the Fejér kernel. .
The following may be known; however, as we have not found a reference in the
literature, we provide a detailed proof. Recall that V), is the canonical embedding of

C™ into £%(Z).

Lemma 3.5 Let a be a bounded measurable complex-valued function on [0, 27) and
A = F* M F. Then, the diagonal matrix entries of F, V,f AV, Fr are given by:

~ 2k
(Fn Vn*AVn f;)k,k = (S,a) <L> s k € (n).
n
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7 Page140f25 G.Bunthetal.

Proof Let A, := V*AV,.By (2.7) and (2.8),

n—1

(Fn ViAVa Fidik = D (Fudkj (Vi AV ju(Fiik

1 — 27r 2 1 Lo
L Z Tkj i Gkl / e—t(f—l)x&(x)dx
n 2 [0,27)

j :
L |m| 2 1
— o N
— AR il Tkmz_ f e—tmxa(x) dx
m=—n-+1 n T J10,27)
~ . [ 27k
- (Sna) <_> )
n
where in the third equality above we replaced the summation over j, ! with a single
summation over m = j — [. O

Lemma3.6 Let a : [0,27) — [0, 1] be a measurable function. Assume that a is
constant ¢ on some interval [, v] C [0, 2). Then for every0 < 6 < (v —u)/2, and
everyx € [u+68,v — 4],

|Gy —c| < 2

. 1
where ys 1= e

I

Proof We may extend a periodically to R. Then

g

(Sn)(x) — ¢ = (@xFy)(x) — ¢ = / Fu(y) [a(x —y) —c] dy

-7

forevery x. If x € [u + 8, v — 8], then

|(@xFy)(x) — | < / Fa(y)alx —y) —c| dy+ f Fa(y)]alx —y) —c| dy
— —

[yl<é =0 d=<|yl=m <1
_ 1 sin? 5 dy < 1 1 d
= 2mn / sin 2% Y= 2 / sin2% Y
<yl <yl
T —4§ 1
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Lemma 3.7 Let [, v] C [0, 27) be an interval, let 0 < § < (v — ) /2, and for every
neN, let

Ensi= Y. | FilwFilwl.
k: #E[N"FS,V—S]

Then E, s is a projection on C*" such that

—u—268
TrE,s > {LnJ : 3.7)
’ 27

and for every measurable function a : [0, 27) — [0, 1] that is constant 0 on [, v],
Vs

TrE,5An < (Tr Ep5)—, n e N. (3.8)
n

Proof Since F), is a unitary, E, s is indeed a projection, and the lower bound in (3.7)
is obvious. For any k such that % €lu+46,v—4],

Te | 755 )75 iy | An = (g Fn ViF AV, T L) = (Spd) (7) < %

where the second equality is due to Lemma 3.5, and the inequality follows from
Lemma 3.6. This immediately yields (3.8). O

Theorem 3.8 Let Q¢ and Qg be as in Theorem 3.1. Then, there exists a positive
constant ¢ and a sequence of even projections T, € span{a(¢) : ¢ € H,} such that

1 1
——logsupwyi (I —T,) > clogn, — —log sup wgr(» (1) = clogn, neN.
n ie nojeg
(3.9)

In particular, Q¢ and Qg can be super-exponentially distinguished by even projective
tests.

If, moreover, §; is not almost everywhere 0 and 7 is not almost everywhere 1 on
[0, 27) for everyi € T and j € J, then their local densities @ ,,i) and aR;,-), neN,

Qll
are all invertible.

Proof Let T), be as in the proof of Corollary 3.4 with E,, := E, 5, n € N, for some §
as in Lemma 3.7. The inequalities in (3.5)—(3.6) combined with (3.7) and (3.8) yield
(3.9).

The assertion about the invertibility of the density operators follows immediately
from Corollary 2.2. O
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7 Page160f25 G.Bunthetal.

Example 3.9 Consider the X X model with local Hamiltonian on B ((Cz)[ 1,n] given by

n—1 n

1
H, = 5 Z (Ux,kax,k+l + Uy,kay,k+l) +h Z Oz.k»

k=—n k=—n

where oy  is the Pauli x operator |:(1) (1)i| at site k, etc. It is well known that the ground

state of this model in the thermodynamic limit is c?)Q(m, where W is the translation-
invariant quasi-free state corresponding to g, = 75 := larccos f(h),2m—arccos f(h))»
where f(h) := max{—1, min{A, 1}}. (Here 1p stands for the indicator function of the
set B.) See, e.g., [23, Appendix C] for a detailed exposition.

Let hyp < hi be such that iy > —1 or iy < 1, and consider Qo = {g :
h < ho}, Qr := {Fy : hy < h}. That is, the experimenter’s task is to test whether
the transverse magnetic field is below hg or above /1, by making measurements on
a finite part of the chain. It is straightforward to verify that g is constant zero on
[ := arccos f(h1), v := arccos f(hg)] for every h < hg, while 7}, is constant one
on [, v] for every h > hy, and hence, by Theorem 3.1, the two hypotheses can be
tested with super-exponentially decreasing error probabilities. By Corollary 2.2, the
local densities @ o) are invertible for every 41 < h < 1, and the local densities & R
are invertible for every —1 < h < hy.

A variant of the above problem is when the experimenter’s task is to test whether
the transverse magnetic field is between ho and h6 or between h; and h’l, where
—1 < hy < hy < hy < k| < 1.In this case, Qg = {gn : ho < h < hy},
Qg = {fp : h1 < h < h'}. Itis straightforward to verify that this problem satisfies
the conditions in Theorem 3.1 with & = arccos i, v = arccos h6, and therefore, the
two hypotheses can be tested with super-exponentially decreasing error probabilities,
and moreover, all local densities are invertible for every size n.

4 Comments on orthogonality

In this section, we discuss some relations between three concepts: a) the orthogonality
of a pair of states, b) their super-exponential distinguishability, and c) certain distin-
guishability measures taking infinite value on the given pair. We start with an overview
of the well-known relations between these for density operators on a finite-dimensional
Hilbert space and then discuss a possible extension to pairs of translation-invariant
states on an infinite spin chain.

Let T(H) := {T € B(H) : 0 < T < I} denote the set of tests on a finite-
dimensional Hilbert space H. It is well known [13, 18] and easy to see that for any
two density operators o, 0 € S(H),

min {TI'Q(]—T)—I—TI‘O’T}—1—_||Q—U||], 4.1
TET(H) “~——
=:a(T) —ﬂ(T)
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where | X||; := Tr|X|, X € B(H), is the trace-norm. In particular, we have
AT e T(H) : «(T) =0=p(T)
= ety i=—tog (1= lo =0l ) = +o0
& o Llo, 4.2)

where the first condition means perfect distinguishability of ¢ and o, in the second
condition we use the convention log0 := —oo, and the orthogonality in the last
condition might be formulated in a number of different ways, e.g., as the orthogonality
of the supports.

Orthogonality may be equivalently captured by various quantum Rényi divergences.
For instance, for any « € (0, 1) and z € (0, +00), let

1 a l-a a)\Z
1logTr(Qza z QZ>

Dy, (0llo) =
be the Rényi («, z)-divergence of ¢ and o [7, 20]. Then,

0lo <= Dgy.(o|lc)=+0co forsome/all (r,z) pairs as above. 4.3)
Note that the case « = 1/2, z = 1, expresses the orthogonality of the unit vectors
Ql/ 2 o1/2 in the Hilbert—Schmidt inner product. Furthermore, for a test T € T(H),
let

T(X):=(TrXT)|0){0] + (Tr X(I — T)) [1)(1], 4.4)

where {|0), 1)} is any orthonormal system in some Hilbert space, and let

test —
D, (ello) := pmax Do (T(0)IIT (0))

be the rest-measured Rényi o-divergence of o and o [24]. In the above, for any z €
(0, +00).

Do (T ()7 (o))
= Do, :(T()7 (o))
1

= —log ((TrQT)“(TmT)‘*“ 4 (Tro(I — T)*(Tro(I — T))]""> ,
P

is the classical Rényi divergence [29] of the commuting pair 7 (0), 7 (o). Then,
0lo < D5 (ollo)=+oo forsome/all € (0, 1), (4.5)

which is just a reformulation of the equivalence of the first and the last conditions in
4.2).
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Consider now translation-invariant states 0?, 1) on the infinite spin chain algebra
B(H)z; see Sect.2.2. One might define many of the above quantities directly for
the states 0@, M. This is obvious for x (0 |w) and Dgf‘“(w(o)ua)(l)); for the
Petz-type Rényi divergences Dy 1 (a)(o) ||a)(l)) and the sandwiched Rényi divergences
Do (0@ ]0V) with a € [1/2, 1), see, e.g., [15, 16, 27]. Most of these quantities,
however, behave in a singular way for translation-invariant product states. Indeed, let
wjy. denote the single-site density operator of w*). Additivity and monotonicity under
restriction to subalgebras then give

Doz (@©10) = Dc (0" I0f") = nDac (@ollor) ——> +o0
n—+o00

for every « € (0,1) and z = 1, or z = a € [1/2, 1), whenever wg # w;. Using
the Fuchs—van de Graaf inequality [11] in the form y (o|lo) > %Dl 2,12(0llo) then
yields

1
0 1 ® ® ® ®
x@PN0D) = x@f"0F") = 5 D121 5" 0f") —— +oo.

In fact, it is also known that x (0© ||01) = 400 whenever »® and oV are different
ergodic states [19, Corollary IV.4.2], and it is not too difficult to see that translation-
invariant quasi-free states are ergodic (for a hint, see, e.g., [1, Example 7.6]).

In view of the above, the above considered distinguishability measures defined
directly for the infinite spin chain states reveal very little about the relation of o
and oI from the point of view of state discrimination. One might consider instead
the regularized versions of the above quantities, defined for two translation-invariant
states 0 and 0! as

— 1
O, DY -— liminf — ©) (1
A oV) = ggggnA(wu,n]l|wn,n])7 (4.6)

where A may stand for any distinguishability measure on pairs of states, like x, Dy, ;,
DSt etc
a .

Theorem 4.1 Let w© and o'V be translation-invariant states on the infinite spin-chain
algebra B(H)z. The following are equivalent:

(i) @@ and ®V can be super-exponentially distinguished.
(ii) % (09 M) = +oo.

—test

(iii) D, (a)(o) Hw(l)) = 400 for every a € (0, 1).
(iv) E:fﬁ (a)(o) Hw(l)) = 400 for some a € (0, 1).
(v) Dg.; (a)(o) ||w(1)) = +oo forevery o € (0, 1) and every z > max{a, 1 — «}.

(vi) Ba,z (a)(O) ||w(1)) = 400 for some o € (0, 1) and some z > max{c, 1 — a}.

Proof The equivalence (i) <= (ii) is clear from (4.1). It is straightforward to verify
that (i) yields Bff“ (a)(o) ||w(1)) = 400 for every « € (0, 1), proving (i) = (iii). The
implication (iii)==>(iv) is obvious.
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Assume (iv), i.e., that Bsm (0@ |w™") = +o0 for some a € (0, 1). Then, there
exists a test sequence T, € B(H)(1.,], » € N, and a sequence ¢, € [0, +00),n € N,
with lim,, ¢,, = +00, such that

e~ — (Tr O T)*(Tr VT, + (Tr @ (I — T))*(Tr V(1 — T;,))' ™
> min {(Tr oT)' = (TroD (1 — T,,))l_“}

((Tr oOT,)% + (Tr V(I — Tn))"‘),

>1
k) .__ (k) 7o : (1)
where w,, " = WO - Let us define a new test sequence T,, :=T, if Trw, 'T, < 1/2,

and T, := I — T, otherwise. Then, the above yields Tr a),(ll)f‘n < e " which goes

to zero super-exponentially, and

e~ Unen > (Tr 0O (1 — T))*(Tr P (1 — T,))' ™
= (=" Trol (1 — 1)),

whence Tr a),(,o) (I—T,) also goes to zero super-exponentially in n. Thus, we obtain (i).

According to [14, Theorem 1.1] and a standard argument deriving monotonicity
under CPTP maps from joint convexity, the Rényi («, z)-divergences are monotone
non-increasing under the joint action of a CPTP map on both of their arguments when
a € (0,1) and max{e, | — o} < z. This immediately implies Dy ; (0@ [0V) >
EEM (0@ ||w™) for any such e, z, and thus, the implication (iii)==>(v) follows, and
(v)==(vi) is trivial.

Finally, (vi)==(ii) follows immediately from Corollary A.2. O

Remark 4.2 1t is clear from the proof of Theorem 4.1 that the following also holds. If
np <ny <..,and A = x, A = Dy, witha € (0,1) and z > max{e, | — &}, or
A = DI with a € (0, 1), then the following are equivalent:

(i) There exists a sequence of tests T, € B(H)[1,n,1, kK € N, such that

- 1 ©) : 1 M
im0 Trof)) (1 = To) =00 = lim_~-10g ol T

1
(i) k_llr_f_loo ﬁA (wf?,)nk] Hw[(ll)nk]) = Fo0.

Indeed, (i) is equivalent to (ii) with A = x due to (4.1), which implies (ii) with
A = D for any given « € (0, 1); this implies (ii) with A = Dy, for the same «
and any z > max{«, 1 — o}, due to monotonicity under CPTP maps, and finally, this
implies (ii) with A = x due to Corollary A.2.

In particular, Theorem 4.1 remains valid if we replace the lim inf with lim sup in
the definition of the error exponents in (2.10), and define super-exponential distin-
guishability accordingly, and we also replace the lim inf with lim sup in the definition
of the regularized distinguishability measures in (4.6).

@ Springer



7 Page200f25 G.Bunthetal.

Remark 4.3 Two states (positive linear normalized functionals) »©® and w" on a C*-
algebra are defined to be orthogonal in [31, Definition 1.14.1] if [|0©® — || = 2,
where the norm is the usual functional norm; this is equivalent to x (0© || o) = +o00
in our notation. The above arguments show that this notion of orthogonality may not be
the best suited for the study of asymptotic state discrimination on an infinite spin chain;
in particular, any two translation-invariant product states are orthogonal according to
this definition, irrespective of whether the density operators of their local restrictions
are orthogonal or not.

In contrast, if we define ©® and w on an infinite spin chain to be orthogonal if

¥ (0@ || wM) = 400, then for translation-invariant product states this becomes equiv-

alent to the usual orthogonality of their single-site restrictions a)f?]) and a)ﬁ]) Another

appealing feature of this notion of orthogonality of states is that it is equivalent to var-
ious regularized distinguishability measures being +o00, according to Theorem 4.1,
which gives a nice generalization of the analogous single-site characterizations of
orthogonality given in (4.3) and (4.5). Of course, this notion of orthogonality is lim-
ited to pairs of translation-invariant states on an infinite spin chain and does not make
sense in general for pairs of states on an abstract C*-algebra.

Remark 4.4 Clearly, if any (and hence all) of (i)—(vi) in Theorem 4.1 holds then we
have Dy (0@ | @V) = +00 for any quantum Rényi a-divergence with o € (0, 1) that
is monotone non-increasing under 2-outcome measurements, i.e., under the type of
CPTP maps given in (4.4). Here, we say that D, is a quantum Rényi «-divergence if it
is defined on all pairs of density operators on any finite-dimensional Hilbert space, and
for commuting states it reduces to the classical Rényi «-divergence of the diagonal
elements of the two density operators in a common eigen-basis. One such example is
Matsumoto’s maximal «-divergence [22] forevery a € (0, 1); however, at the moment
we do not know if the regularized maximal «-divergence being +oo implies the other
properties listed in Theorem 4.1.

5 Conclusion

We have shown that translation-invariant quasi-free states with defining functions ¢
and 7 are super-exponentially distinguishable if there is an interval [, v] of nonzero
length such that one of the functions is constant O and the other one is constant 1 on
this interval. We have shown that in this case both errors decrease at least as fast as
e~"clogn ip the sample size n; it is, however, an open question whether this is in fact
the optimal asymptotics, or a faster decrease, e.g., e~ with some § > 0 can be
attained. This can be asked for the class of functions that we considered, but it is also
natural to ask if there is any upper bound on the speed of convergence to zero for
general pairs of translation-invariant states on a spin chain.

It is known that a translation-invariant quasi-free state w is pure (i.e., an extremal
point of the convex set of states) if and only if the corresponding function g is an
indicator function, i.e.,g = 1 By for some measurable subset By of [0, 27) (see, e.g.,
[10]). Two such pure states wgp and wg are different if and only if By and Bp are
different in the measure-theoretic sense, i.e., the Lebesgue measure of (Bg \ Bg) U
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(Br \ Bg) is positive. This motivates to ask whether the following extension of our
result is true: If ¢ and 7 are measurable functions from [0, 277) to [0, 1] such that
there exists a measurable set B C [0, 27) of positive Lebesgue measure on which
G is constant 0 and 7 is constant 1, then wg and wg can be super-exponentially
distinguished. In particular, this would imply the super-exponential distinguishability
of any two different pure translation-invariant quasi-free states.
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Appendix A: A variant of Audenaert’s inequality

It was shown in [6, Theorem 1] that for any two density operators o, o on a finite-
dimensional Hilbert space H,

1
I-Zlle—oll = Tro%e' ™,  a e (0,1),

or equivalently,

1
x(ello) := —log <1 —5lle— 0||1> > (I = a)Dq,1(0ll0). (A.D)

(see Sect.4 for the definition of the Rényi (o, z)-divergences.) We will need a simple
extension of the above, given in Corollary A.2, which follows by a combination of
(A.1), the Araki-Lieb—Thirring (ALT) inequality [3, 21], and its converse given in [5].
Recall that the ALT inequality states that for any two positive semi-definite operators

A, B € B(H),

Tr(A"B"A")? <Tr(ABAYY, ¢ €[0,+00), r €0, 1]. (A.2)
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The converse given in [5, Theorem 2] states that

Tr(ABA)Y < (Tr (A”B"AT)?)’ (||A||2’q Tr BW)H, g €10, 400), rel0,1]
(A3)

Lemma A.1 Let o, 0 be density operators on a finite-dimensional Hilbert space 'H.
For any o € (0, 1),

e (0, 1],

ze€ (0,1] (A4)

Dy, (0llo),
Dq,1(0llo) = ’ _ .
o 1Dy (ollo) — (lja)zglogdlmH, 2> 1.

o 1—a
% B:=0 7 ,q:=7",r:=7/7". Then, (A.2) gives

Proof Letz <z7’,A:=p

o l-a  _a 7" o l-a o 4
Tr (Q 27" o " QZz”) <Tr (Q 272 o 7 QZZ’) s
or equivalently, Dy ;7 (0|l0) > Dy (0|lo). In particular, the choice z” := 1,7’ 1=z

yields the first inequality in (A.4).
Now, letz’ := 1, 7” := z > 1. Then, (A.3) gives

o —a a \ < l/Z _ 1—]/2
Tro% '™ < (Tr (ﬁ&?@) ) (loll®)' =" (Tral—“) .
—_—

(A.5)

<1

Let Ay, ..., Ag be the eigen-values of o, where d := dim H. Since 1 /(1 —«) > 1, we
get

1 1
d T—a T—a
1— %a _ E l—a _ E gyl %az .
(rom e = <i—1 " ) - <d a" ) = imd

Writing this back into (A.5), we get
1
oa—1

o —o _1
== d Z—logd,

a \ %
cgirleme e I-a?

2| =

* >

1
T log Tr %0 '~

=Dy 1(0llo) =Dy ;(0llo)
O

which is exactly the second inequality in (A.4).
Corollary A.2 Let o, o be density operators on a finite-dimensional Hilbert space H.

For every o € (0, 1),
z € (0, 1],

(I =)Dy ;(0ll0),
— L%logdim?‘l, z> 1.

>
x(elo) = {%(1 —a)Dq - (0llo) — 1=
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Proof Immediate from (A.1) and (A.4). O

Appendix B: Quasi-free states on the spin chain

For simplicity of notation, let A := CAR (¢%(Z)), and ax := a(ly)), where 1y,
k € Z, is the canonical orthonormal basis of £2(Z). As explained in Sect. 2.1, the even
part of A is given by

Ay ={xe A: 7(x) =x}

=span{l, a; ...a; a;j, ...aj 1 iy <...<lp, jI <...< jm, n+meven}

Similarly, the odd part A_ is defined as
A_i={xeA: n(x) = —x}

= span{/, al.*1 ...ai’;ajm...ajl i< ... <lip, j1 <...< jm,n+modd}.

Clearly, any x € A can be uniquely decomposed as the sum of an even and an odd
element as

1 1
x=s@+r@)+5x-7x).

eAy eA_

It is obvious from (2.5) that any quasi-free state w is even in the sense that wg o =
g, or equivalently, wp (x) = 0 for every odd element x € A_.

Likewise, let C := ®xezB(C?) be the infinite spin chain algebra with single-site
Hilbert space C2. 1t is generated by the local Pauli operators ok("), k=0,1,2,3,
n € Z, where, e.g.,

0 1
af”)z...®1®|:1 O]®I®...

——
site n

The map

(n)
- (")H{_Ukn7 K=l ey

.o
k o, k=0,3,

is easily seen to extend to an automorphism of C, which is called the parity automor-
phism of the infinite spin chain, and we can define the even part C; and the odd part
C_ of the spin chain analogously to the case of .A. Again, any x € C can be uniquely
decomposed as the sum of an even and an odd element as

1 . 1 N
x=s@+a@)+ & -—ax).

eCy eC_
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The translation automorphism 7 of the spin chain is the unique extension of the map
200" k=0,1,2,3,neZ
A formal extension of the Jordan—Wigner automorphism (2.3) would map

. 00
aj into (®k<jo3) ® |:1 0:| RV ..., (B.1)
site j

which, however, does not correspond to any element of the spin chain. On the other
hand, for any even multinomial alf"1 . al.’; aj, .. .aj, the corresponding product using
the formal expression in (B.1) gives an (even) element of C, and the resulting map
extends to an isomorphism o between A, and C.. This can be verified by a straight-
forward computation; for details, see, e.g., [23, Section 5.3]. It is also clear that if
k<it,e.iylns jls-verjm < lthenoz(a;"l ...a;’;ajm ...aj,) € Cx,), i.e., the automor-
phism is compatible with the locality structure of the two algebras, at least for intervals.
Moreover, « is compatible with the translations in the sense that ¢ ot ocr -1 — £ Hence,
for any translation-invariant quasi-free state wg, ®g = wg o @~ ! is a translation-
invariant state on C, and the local restrictions of wg and ®¢ on intervals are mapped
into each other by «. Finally, ®¢ has a unique extension to a linear functional ®¢p on
C by

1
Do(x) == dg (E(x +ﬁ(x))> , xeC.
Since

~ - 1 R 1 R
log(x)| = ‘wQ (5(36 +7T(x))> =3 (Ixll + 7)) = lIxll,  x e,

we get that ||c7)Q || =1= Hd)Q(I) , whence the extended wg is a state on C (see,
e.g., [28, Proposition 2.11]). Clearly, @ is translation-invariant, it is even, and the
density operators of its local restrictions to Cyt ;) coincide with the densities of the
corresponding local restrictions of @¢.

Note that, more generally, the above construction gives a one-to-one correspon-
dence between even translation-invariant states on A and even translation-invariant
states on C.

References

1. Alicki, R., Fannes, M.: Quantum Dynamical Systems. Oxford University Press, USA (2001)

2. Araki, H.: On the XY-model on two-sided infinite chain. Publications of the Research Institute for
Mathematical Sciences of Kyoto, 277-296 (1984)

3. Araki, H.: On an inequality of Lieb and Thirring. Lett. Math. Phys. 19, 167-170 (1990)

4. Audenaert, K.M.R., Nussbaum, M., Szkola, A., Verstraete, F.: Asymptotic error rates in quantum
hypothesis testing. Commun. Math. Phys. 279, 251-283 (2008). arXiv:0708.4282

5. Audenaert, KM.R.: On the Araki-Lieb-Thirring inequality. Int. J. Inf. Syst. Sci. 4, 78-83 (2008)

@ Springer


http://arxiv.org/abs/0708.4282

Super-exponential distinguishability... Page250f25 7

10.

11.

12.

13.
14.

15.
16.

17.

18.

19.

20.

21.

22.

23.

24.
25.

26.

27.
28.

29.
30.
31.

32.
33.

. Audenaert, K.M.R., Calsamiglia, J., Mufioz Tapia, R., Bagan, E., Masanes, LI., Acin, A., Ver-

straete, F.: Discriminating states: The quantum Chernoff bound. Phys. Rev. Lett. 98, 160501 (2007).
arXiv:quant-ph/0610027

. Audenaert, K.M., Datta, N.: ¢-z-relative Renyi entropies. J. Math. Phys. 56, 022202 (2015)
. Bjelakovic, I., Deuschel, J.D., Kriiger, T., Seiler, R., Siegmund-Schultze, R., Szkola, A.: Typical support

and sanov large deviations of correlated states. Commun. Math. Phys. 279(2), 559-584 (2008)

. Dierckx, B., Fannes, M., Pogorzelska, M.: Fermionic quasifree states and maps in information theory.

J. Math. Phys. 49(3), 032109 (2008)

Fannes, M.: Canonical commutation and anticommutation relations. Quant. Probab. Commun: QP-PQ
11, 171-198 (2003)

Fuchs, C.A., van de Graaf, J.: Cryptographic distinguishability measures for quantum-mechanical
states. IEEE Trans. Inf. Theory 45(4), 1216-1227 (1999)

Hayashi, M.: Error exponent in asymmetric quantum hypothesis testing and its application to classical-
quantum channel coding. Phys. Rev. A 76(6), 062301 (2007). arXiv:quant-ph/0611013

Helstrom, C.W.: Quantum detection and estimation theory. Academic Press, New York (1976)

Hiai, F.: Concavity of certain matrix trace and norm functions. Linear Algebra Appl. 439, 1568-1589
(2013)

Hiai, F.: Quantum f-Divergences in von Neumann Algebras. Springer, UK (2021)

Hiai, F.,, Mosonyi, M.: Quantum Rényi divergences and the strong converse exponent of state discrim-
ination in operator algebras. Ann. Henri Poincaré (2022)

Hiai, F., Mosonyi, M., Ogawa, T.: Error exponents in hypothesis testing for correlated states on a spin
chain. J. Math. Phys. 49, 032112 (2008)

Holevo, A.S.: On asymptotically optimal hypothesis testing in quantum statistics. Theor. Prob. Appl.
23,411-415 (1978)

Israel, RB.: Convexity in the theory of lattice gases. Princeton Series in Physics, Volume 64. Princeton
University Press, Princeton, New Jersey, (1979)

Jaksic, V. Ogata, Y., Pautrat, Y., Pillet, C.-A.: Entropic fluctuations in quantum statistical mechanics.
an introduction. In Quantum Theory from Small to Large Scales, August 2010, volume 95 of Lecture
Notes of the Les Houches Summer School. Oxford University Press, (2012)

Lieb, E.H., Thirring, W.: Studies in mathematical physics. University Press, Princeton (1976)
Matsumoto, K.: A new quantum version of f-divergence. In Nagoya Winter Workshop 2015: Reality
and Measurement in Algebraic Quantum Theory, pp. 229-273, (2018)

Mosonyi, M.: Entropy, Information and Structure of Composite Quantum States. PhD thesis, Katholieke
Universiteit Leuven, Faculteit Wetenschappen, Instituut voor Theoretische Fysica, (2005)

Mosonyi, M., Hiai, F.: Test-measured Rényi divergences. IEEE Trans. Informat. Theory (2022)
Mosonyi, M., Hiai, F., Ogawa, T., Fannes, M.: Asymptotic distinguishability measures for shift-
invariant quasi-free states of fermionic lattice systems. J. Math. Phys. 49, 072104 (2008)

Nagaoka, H.: The converse part of the theorem for quantum Hoeffding bound. arXiv:quant-ph/0611289,
November (2006)

Ohya, M., Petz, D.: Quantum Entropy and its Use. Springer, UK (1993)

Paulsen, Vern: Completely bounded maps and operator algebras. Cambridge University Press, USA
(2009)

Rényi, A.: On measures of entropy and information. In Proc. 4th Berkeley Sympos. Math. Statist. and
Prob., vol. I, pp. 547-561. Univ. California Press, Berkeley, California, (1961)

Robinson, DW., Bratteli, O.: Operator algebras and quantum statistical mechanics 2 (2nd ed.). Springer
Verlag, (1997)

Sakai, S.: C*-Algebras and W*-Algebras. Springer-Verlag, New York (1971)

Stein, E.M., Shakarchi, R.: Fourier Analysis: an introduction. Princeton University Press, (2003)
Zimborids, Z., Zeier, R., Keyl, M., Schulte-Herbriiggen, T.: A dynamic systems approach to fermions
and their relation to spins. EPJ Quantum Technol. 1(11), 1-53 (2014)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://arxiv.org/abs/quant-ph/0610027
http://arxiv.org/abs/quant-ph/0611013
http://arxiv.org/abs/quant-ph/0611289

	Super-exponential distinguishability of correlated quantum states
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Quasi-free states on the CAR algebra
	2.2 Asymptotic binary state discrimination

	3 Super-exponential distinguishability
	4 Comments on orthogonality
	5 Conclusion
	Acknowledgements
	Appendix A: A variant of Audenaert's inequality
	Appendix B: Quasi-free states on the spin chain
	References




