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Abstract The o-sandwiched Rényi divergence satisfies the data processing inequal-
ity, i.e. monotonicity under quantum operations, for « > 1/2. In this article, we
derive a necessary and sufficient algebraic condition for equality in the data process-
ing inequality for the «-sandwiched Rényi divergence for all « > 1/2. For the range
o € [1/2, 1), our result provides the only condition for equality obtained thus far. To
prove our result, we first consider the special case of partial trace and derive a condition
for equality based on the original proof of the data processing inequality by Frank and
Lieb (J Math Phys 54(12):122201, 2013) using a strict convexity/concavity argument.
We then generalize to arbitrary quantum operations via the Stinespring Representation
Theorem. As applications of our condition for equality in the data processing inequal-
ity, we deduce conditions for equality in various entropic inequalities. We formulate a
Rényi version of the Araki-Lieb inequality and analyze the case of equality, general-
izing a result by Carlen and Lieb (Lett Math Phys 101(1):1-11, 2012) about equality
in the original Araki-Lieb inequality. Furthermore, we prove a general lower bound
on a Rényi version of the entanglement of formation and observe that it is attained
by states saturating the Rényi version of the Araki—Lieb inequality. Finally, we prove
that the known upper bound on the entanglement fidelity in terms of the usual fidelity
is saturated only by pure states.
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1 Introduction

The concept of a relative entropy is fundamental in quantum information theory. One
of the most important examples is the quantum relative entropy (QRE), defined for a
quantum state p and a positive semidefinite operator o with supp p € supp o as'

D(pllo) :=Tr (p(log p — logo)).

The QRE satisfies D(p||o) > Oifboth p and o are quantum states and has an important
operational interpretation as a measure of distinguishability of two quantum states, as
it characterizes the minimal type-II error in asymmetric quantum hypothesis testing
[23,38]. In addition, the QRE acts as a parent quantity for various entropic quantities
(such as the von Neumann entropy, the conditional entropy, and the Holevo quantity),
which characterize the optimal rates of information-theoretic tasks in the asymp-
totic memoryless setting. A key ingredient in establishing these characterizations of
information-theoretic tasks is the data processing inequality (DPI), which states that
the QRE cannot increase under the joint action of a quantum operation A,

D(pllo) = D(A(p)IIA(0)). e))

Using the operational interpretation of D(-||-) as a measure of distinguishability, we
can interpret (1) in the following way: A physical transformation (modeled by the
quantum operation A) of a quantum system cannot enhance our ability to distinguish
between two quantum states p and o describing the system.

A natural question, however, is to ask when a quantum operation does not affect
the distinguishability of p and o. More precisely, given a quantum operation A, we
are interested in characterizing those p and o for which we have equality in the DPI,
that is,

D(pllo) = D(A(p)||A(0)). @)

The answer to this question was given by Petz [40,41], who proved that (2) holds if
and only if there exists a recovery map given by a quantum operation R which reverses
the action of A on p and o, that is, R(A(p)) = p and R(A(c)) = o (see Sect. 5
for a precise statement). This property of A is also called sufficiency [22,25-27,34,
35,40,41]. Petz’s result about equality in the DPI has found important applications in
quantum information theory. For example, in [20] it was used to characterize the case
of equality in the strong subadditivity of the von Neumann entropy [30], giving rise to
the concept of a short quantum Markov chain. Moreover, sparked by a breakthrough
result by Fawzi and Renner [16] relating the notion of recoverability to states with small
conditional mutual information, there has been a recent surge of interest in the topic
of recoverability [7,8,15,28,45,46,52]. Note that strong subadditivity is equivalent to
non-negativity of the quantum conditional mutual information, and hence there is an
intimate connection between recoverability and saturation of strong subadditivity.

1 See Sect. 2 for definitions and notation.
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In general, we call a real-valued functional D(-||-) on pairs of positive semidefi-
nite operators a (generalized) relative entropy if it is non-negative on quantum states
and satisfies the DPI D(p|lo) > D(A(p)||A(o)) for any quantum operation A. An
important family of relative entropies is given by the quantum Rényi divergences, two
important variants of which are known as the «-relative Rényi entropy («¢-RRE) and
the o-sandwiched Rényi divergence («-SRD). These can be seen as special cases of a
two-parameter family of relative entropies known as a-z-Rényi relative entropies [2].
For o € (0, 00)\{1} and positive semidefinite operators p and o, the «-RRE D (p| o)
[39] is defined as

a]Tl log {(Tr ) Tr (p“ol_“)} if supp p C suppo or
Dy (pllo) := (@ €(0,Dandp f o)

400 otherwise.

The values at 0, 1 and oo are determined by taking the respective limits, with
limy_1 Dy (pllo) = D(p|lo). The «-RRE is non-negative for quantum states p and o,
and satisfies the DPI for o € [0, 2] [29,39,47]. It has direct operational interpretations
as generalized cut-off rates in quantum hypothesis testing [31] and error exponents
in composite hypothesis testing [18]. Hiai et al. [24] derived necessary and sufficient
conditions for equality in the DPI for D, (-||-) (and more generally for the class of
f-divergences). We discuss this result in Sect. 5.

The a-SRD [36,53] is defined for o € (0, 00)\{1} and positive semidefinite oper-
ators p and o as

_ ﬁlog {(Tr,o)flTr [(0(]7"‘)/2"‘;)(7(17”‘)/2“)0[]} if supp p C suppo or
Dy (pllo) := (e € (0,1)andp f o)
400 otherwise.

As before, we define 5*(~||-) for * € {0, 1,00} by taking the respective limits
and note that we again have lim,_, | Ba (pllo) = D(p|lo). However, in general
50(p||a) # Do(pllo) [14]. Furthermore, Doo (pllo) coincides with the max-relative
entropy Dmax(pllo) [12]. The «-SRD satisfies Dy (pllo) = 0 for states p and o and
has operational interpretations as the strong converse exponent in various settings in
quantum hypothesis testing [11, 18,32] and classical-quantum channel coding [33]. As
proved in [3,17] (see also [21,36,53]), it satisfies the DPI for the range « € [1/2, 00):

Do (pllo) = Da(A(p)[|A0)). 3)
Moreover, there are counterexamples to (3) for the range o € (0, 1/2) [6].
2 Main result
Our main result in this paper, Theorem 1 below, is a necessary and sufficient condition

for equality in the DPI (3). In order to state it properly, we first introduce some necessary
notation and terminology.
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64 F. Leditzky et al.

Throughout this paper we only consider finite-dimensional Hilbert spaces. All log-
arithms are taken to base 2. For a Hilbert space H we write B(H) for the algebra
of linear operators on H, and we denote by P(H) := {p € B(H): p > 0} and
D(H) := {p € P(H): Trp = 1} the sets of positive semidefinite operators and
density matrices (or quantum states), respectively. We denote by rk A the rank of
an operator A, and by supp A the support of A, i.e. the orthogonal complement of
the kernel of A. We write A £ B if supp A N supp B contains at least one non-zero
vector. For a Hermitian operator A, we denote by spec A C R the set of eigenvalues
of A. For a pure state |) € H we write ¢ = |{)(¥| € D(H) for the correspond-
ing rank-1 density matrix. Given a linear map £: B(H) — B(K) between Hilbert
spaces H and K, the adjoint map £T: B(K) — B(H) is the unique map satisfying
(LT(Y), X) = (Y, L(X))forall X € B(H)and Y € B(K), where (A, B) := Tr (ATB)
is the Hilbert-Schmidt inner product. A linear map ® : B(H) — B(K) between Hilbert
spaces H and K is called n-positive if id, ® ®: B(C") @ B(H) — B(C") @ B(K) is
positive, where id,, denotes the identity map on B(C"). A map is completely positive
if it is n-positive for all n € N. A quantum operation (or quantum channel) A between
Hilbert spaces H and K is a linear, completely positive, and trace-preserving map
A: B(H) — B(K).

Our main result is given by the following theorem:

Theorem 1 Let o € [1/2,1) U (1,00) and set y = (1 — «)/2«. Furthermore, let
p € D(H) and o € P(H) with suppp C suppo ifa > lorp Lo ifa <1, and let
A: B(H) — B(K) be a quantum operation. We have equality in the data processing
inequality (3),

Dy(pllo) = Dy(A(p) || A(0)),

if and only if
o7 (o7 po? )" ¥ = A*(A(a)y [A©) A(p)A@) ]! A(a)”) .

For @ > 1 and positive trace-preserving maps, Theorem 1 was also proved using the
framework of non-commutative L ,-spaces [13]. The case of equality in the DPI for the
«-SRD was also discussed in two papers by Hiai and Mosonyi [22] and Jencova [25],
both of which focused on the aspect of sufficiency. The connections between Theorem
1 and these results are discussed in Sect. 5. The rest of this paper is organized as follows:
In Sect. 3, we analyze the proof of the DPI (3) for the «-SRD as given in [17], extracting
a necessary and sufficient condition for equality in (3) and thus proving Theorem 1.
We present applications of Theorem 1 to entanglement and distance measures in Sect.
4. Finally, in Sect. 5 we compare our result to the recoverability/sufficiency results
mentioned above and state some open questions.

3 Proof of the main result

For the remainder of the discussion we will assume that p € D(H) and 0 € P(H)
with suppp C suppo ifa > l,orp L oifa € [1/2,1). Wesety = (1 — a)/2«
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and define the trace functional
Ou(pllo) :=Tr[(07 po”)"],

which is invariant under joint unitary conjugation and tensoring with an arbitrary state
as follows: For any unitary U and any state t, we have

0. (UpUTIUoUT) = Dalollo), )
Qu(p®llo ® 7) = Qalpllo). ®)

The «-SRD can be expressed in terms of this trace functional as Dy (pllo) =
a]Tl log éa (pllo), and hence, 5a(-||-) inherits the invariance properties (4) and (5)
from éa (-]I). By virtue of the Stinespring Representation Theorem [44], the DPI (3)
is thus equivalent to monotonicity of the «-SRD under partial trace:

Do (paglloa) = Dy(palloa), (©6)

where the subscripts AB and A indicate the Hilbert spaces Hap = H4 @ Hp and H4
on which the density matrices act, and the partial trace is taken over the B system. Since
the logarithm is monotonically increasing, the monotonicity of Dy (- |-) under partial
trace (6) is in turn equivalent to the following monotonicity properties of QXC I):

Ou(paglloap) < Qu(palloa) fora e[1/2,1),
Ou(paslloas) = Ou(palloa) fora e (1, 00). @)

We set d = dim H p and let {V,-}fil be a representation of the discrete Heisenberg-
Weyl group on H g, satisfying the following relation (see, e.g. [51] or [54]):

! i
7 Z(]lA ® Vi)pap(La®V,') = pa @7, (®)
i

where 7 = 1p/d denotes the completely mixed state on B. The crucial ingredient
in proving (7) is then the joint concavity/convexity of the trace functional Q,(-||-):

Proposition 2 ([17]) The functional (p, o) +— éa (pllo) is jointly concave for o €
[1/2, 1) and jointly convex for o € (1, 00).

Remark 3 The joint convexity/concavity of the trace functional éa(-ll-) is a special
case of the joint convexity/concavity of a more general trace functional underlying
the a-z-Rényi relative entropies mentioned in Sect. 1, which was proved by Hiai [21]
using the theory of Pick functions. A more accessible proof can be found in the arXiv
version of [2].
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66 F. Leditzky et al.

Joint convexity/concavity of the trace functional éa (-II-) as stated in Proposition 2
can be used to prove the monotonicity of Qq(-||-) under partial trace (7) as follows:
Abbreviating V; = 14 ® V;, we have for o > 1 that

Ou(paBlloap) = ’Qvot(ViIOABViT I ViUABVI-T)

1 ~ +
=7 Z Ou (Vi,OABViT | VicagV; )
i

3. (d—zzv,mv; ! d—sziaABv:)

1 1

v

= Qu(pa @ Mpllos @ 7B)
= Qu(pallo). )

In the first equality we used the invariance of éa (-|I-) under joint unitary conjugation
(4). The inequality follows from the joint convexity of Qx (+]I-) as stated in Proposition
2. In the third equality we used property (8) of the Heisenberg-Weyl operators, and in
the last equality we used the invariance of Qq (-||-) under tensoring with a fixed state
(5). For o € [1/2, 1), we go through the same steps as above to show that

Ou(paslloa) < Ou(palloa),

only this time employing the joint concavity of O (-||-) from Proposition 2 in (9).

To derive an equality condition for (7) (and hence, (3)), we take a closer look at
Proposition 2. The key ingredient in its proof in [17] is to rewrite the trace functional
Qu(pllo) as follows: Defining the function

fu(H, p,0) = aTr pH — (@ — DTr [(U—VHG—V)“/‘“‘”],
it holds that

inf =0 fu(H, p,o) ifae[l/2,1)

. (10)
SUpy =g Jo(H, p,0) ifa > 1.

Ou(pllo) = [

The joint concavity/convexity of éa('”') then follows from showing that (p, o) +—
fu(H, p, o) is jointly concave/convex for fixed H and the respective ranges of «.
Moreover, in the course of proving the validity of (10), Frank and Lieb [17] show
that for fixed p, o a critical point of fy, (H, p, o) satisfying df,(H, p,0)/dH = 01is
given by

H=0"("pc?)* lo?. (11)

As H — fy(H, p, o) is concave for ¢ > 1 and convex for @ € [1/2, 1), the critical
point H in (11) is a maximum of f,(H, p, o) for « > 1 and fixed p and o, and a
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minimum of f,(H, p, o) fora € [1/2, 1) and fixed p and o. Consequently, it holds
that

O0u(p,0) = fo(H, p,o) foralla €[1/2,1) U (1, 00).

In the following, we show that H +— f,(H, p) is in fact strictly concave/convex, such
that the optimizer H in (11) is a unique maximizer/minimizer. To this end, we employ
the following result, which is proved e.g. in [10, Thm. 2.10]:

Theorem 4 Let A be a Hermitian matrix with spec A €D C R, andlet g: D — R
be a continuous, (strictly) convex function. Then the function A +— Tr g(A) is (strictly)
convex.

Letus first consider @ > 1. The function H — Tr[(c " Ho ~")*/@=D]is the com-
position of the linear function X + o~ Xo~” and the functional A > Tr A%/©@=D,
the latter being strictly convex by Theorem 4 upon choosing g: Ry — R, g(x) =
x¥/@=D As g > 1, the function H — —(a — D)Tr[(c~Y Ho~V)*/@=D] is, there-
fore, strictly concave, and hence, f,(H, p, o) is strictly concave, since it is the sum
of a linear function and a strictly concave function. In the case « € [1/2, 1), a similar
argument shows that f, (H, p, o) is strictly convex.

We have seen in (9) above that the joint concavity/convexity of the trace functional
éa (+]|-) is the only step in the proof of (6) involving an inequality. Let us analyze this
step further. For « > 1, we abbreviate p; = V;pap ViT, o; = Vioap ViT, and A; = d—2
fori =1,...,d?%, suchthat p = Dihipi=paQ@upando =D, hio; =04 Q g
by (8). We then consider the operators

H :=argmaxy fo,(H, p, 0) H; := argmaxy fo (H, pi, 0;),

which are well-defined by the preceding discussion. Step (9) above can now be written
as

0q(pllo)= fu(H. p. o) Szlifa(l‘_l, Pis O;) Szlifa(Hi, Pis Ui)ZZ)»i 0u(pilloy).
l l 1 (12)

Assume now that we have equality in the joint convexity, that is, éa (pllo) =
> 2i Qu(pilloi). Then the chain of inequalities in (12) collapses, and in particular
we obtain

fa(l‘_],pi,dl') = fa(Hi’,Oi,Ui) forevery i = 1, ...,dz.

In other words, the operator H maximizes fu(H, pi,0;) foreveryi =1, ..., d?, and
since the maximizing element of f, (H, p;, 0;) is unique, we obtain H = H; for every
i=1,...,d* Inthe case a € [1/2, 1), we define H = argming fy (H, p, o) and
H; := argming fy, (H, p;, 0;). The inequalities in (12) are now reversed due to the
joint concavity of éa(~ II-), and since fy (-, p;, 07) attains a minimum at H;. Again, we
obtain H = H; for everyi =1,..., dz.
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68 F. Leditzky et al.

_ Using the explicit form of the optimal H from (11), we can write out the condition
H = H; with the choices for p;, o;, and A; made above, obtaining for every i =
1,....d>

Y (Y rye—1 v 2y+(@—1D2y+1)
oy (ohpacy)” oy @y

-1
= (1 @ Vo) (o) goanalp)™ " oly (1a @ V). (13)
Since 2y + (¢ — 1)(2y + 1) = 0, the dimension factor of w5 cancels, and eliminating
the unitary V; in (13) yields
—1 —1
UZ (G/J;/’AG/};)O[ ‘7/)4/ ®lp = UXB (JXBIOABU/};B)Q GXB‘ (14)

This is a necessary condition for equality in the monotonicity of the trace functional
éa (-]I). Furthermore, it is easy to see that (14) is also sufficient, as éa (paBlloap) =
0o (pallop) follows from multiplying (14) by pa p, taking the trace, and using cyclicity
of the trace. In summary, we have, therefore, proved the following:

Proposition 5 Lera € [1/2, 1)U(1, 00), then we have Dy (pag|loas) = Da(palloa)
if and only if

Y (VY rye—l _y _ Y Y y ye—1 _y
04 (GA IOAGA) oy ®@1p =0y (GABpABUAB) OaB-

We are now in a position to prove our main result, Theorem 1:

Proof of Theorem 1 For the quantum operation A: B(H) — B(K), the Stinespring
Representation Theorem [44] asserts that there is a Hilbert space H’, a pure state
|t) € H' ® K, and a unitary U acting on H ® H’' ® K such that for every p € B(H)
we have

M) =Triz (Ue @ U),

where Tr |5 denotes the partial trace over H and H’, that is, the first two factors of
H ® H' ® K. We then have

Da(pllo) = D (U @)U U@ @ D)UY
> D,

(tri2 (V@ oU!) 1T (V@ @ DUT))
Do(A(P)[IA(0)),

where the first line follows from (4) and (5), and the inequality follows from (6). By
Proposition 5 we have equality in the second line if and only if

(U @)U’ [(U(a U UpenU' (U ® r)U*)y]a_l (U DU’

= Lyter ® A©) [A@) A(P)A©) ] AL)”.
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Using the fact that f(UXUT) = Uf(X)UT for every function f and unitary U, this
is equivalent to

U (oV (07pa’)* ' o7 @ r) UT = Tygr ® A©@) [A@@) AP)A©G) ] Al0)”.

The theorem now follows from the fact that the adjoint of A is given by Af(w) =
V(1 ygr ®@w)V,where V = U (14 ®|t)) is the Stinespring isometry of A satisfying
Viv =1y. O

4 Applications

In this section we discuss applications of Theorem 1. Our goal is to generalize a set
of results by Carlen and Lieb [9] about the Araki—Lieb inequality and entanglement
of formation by proving the corresponding results for Rényi quantities. In Sect. 4.1
we state a Rényi version of the Araki-Lieb inequality (Lemma 8) and analyze the
case of equality (Theorem 9). In Sect. 4.2 we first prove a general lower bound on
the Rényi entanglement of formation (analogous to the corresponding bound on the
entanglement of formation in [9]) and then use the results from Sect. 4.1 to show that
this lower bound is achieved by states saturating the Rényi version of the Araki-Lieb
inequality. These results are presented in Theorem 13. Finally, in Sect. 4.3 we discuss
the case of equality in a well-known upper bound on the entanglement fidelity in terms
of the usual fidelity, which we state in Proposition 15.

We start with a few definitions. For p € D(H) the von Neumann entropy S(p) is
defined as S(p) := —Tr (plog p) = —D(pl||1), and we write S(A), = S(pa) for a
state p acting on a Hilbert space H 4. The conditional entropy S(A|B), is defined as
S(A|B), := S(AB), — S(B), = —D(papll1a ® pp). In our discussion we consider
the following Rényi generalization of the conditional entropy, first defined in [36]: For
a € [1/2, 00), the ¢-Rényi conditional entropy of a bipartite state p4 g is defined as

Se(A1B), = —min Da(paslla ® op),

where the minimization is over states o'z, and we set S; (A |B), = limg_ EX(A |B),
= S(A|B),. The a-Rényi conditional entropy satisfies the following duality relation:

Proposition 6 ([3,36]) Let papc be a pure state with marginals pap and pac. For
o, B €[1/2, 00) such that é + % =2, we have

S«(A|B), = —Sg(A|C),.
4.1 Rényi version of Araki-Lieb inequality and the case of equality

The Araki-Lieb inequality [1] states that for every bipartite state p4p,

S(AB), = |S(A), — S(B),]|. (15)
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There are a few different characterizations for the case of equality in the Araki-Lieb
inequality [9,37,55]. Here, we concentrate on a result by Carlen and Lieb:

Theorem 7 (Equality in the Araki-Lieb inequality; [9]) For a bipartite state pap
denote by rap, ra, and rp the ranks of pap, pa, and pp, respectively. The state psp
saturates the Araki-Lieb inequality (15),

S(AB), = S(B)p — S§(A)y,

if and only if the following conditions are satisfied:

() rg =raras
(ii) The state pap has a spectral decomposition of the form

"AB

PAB = ZMU)(”AB,
i=1

where the vectors {|i)ap};25 are such that Tr gli)(jlap = Sijpa for i,j =
1,...,7‘A3.

We can regard the Araki-Lieb inequality (15) as lower bounds on the conditional
entropies:

S(A|B)p = —S(A), S(BlA)p = —S(B)y. (16)

In the following, we only focus on the bound S(A|B), > —S(A),, noting that all the
results we obtain hold for S(B|A), in an analogous manner. The formulation (16) of
the Araki—Lieb inequality admits a simple proof based on duality as follows: With a
purification |p) spc of pap, we have

S(A|B)p = —=S(A|C)p = D(pacllla ® pc) = D(pallla) = =S(A),,  (17)

where the first equality follows from duality for the conditional entropy, and the
inequality follows from the DPI for the QRE with A = Tr ¢.

The advantage of phrasing the Araki-Lieb inequality in the form of (16) is that we
can easily generalize it to Rényi quantities. To this end, we simply replace the von
Neumann quantities in (17) by the Rényi conditional entropy and the Rényi entropy,
defined as

Sa(A), = —Dy(pallla) = log Tr p§. (18)

l -«

With «, 8 € [1/2, 00) such that é + % = 2, we then have

Se(A|B), = —Sg(A|C), = Dg(paclla ® 5¢c) > Dg(palla) = —Sg(A),.
(19)
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Here, we used Proposition 6 in the first equality, chose an optimizing state 6¢ for
§B (A|C), in the second equality, and the inequality is simply the DPI for the -SRD
with respect to A = Tr ¢. We also obtain the upper bound S (A|B), < Sy(A), by a
simple application of the DPI with respect to A = Tr p. Hence, we have proved

Lemma 8 (Rényi version of the Araki—Lieb inequality) Let pap be a bipartite state,
and o, B € [1/2, 00) be such that 1 + % =2, then

—Sp(A)y < S2(AIB), < Sa(A),. (20)

Since the inequality in the lower bound of Lemma 8 stems from the DPI for D sl
(cf. (19)), we can apply Theorem 1 (in the iorm of Proposition 5) ) to investigate the
case of equality. By Proposition 5 we have Dg(pacllla ® 6¢c) = Dg(pallla) if and
only if

P @le = (14 ®68) (1 ®58) pac (14 ®58))° ™ (1a®58), @D

where § = (1 — 8)/28. Itis easy to see that (21) is equivalent to pgac = pa ® 6¢, that
is, if papc is a purification of p4 p, then the marginal p4c is of product form. We can
then go through the same steps as in the proof of Theorem 1.4 in [9] (which we stated
as Theorem 7 above) to arrive at the following Rényi generalization of this result:

Theorem 9 (Equality in the Rényi version of the Araki-Lieb inequality). Let pap
be a bipartite state with purification papc, and let o, f € [1/2, 00) be such that
1/a+1/B = 2. Denote by rap, ra, and rg the ranks of pap, pa, and pp, respectively.
We have equality in the Rényi version of the Araki—Lieb inequality,

Se(A|B), = —Sg(A),,

if and only if the following conditions are satisfied:

(i) rB =rarasp.
(ii) The state pap has a spectral decomposition of the form

TAB

pap = kili)ilaz,
i=1

where the vectors {|i)ap f":‘i are such that Tr gli)(jlap = dijpa fori,j =

1,...,raB.

Remark 10 For ~the upper bound §Q(A [B)p < Se (A), in Lemma 8, we have equality
if and only if Dy (pap|lla ® 6B) = Dy(pallla), where 6 is a state optimizing
§a (A|B),. Similar to above, we obtain from Proposition 5 that this is the case if and
only if pap = ps ® 5p.
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4.2 Rényi entanglement of formation

Let p4 p be a bipartite state; then the entanglement of formation (EoF) Er(pap) [4,5]
is defined as the least expected entropy of entanglement of any ensemble of pure states
realizing pap:

Er(pap) = min > piS(Tr pi), (22)
1>V l

where the minimum is over ensembles of pure states {p;, ¥;} such that pap =
> pilyi)(i|. This entanglement measure satisfies Er(pap) > 0 for all pap and
is furthermore faithful, that is, Ef(pap) = 0 if and only if p4p is separable. The
EoF is an upper bound on the (two-way) distillable entanglement [4,5]. Moreover,
its regularized version E°(pap) 1= lim, . EF (pf’g) /n is equal to the asymptotic
entanglement cost of preparing the state p4p [19]. Carlen and Lieb [9] prove the fol-
lowing result, which provides a lower bound on Er(p4p) that is achieved by states
saturating the Araki—Lieb inequality (Theorem 7):

Theorem 11 ([9]) Let pap be a bipartite state. Then
Er(pag) = max {—S(A|B),. —S(B|A),. 0}, (23)

and this bound is saturated by states satisfying the conditions of Theorem 1. That is,
for states pap with S(A|B), = —S(A),, we have

Ep(pap) = —S(A[B),.

Remark 12 1f S(A|B), = —S(A),, then Er(pap) = —S(A|B), > —S(B|A), by
(23).

Using the results of Sect. 4.1, our goal in this section is to obtain a Rényi general-
ization of Theorem 11. To this end, we consider the Rényi entanglement of formation
(REoF) EFr.o(pap) [49,50], which is obtained from the definition of Er(pap) in (22)
by replacing the von Neumann entropy with the Rényi entropy of order @ > 0 [as
defined in (18)]:

s

EFa(pap) = {milg_}Zp,»sa(TrBwi)
Y

Note that in [43] the authors consider a different Rényi generalization of the EoF
based on the «-Rényi conditional entropy. As in the von Neumann case, the REoF
satisfies Er o (pap) = O for all ps g, and it is faithful as well. We prove the following
generalization of Theorem 11 for o > 1:

Theorem 13 Let psp be a bipartite state, and let « > 1 and B = o/QRa — 1) €
(1/2, 1) such that 1 /o + 1/B = 2. Then we have the following bound on the REoF:

Erqo(pag) > max {—Sg(A|B),, —Sg(B|A),, 0} (24)
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If pap saturates the Rényi version (20) of the Araki-Lieb inequality with Rényi para-
meter B, that is, Sg(A|B), = —Sq(A)p, then

EFo(pap) = —Sp(A|B),. (25)

Proof Let {qi, ¢;} be an ensemble of pure states minimizing the REOF, that is,

Ero(paB) = 2_; 4iSa(Tr p(¢;)). We define a purification papc of pap by |p) apc =
i Vail9i) ali)c, where {|i)c}; is an orthonormal basis for H¢. Denoting by ¢
the state optimizing the Rényi conditional entropy Se(A|C) 0> we have

Sg(AIB), = —S4(A|C),
= Dy (pacllla ® oc)

= Do | D @i Tr 8160 ()15 @ 1)l 14 @ 6¢ | .

i,j

where the first line follows from Proposition 6. We now apply the pinching map
p = Zﬂi)(i |cpli){ilc (which is a quantum operation) to both states and use the
DPI for Dy (-||-). Setting A; = (i|o¢|i), we obtain

Ss(AIB),

v

Ba(ZqiTqux ® li)ilc 114 ® Zm:‘)mc)
1
= log [Tr [Zq?‘k}_“ (Tr oi)* @ |i)(i|C]}

1
= log [Zqi (qi /%)% ' Tr [(Tr B¢’i)a]]

o

v

tog {(gi /27 Tr [(Tr )]}

1
Zqia — log Tr [(Tr g)*] + qu' log(gi/A:)
=—Epqa(pap) + DUgiHI{A})
> —Erq(paB).

In the first equality we used the fact that the states Z qiTrpopi @ |i)(ilc and 14 ®
Z Aili){i|c commute, and henceD (-|I-) reduces to the ordinary «-RRE D, (w| 1) =

=7 log Tr (w*t'7%). In the second inequality we used concavity of the logarithm
together with o« > 1, and in the last inequality we used non-negativity of the classical
Kullback-Leibler divergence, defined for probability distributions P and Q on an
alphabet X as D(P||Q) = erX P(x)log P(x)/Q(x), provided that P(x) =

whenever Q(x) = 0. Note that the latter is satisfied as supp pc < suppoc¢ holds
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for the optimizing state G¢ of Sy (A|C), [36]. The bound Er 4 (pap) > —Sg(BlA),
follows in an analogous way, yielding (24).

To prove (25), we first note that by Theorem 9 the state p4 p satisfies Eﬂ (A|B), =
—S«(A), if and only if the rank condition of Theorem 9(i) holds and p4 p has a spectral
decomposition of the form

pap = D _Ailiilag,
i

where the vectors {|i) 4 g} satisfy Tr g|i){j|ap = 8;j04. We can now employ the same
argument used in [9] in the proof of the second assertion of Theorem 11, to prove the
corresponding assertion of Theorem 13:

Epa(pag) = min > p;Su(Tr )
{pi.¥i} p
< D hiSa(Tr gli)ilan)

=D AiS.(A),
= Su(A),

= —Ss(A|B),,

where in the inequality we chose the particular ensemble {A;, |i)4p} realizing pap.
This upper bound on Er o (pap), together with the general lower bound in (24), yields
the claim. ]

Remark 14 (i) The proof method of the lower bound (24) for Er o (pap) in Theorem

13 can be specialized to the quantum relative entropy D(:||-), providing a new
proof of (23) in Theorem 11:

S(A|B), = —S(AIC),
= D(pacllla ® pc)

=D( > /aiq;Tr sl b;las @ i)l 1 1a ® pc

iJ
> D(Zqﬂrm ®|i)ilc |14 ® in|i><i|c)
= D{gi}l{Mi) + D qi D(Tr phi[[1a)

= D({qi} 1t} — D qiS(Tr pg)

\

> —Er(paB).
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The bound S(B|A), > —Ep (pap) can be proved in an analogous way.
(i) If a state pap satisﬁeiSﬁ(AlB)p =:Sa(A)p fora > 1land B = o/Qa — 1),
then Er o (pap) = —Sg(A|B), = —Sg(B|A), by (24) in Theorem 13.

4.3 Entanglement fidelity

For a state p € D(H) and a quantum channel N': B(H) — B(H), the entanglement
fidelity F,(p, ) [42] is defined as

Fe(p, N) == (Y |(N @ idp) (Y ) 1¥"), (26)

where the state [/*) € H ® H’ purifies p. Since any two purifications of p are related

by an isometry acting on the purifying system, the definition (26) of the entanglement

fidelity is independent of the chosen purification. For a mixed state p with spectral
" rk p o\ pe . . . L

decomposition p = >",_/| A;|i)(i|3, a canonical purification is given by

rk p

W*) = > Vhaliyn ® li)ay
i=1

for suitable orthonormal vectors {|i )H/}fk:‘; in H’. Hence, in the following discussion
we can assume without loss of generality that dim H' = rk p.
The entanglement fidelity (o, \') can be expressed in terms of the usual fidelity

F(w,7) = Vot as®
Fe(p, N) = F(¥”, (N ® idg) (¥°))2.

We have ||/o+/T|l1 = Tr (y/Tw+/7)"/? by definition of the trace norm, and hence the
fidelity is related to the 1/2-SRD via

F(w,7) = Qip(@]7). 27)

It follows from the DPI for é 172(:|l-) that the fidelity is non-decreasing under partial

trace.> This can be used to prove the following upper bound on the entanglement
fidelity, where we write N'(¢°) = (N ® idy) (¥°):

Fe(p, N) = FWP, N(¥")* < F(p, N(p)* (28)

Due to (28), the entanglement fidelity provides a more stringent notion of distance

between quantum states than the fidelity. However, it is clear that we have equality in
(28) if the state p is pure. Using our condition for equality in the DPI for the 1/2-SRD

2 For an arbitrary operator A, the trace norm is defined as [|A||; = Tr VAT A.
3 Note that this can also be proved directly, e.g. via Uhlmann’s Theorem [48].
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from Theorem 1 (resp. Proposition 5), we can prove that this is in fact the only case
of equality:

Proposition 15 Let p € D(H) and N': B(H) — B(H) be a quantum channel; then
we have

Fe(p, N) = F(p, N (p))?
if and only if p is pure.
Proof We have already noted above that purity of p is sufficient for equality in (28).

If F,(p, N) = F(p, N(p))?, then (27) implies that we have equality in the DPI for
the 1/2-SRD with respect to A = Tr 74/. Hence, Proposition 5 yields

N () (J\f(p)”zpj\fm)”z)7”2N(p)”2 ® I3y
= NN (N PN ) Ny,
from which we obtain
p ® Ly = c(p, NN (0) "N WP WP N ("IN (p) ! (29)

for a suitable constant c(p, N'). Note that the right-hand side of (29) has rank 1, and
hence p ® 144 is a pure state. But this is only possible if p is pure and dimH' = 1. O

5 Conclusion and open questions

We have shown that equality in the DPI for the «-SRD 50,(~ [I-) holds for a quantum
operation A, a quantum state p, and a positive semidefinite operator o (with suitable
support conditions) if and only if the following algebraic condition is satisfied (setting

y =0 —-a)/2a):
o7 (o7 pa?)* o7 = AT(A(G)V [A©0) A(p)A(@) ] A(a)V) (30)

Inthe case of the ®-RRE Dy (-||-) fora € [0, 2] (whichincludes the QRE corresponding
to @ = 1), a necessary and sufficient algebraic condition for equality in the DPI is
given by [24,40,41]

AT(A(@)*A(p)?) =0 %p° forallz e C.

This can be rephrased in terms of the existence of a recovery map by an argument
detailed in [24]: We have Dy (pllo) = Dy(A(p)||A(c)) if and only if there is a
recovery map in the form of a quantum operation R, 4 such that
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Roa(A(0)) =0 Roa(A(p)) = p. €19

In general, a quantum operation A is called sufficient with respect to a set S € D(H)
of quantum states if there exists a quantum operation R satisfying R(A(r)) = t for
all T € S. Hence, (31) says that A is sufficient for {p, o'}. Furthermore, the particular
map Rq, A admits an explicit formula on the support of A(o):

Ron() = al/zAT(A((;)*”2 : A(a)*l/z) o2, (32)

Since Ry A (A(0)) = o holds by definition (32) of the recovery map, the non-trivial
part of (31) is the assertion R, A (A(p)) = p. Note that by a theorem of Petz [40] a
quantum channel A is sufficient for {p, o} if and only if R A (A(p)) = p holds for
the map defined in (32). We also observe that the recovery map R, A is independent
of «, and the existence of a map R satisfying (31) forces equality in the DPI for any
a € [0, 2],

Do (pllo) = Da(A(p)IA(0)) = Do (R(A(P)IIR(A(0))) = Dalpllo),  (33)

where the first inequality follows from applying the DPI with respect to A, and the
second follows from applying the DPI with respect to R. Thus, we have equality in
the DPI for the «-RRE for all o € [0, 2] once it holds for some « € [0, 2].

Taking a closer look at the condition (30) for equality in the DPI for the «-SRD, it is
easy to see that choosing ¢ = 2in (30) yields precisely the statement Ry A (A(p)) = p.
Hence, in the case @ = 2 we have equality in the DPI for the 2-SRD if and only if the
recovery map R, A defined in (32) satisfies (31). This was already observed in [13]
for positive trace-preserving maps.

Shortly after completion of the present paper, the connection between sufficiency
and equality in the DPI for the «-SRD was presented by Jencova [25] and Hiai and
Mosonyi [22]. The main result of [25] is that a 2-positive trace-preserving map A is
sufficient with respect to {p, o} if and only if Dy (A(P)||A(0)) = Dy (p|lo) holds
for some « > 1. By the theorem of Petz [40] mentioned above, we, therefore, have
equality in the DPI for the «-SRD for any « > 1 if and only if the map R, A defined in
(32) satisfies (31). Furthermore, a similar argument as in (33) for 5a (-|I-) shows that
equality holds in the DPI for the @-SRD for all « > 1 if it holds for some o > 1. This
result settles the sufficiency question for the ¢-SRD for the range @ > 1 and 2-positive
trace-preserving maps (which include all quantum operations). In [22] sufficiency is
analyzed for 2-positive bistochastic maps A, that is, both A and AT are 2-positive and
trace-preserving. The main theorem of [22] regarding the o-SRD states conditions for
sufficiency of A for certain ranges of « (including the range o € [1/2, 1)) under the
additional assumption that one of the two states p and o is a fixed point of A. In fact,
this result is obtained as a corollary of a more general theorem analyzing sufficiency
for the «-z-Rényi relative entropies under similar assumptions.

It the light of our main result (Theorem 1) and the results of [22] and [25], it remains
an open question whether equality in the DPI for the «-SRD in the range o € (1/2, 1)
is equivalent to sufficiency of A in our setting, in which A is an arbitrary quantum
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operation and p and o are states with p £ o. Note that for « = 1/2 it is known that
such a general sufficiency result cannot hold [32].4

Regarding our results in Sect. 4 about entanglement measures and distances, it
would be interesting to see whether the entropic bounds proved therein can be used to
characterize information-theoretic tasks.
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