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Abstract In this paper, we study the asymptotic behavior of an e-periodic 3D stable struc-
ture made of beams of circular cross-section of radius » when the periodicity parameter ¢
and the ratio r /¢ simultaneously tend to 0. The analysis is performed within the frame of lin-
ear elasticity theory and it is based on the known decomposition of the beam displacements
into a beam centerline displacement, a small rotation of the cross-sections and a warping (the
deformation of the cross-sections). This decomposition allows to obtain Korn type inequal-
ities. We introduce two unfolding operators, one for the homogenization of the set of beam
centerlines and another for the dimension reduction of the beams. The limit homogenized
problem is still a linear elastic, second order PDE.
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1 Introduction

The aim of this work is to study the asymptotic behavior of an e-periodic 3D stable structure
made of “thin” beams of circular cross-section of radius r when the periodicity parameter &
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tends to 0, in the framework of the linear elasticity. By “thin”, we mean that the radius r of
the beams is much smaller than the periodicity parameter ¢ and that we deal with the case
where ¢ and r/¢ simultaneously tend to 0.

It is well known to engineers that for wire trusses, lattices made of very thin beams,
bending dominates the stretching-compression. A contrario, if the same structures are made
of thick beams the stretching-compression dominates. This is what several mathematical
studies of recent decades have obtained for periodic structures made of beams. For such
structures, from the mathematical point of view, this means that the processes of homoge-
nization and dimension reduction do not commute (see the pioneer works [5, 11, 12] and
also [1, 6, 8, 24, 25, 27, 28, 31]). Our aim is to investigate between these extreme cases.
More precisely, we consider the case for which the ratios diam(£2)/¢ and ¢/r are of the
same order (€2 is the 3D domain covered by the beam structure). In Sects. 5 and following,
we show that the ratio r/¢? and its limit « € [0, +00] play an important role in the estimates
and the asymptotic behaviors. It worth to notice that in our analysis, x = 0 also corresponds
to the case where first the dimension reduction is done and then the homogenization, while
k = +o0 is for the vice-versa case. In the convergences (7.12) of Theorem 2, we show that
the rescaled global displacement depends on «. If « € (0, +00), its limit is a combination of
a global displacement (a pure stretching-compression) and a local bending; if k = +o0 it is
just a global displacement and if ¥ = 0 it is a local bending.

Our analysis relies on a displacement decomposition for a single beam introduced in
[13—15]. According to those studies, a beam displacement is the sum of an elementary dis-
placement and a warping. The elementary displacement has two components. The first one
is the displacement of the beam centerline while the second stands for the small rotation of
the beam cross-sections (see [13, 15]). This decomposition has been extended for structures
made of a large number of beams in [14] (see [4] for the structures made of beams in the
nonlinear elasticity framework). Here, similar displacement decompositions are obtained,
these decompositions are used for stable beam structures (see Lemma 5) and then for peri-
odic 3D stable structures made of beams. It is important to note that estimate (4.5); is the
key point of this paper. It characterizes the stable structures. In a forthcoming paper, we will
investigate the unstable and auxetic 3D periodic structures made of beams and we will see
that all the estimates of Lemma 5 will remain except (4.5);. These decompositions allow to
obtain Korn type inequalities as well as relevant estimates of the centerline displacements.

To study the asymptotic behavior of periodic stable structures and derive limit problem
we use the periodic unfolding method introduced in [9] and then developed in [10]. This
method has been applied to a large number of different types of problems. We mention only
a few of them which deal with periodic structures in the framework of the linear elasticity
(see [3, 16-21, 26]). As general references on the theory of beams or structures made of
beams, we refer to [2, 7, 22, 23, 29, 30].

The paper is organized as follows. Section 2 introduces structures made of segments and
remind properties of Sobolev spaces defined on these structures. Furthermore, in this section
we give a simple definition of stable and unstable structures and present several examples. In
Sect. 3 we remind known results concerning the decomposition of a beam displacement into
an elementary displacement and a warping. This section also gives estimates with respect to
the L2-norm of the strain tensor of the terms appearing in the decomposition. In Sect. 4 we
extend the results of the previous section to structures made of beams. Complete estimates
of our decomposition terms and Korn-type inequalities are obtained for stable structures.

In Sect. 5 we deal with an e-periodic stable 3D structure made of r-thin beams, S; . For
this structure we introduce a linearized elasticity problem and specify the assumptions on the
applied forces. Using results from the previous section we decompose every displacement
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Asymptotic Behavior of Stable Structures Made of Beams 241

of S, , as the sum of an elementary displacement and a warping and provide estimates of
the terms of this decomposition. The scaling of the applied forces are given with respect to
¢ and . That leads to an upper bound for the L2-norm of the strain tensor of the solution of
the elasticity problem of order 1.

In Sect. 6 we introduce different types of unfolding operators, mainly one for the cen-
terline beams and another for the cross-sections. This last operator concerns the dimension
reduction. Several results on these operators are given in this section and Appendix C.

Sect. 7, deals with the asymptotic behavior of a sequence of displacements and their
strain tensors. Then, in Sect. 8, in order to obtain the limit unfolded problem we split it
into three problems: the first involving the limit warpings (these fields are concentrated in
the cross-sections, this step corresponds mainly to the process of dimension reduction), the
second involving the local extensional and inextensional limit displacements posed on the
skeleton structure and the third involving the macroscopic limit displacement posed in the
homogeneous domain €.

In Sect. 9 we complete this analysis by giving the homogenized limit problem (Theo-
rem 4). We obtain a linear elasticity problem with constant coefficients calculated using the
correctors.

In Sect. 10 we apply the previously obtained results in the case where the periodic 3D
beam structure is made of isotropic and homogeneous material. We present an approxima-
tion to the solution of the linearized elasticity problem which can be explicitly computed
using the solution of the homogenized problem.

In the Appendix we give the most technical results.

2 Geometric Setting
2.1 Structures Made of Segments
In this paper we consider structures made up of a large number of segments.

Definition 1 Let S = [ Jj_, v, v = [A%, B'], be a set of segments and K the set of the
extremities of these segments.
S is a structure if

S is nonincluded in a plane,

S is connected,

a common point to two segments is a common extremity of these segments,

if an element of /C belongs to only two segments then the directions of these segments are
noncollinear,

e for every segment y, we denote t‘; a unit vector in the direction of y,, £ € {1, ..., m}.

We denote t; the field belonging to L>(S)* defined by
t =t’f ae.in y, fef{l,...,m}.
The segment y, C S of length [, is parameterized by S; € [0,/;], £ € {1, ..., m}
ve=[A"BI={A"+StjeR’| S €001}, (A" B)ek™

The running point of S is denoted S. For all S € y, one has S = A® + S;t¢, S; € [0, [¢],
tell,... m).
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242 G. Griso et al.

2.2 Some Reminders on the Sobolev Spaces L?(S) and H Ls)

A measurable function ® defined on S belongs to L?(S), p € [1, +o0], if for every segment
ve CS,onehas &, € L?(yy), L€ {l,...,m}.
For every ® € L'(S) define

m Iy
/ ®(S)dS = Z/ DAL+ S5it)Hds,.
S 1 Y0

Observe that the right-hand side of the above equality does not depend on the choice of a
unit vector in the directions of the segments. The space L2(S) is endowed with the norm

191l 22cs) ﬁ‘//S lW®)PdS, Vi eL*S).

H'@S) = |0 eC®) [y, e H' (0, tell...m}.

Set

where C(S) is the set of continuous functions on S.
For every ¢ € H'(S) denote

do do

%(S) = E(A“ +58it)  forae. S=A"+8it], S, €(0,), Lefl,...,m}. (2.1)
1

We endow H'(S) with the norm

Yy e HY(S).

1 sy = \/ T .

2.3 Stable Structures

The space of all rigid displacements is denoted by R
R= {re C!(R¥) |r(x)=a+bAx, ¥YxeR} (ab)eR>x R3}.

We define the space Us as follows:

Us = {U e C(S)*| for every segment y; C S, U}, is an affine function, £ € {1, ..., m}}.

Definition 2 A structure S is a stable structure if

dUu
VUGUs, ﬁtlzo — U eR.

If the above condition is not satisfied, S is an unstable structure.
Remark 1 1. The structure made of the edges of a tetrahedron is stable (see Fig. 1.a). If we
remove one edge then the structure becomes unstable (see Fig. 1.b).

2. The structure made of 12 edges and 6 diagonals of the faces of a cube is stable (see
Fig. 1.c). If we remove one diagonal then the structure becomes unstable (see Fig. 1.d).
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Asymptotic Behavior of Stable Structures Made of Beams 243
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Fig. 1 Stable and unstable structures

We equip Us with the following bilinear form:

P o
<P,V > = —'t1—~t1dS, V(@,\IJ)EstUS (22)
<3S s,

and the associated semi-norm

. dU
WUls=v=<U.U> = HE t

, VU € Us. 2.3)
L2(S)

Lemma 1 Let S be a stable structure. There exists a constant C, which depends on S, such
that for every U in Ug there exists r € R such that

U =*llpgs =CliUls- 24

Proof Let R* be the orthonormal of R in U for the scalar product
<<I>,\I/>:/d>«\IJdS, V(®,¥) eUs x Us.
s

If U belongs to R* and satisfies ||U||s = O then, since S is a stable structure, U belongs to
R. Therefore U is equal to 0. The semi-norm || - || s is a norm on the space R*. Since R* is
a finite dimensional vector space, all the norms are equivalent. Thus (2.4) is proved.

3 Decomposition of Beam Displacements

In this section, we remind some results concerning the decomposition of a beam displace-
ment. These results will be used later and can be found in [15]. For the sake of simplicity
these results are formulated for the beam B; . = (0,1) x D, whose cross-sections are disc
of radius t (v </). The beam is referred to the orthonormal frame (O; ey, e,, €3) (e, is the
direction of the centerline). In this frame the running point is denoted x = (x, x, x3).

Any displacement u € H' (B,,t)3 of the beam B; . is uniquely decomposed as follows

u=U+u 3.1
where U° is called elementary displacement and it stands for the displacement of the center-
line of the beam and the small rotation of the cross-section at every point of the centerline

(see Fig. 2):

U®(x) =U(x1) + R(x1) A (e, + x3e3), forae. x = (x1,x2,x3) € By . 3.2)
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Fig.2 Beam By .

U= U, U, Us) and R = (R, Rz, R3) belong to H'(0,1)3. The residual displacement €
H! (B,,t)3 is the warping (the deformation of the cross-sections), it satisfies (for more details
see [15])

/ ﬁ(x) dXQd)C3 = / ﬁ(x) A ()CzEz + x3e3) d)C2dX3 =0 fora.e. X1 € (0, l) (33)
D

Dy

Taking into account the decomposition (3.1) and the representation for the elementary dis-
placement given by (3.2) the strain tensor e(u) has the following form:

e(w)=e(U®) +e(m)

dauy dR3 dRy 1 duy _ dR; | 1 dus dR|
dx) X2 dx +x3 dx) 2 dx| R3 X3 dx| 2 dx| +R2 +x2 dx|

=|! (%—R3)—x3j§1 0 0
1 du: dR
3 (K: +R2) + x5 dx,l 0 0
+ e(u).

(3.4)
Below is a lemma proven in [13, 15]. It gives estimates for the warping and the terms from
U* in the above strain tensor (3.4).

Lemma 2 Let u be in Hl(Bl,r)3 decomposed as (3.1)-(3.2)-(3.3). The following estimates
hold:

lull2s, ) < Crlle@ll2s, ), 1VUllzg, ) < Clle@) L2, )

[%] < Shewl |55 -=A < Sewl Y
— —|le(w)]l .2 , - e < —lle@) ;25 .-
d.Xl L2(0,1) - tz L2(B1x) dxl 1 L2(0,]) t L=(By,x)

The constants are independent of | and v <1.

The function U, defined in (3.1), is decomposed into the sum of two functions /" and I/,
where U" coincides with ¢/ in the extremities of the centerline and is laffine between them
(see Fig. 2), and U=U—U" is the residual part, i.e.,

(I —x1)
l

U (x)) = wm+%m&

In the same way the function R, defined in (3.1), is decomposed into the sum of two func-
tions R” and R. It is obvious, but important to note that

UO)=UD =0, RO)=RWI) =0.
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Asymptotic Behavior of Stable Structures Made of Beams 245

Lemma 3 The following estimates hold:

C — Cl
< —lle(u)l,2 s Rl ;2 < —|le(m)||;2
H kw2 le@llizmor 1R l200 < 5 ez,
| < et [ C Ll
Zle@) 2 , — <C—llew)|l 2 )
dx1 L2(0,]) L2B1.v) dxy 12200 2 L5(B0)
_ _ 2
- el 20 < C- Cle@lizp o Wl <€ le@lizm, .
au’ e
—R'Ae —le(@)|| ;2 s
s 0 = @l
dR" au" _C
. e(u)|;2 3.6
H dx; LZ(O,I) ” dx; L2(0, /) ” @2, - (36)

The constants do not depend on | and v.

Proof Since < and d” —(R—mR)) Ae; (m(R) = f R(t)dt) are constant on (0, /),

d
one gets

H‘W H =R, < Shewr;

= —le(u ,
dxl L2(0,) dxy 120, dxy 2o — ¢4 L*(Blv)
2
iy, + [y nal, |2
H m(R) A L2(Ol) dx; ( m(R) A L2(0,]) dx; ! L2(0.,1)

c 2
<
= t2 ”e(u)”Lz(B]_t)'

Then, the Poincaré and the Poincaré-Wirtinger inequalities together with the above estimates
yield

_ [
h
IR =R 200 = IR 200y < Ct—2||e(u)||L2(B,,t) and

l
IR —mR) 204 < Ct_2 le@)llr2B, s

from which we derive the other estimates in (3.6).

4 Decomposition of the Displacements of a Beam Structure

From now on, S is a stable structure.
The beam structure S . is defined as follows:

Sie = {x e R | dist(x, S) <t}.

For £ e {1, ...,m},denote Pee the straight beam with centerline y, = [A¢, B’] and reference
cross-section the disk D, = D(O, v) of radius ¢, 0 < v <[, (the disk D, for simplicity will
be denoted D). The straight beam P, . is referred to the orthonormal frame (A% t‘f, tg, tg)

Poe={x e R | x =A"+ Sit] + Sit5 + S3t5, (51,5, 83) € (0,1) x D). (4.1
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By definition, the whole structure S . contains the straight beams P, ., £ € {1, ..., m} and
the balls of radius v centered in the points of £, more precisely one has

m
Sie= (U Ba.v)u(JPer):
Aek =1
The set of junction domains is denoted by .7.. There exists ¢y which only depends on S such

that
J. € | B(A, cov).

AeK

The set J; is defined in such a way that S; . \ J. only consists of disjoint straight bearns.

Definition 3 An elementary beam-structure displacement is a displacement U¢ belonging
to H'(S;.)® whose restriction to each beam is an elementary displacement and whose re-
striction to each junction is a rigid displacement

U®(x) =UA" 4 5it]) + RA" + Sit)) A (St + Sst}),
fora.e. x = A" + St} + S1tS + Sity € Py,
(81,85, 83) € (0,1y) X Dy, Le{l,...,m},
Ux)=UA) +RA)A(x —A), forae.xeB(A,r), forallAek

with & and R in H(S)3.
In [14] it is shown that every displacement u € H'(S; ) can be decomposed as
u=U°~+u,
where U¢ is an elementary beam-structure displacement and where # € H'(S; .)? is the

warping. Here, the pair (U¢, %) is not uniquely determined. Furthermore, the warping satis-
fies the conditions (3.3) “outside” the domain 7, (see [14, 15]), more precisely, one has

/ u(-, $2,83)dS,dS; =0,
D ae.in S\SN | J B, 2q0). (4.2)
/ u(-, 82, 83) A (5265 + S3€3)dS,dS3 =0, Aek
D+

The following lemma is proved in [14, Lemma 3.4]:

Lemma 4 Let u be in H'(S;..)*. There exists a decomposition of u, u = U¢ +u for which
U°¢ is an elementary beam-structure displacement. The terms of this decomposition satisfy

||ﬁ||L2(sH) =Crlle@l2s, s VUl o = Clle@ 2, s
|2 < Shewl [ —rat] < Shewl -
e(u , — < e(u .
dS llL2s) — 2 L2(S1,0) dsS e = v L2(S1,0)

The constants do not depend on .
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Asymptotic Behavior of Stable Structures Made of Beams 247

Here, again we split the field ¢ into the sum of two fields 24" and U, where U" coincides
with 2/ in the nodes of S and is affine between two contiguous nodes and 2f = 2{ — 1" is the
residual part.

In the same way the fields R” and R are introduced. The field " describes the displace-
ment of the nodes, i.e. the global behavior of the structure, whereas U stands for the local
displacement of the beams.

By construction the fields 24" and R" belong to Us. Furthermore one has

Lemma 5 For everyu € H' (SM)3 the following estimates hold:

C
H L2(S) =< t_z ||e(u)||L2(S]’,)’

et

H fi_zg Hlizaes) + et ”L2<S> = %”e(”)HLZ(S].:)’
4.4)
C

1% e, # 1Tz = Sle@ligs, .
1% R +| %5 s +o|5 e < S e

N : —|le(u

. LZ(S) LZ(S) 12(5) ~ 12 LX(Sy0)

Moreover, since S is a stable structure, there exists a rigid displacement r € R, (r(x) =
a+b Ax), such that

C C
h i
U —rllgis) < ?HB(M)HLZ(.S,'V), [R" —bll 25 < t_2||e(u)||l_12($1_’t)' 4.5)
The constants do not depend on .

Proof Estimates (4.4) are the immediate consequences of the Lemmas 3 and 4. Since S is a
stable structure, Lemma 1 and again (4.4) yield a rigid displacementr € R (r(x) =a+bAx)
such that (4.5); holds.

Besides, from the Poincaré-Wirtinger inequality and (4.4)4, there exists b € R3 such that

P C
[R" = b2 < §||€(U)||L2(slyt)-
The constant does not depend on t. Then, (4.5); and the above estimate give
~ C
[(b—b) At 2es) < 2 leGOllr2s, -
Since the structure has more than two segments with non-collinear directions, this yields
~ C

[b—b| < 2 le@Ollr2cs, -

Hence, (4.5), is proved.

Let S be a stable structure such that S U (S + e;) is a stable structure. For every dis-
placement u € H' (S UGS+ e))>, Lemma 5 gives two rigid displacements ry, r; such
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248 G. Griso et al.

that

rox)=ag+boA(x —G), ri(x)=a;+bjA(x—G—e)) Vx € R,
4.6)

||e(u)||L2($+e1),

| O

C
h i
U —rollgrsy = ?”e(u)”LZ(sl.t), " —r o1 (stey = .
where G is the center of mass of S.

Lemma 6 Let S be a stable structure such that S U (S + e1) is also a stable structure. The
following estimate holds:

C
lry — r0||H1(SU(S+e1)) = ?”e(u)||L2(S|_tU(S]_t+e1))' @7
The constant does not depend on t.
Proof From Lemma 5, there exists a rigid displacement r such that

rx)=a+bA(x—G—e/2) VxeR’

h
17 =Tl susten < Zlle@liras, ues e

—|
t

The constant does not depend on t. Hence
c
lr —rollyis) < T le@Olr2s, cucs, e

C
e —rill g1 (ste) < ?||€(M)||L2(slyru(slvt+e1))-
The above estimates yield (4.7) since in R the norms || - [|y1(s), | - l|g1(s4e,) and || -
|1 (su(ste))) are equivalent.
5 A Periodic Beam Structure as 3D-Like Domain

From now on, in all the estimates, we denote by C a strictly positive constant which does
not depend on € and r.

5.1 Notations and Statement of the Problem
Below we consider periodic structures S included in a closed parallelotope.

Definition 4 A structure S is a 3D-periodic structure if for every i € {1,2, 3} the set
SU (S + ¢) is a structure in the sense of Definition 1.

Definition 5 A 3 D-periodic structure S is a 3 D-periodic stable structure (briefly 3-PSS)
if Sand SU (S + ei), i €{1,2, 3}, are stable structures in the sense of Definition 2.

Remark 2 1. The structure made of 12 edges and 6 diagonals of the faces of a cube is a
3 D-periodic stable structure (Fig. 3.a).
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a. Stable 111—7—7— I/:’:/:ii:77 b. Unstable
structure - - structure

Fig. 3 3D-periodic stable and unstable structures

2. The structure made of 12 edges of a cube is not a 3 D-periodic stable structure (Fig. 3.b).

Let © be a bounded domain in R with a Lipschitz boundary and I' be a subset of 32
with nonnull measure. We assume that there exists an open set €’ with a Lipschitz boundary
suchthat Q C Q' and Q' NI =T.

Denote

- Q= {x eRY | dist(x, Q) < 1}, Q" = {x € Q| dist(x, Q) > 2/3¢},
- Y=(0,1),

- G=(1/2,1/2,1/2) the center of mass of Y,

— &S a 3-periodic structure included in Y,

~ B =€l | (eE+eY)NQAY), E = {E€Z | (6 +eY) C Q)
g ={£eZ’| (& +eY)C QMY

= {6 e’ | (6 +eY)NQ #0},

= {S € B, | all the vertices of £ +Y belong to Eg},

(e [ E+e B iell,2,3),

o~

- @ = interior(Upeg, (66 + eD)), @ = interior(Usez, (68 + &7)), 2 =
interior( Useg, (68 + 87))
_ ﬁéﬂt = interior(UseEQn (& + 87)), ﬁg = interior(UEegg (e€ + 8?)).

|
] C
Il

™

™

[ [o) 6]

One has

&,

o]
)]
o]
0]
]

int
e C ei C

1 i=1

3
g

e C

1

~

The open sets ., Q, @S, Qi’” and Qf;"’ are connected. Moreover, the following inclusions
hold

it - , Ain A
QUM CcQCcQ. Cc,, QM QM CQ CQ,.
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Set

S=J (g +e8). S, ={xeR|dist(x.S.) <7},
E€E;

Si=|J (s +eS), S, ={xeR|dist(x,S)) <r},

Ke = (sé—l—le).

The running point of S; is denoted s.

Let S; , be a beam structure consisting of balls of radius r centered on the points of K,
and beams, whose cross-sections are discs of radius r and their centerlines are the segments
of S,

P, =cE+ePe., Lefl,....m}), t=r/e,

el,r

Sep = ( U B(A,r)) U ( U 07:5“),

A€k, E€E; =1

The parametrization of the beam Pt (€ e{l,...,m})is given by (see (4.1))

el,r
X :8.‘;" +8AZ +S1tf +52t§ +S3t§, (S],SQ,S3) S (0, 815) X D,.

The junction domains (the common parts of the beams) is denoted 7, . One has

U BA.r cTerc | BA, cor). (5.1

AeKe AeKe

The structure S, , is included in €2,.
The space of all admissible displacements is denoted V,

Ve,={ueH'(S.,)’ | ' eH'(S,,) suchthatujs =uwandu’'=0inS, \S,,}.

It means that the displacements belonging to V., “vanish” on a part I, , included in 0S5, , N
Q.

We assume that S, , is made of isotropic and homogeneous material.

For a displacement u € V. ,, we denote by e the strain tensor (or symmetric gradient)

- TN oy QM U
e(u)—E(Vu—i-(Vu) ) erj(u) = 2<3x" + ax,-)‘ (5.2)

We have two coordinate systems. The first one is the global Cartesian system (x1, x, x3)
and is related to the frame (O;ey,e;,e;). The second one is the local coordinate sys-
tem (s, 52, 53) defined for every beam and related to the frame (¢ + eAS; t), t5, t5),
€ e{l,...,m}. The orthonormal transformation matrix from the basis (t{, t5, t{) to the basis
(e1, €, e3) is T¢ = (t] | t; | t}), this matrix belongs to SO(3).
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Hence, for every displacement v € H' ( ¢.) a straightforward calculation gives

e(v) = (V v+ (V) ) = ETZ(V v+ (Vo) )(TZ)T 3 T ¢, (v) (T

v ¢l 1(0v £ v L 1(dv £ v L
o t 2(8s2 t + ds1 't ) 2(3Av3 t + ds1 t3) (53)
— 9_v. ¢ Liov | Z Qv ¢l
es(v) = * o, B 2 (ag 6+ t;)
* * o -t
3?‘; 3

Let al]k, € L™(S:,), (, j, k, D) ef{l,2, 3}4, be the components of the elasticity tensor. These

functions satisfy the usual symmetry and positivity conditions

. afji;[ = aj.;.',;l = a,i};"j ae.in S, ,;

e forany T € M2, where M? is the space of 3 x 3 symmetric matrices, there exists Co > 0
(independent of ¢ and r) such that

e, r :
aijkll','jfk] > Co‘L’,‘jT,‘j a.e. 1n Sg’ro (54)
The coefficients afjkl are given via the functions a;jx; € L*(S x D)

.. Tl §2 83
aiFle/(x) ,]k,(é?é + oAb +51t8 + 5oth + 53t5) = aiju (AK v 7)

(5.5)
forae x =& +eA' +sit) + ot +s3t5in Py, Lefl,...,m), £€E.

The constitutive law for the material occupying the domain S, , is given by the relation
between the linearized strain tensor and the stress tensor

0ij(u) = afj;; e @), YueVg,. (5.6)
The unknown displacement u,': S, , — R is the solution to the linearized elasticity system:

Vieou,)=—f, in S,
u, =0 on I'.,NAS,,, 6.7
o(ue) ve=0 on 038, \ e,
where v, is the outward normal vector to 9SS, \ I', f. is the density of volume forces.
The variational formulation of problem (5.7) is
Find u, € V., such that,
(5.8)

/ o(ug):e(v)dx = fe-vdx, YveV,,.
e,r Sa.r

5.2 Final Decomposition of the Displacements of a Periodic Beam Stable
Structure as a 3D-Like Domain

Let u be a displacement belonging to V. .. As proved in [14], we can decompose u as the
sum of an elementary displacement and a warping.

10f course, the solution to this problem depends on & and r, but for simplicity, we omit the index r. The same
holds for the applied forces f; and for every function which in fact depends on both indexes.
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The decompositions introduced in Sect. 4, the estimates of Lemma 5 lead to the following
estimates:

Lemma 7 For every u € V., the following estimates hold:

Iz, = Crlie@l 2, ). [Vit] 2, ) = Clle@ll 2, )
dR du c (5.9)
e(u)| ;2 , — —RAt < —lle)|l;2 .
1] e, = @i |5 e, = Tz,
Moreover, one has
[2% < el IRll2s, = €5l
e(u)|;2 , 2 <C—lle)l;2 ,
dS LZ(S;) r2 L (SF r) L (Ss) r2 L (Ss,r)
au — £
Hg . Che@lis, -t = Cole@lia, )
& — 82
H ey SOl s s, = C5le@lizs, )
du" &
— —R"A <C=lle@) 2,
155 b o, S Coale@lis, )
dR" 1 ‘ au" e
. e(u)|l 2 5.10
| ) e+ e, = @2, (5.10)

Proof We apply Lemma 5 to the structure £(§ + Si,.). Replacing v by £ and then summing
over all £ € E, give the estimates (5.9) and (5.10).

Let u be in H'(S;,)*. In Lemma 5 replace S . by e(§ + S,/.), with & € E,, and let r¢
be a rigid displacement given by this lemma

roe(x) =a(é) +b(E&) A (x —eG —¢€§), Vxe R3.

One has
Ce
U = reell 2 vy < - el L2 e+s, )0+
(5.11)
|42 ety nt < Zew
- & —|leu
ds Nereersy = 7 L2(eE+Sr/e))
and
&
IR" =bE&)ll 25y = C 5 le@l2eers, o (5.12)

Recall that if £ belongs to E ;, the domains &(§ + S,/;) and (& +¢; + S, /), i € {1,2,3},
are included in S; . Then, applying estimates (4.7) in Lemma 6 to the structure (¢ + S,/,)
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we obtain

3 82
D D bt +ee) —bed) e’ < Clle@ias,,

1=1 £€B¢;
(5.13)
3 84

D Dl +ee) —aet) —eb(eé +ee) Aeile’ < Clle@la,

i=1 geg,,
Set

U(eE) =a(e€), R(e€) =hb(e€), forevery & € E,.

Now, define

— U (resp. R)inthecelle(€ +7), & € ES, as the Q interpolate of its values on the vertices
of this parallelotope.

U, Re Whe(Q,),

— a (resp. b) as a piecewise constant function, equals to a(¢£€) (resp. b(g£)) in the cell
eE+Y),E€E,.

a, be L®(Q,)%. (5.14)

We remind the following classical results ([10, Lemmas 5.22 and 5.35] and [16, Lemmas
5.2 and 5.3)):

Lemma 8 Let Q be a bounded domain in RY with Lipschitz boundary. There exists 8y > 0
such that for all § € (0, 8] the sets Qg’” = {x € Q| dist(x, 0Q2) > 8} are uniformly Lips-
chitz.

Lemma 9 Let ¥ be a function defined on E, and extended using the classical Q, interpo-
lation procedure in a function denoted V and belonging to W (Q,) then we have

&Y IWEP = IV g,

gegin
3

SWEP=C( Y WOPHY] D 1WE e - WEP). (5.15)

E€B, gegin i=1 §€B;;

Proposition 1 Let S be a 3-PSS. For every displacement u € H'(S,,)*, one has

C
||VR||L2(Q[gnl) =< - el 2(s,,)s

<CElle@l s, i€il,2,3), (5.16)

ou
== -Rrne| |
L2(Qi") r

ax;

3
||€(U) ||Lz(%m) = C; le@) 2, ,)-
Moreover, there exists a rigid displacement r such that

&
24 = Fl gy < Clle)l 25, (5.17)
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Proof The estimates (5.13), ; and Lemma 9 yield

8
IVRI 2oy = IVRI 2@ = C 3 lle@i2s, -

=[G ~Rre
LZ(Q””) 0x;

8 .
| < Cole@ iz, i€l1,2.3).
8x, r

L2(Qe)
And (5.16), » are proved. From which we get

” L ou
— -
L2y — |l ox; ax,-

<C—|Ie(u)||L2(sp,>,

H ax; L2(Qe)

V@, j)efl.2, 3}2,

which also read (5.16);. Lemma 8 allows to apply the 3D-Korn inequality in the domain
Q;’” using estimate (5.16)3. That gives (5.17).

Proposition 2 Let S be a 3-PSS. For every u in V. ., the following estimates of the elemen-
tary displacement holds:

C &2
U025 = = (14 5 )le@llizs, |2

cf
r_2 le@)l 2,

thsa
Rl +e| ] | <C 5wl
E|l— —||le(u N
L2(S0) ds sy =€ 72 L2(Ser)
g2 P
10206, = € (14 =) le@llzzgs, 10 25,0 = C=lle@locs, -
(5.18)
Moreover, one has the Korn type inequalities
g2 &
||”||L2(5”) = C<1 + )”e(u)“LZ(S&,)v ||V’4||L2(sg,,) = C;||€(M)||L2(sgv,>§ (5.19)

Proof This proposition is a consequence of Proposition 1 and two lemmas postponed in
Appendix A.

5.3 Assumptions on the Applied Forces

We distinguish two types of applied forces. The first ones are applied in the beams (between
the junctions) and the second ones are applied in the junctions.

* The applied forces f. in the set of beams | J, .z Uy, Pf[,,

For simplicity, we choose these applied forces constant in the cross-sections and equal to

f.= rj82f|55 a.e.in U UPM,

EeB, (=1

* The applied forces F, i, in the junctions.
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These forces are defined in the balls centered in the nodes with radius r

g2 e
Frx, = Z r_zF(A)lB(A.r) + Z r_3G(A) A (x — A,
AeK AekCe

Lemma 10 Taking the applied forces as

&2 € €
I= A; [r_zF(A) * r_3G(A) A= A)]IB(A’” + r+¢g? f‘SSIUSe%UTZIsz,r’ (5:20)

where (£, F, G) € (C (5)3)3 and where 1o is the characteristic function of the set O, we
obtain

[ forudx| = C(flem + 1 Flie@) + 1Glm@) le@lizs, ) Yue V.
Ss,r

(5.21)
Proof The proof is postponed in Appendix B.
As a consequence of the above lemma one obtains
Proposition 3 The solution u. to the problem (5.8) satisfies
le(ue)ll2gs, ) < C(||f||L°°(Q) + 1 Fll o) + ||G||LD°(Q))- (5.22)

Proof In order to obtain apriori estimate of u., we test (5.8) with v = u,. From (5.21), we
obtain

||€(Ms)||2Lz(S€_r) < C(IIfll o) + I FllLo) + ||G||L°°(Q))”e(us)”Lz(SE,,)v

which leads to (5.22).

6 The Unfolding Operators

The classical unfolding operator 7 is developed in [9, 10]. Here, we will use similar opera-
tors 7., 7.5, T2* in the context of the domains €2, S, and S,

Definition 6 (Classical unfolding-operator) For a measurable function ¢ on €2, the unfold-

ing operator 7 is defined as follows:
Te(d)(x,y) =¢>(8[ ] +8y) forae. (x,y) € 2, x Y,

X
&

T(@)(x,) =0 forae. (x,y) e (Q\ Q) x Y.

Definition 7 (Unfolding-operator) For a measurable function ¢ on 2., the unfolding oper-
ator 7, is defined as follows:

T (D) (x, y) =¢<8[;—C] +8y> fora.e. (x,y) € Q, x Y.
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Lemma 11 Let ¢ be in LP(L2,), p € [1, 4+00). One has

1T (@) = Te(@ e @xyy = 191l Lo qpr, (6.1)

where

Q' = {x e Q. | dist(x, Q) < ev/3}.
Proof Inequality (6.1) is an immediate consequence of the definitions of these operators.

As a consequence of the above lemma, the properties of the operator 7, are similar
to those of the classical unfolding operator 7,. For the main properties of the unfolding
operator 7., we refer the reader to [10, Chap. 1].

Below, we introduce two new unfolding operators. The first one is used for the centerlines
of beams and the second one is used for the small beams (it concerns the reduction of
dimension).

In the definitions below, s[i] represents a macroscopic coordinate (the same coordinate
for all the points in the cell 8[%] + &Y ) while S is the coordinate of a point belonging to
S. Hence, s[f] + &S represents the coordinate of a point belonging to S.. In order to get a

map (x,S) —> ¢ [;—‘] + &S almost one to one, we have to restrict the set S. This is why from
now on, to introduce the unfolding operator, in lieu of S we consider the set

SNIOo, 1)°.

For simplicity we still refer to it as S. The set of new nodes is always denoted K and the
number of beams of S is still denoted m.

Definition 8 (Centerlines unfolding) For a measurable function ¢ on S,, the unfolding op-
erator 7.° is defined as follows:

TS($)(x.S) =¢(8E] +ss) for ae. (x,8) € Q. x S.

Definition 9 (Beams unfolding) For a measurable function « on S, ,, the unfolding operator
7;“ is defined as follows (£ € {1, ...,m}):

TP ) (x, S) = u(e[%] FeAlestt +rszt§+rs3t§) for ace. (x, S) € Q. x (0, 1) x D,

where S = (81, S2, S3), A’ is an extremity of the segment y; C S and D = D is the disc of
radius 1.

Let ¢ be measurable on S, one has

TS@)@.8) =g (e[ S| +28) =g (e[ S| +eA’ +e5it]) = T @)x, (51,0,0))

for a.e. (x,81) € 2, x (0,1,).

X X
& &
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Lemma 12 (Properties of the operators 7,5 and T/**) For every ¢ € L'(S;)
/ T2 () (x,S)dSdx =2 | ¢(x)dx. (6.2)
Qe xS Se
For every ¢ € L*(S;)
||7;S D2 xs) = ENDllL2(s,)- (6.3)
For every ¢ in H'(S,)
TS d
7@, )= 57;5(—¢)(x, S)  forae (x.S)€Q. xS. (6.4)
aS ds
For every yr in LZ(SE,,.)
e
H'EM(W)” L2 xyexD) = C;HWHLZ(S&,-) forallt e{l,...,m}. (6.5)
For every y in LI(SE,,.)
m r2 . .
Y[ Smwedds - [ pwd| g, 66
=1 Qe xygxD € Se,r
The constant only depends on S.
Forevery u in H'(S,,) (j €{2,3}and L €{1,...,m})
—~ 9Tt ~
eTP (V) (x, 8) - t] = %(x, 9),
' forae (x,8)eQ, x (0,1,) x D. (6.7
b, Q4L 37;”(”) S
T (Vu)(x, ) - t; = 5S (x,5),
J

Proof We prove (6.2) and (6.3). Let ¢ be in L'(S,)

T2 () (x,8)dSdx = Z/ T2 (@) (x, A" + SitH) dx dS,
=1

Qe xS Qe Xy

m Iy
=y > |£§+8Y|/ (€ + Al + er)dt
0

=1 £cB¢

m Iy
=2283f p(eE+eA +endt=¢> | ¢(x)dx.
0 Se

t=1E&€E;

We prove (6.6). For u € L'(S,.,) we have
/ T2 u)(x, S)dx dS
QexypxD

_ 2/ u<g[f] +eAl +eSit! +rszt§+rs3t§) dxdS
(e&+eY)xyyxD &

§€B;
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= / u(s&—l—sAZ—i-sSltf +rSztg+rS3t§) dxdS
(e&+eY)xypxD

E€E,
= Z le& +8Y|/ u(sé +eAf —}—sSltf +rS2t§ +rS3t§) ds
E€Eg vexD

=g Z f u(s“g‘ +eA  FeSith +rSth + rS3t§) ds.
£cE, yexD

Now, replacing €& + A’ + eSit + rS,tS + rS;t§ by x and taking into account that the
matrix (t{|t}|t}) belongs to SO(3), we obtain

82

-~ o~ 52
T (x, S)dxdS = = / u(x)dx == / u(x)dx
V/QEXWXD ¢ r GXEZ (eE+ePy r/e) r? Z

3
& E€B¢ Psi,.r

and (6.6) follows.
Properties (6.4)-(6.7) are direct consequences of the definitions of the unfolding opera-
tors.

Corollary 1 For every ¢ in L*(S,), £ € {1, ..., m}
||7;M Dl 2@xyexp) < Cell@ll2s,)- (6.8)
From now on, every function belonging to L*(2) (p € [1, +00]) will be extended by 0 in
Q. \ Q.

Denote Q,(Y) the subspace of W!*°(Y) containing the fugctions which are the Q in-
terpolations of their values at the vertices of the parallelotope Y.

Lemma 13 For every ® in W (Q,) satisfying
T (@) € L7(Q; 01(Y)). (6.9)

Then ®s, belongs to W1°(S,) and it satisfies

C
HqD\SS L2(Sy) = z”q)”LZ(QS),
(6.10)
Ais. _yg, .t nS, and HdCD'SS <Sive)
— = . a.e. in an — — .
ds e ¢ ds lLxs) ~ ¢ L2(@0)
Let {®,}), be a sequence of functions belonging to W' (,) satisfying (6.9) and
[Pellz2@) = C (6.11)
then, up to a subsequence of {&}, there exists ® € L*(2) such that
O, ~ O weakly in L*(R),
T (D) — @ weakly in L*(Q; 01(Y)), (6.12)

TN @) jaxs = T2 (D) = & weakly in L*(2; H'(S)).
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Moreover, if one also has
VPl 2@, <C
then ® belongs to H' () and
O, ~ & weakly in H'(Q),

7;6xt<v¢s) —~ V& weakly in LZ(Q X Y)3, (6.13)

) =T (VO t)jans = V-t weakly in LA(R x S).
Proof The proof is given in Appendix C.
First convergence results for sequences in H'!(S;).

Lemma 14 Let {¢.}. be a sequence of functions belonging to H'(S,) satisfying
C
.

¢s 5 &
L2(Se) ds

=
L2(Se)

Then, up to a subsequence, there exists a e L2(Q; H;U (S)) such that

TS (@) —~ ¢ weakly in L*(Q2; H'(S)). (6.14)

If we only have
C

L2 (SeN Quu) 8

%

”d)g ||L2(SgﬂQ’”l) +e&

then, up to a subsequence, there exists ¢ e L2(Q; HP'”(S)) such that

TS (@G, s — ¢ weakly in L*(2; H'(S)). (6.15)
Proof The proof is postponed in Appendix C.

Definition 10 The local average operator M? is defined from L?(S;) to L*(R) as

M (P)(x) = |S| / T‘S(¢>)(x S)dS, for a.e. x € Q..

By convention the value of M7 (¢) on the cell £(§ + Y) is simply denoted M (¢)(g§).

A second lemma for sequences in H'(S,).

Lemma 15 Let {¢,}, be a sequence of functions belonging to H'(S,) satisfying

C
Pell 1 (s,y < s (6.16)

Then, up to a subsequence, there exists (P, 5) e HY(Q) x L*(2; H! (S)) such that

per

7;5 (¢5)1§i€mX$ —> O strongly in L*(Q:; HY(S)),

~ 6.17)
d 9 (
75( ¢’")1§,-€mx$ VOt + % weakly in L*(2 x S).
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Proof The proof is postponed in Appendix C.
Denote
HA{(Q)=|pecH' (Q)|p=00nT}.

Corollary 2 Let {¢,}. be a sequence of functions belonging to H'(S,)> NV, and satisfying
the following

Pell s,y < .

Then, up to a subsequence, there exists (P, a)\) € Hll ()3 x LX(Q; H! (8))? such that

per

7;3 ((Zbg)lﬁéimxs — @ strongly in L*(S; HY(S))?,

d 9¢
7;3( dig)lﬁgi"'xs -~ Vot + % weakly in L*(Q x S)*.

Proof Since {¢.}. belongs to V, ,, these functions equal to 0 in S, \ S,. Applying Lemma
15 with S; instead S, and with ©’ instead €2 give the result.

7 Asymptotic Behaviors
7.1 Asymptotic Behavior of a Sequence of Displacements
From now on, we assume that r is a function of ¢ satisfying the following conditions:

lim==0, lim— =« e[0, +o0l. 7.1)
=0 & e—0¢&

In addition, every field appearing in the decomposition introduced in the previous sections
will be denoted with only the index €.
In this section we consider a sequence {u.}. of displacements belonging to V., and

satisfying
le@a)ll2s,,) < C.

Theorem 1 For a subsequence of {€}, still denoted {¢}, one has

(i) there exist U € HFl (9)3, Ue LX(Q; H[L,,(S))3 such that S — U(-, S) Aty is an affine

function on every segment of S and the following convergences hold:

£u€19ig1t —U weakly in LZ(Q)3,
8 &

“NUA o — VU weakly in LX)’
8 &

F'spm a7 N . 2/0. gl 3
g7§ ! + U, -tt)) =~ U weaklyin L*(Q2; H'(S))’, 7.2)

r d — U . 3
gns(d—s(uf + @ t)t)) = VUt + 35 Wweaklyin L*(@x8),

r du; ou .
57;5< s ) =~ (e@)ty) -t + 3s ‘t; weaklyin L*(2xS8),
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where e(U) is the symmetrlc gradient of the displacement U

(ii) there exists U € L*(S: H! (S))3 such that L’{\m € L*(Q; Hy (ve) N H*(v0))?, L/ilw .

per
tf—O,Ke{l,...,m}and
r’ u U 7 2 1 3
_37;S(Us—(ug~t1)t1)—\1/{ weakly in  L*(Q; H'(S))",
€

(iii) there exists Z € L>(Q x S)* such that

du, au
_7;‘9( ) —~ VUt +—+Z weaklyin L*( x 5)3,
&

ds oS

(iv) there exists Re L*(2; H! (S))? such that

per
2

_2 S(Re) R weakly in L*(Q; H! (5))

and
Ray =4
aS
(v) there exists u € L*(2 x S; H'(D))? such that

1
—7;“@) % weaklyin L* %y H'(D)),

LKTM(MS) —~0 weaklyin L*( %y, x D)
Proof Below, every convergence is up to a subsequence of {¢} still denoted {¢}.
(i) From Lemma 21 and Proposition 3 we have the following estimates:

||U ”HI(Q”’”) < C

Lemma 5.1 in [16] gives a field U € H}(2)* such that (7.2); , hold.
From the estimates (5.10) and (A.2) one obtains
PR C
Il + e - )t s,y <
Hence, the convergences (7.2)s 4 are the consequences of Corollary 2.
Since

du, d, . -
= —U, U, -tpty) - ty,
75 ds(€+( o tt) -ty

the convergence (7.2)s holds (observe that (VU t;) - t; = (eU) t)) - t)).

(7.3)

(7.4)

(7.5)

(7.6)

1.7)

(7.8)

(i1) From (5.10), (5.22), (1) and the fact that by construction ngm 0) = gm (ely) =

we obtain

2
r_3 ||7;S(H<° - (HE ’ tl)tl)”Lz(Q;Hln) = ¢

Thus, up toa subsequence there exists i{ € L2(S2; H'(S))’ such that Z/lm € L*(2; Hy (y))*,

L{m t{ =0, €€ {1,...,m} and convergence (7.3), holds.
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(iii) Estimates (5.9)4-(5.10) and (6.2) yield

Then, there exists a field Z € L*(Q2 x S)? such that

<ct. (7.9)
L2(2xS) r

e (%(as - (Hs 'tl)t1) —R. /\t1>

—7’5( (e — @ t)t) R Ati) = 2 weaklyin L3(R x S)°

and by (7.2)4 we have

S(dl/{g

)<L )
s Rs/\tl)—g A ul + U, tl)tl>

r__sfd (— —
+_7;' <_<u8_(u£'tl)tl>_R5At1>
e ds
ou . R ,
_\VUt1+£+Z weakly in  L°(2 x S)°.

(iv) Estimate (5.18), gives

dR,
ds

Rell2 —i—E’ .
IRelzesn ey 2C

Thus, up to a subsequence, there exists a function R € L%(Q; H ;er (S))? (see Lemma 14)
such that (7.5) holds.
On the one hand, from (7.9) we have

r—TS( (@ - @, t)t) =R Ati) — 0 stonglyin  L3(S x S)"

On the other hand from convergences (7.3);, (7.5) we obtain

r? d — — -~ )
8_27;5(%(“8 — U -tDt) — R, /\t1> — S R At weaklyin L*(Q x S)°.

Hence, we obtain (7.6) and

IR U
g/\n:a—sz ae.in Q x S. (710)

Then I},, € L2(; HY (vo) 0 H2(70))’.
(v) Taking into account (5.9); », (6.7), and (6.5) for j =2,3, £ € {1, ..., m}, we have

<Ces.
L2(Q2xyex D)

172 @) 2 + H—T”(:)

Hence, up to a subsequence, there exists # € L>(Q x S; H' (D))3 such that (7.7); holds.
In order to show convergence (7.7),, note that from (5.9),, (6.7); and (6.5) it follows

<C.

L2(QxyyxD)

LR
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Therefore, convergence (7.7), is proved, since

é'ﬁb’z(ﬁg) —> 0 strongly in LA X ye; Hl(D))3.

Remark 3 Due to (4.2), the warping u satisfies

f u(-, S, 83)dS,dS; =0,
P ae.in Qxy, Vee{l,...,m).
/ u(-, 2, 83) A (Sath + S5t5) d S2dS; =0,
P (7.11)

Denote

Dg. = {71 € H;er_O(S)SI.,Tl Aty is an affine function on every segment y;, £ € {1, ..., m}],

. dA - -

D, = {(A, B) € H,,.(S) x H}, ()| 5 =Bt A=0onall the nodes ofS].

The field I/ is in L*(2; Dg,) while the pair (I, R) belongs to L2(2; Dy,). It worth to
notice that a field A belonging to H ;er,0(8)3 is a local extensional displacement if and only
if

forall A€ H' (S5)® which is the first component of an element belonging to Dy,,.

per

We endow Dg, (resp. D,) with the semi-norm

_ dA PR dB
A iH—-t , resp. A, B :H— .
s = |75 b ey G2 WA B, =| | L
Lemma 16 On Dy, the semi-norm || - || s is a norm equivalent to the norm of H'(S)>. On

D, the semi-norm ||(-, ) ||p,, is a norm equivalent to the norm of H'(S)® x H'(S)3.
Proof The proof is given in Appendix D.
7.2 Asymptotic Behavior of the Strain Tensor

For every V € Hll(SZ)3, W, v, E) € L*(Q; Dgx x Dyy) and ¥ € L2(Q x S; H'(D))? we
define the symmetric tensors &, £s, Ep by

(eWt))-t; 0 0

EWV) = 0 0 0f,
0 0 0
o g tl—%'(52t2+53t3) ko ok
5S(V,V,B)i —%%t] 0 0.
S, 3B
25y 0 0
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1 3% 13y
0 EE?TZ.tl 1 8y EE.1 13~
- v 1 0v | 1 0v | 1
Ep(@) = | % 3% t 3953 tgj_zasz t3 ae. in2x8S x D.
v
* * 353 -t

Theorem 2 Let u. be the solution to (5.8). There exist a subsequence of {&}, still denoted

{e}, and U € HM(Q)?, U, U, R) € LX(Q; Dgy x Dy,) and i € LX(Q x S; H'(D))? such
that the following convergences hold (£ € {1, ..., m}):

P
CT0tuy —~ U+ ~U weakly in LA x ye; H (D)), ifx € (0, +00],
& K
. (1.12)
2t ~ T weakly in (@ x yi; H (D)),
<

ifk =0
and

Dbt e, (o) — EU) + EsU.A,R) + Ep (i) weaklyin LA x ye x D). (1.13)
&

Proof Below, we give the asymptotic behavior of the sequence {7*(u,)} as ¢ — 0 and
r/e — 0. One has

T ue) = THUE) + T ().
From (7.7); we have (£ € {1,...,m})
1
STh ) —~u weaklyin  L2(2 x yi: H'(D)) .
&

From Definition 3 we have (£ € {1, ..., m})

TIUH =TS MUY + U, - tt) + T2 U — U - t)t) + 1T (Re) A (Saty + Stf),
a.e.in Q2 x y, x D.

The convergences (7.2)3, (7.3), (7.5) yield

1.
Drhtey — U+~ weakly in LX(Q x yi; H'(D))®, ik € (0, +-00],
£ K

if k =0, from (7.3) we obtain

r2 bt . ~ k] . 2 . 1 D 3
_53 ;s (US)—>L{ wea. lelL (SZX)/[,” ( )) .
Hence, the convergences (712) hold.

Now we consider the asymptotic behavior of the strain tensors 7;“ (es(ug))

TP e (ue)) = T (e (1)) + T (es (UY)).
From (7.7), we obtain (¢ € [1, ..., m])

iﬁb"(es(ﬁg)) —~ &p(@) weaklyin L2 (Qxyex D).
13
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Next from the convergences (7.2)4, (7.3),, (7.5) and (7.6) we obtain

_ -
(VZ/Itf+§TMI>~tf—%S?~(Sz~t§+53-t§>

* %k
r — ~
ST UM~ d(Vut + )-SR 0 0
0 0

1 ou 0 SR ¢
E(W’”‘ + s +2)-t+ 7235. i
weakly in  L2(Q x ye x D).

We set
Zi:ﬁ—i—Sz((VUh +j—Z+Z)‘t2)t1+S3<(VUt1+§—Z+Z) -t3) t, ae.in QxSxD.
Hence, one has
gﬁb’e(es(ue)) S EU) + EU,U,R) + Ep@) weaklyin L2(Q x ye x D) °
and (7.13) holds.
Denote

D, = {(wl,wz,%) e H'(D)’ | / (S3W2(S2, S3) — S2103(S2, $3)) d S2d S3 =0,
b (7.14)
/ T:(Sn, S3)dS>dS; =0, ie{1,2,3}}.
D

Thanks to the conditions (7.11) satisfied by u and the definition of u, one obtains
= (- t)t + (i - t)ty+ (i - t3)t3 is such that (@ t,, 7 - &, i - ;) € L*(Q x S; Dy,). (7.15)
For the sake of simplicity, if U belongs to L*(2 x S; H'(D)?) and is such that
V=@ t)t + @)t + (V- t3)t satisfies (V-t,7- 6,7 t) € L*(Q x S; D,,)

we will write that ¥ belongs to L>(2 x S; D).

8 The Limit Unfolded Problem

To obtain the limit unfolded problem, we will choose test displacements v in V., which
vanish in the junction domain 7, , or which are equal to rigid displacements in 7, ,. In
doing so, we will have

f o) e(v)dx =Yy = [ iju T (5,1 () T (e (v) dxdS.
Se.r =1 €% Jaxy,xD

The step-by-step construction of the unfolded limit problem (8.12) is considered in Lemmas
17, 18, 19.
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Lemma 17 (The limit problem involving the limit warping) For every £ € {1,...,m} one
has

f Qijki (S(Z/{) + &, U R) + ED(M)) (ED (N)) dSdx = 0,
QxypxD

V¥ e LX(Q x yi; HY(D))®. (8.1)
Proof Set

B0 =eWet +ed) V(2)p(2, %)

(8.2)
fora.e. x = g€ + eA* —l—sltf + szté +s3tg, (s1,52,53) € (0,¢ly) x D,, & € B,

where W € D(Q2), V € D(y,) and ¢ € HI(D)3, L e{l,...,m}. Since V belongs to D(y,)
and r /e goes to 0, the support of the above test-displacement is only included in the beams
whose centerline is €& + ey,. Moreover, this displacement vanishes in the neighborhood of
the extremities of this beam, it means that this displacement vanishes in the junction domain
Jd,r .

One has

e.(¥.) == W(ek +24")

rdv 1 v rdv e 1 i rdv v
cas Pt E(V 38, ta+gdsl‘p't2) EI(V s, t[—"_stalw te)
X * Vgt (Vg E+ViE-t) | (83)
* * v 2o ¢

083

We apply the unfolding operator 7.>* and pass to the limit, this gives
[ ~ . 2 3x3
=T (es(Ve,r)) — WV Ep(p) stronglyin L7(Q2 x y, x D) . (8.4)
e

Hence

~ r r ~
/ o (ug) :e(Ve,)dx = / —TP o (ue)) - =T ey (@) dx
e,r QxygxD € 2

N aiju(EWU) + EWU, U, R)+5D(u)) WV (Ep(@)), dxdsS.

QxypxD

Using (5.20) and then unfolding and passing to the limit yield

2
| / rdx| = |5 / T T @) dx d3|
Se.r & QxypxD

2

€
< C— i Ifll Loe @) I WlLoo @) IV | Loy 10 Ml 2oy — O.

The above convergences lead to

[ anleen + @00 +e0@), WV (En@), draS =0,
QxyexD
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Finally, since the space D(Q) ® D(y,) ® H! (D)’ is dense in L2(Q x yi; H' (D))’ we obtain
(8.1).

Lemma 18 (The limit problem involving the extensional and inextensional limit displace-
ments) One has

~

| am(ean +es@ AR +e0@), (6s7.9.B), dvds
QxSxD

4 ~ T ~
== QG.(X:B‘(.,A)>dx+H_—K ) sf‘V(.’S)dex’ (8.5)
Aek x

-~

V(V,V,B) € LX(Q; Dg, x D).

Proof Let ¢ be in D(RQ) and (V,V, B) in Dgx x Dy, such that V and (V, B) are constant
in the neighborhood of every node of S.

Step 1. The test displacement.
Set
Vs,r i(ps,rV(;)a 9£,r = 8¢£,ri}(;), B::,r :(ps,rg(_)
€ € €

where ¢, , is defined in Appendix F. Since the above fields are constant in the neighborhood
of every node of S,, this allows to extend them in functions belonging to H'(S, ). Hence,
these functions are constant in the cross-sections and in the neighborhood of every node. We
remind (see Appendix F)

7;S(¢8,,) —> ¢ strongly in LY x S),

8.6)
d¢., d? e, r . (
87;S<d—;) 827;”( dﬁz ) —> 0 stronglyin L} x S).

We define v, , in the beam whose centerline is €€ + ¢y, £ € {1,...,m} by

_ 82— ¢ 82A ¢
Ve () = 7vg_,(es; +eA" +51) + r—zvg,(ss +eA" +51)
2

E7 ~ ~
+ r—ng.r(es + A"+ 51) A (5285 + 53t + T, (1),

& dee,
r? ds

s ()= — (& + A’ + sl)T/(A‘ + sg—‘) - (52ts + 53t 8,

fora.e. x = c& + A" +s1tf +szt§ +53t§, (s1, 52, 53) € (0,¢ly) x D,,

Lefl,...,m}, &Ee€k,.

Observe that for every x in B(e€ + gA*, cor) N S..» one has

g2 &%
Ve, () = p(6 + sAe)[TV(A[) + r—ZB(Af) Ax — gk — gAZ)].

Hence, v, is arigid displacement in B(g& +¢& A", cor) NS, ,. This test displacement belongs
to Vg,.
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Step 2. Limit of the LHS.
One has

e23V., €*oV., €208, A ot 4 582 )+

= — — S s
r 0s r2 9s r2 9s R 81
24y ( )

Ve,

asl
aver 52 d¢sr— : dV 8 d(ﬁgr,\ . o
r & -v(_) , () V()—r——
051 rods ¢€ & +r2 ds, e +r2¢€" ds, \e
d¢sr : E Usr
B(5)+ 6 75, (5)) A Gt st
+r2< dsy £ + . das; (s22+s3 3)+ s,
Bv” _ ¢ ( )/\te_{_av” 81)5 d) ( )/\t€+87)’“
8S2 o 8S2 ’ 8S'; o 3 8S3 '
Ver gy — Qe t+8"“ -t = 0 and by definition of (V, B) € D,

"s r
t2 353 s

Observe that

onehas V-t = 0
The convergences (8.6) yield
v 9y
f (Szt[ + S3t ) strongly in L*(Q2 x ¥ X D),

r v
_Tb’f(l .ﬂ) —_— .t =
et \as, )T a8 T ase

&
d(f’&r l
= V( ) in e

The presence of 7, in the test displacement is just to eliminate %
t[ i € {2,3}. Then, again using the convergences (8.6), we obtam

t‘f—i— Bvsr
Fre N g;l(tiv asZ ;Szt‘+tfatf) :; *
ot T S G

§(E~t3+52—l t) 0 0
strongly in ~ L*(2 x y, x D)3X3
Hence,

T2 s (ve)) —> ¢ (Es(V,V, B) + Ep(0))  strongly in - L*(2 x y¢ x D)

where

~ BN M
—:S( t)t s(— t: )t
v 35, 2 )t + 53 a5, 3)1

Unfolding the left-hand side of (5.8) and passing to the limit give

/ o (ue): e(v“)dx—Z/ T”(crs(u;)) ﬂh’e(es(vg,r))dx
Se.r Qxyng

4/ aiju(EU) + EsWU, U, 72)+5D(“)) P(EsV. V. B) +Ep (D)), dx
QxSxD
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Step 3. Limit of the RHS.
Now, we consider the right-hand side of (5.8)

fove,dx = Z/ Frx. .vg_,dx+/ f, v, dx. (8.8)
B(A,r)

Ser Aeke Seur

Let’s take the first term in the right-hand side of (8.8). Taking into account the symmetries
of the ball B(e& + A", r) and the fact that [, , . [x]*dx = “’TT’S. After a straightforward
calculation, one obtains

3 / Fog. - veydx
AeK, B(A,r)

_Z /(E Z)[FZF(SS-FSA)—F G(eé—i—sA)/\(x_(gg_sA)]
B(gk+eAl,r

Alex §€Be

= 4?71-84 D> b(ek +eA)F(ek + A" - V(AY)

Alek§€8e

4 o
+ ?”53 3 S 6(et +6AY)Gsk +eAY) - B(AY).

Alek §€8e

Since |Y| =1, one has

DY Ep(es +eA)F(ek + A" V(A" —>/F ¢ Zv )

Alek§€Es Aek

3
3 S (et +eA)G ek +2AY - B(A —>/G¢ Y B(a )
Alek §€E; Aek

Hence,
4 —~
E Fox, -Ve,dx — —/ G-¢ B(A))dx. (8.9)
A€k, /I;(Afr) : 5 Ja (AXE;C ( ))

Now, we take the second term in the right-hand side of (8.8).
Due to (6.6), we only need to consider ;—i >, fowxD TrEE) - T2 (ve,r) dx dS. One
has

m
r2

> / TR - T (vey) dxdS
QxyexD

=1

82r+82 ,,2 Z waxD

[P @)+ TP + T B A (s + St | dvdS,

g2
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Assumptions (7.1) and convergence (8.6); lead to

riz i/QXWDT“(D-57;“(175,,) dxdS — 1:{ /Nf(x)-mx)?(smxds
T Z /Qwﬂb’“ﬂ (T Ver) dSdx —> 0,
rj_rgz ) /QXWDT""Z(fS) (TP B) A (Sath + S3th)]dxdS —> 0.
Hence,
Je Ve dx — — /G é ZB )dx f-¢V(S)dxdS.
Serr Aek Qxs

Lemma 24 and the density of D(Q) ® Dg, in L>(Q; Dg,) and D(Q) ® D, in L*(2; D)
lead to

o~

/ i (EU) +EsUUR) + Ep@),,(EsV. V. B) + Ep @), dxdS
QxSxD

G- (LB A)dr+

AeK

£-V(.,S)dxdS,

QxS

-~

v (), 9, B) e LX(Q; Di, x Dyy).

Besides, since v belongs to L2(Q2 x S; H'(D))? equality (8.1) together with the one above
yield (8.5).

Lemma 19 (The limit problem involving the macroscopic limit displacement) One has

/ aiji(EQU) + EsUU. R) +Ep ), (EV)),, dx ds
QxSxD (&10)

47 |K| K|S| / o3
= . f-vdx, VYV e Hp(2)7,
3 Q o 1 + Kk Q o F( )
where* |K| is the number of points of KK and S the measure of S.

Proof Step 1. Limit of the LHS of (5.8).
Let V be in D(R?)3 such that V =0 in '\ Q. We define V, , using F. This function is
extended as in Step 1 of the proof of Lemma 18. Set

£
Vg, = ;Vm eV,

2Here, by convention l"fo =1.
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We have

= . 5 3

=T (Ve,) — V stronglyin L°(2 x y, x D)",

e

. (VVE) - tf % -

and  — T (e;(ve,) — %(Vth}tﬁ 0 0]=EW)+Ep(D) (8.11)
s(VVE)-tf 0 0
. 2 3x3
strongly in  L“(2 X y; x D)

where

T=5((VVt) b))t + (V) t)t,  aein QxS x D.
Convergence (8.11) leads to

/ o(ug):e(V)dx
Ss,r

— i (EU) +EsU U, R) + Ep @), (EV) + Ep()),, dx dS.
QxSxD

Step 2. Limit of the RHS.
Now we consider the right-hand side of (5.8). By (5.20), firstly we have

Z / Fox, - Verdx
Aek, Y BAT)

2
= / (5FA+ SGA A G =) =V(A)dx
B(A.r) r r

Aekg r
4 4|
= ST Y F(et +6A) - Vet +eA)e’ — M/ F-Vdx
3 — 3 Ja
Aek &€
and secondly, due to (6.6), we pass to the limit in
2 m

r e ¢ k|S]|
- TEEE) -T2V, ) dxd S /f-Vd )
82r+82r§/9><w><D ¢ (5) ¢ (F) g — 1+K Q *

Hence

Sfe Ve, = Z / F.x, Ve, dx +/ f. v, dx
Ser AckC B(A,r) Se.r
£

4|k S
_ & |/F-de+K| |ff-de.
3 Q lﬁ—K Q

Since the set of functions belonging to D(R?)® and vanishing in '\ Q is dense in HL(Q)?,
we obtain

/ i (EU) +EsU U, R) + Ep@)),, (EV) + Ep (), dxdS
QxSxD

47 |K|

K|S|/ 1 3
F-Vdx+ —— | £-Vdx, VYV e H Q).
3/9 x+1+KQVx Ve HA(Q)
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Taking into account that ¥ belongs to L2( x S; H'(D))? and using (8.1), equality (8.10)
is proved.

Theorem 3 (The unfolded limit problem) Let u. be the solution to (5.8). There exist U €

HNQ)?, U, U, R) € L*(2; Dg. x Dy,) and ii € L*(Q x S; D,,) such that (U, U, U, R, )
is the solution to the following unfolded problem:

/ i (EU) + Es U U, R) + Ep @), (EV) + Es V.V, B) +&p(@)),, dx dS
QxSxD

_4nlk S
ud '/ F-Vdx +—/ A))dx+lK| |/f~de
AeIC Tk Jo
T —~
+ / £V, S)dxdS
I+« QxS

o~

VVeHNRQ)?, YOV, V,B)eL*(Q;De x Dp), YU eL*(QxS;Dy).
(8.12)
Moreover, the following convergences hold (£ € {1, ..., m}):

a T2 (es(up)) — EU) + EsU, U,R)+Ep(i) stronglyin L*(2 X ye x D)3X3
e
(8.13)

Denote

1 00 00 0 0
M!'=|0 0 0 M2=]|0 1 o], M¥®=1{0
000 000 0

0

0

0

- o O oS O =
S = O (=N =l)

0
=M= 1
0
0
=M2=_10
0

Proof From Lemmas 17, 18, 19 we obtain that ({, I/, U,R, u) satisfies (8.12) for every test
function V € H ()%, (V. V. B) € LX(Q; Dg, x Dy,) and i € LX(Q x S; Dy)) C LA X
S; H'(D))3.

The coercivity of this problem is given by Lemma 26. Since the problem (8.12) admits a
unique solution, the whole sequences in Theorems 1, 2 and (8.13) converge to their limits.

Now, we prove the strong convergence (8.13). First, observe that due to the inclusion of
Ter in U, ek, B(A, cor) given by (5.1), the portions of beams which correspond to Sy €
Qcor, 1, — 2c01r) are all disjoint. Furthermore, since o (u.) : e(u,) is non-negative, one has

m
7'2

8_2 ;,/g;x(o]e)xl) be(as(us)) (ea(us))l(Zc()rlg 2c[)r)dXdS

< liminf/ o(ug):e(ug)dx.
e—0 Ser
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From (7.13) and the fact that r goes to 0, one obtains (€ € {1, ..., m})
r —_— A A ~
ST e gt —20r) = EQU) + EsUUR) + Ep (i)
weakly in LY X y; x D)3X3.

Hence, choosing u, as a test function in (5.8) and using a weak lower semi-continuity of
convex functionals, one has

ij

/ aiji (EU) + EsU. U, R) + Ep()), . (EU) + EsWU. U, B) + Ep (D)), dx dS
QxSxD

2 m
§llm1nfr— Z/ Zh’l(afjkl)ﬁb’l(e.v‘[j(us))ﬂh,e(es,kl(us))1(260r$l¢~72q)r) dxdS§
=1 Qx(0,lp)xD

e—0 82

Slimiglf‘/ o(ug):e(ug)dx < limsup/ o(u,) :e(uy,)dx =limsup fe-u.dx
&= Sf:,r Ss.r

e—0 e—0 Se.r
4JT|IC|/ 47[/ —~
= F-Udx+— | G- R(-,A))dx
[ s [ 6 (D AC0)
S —~
LS e s T [ t.0.S)dxds.
1+K Q 1+K QxS

~

= / aiji(EQU) + EsU. U R) + Ep@), (EU) + EsU, U, B) + Ep(@)),, dx dS.
QxSxD

ij

Thus, all inequalities above are equalities and

lim/ o(ug):e(uy)dx
Se.r

e—0

= / aiji (EU) + EsU.U.R) + Ep @), .(EU) + EsU. U, B) + Ep(iD)),, dx dS,
QxSxD

ij

which in turn leads to the strong convergence (8.13).

9 The Homogenized Problem

9.1 Expression of the Warping &
In this subsection we give the expression of the warping & in terms of the macroscopic

displacement ¢/ and the microscopic fields U, u. S R.
To this end, we use the variational formulation (8.1). For every £ € {1, ..., m} one has

/ aiju (Ep@)),,(Ep(@)),, dS2dS3 = — / aiu (EU) + EsUUR)) (Ep @), dS2d S5,
D D
ae.inQxy, VveD,.

This shows that & can be expressed in terms of the elements of the tensors £ and &s.
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‘We write
EU) + EsUV,R)
(6’((/{) tl) | 0 0

0 0 0
%'tl_%'(sztz-i-&Q) P
S3 R
+ _5733%41 0 0
IR
Fas b 0 0
_ s R
ou o’U R
= Ut -t _.t)Mll_ s MY 2 ¢ (SM13—SM12)
<(€( ) 1) 1+8S1 1 ;aslz o Do +8S1 1 ) 3
ou AR
=((e@)t)) - t; + — - t; M + — -t (SM13—SM12)
<(e( ) 1) 1+3S1 1) +3S| 1 (92 3

+(873 t,S aﬁtS>M”
3s, TP as, 7

ae.in QxS xD.
9.1)

Now, we introduce 4 correctors which are the solutions to the following cell problems:
[D (S, ) (Ep (TS, ) + M), (Ep (), dS:d S = 0.
/;)aijkl (S, ) (Ep(X)(S, ) + SHMP — S3M12)ij (Ep(@)),, dS2d S5 =0,
/Daijkl (S.9) (Ep(X3)(S. ) + S3M”),-j (Ep(@)),, dS2d S5 =0,

/ aiji (S, ) (Ep(Xa)(S, ) — Slel)ij (Ep(@)),, dS2dS; =0,
D

forae.SinS, VveD,. 9.2)

Since a;ji;’s belong to L>(S x D), then x; € L*(S; D,), q €{1,...,4}.
Hence, we have
o R
W= ((e(u)tl) o -tl);(l +q§£ t, ¥y ae.in2xS x D.

9.2 Expression of the Microscopic Fields u, u , R

In this subsection we give the expression of the microscopic fields I, o, R in terms of
the macroscopic displacement /. To this end, as before, we use the variational formulation

(8.12).
Thus, taking V = 0, 7 = 0 in (8.12), then replacing u by its expression, using the follow-

ing equality:
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p— ’; o~
B ol L iR N .
SD(u):<(e(Z/l)t1)~t1+£~t1)€D(X1)+qX_;£-thD(Xq+1) ae.inQx8xD

together with (9.1) give

ajjki (€(U)t1)'t1+a—u't1 Ep() +M'™)
(e (

oS
IR ~ 13 12
+ S -t <5D(X2) + 5SM”Y - M )

AR N R ~ N
+55 6 (G + SM!) + 55t (T — S:M") | [£sV.V.B)| dS,ds;)ds
oS aS ij Kl

4 . - Y
=2G. B(A)+Lf-/V(S)ds, ae.inQ, VYV, V,B)eDs x D,

5 1+K S

AeK
9.3)

‘We write

o~ Y B 9B B
EsV VB =(— -t ) M" + = .t; ($,M" — ;M2 S — — 155, )M
s( ) <8S 1) +BS 1(2 3 )+<8S 2 93 S 32)

and the variational problem (9.3) has the following form:

3 (U\ o [V (e@t)-ti\ 5 [V
A—-|2) <l =])dS=—[ c— | )as
s S\R/) 9S\B s 0 IS\ B
4 - T ~ . — o~ o~
+—G-) B(A)+—f- [ V(S)dS, ae.inQ, VOV, V.B)eDg xDy,
5 1+K S

Aek
9.4)
where the symmetric matrix 2( belongs to L>(S)**4.
Y T
Here, the column 3"—5 (§> stands for the column (%—‘Sj -tli—zsg -t %—S 't2%_€ -t3> , wWhile

(Ot -t

the column ( stands for ((e(V) t)-t,00 O)T.

Matrix 2 satisfies

Ve e R,
2A¢-¢ 2/ Qjjki [51 (Ep(3) + M) + 02 (Ep(32) + S2MP — ;M)
D

+ 6 (Ep(3) + M) + 24 (Ep (%) — SzM”)]

1

x [61(En(01) + M) + &2 (€ (%) + S:MM - ;M)

+ 6 (E () + M) + &4 (Ep(7) — M) | dSaas;
ae.inS

since X,’s verify (9.2).
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At this step, the unfolded problem becomes

/ o (W) t) -t N u e t) -t L v e dS
S (7N, 9 .

4| 4 A
A '/ F.de+—”/G-(ZB(~,A))dx
3/, 5 \& 9.5)
S N
LS e vars T [ £.9(.S)dxds.
1+K Q 1+K QxS

VVeHNQ)?, YV.V,B) e L*(Q: Di, x D).
Now, we introduce 12 correctors

Xij = (Yijv S(\ij’ /X\ij)a Xq = (qu B(\q’ /X\q) € DEx X D1n7

(i, ) e{1,2,3), gef{l,... 6}
They are the solutions to the following variational problems:

X7 =", %7, x"7) € Dex x Dpas

ol X\ d [V S — /91 M7t) t\ g (V s
s asS\zi) as\g)" s 0 dS\ B

’ = (9.6)
d (x*\ d [V R o
/9( S(Aq-) ds< )dS:eq.ZB(A) YWV, V, B) € Dg, x Dy,
X AeK
X = (@B x10, 1) € Dy x Dy g €{1,2,3),
ad A vdS VdS, VWV, V,B) €Dy x D
/s ds 70+ " dS =€ /V , (V,V,B) € Dgx X Dy,
where ¢; = (10 O)T, e=(01 O)T ande; = (00 1)T_ Note that ¥ = .
Hence, one has
3
@UR) =D ey@h) x" 7 Z Gyx* + —quxq+3 9.7)
i,j=1

where G = ZZ=1 Ggey, = 22=1 fe,

@ Springer



Asymptotic Behavior of Stable Structures Made of Beams 277

~

In problem (9.5), we replace (I, U, R) by (9.7) and we choose (V, V, B) = (0, 0, 0). That
gives

ol (WOt o (X Nt -t
/gxs o )T )BS )\ o '

i,j=1

3 X! W) -t
:_/<4_7T2Gq [/gi(i)((e( )1) l>dsj|
e\ 3 5 s 98 \x 0 (9.8)
T 3 (XP\ [t -t
+—1—|—K ;fq |:/;91£ 5(\‘1“ . 0 ds dx

x|k S
71Kl Vax+ B (e vae,  wenl@'.
Q

+

Now, taking into account the definition of the corrector x” = (7” , X", %), the left-hand
side becomes

/ B (e(U), e(V)) dx
Q

where B is a symmetric bilinear form associated to the definite positive quadratic form

%ham(;’ C)
((; t)- n)
. ds
0

(et 2L g (7))
/:s ( 0 ) i;f’as (7:])
(Ct) -ty g (XY
( () )+i;l§;j£<5'(\'ij:> ds

9.9)

(&t -t ’ X"
:/s N ( ) 2 Gigg (71>

i,j=1

h
= b4 CijCu

for every 3 x 3 symmetric matrix ¢.
Write ¢ = Zijzl i;MY . Hence,

g — [ o[ (M 00), 0 (0 M- 0 (TN s o0
kal_/S 0 8S Az/ : O +£ 'X\kl . ( )

Now, we simplify the right-hand side of (9.8). Set

hom 2A ad 74 (MU tl) -t d 7ij s

G, j,q) €ll,2, 3}2><{1,...,6}. ©.11)

=

Thus, the limit field ¢/ € H}. (SZ)3 is the solution to the homogenized problem

/ biljDkr? ejjU)ey(V)dx
Q
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3 3
4 T
= —? E /S; Gq Cf’;qm ejj (V) dx + 1—|——K E /;qu C?joqn_l'_3 ej (V) dx
g=1 g=1

47 |K|
+ F-Vdx+
3 Ja

K|S| L3
f-Vdx, vV e HY(Q). 9.12
1+K/Q Vdx Ve HARQ) 9.12)

Lemma 20 The components of the homogenized elasticity tensor b;ji; € R satisfy the usual
symmetry and positivity conditions

hom __ pzhom __ yyhom.
- b = b3 = b
— there exists C; > 0 such that for every 3 x 3 symmetric matrix, one has

B, ) = b} ¢t = Colg

Proof By definition of the b"9"’s, the symmetry of matrices M*/ = M/ and correctors x/ =

1
hom
i

x’" we obtain the symmetries of the b}'7}’s.
From equality (9.9), Lemma 27 and estimate (G.4) we have

%hun1(§’ C)

Ct)-t 500 o (xY (Ct) -t S0 9 (XY
Lo () e moas (o) || (") e 2o ()

2

Ct) -t 3 9 (X"
*Js ( 0 ) 1,2:1 '8 X" ’

Theorem 4 (The homogenized limit problem) The limit field U € H}} (Q)3 is the unique
solution to the homogenized problem

/ bflj(;(’;l eijU) ey (V)dx
Q

3 3
4 T
=-= Y. /Q Gyl ej(V)dx + e > fg £, i e (V) dx (9.13)
g=1 q=1

dx |k s
Ml '/ Fovax+ 50 (e vax,  wvenie),
3 Q 1+K Q

where the bfﬂ'}’ are given by (9.10) and the cﬁ’;;m by (9.11).

10 The Case of an Isotropic and Homogeneous Material

We consider an isotropic and homogeneous material for which the relation between the
linearized strain tensor and the stress tensor is given as follows

o) =ATr(e(w)) Iz +2ue(u), (10.1)
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where I3 is the unit 3 x 3 matrix and A, w are the material Lamé constants.
The correctors x, € L™(S; D,,), g € {1, 2, 3, 4}, have the following form (see [13])

X1(, 82, 83) = —v(S:tr + S3t3), X2, 2, 83) =0,

- s - 82 - s2—§2

X305 8, 83) = V( — 5,85t + =2 5 : t3), Xa(, 82, 83) = V( : 5 2t + 5253t3),
where v = =—~— is the Poisson coefficient.

2(pt-2) . . . . . .
Due to the symmetries of the elasticity coefficients and cross-sections, we have immedi-

ately
X0 82, 83) = —Xa(-, S5, 81).

Hence, we obtain

- ou U 5?82
u= U[— ((e(U)tl) 'tl + % 't1> (Sztz +S3t3) + — 'tz( 2 B 3t2+S2S3t3

2
- i 852 (10.2)
U S5 —
tog (SzS3t2+ 3 3 2t3)] ae.inQxSxD.
The matrix 2 becomes
nE O 0 0
0 Zu 0 0
_ 2
A= 0 0 %E ' E (10.3)
0 0 0 ZE

where E = 1£GA20
e

is the Young’s modulus.
The correctors x"/ = (X", X"/, x") € L*(Q: Dgy x Dpn), (i, j) € {1,2,3}.

These correctors are the solutions to the variational problems (9.6);. Hence, by virtue of
(10.3), we have

dx’  dVv - dx"” . dB
/5 (w155t gs b *Z Gurton gg b gg )dS

. ay
=— M7 t)) - t,— -t dS. 10.4
/&;Clu( tl) tlds tldS (0 )

Choosing the function (0, X, Tj ) as a test function we obtain

3 ~ii ~ii
- ax’ ., dx’
E a — .t — -t dS=0.
/sq_l Ll TygT e s e

Hence, for every (i, j) € {1,2,3}? one has (x”/, X"/) = (0,0).
Let£bein {1,...,m}and ¢ € HO1 (y¢). Consider the test function V € D, defined by

_ Pt on y,
Y =

0 on the other segments of S.
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That gives

dx7  ,d y d
/ 4 g /(M’/t‘f).tf—‘pds
e dS ds e ds
and then
d27i_/
ds?

It means that "/ - t; is affine on every segment of S. The function "/ belongs to Us. Set

ti=0 in H'(n).

US per,0 — US NH per, ()(‘S)3
For every (i, j) € {1, 2, 3)? one has
7” € US,per,O«

Denote M the restriction to S of the linear field x € R? —> M¥x € R?. It belongs to Us.
Problem (10.4) becomes

d ..  —ij dv —
/ﬁ(y’f +M])-tlﬁ-t1dS=0, VYV € Us pero. (10.5)
S

The corrector X"/ is the projection on Ug, per,0 Of the field M’ e Us for the scalar product
<., - > (see (2.2) and Lemma 1).

The correctors: x7 = (x?, X7, X?) € L(22; Dgx x D), q € {1,2,3}.

They are the solution to the following variational problems (9.6),. Hence, by virtue
(10.3), we have

dx?  dv > dx¢  dB -
RS i —-ti—-ti)dS: STB(A). (106
/S<a“ as 'as ‘+;u+"“ as tas € AXeI:C (4). (00

Choosing the function ( 4,0, 0) as a test function we obtain

/— “tp——-,dS=0.

Hence, for every g € {1, 2, 3} one has x? = 0, since this function belongs to Dg,.
Let £ be in {1,...,m} and ¢ € Hy(y2), ¢2, ¢3 € Hi(y¢). Consider the test function
defined by

¢ty + sty on s, tl — Q At on
V= g |Pt st onre (10.7)
0 on the other segments of S, 0 on the other segments of S.

The couple (17, l?) belongs to Dy,. Choosing this couple as a test function in (10.5) leads to

dZAq d3’X\q . d3X‘1

¢ ¢
dSz -t;=0 in H~ ()/() d—S]3.2 ng ‘t;=0 in H~ (y[)

@ Springer



Asymptotic Behavior of Stable Structures Made of Beams 281

Hence, for every £ € {1,...,m} X - t{ is an affine function on y,, while X7 - t§ and X7 - t}
are polynomial functions of degree less than 2 on y,. A straightforward calculation gives the
restriction of X4 to the segment y, (S € [0, [,])

- ~ N - S
xS =X W(1- )+ X B

(10.8)
3@ @+ RB) - @+ RE) -4 6) 7 (1-7)
since [, X?-t;dS= [ ¥?-t;dS=0. Then, integration gives
RS =" (W) At (1 - ST) +37(B) Atl,f;
- 3(7q (A) +yq(3)) At }92 (l - 35—1‘2) (10.9)

since x9(A) = x9(B) =0.
The correctors: x+3 = (¥, x93, x77) € L(Q; Dgx x Diy), g €{1,2,3}.

They are the solution to the variational problems (9.6);. Hence by virtue (10.3) we have

dx"+3 v dxq” dB ~
L(a” S t1+z it i -tiﬁ-ti)ds_eq-/SVdS. (10.10)

As in the previous case, for every g € {1, 2, 3} one obtains 7‘”3 =0.
Again, we consider the test function defined by (10.7). That leads to (£ € {1, ..., m})

d2"q+3 . .
W t,=0in H™ (y0),
d3'iq+3 . 4 . d3'x‘q+3 . 4 .. 5
-t = e, -t = ——=e,-t; in H " (y). (10.11)
ds nE ds? nE
Hence, for every £ € {1, ..., m}, the restriction of 5(‘”3 to the segment y; is (S; € [0, [;])

£ =3P W(1- 1) 2B T -3 @)+ 37®)
Iy Iy

. - S M

_ +3 +3 . AT N _ =
(A + X B) € ) . (1 lz) (10.12)
2 eSS Si

T & et (z lz)(l zl)
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Then, integration gives

~ S N S2
5(\q+3(S1)=X(1+3(A)/\tf Sl(l__l)‘f‘Xqu%(B)/\tf—l
21@ 21(

218, s2, S\2
_3(Aq+3A "qHB)/\te—l(———)— ¢ _1(1__ At
XD B)A TG T 3,) T e B z[)e‘f !
(10.13)

The last step allows us to reduce the corrector problems (9.6), 3 to the algebraic equations
with respect to the unknown vector of nodal values. Denote E, the function belonging to
H;L,,,O(S)3 and defined by (€ € {1, ..., m})

1} s%( S

2
Eq(Sl) = 6nE E E) €, At on Ye, (S] € [O, lz])

Set

Pper(S) = |Be H), (5)° 1 B(s)

per

=B)(1- f—;) +z§(19)f—£1
=3[ (B +B®) - (B + Be) - )| 71 (1= 7).
4 4

on y=I[A,Bl, S ¢€l0l], te {1,...,m}}.
So X, (g € {1,2, 3}), belongs to Pper(S) and solves the discrete problem

X1 €Pper(S), qe{l,2,3},

3 —~ ~
dy!  dB .
/:g (; ai+1,i+lﬁ -t E .ti>dS:eq . ZB(A)7 VBe Pper(s)-

Aek

(10.14)

Similarly X3+ % Aty (g €{1,2,3}), belongs to P, (S) and solves the discrete problem

. dE
Xq+3+—"/\t1€77per(8)7 q€{1’2’3}’

ds
3 ~
Y d dE dB _
it —< (X + =L At -t,-—-t,-dS:f .YdS
/S ; AL s (7 ds ) as e (10.15)
nE [ (d°E, dB
T s ( dsz A tl) : % dsa VB e 'PPW(S).
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One has

nE [ (d°E, dB . I d? /S? S1\2 dB
TG ) ey [ s e s

= 1 d> (S} S =
:;Eeqm, (BB) — B(A)) ;i fwﬁ(é(l lé))(eq/\tl)-BdS

m lz m l e
:Zl_zz eq/\tl B(B)—B(A)) /y(S,—%)(qutl).BdS
=1 =170

and

R m S m I dy

/Seq Vds_;/;[eq VdS——;/W( |—5>eq ﬁds
=_Z/ (Sl—l—)eq (BAt)dS
=1 v7e

Hence ¥4 —|— L Aty (g €{1,2,3}) are solutions of the discrete problem

N dE
X+ d—s" At €Pper(S), qefl,2,3),

= dE dB U dB
/Za,H,H ( q+3+d_s"At1>.t[E-tidS:—Z é(/}/lﬁ/\tlds).eq

VB € Pper(S).
(10.16)

11 Conclusion

We conclude, that for our e-periodic r-thin structure, the solution to the linearized elasticity
problem (5.7) (in the strong), or (5.8) (in the weak/variational form) can be reconstructed in
the following form:

w0 ~2ue) + 7 Z @({7] )

5 2

+ 2(82+r)nzf (x)Aq+3({g]\s) T 0(%)’

forae. x €S;,. (11.1)
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Fig. 4 Periodic stable 2D structure under in-plane loading. Solution of corrector problem x 12 and approxi-
mation of the solution for I/ (x1, x3) = xpe + xj€p

From Proposition 2 we have

eutue) ~ = (EQ) + EsUAR) + Ep(@)).

(enty)-t; 0 0

EU) = 0 0 o],
0 0 o0
_ o
e~ %'t]_%'(szt2+33t3) * *
g Z/{,U,R = S3 R ’
s( ) 32’97%5 t 0 0
5 b 0 0
Lo ¢ 10 ¢
En() = | * 2ﬁz.t 1 9w ztasj_ldu -t QxS xD
p(u) = 28, 2 295, a2 235, B ae. inQx8xD,
u
* 652.t3
where
’%
_,\A 4 &

- = "q+3 Aq+3
(@.4,R) _Uzlel,m) 77.0,0)+ < ;Gq(o 1+ Zf )
and

U 282 277 @

U= _.t(gt SSt) —-t(SSt 3 2t)].

! UI:BSZ 2 2 2+ 29383 +8SZ 3 2 32+ 5 3

It is illustrated on Fig. 4. The strain tensor in the global coordinates can be obtained using
(5.3). Then, we can reconstruct the local stress field for Pt ¢, beam as follows

E((e(bl) t + au) t — W . (Sztz + 83 ta)) * *
AUSES -

Sz,u tl 0 0
ae. inQ xS x D. (11.2)

@ Springer



Asymptotic Behavior of Stable Structures Made of Beams 285

Funding Note  Open Access funding enabled and organized by Projekt DEAL.

Publisher’s Note  Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons
licence, and indicate if changes were made. The images or other third party material in this article are in-
cluded in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material.
If material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Appendix A: Proof of Proposition 2
Lemma 21 Let S be a 3-PSS. For every u in 'V, ,, one has

& &
I L2 ity < C; le@)l2s,,),  IVUlL2gpny < C; le@) 2, ,)s
1 (A.1)
&
IR 2 ginty < C; le@ll2cs,,),  NVRI2gny < C; lleGllr2s,,)-

Proof Since u belongs to V., by definition, it is equal to 0 in S , \' S..,. Then, there exists
arigid displacement r'(x) =a’ + b’ A x, (@', b’) € R? x R? such that (using (5.17) with Q'
instead of 2)

e
iU — 1'/||H1(Q/£im) = C; le@)2s,,)-
Let O be an open set satisfying O strictly included in '\ Q.
If ¢ is small enough then O, = {x € R? | dist(x, 90) < 24/3e} C Q" \ Q. As a
consequence Y =R =0 a.e. in O. Hence,
J / &
Il o) < IU—1 ||Hl(ggm) = C;H@(M)HLZ(S“) ==
/ / / &
[a’| + [b'| = ClIr'|l g1o) = C;”e(u)”Lz(Sg_r)'
The constants do not depend on ¢ and r. Therefore,
/ ! / &
X1l 1 (qpiney < Co(la’| + b)) < C;Ile(u)||L2<s€_,<),
where the constant Cyy only depends on the volume and diameter of 2’. Finally,
/ / 8
”u”Hl(Qi_’”) < ”u”Hl(ng) <|U-r ”HHQ"J’”) +Ir ”Hl(Qé"’”) =< C; ”e(u)“LZ(Sg,,-)

and (A.1), » are proved. Estimates (A.1)3 4 follow from (A.1); ; and (5.16); ».
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Lemma 22 Let S be a 3-PSS. One has (see (5.14) for a and b)

&€
||a||L2(Qg) + ”b”Lz(Qg) = C;”e(u)”LZ(sg_r),

2

e Ce
U —all 2 giny < C7 le@)L2s,,) IR —bll 12 (ginry < - le@) 2,
€ au" c
uh _ <C=Z , ” < ,
[ a||L2(5g) =t ||e(u)||L2(s”) Lz(sg) =5 ||€(M)||L2(.s€_,‘)
Y <C 1 au" - C
U125, = € @125, | e, = ez,
(A.2)
Proof From estimates (5.13)y, (5.15), (A.1)3 and the definition of R we obtain
2.3 g? 2
> IbEo)Pe’ < Clle@lias, (A3)
£E€Ee
Then, from the above estimate and (5.13), we obtain
3 84
D) latet +ee) —a(eg) e’ < Clle@)2as, s (A4)
r e,r
i=1 E€E,;
which in turn with (5.15), (A.1); and the definition of U lead to
2.3 &? 2
> la@Ee)Pe’ < C 5l - (A'5)

§€Be

Hence we have (A.2);. Estimate (A.2), is the consequences of (A.2);, (A.4) and the defini-
tion of U while (A.2)3 follows from (5.13); and the definition of R.
Estimate (5.11); yields

Ce?
h 2 2 2.3
”Z/[ - 3(55) ||L2(€(E+S)) = r—z ||€(l/t) ||L2(€(E+Sr/s)) + C|b(8€)| e

Summing up over all £ € E, the above inequality, using (5.11), and applying (A.3) give
(A2)4s.
Inequalities (A.2)q 7 are the immediate consequences of (A.2); 45.

Proof of Proposition 2 Since U =U" + U we have

” du’

— du
h
s < W iz + Wsn |5

L2(Se) L2(Se) ” ds l12s)’

From the estimates of Lemmas 7-22 we obtain (5.18), . Estimate (5.12) yields

Cs?

h 2 2.2
”R ”LZ(F(EJrS)) = 4 ||e(u)||L2(S(E+SV/€)) + C|b(8§)| &
Summing up over all £ € E, and applying (A.3) give

IR 25, < €5 lle(@)ll
L2se) = & el s, )
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Then, this inequality together with the estimates (5.10) yield (5.18),.
From Definition 3 we have

2
||Ue||L2(s“) =CrlUllzs,) + CroillRIL2 s,

+ IRl s, )

dau dR
. 2
VUl 2, ) = C(r H ds lr2s,) *r H ds

L2(Se)

Then, the estimates (5.18), , and (5.18), lead to (5.18)3 4.

Appendix B: The Applied Forces

First, note that the number of elements in K., which is denoted by |/C,| is less than

|Klmes|S2;|
K| < -k, (B.1)
€
where |K| is the number of elements in AC.
Proof of Lemma 10 Let u be in V. ,. By the estimates of Proposition 2, we have
X[, tudd] < Ciflma e, ®2)
E€E; Pee.r

Now, taking into account that for every node A € K, the following decomposition holds:

ux)=UA)+RA)AN(x —A)+u, forae.xeB(A,r),

we have
/ ( 3 FMlpan+ Y GA A G~ A)1B(A,,.)) Cudx
&r AeKe AeKe

=y f F(A) - U(A)ydx+ ) / F(A) - (R(A) A (x — A))dx
Aek, Y B(A) Ackc, VY BAD)

+Y / (G(A) A (x — A)) - U(A) dx (B3)
AeK, B(A,r)

+y (GA) A (x — A)) - (R(A) A (x — A)) dx
AeKCe B(A,r)

+ F(A) -udx + GA)A(x—A))-udx.
A;s /B(A,r) e A;g B(A,r)( * ) e

Let us estimate every integral in (B.3) separately. Due to the symmetries of the ball we have
/ F(A)- (R(A) A — A)) dx =0,
B(A,r)

/ (G(A) A (x — A))-UA)dx =0, YAeKk.
B(A,r)
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Thus, the second and third terms in the right-hand side of (B.3) vanish. Then, using the
Cauchy-Schwarz inequality, (5.9); and (B.1), the last two integrals in (B.3) are estimated as

follows
12 1,2
Z/ |F(A)|2dx> (/ |ﬁ|2dx)
B(A,r) S,

AeK, &r

‘ 3 /B(A’r)F(A) udx

AekCe

7\3/2 3/2
<c(5) Il = () 1P lsm @]z, )

and

‘ 3 /BW) (G(A) A (x — A)) -ﬁdx‘

AeK,

(% [, rowra) ([ ma)”

Aekg
r\3/2 _ L (T2
= r(2) G @ s, ) = € (2) T IG I @le@ iz, -

Since U"(A) =U(A) and R"(A) = R(A), then using the fact that 2", R" are affine func-
tions between two contiguous nodes

Do APe <ClU 2o, D IR (APe <CIR s, - (B.4)

AeK, AeK,

Then, the remaining two integrals in the right-hand side of (B.3) are estimated using (B.1),
(A.2)g, (5.18), and (B.4)

F(A)-UA)d
\A; fBM (A)-U(A) d|
Z/E [F(A)]? dx Z/B

aax)

Aekc, Y BAD) Aekc, Y BAD)
3/2 3 1/2 3
r r r
y 2 y
< C83/2 ||F||L°°(Q)<? E |et" (A)] 8) < C8_2||F||L°O(Q)||u1||L2(SS)
AeK,

2
-
= C5IFlx@lle@l s, )

and

> / (G(A) A (x = 4) - (R(A) A (x — 4)) dx]
B(A,r)

Aekg

B Z G(A x—A dx 1/2
R(A —A)*d
: (AE,C /z.;(A,r) (G A )| Z /;}(A " IR(A) A (x )] x)

(X [ rewra) (X [

Aekc, Y B(AT) AeKe

12
r2|R(A)|2dx>

B(A.r)

@ Springer



Asymptotic Behavior of Stable Structures Made of Beams 289

52 5 172
r r h 2
= Co51G =@ (= Y IRM(A)f)
AeK,
5 3

r r
h
< C5_2||G||L°°(Q)||R lr2es. = C;”G”L‘X’(Q) e 2, ,)-

The above estimates, those of Lemma 22 and the fact that » < ¢ end the proof of Lemma
10.

Appendix C: Unfolding Method Results

Proof of Lemma 13 Since ®, belongs to W (2,) then @, isin W1(S,). Taking into
account that x = ¢£ + eA® + st; in S, we have equality (6.10),.

Since Q(Y) is a finite dimensional vector space, there exist two strictly positive con-
stants ¢ and C such that for every ¥ € Q(Y)

c||\IJ|5 ||L2(S) S W2y < CH\IJIS ||L2($)’

H d¥,s dV¥s

< IVl = €| =g

L2(S) L2

Now, for every ® € W' (Q,) satisfying (6.9), after -scaling, we obtain

ce ”q>\56 L2((e£+£Y)NSe) —”cD”LZ(sEJrFY) chlss L2((eE+eY)NSe)?
V& € B,.
2” 1D, |? <|IVo|? <Ce? qu)'ss Fes
— 2 — )
ds NL2(ee+e7)nse) — Lo(ek+eY) — ds NL2(eete7)nse)

Summing up all these inequalities for all £ € E, yields (6.10); 3.

Now, suppose that the sequence {®,}, of functions belonging to W1*°(L,) satisfies
(6.11). Then, up to a sequence of &, there exists ® € L?(2) such that (6.12); holds and
furthermore due to (6.3) (see also [9, Theorem 3.6]), one has

T (D) — & weakly in L*(Q x Y).

But, taking into account (6.9), we have the convergence (6.12), which implies (6.12)3, since
the embedding Q,(Y) C H'(S) is continuous.

Moreover, if || P 41,y < C then, up to a sequence of ¢, there exists ¢ € H'(Q) such
that (6.13); holds. In the same way as [9, Theorem 3.6], we obtain convergence (6.13),,
from which, taking into account (6.10);, we have convergence (6.13);.

Proof of Lemma 14 Using the properties of the unfolding operator 7,° (6.3)-(6.4) and the
estimates for ¢, we obtain

S
17 @)l 2@, xs) = ellPellr2s,) = €,

and

H AT (¢e)

de.
s I

L2(Q xS) - HE,ES (dd(i:)

L2(SQe ><S) Lz(Ss)
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Thus,

”7;S(¢S)HL2(Q;H1(S)) = ||T (¢F)||L2(Q& HI(S) = <C.
Hence, up to a subsequence ¢, there exists ¢> e L*(2; H'(S)) such that (6.14) holds.
In order to prove of (6.15), first observe that 7,° (¢ 1gim ) belongs to L*(Q; H'(S)) and

d¢:
ds

S
175 @) g s leamtsn = & (190 2s,nam + ) )=c.

L2(S.NQiM)
And, up to a subsequence of {¢}, there exists ae L?(2; H'(S) such that (6.15) holds.

In both cases, the periodicity of ¢ is obtained proceeding in the same way as to prove
[10, Theorem 4.28].

Proof of Lemma 15 The Poincaré-Wirtinger inequality gives a constant such that

Ve HY(S), W—E/V/

LZ(S) H L2(S)

We apply the above inequality with the function ¥ (S) = ¢. (€ + ¢S), & € E,. Then, after
summation over £ € E,, that yields

(C.1)

* d¢€
1¢e = Mc@e)lli2s,) = Co|| o

L2(Se)

Now, consider the function ®, defined in the cell (£ +7Y), £ € @s, as the O, interpolation
of M?(¢)(e£) on the vertices of this parallelotope. One has

O, € Whe(Q,).

Observe that @, also belongs to WI'OO(Q’;”’ ). Proceeding as in [10, Chap. 4] we obtain the
following estimates:

d¢
IPell2@) < Celldellizs,y,  I1VPel2@,) < Ce 7 . 26’
(C.2)
N 2
[@e — M (@)l 2@, < Ce 26"
Therefore,
”q)S”Hl(Q””) <[P ”HI(Q ) = =C.
Lemma 5.1 in [16] gives ® € H'() such that (up to a subsequence)
@ 1gm —> @ strongly in LY,
(C.3)

VO g — VO  weakly in  L*(Q)°.
Besides, by definition of ®,, ®,5 s, belongs to W1'°°(§S NS.) and Lemma 13 gives

dq>5|$8

|
ds

=Vd,-t; ae.in Qg NS,
ds

@Sy = =< ;”Vq) ell2@,)- (C4)
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Hence,
H dq)g d¢s
ds L2@.nse)
%
LZ(QFQSF) LZ(SF)
d¢e d(m ¢
< —||Vd, H H =
|| 2@, + 125 — L2s) " €
By (6.16), (C.1)-(C.2), we obtain
1®s — Pellr2@,ns,) < Ce L3S

Therefore, Lemma 14 gives a function a e L*(Q; H!

per

(S)) such that (up to a subsequence)
1 ~
57;5(@ — ®)lgm s — ¢ weaklyin L*(Q: H'(S)). (C.5)

Due to estimate (C.4), there exist a subsequence of {¢} and F € L?(S) such that

Ts(d;: )1%5 ~F weakly in LX(Q x S).

Let O be an open set strictly included in 2. If ¢ is small enough, one has
0cQ"cQ,.

Applying Lemma 13 in the context of the open set O leads to (up to a subsequence)

do,

T3< )1%S = TV, - t)loxs — VO -t weakly in L2(O x S).

Hence,
F=Vd-t, ae.inOxS8.

As a consequence F =V® -t ae. in Q x S and (6.17) are proved. Now, from (C.3) and
(C.5) we obtain

TS (@) g, s — @ strongly in  L*(Q; H'(S)),
T (¢ — D), s —> 0 stronglyin  L*(Q: H'(S)).

Hence,

T (pe)lgin s —> ©  strongly in - L*(Q; H'(S)).
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Appendix D: Proof of Lemma 16

Step 1. We show that the semi-norm || - || s is a norm in Dg, .

Indeed, if ” % =0 then A is a rigid displacement (remind that S is a stable

1

L2(S)
structure). The periodicity of A implies that A is a constant field. Since the mean value of
A is equal to zero then A = 0. Hence, the semi-norm || - ||s is @ norm in Dg,.

Step 2. We show that the norm || - || s is equivalent to the norm || - || 41 (s)-

First, we have

VAcD,  [A],=| 2

L%(S) = H dsS 2 — ” ”1—11(5)

The map
AeDg—> Axg€ H), (S’ NUs,
where Ay is defined by
Aair(A) = A(A)  VAeK.

Lemma 1 claims that there exists a rigid displacement r such that

-AAff

s = tllis) < CllAulls = €| &8 -,

L2(s)

Since S is a 3-periodic structure and Axrisa periodic function, we can choose r constant.
Hence,

D.1)

H dAage
-t

d Anst
S |

dS

L2@s) L2(s)

The function A — A,z vanishes on all the nodes. Therefore by the definitions of the functions
A and Aag we obtain

(X - XAff) Aty is an affine function on all the segments y,, £ € {1, ..., m}.
Hence,
d(A — Aag) dAag |12 2
—_— ===t D.2
H ds : + H ! L2(S) H as L2(S) (D2)
and, therefore,
d(A-A d(A-A
”(7%) :”(7”).“ <[] o
ds L2(S) ds L2(S) ds L2(S)

As a consequence of (D.1)-(D.3), one obtains

_ dA
VA e DE)(’ H

LZ(S) H Lz(S).
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Remind that since A belongs to H [1”,0(8)3, the Poincaré-Wirtinger inequality gives

VZEDE)(’ ”A”Lz(s) CH LZ(S) ” LZ(S)'
Thus,
_ dA
VAGDEx, HA”H](S) C’ % 'tl LZ(S) HAHS

Both norms are equivalent.

Step 3. We show that the semi-norm ||(-, -)|p,, is a norm in Dy,,.

o || aB
Indeed, if ” S

, = 0, then B is a constant field. Remind that A vanishes on all the
(S)

nodes, therefore one has BAt; =0 in S. Since every node is a common extremity of at least
two segments with non-collinear direction, then 5 vanishes on every node and thus B =0
in S. Hence, we have A =0 on S and the semi-norm ||(-, -)||p,, is a norm in Dy,,.

Step 4. We show that the norm ||(-, -) || p,, is equivalent to the norm || (-, )| y1(syx 11 (s)-

First, we have

V(A, B) € Dy,

P _|dB ~ . P
(A, B)”DM = HE = HA”H](S) + ”BHH'(S) = H(A* B)HH'(S)XH'(S)'

LX(S)

We prove by contradiction that there exists a constant C strictly positive such that

VA B €Dy,  |(AB],, < CIl(A Bllp,,

(S)xHI(S)

Suppose that such constant does not exist, then for every n > 1, there exists (24\,,, gn) e Dy,
such that

- o~ - o~ 1
I (A, By toand (A B, <

}HI(S)XH'(S) =

Thus, there exists a subsequence, still denoted n, such that

(A, B) = (A, B) weaklyin (H',(S)’ x H!,($)’) N Dy,

per per

Then, one has

minf ”
LZ(S) na+oo

I(A, B)llp,, =

= liminf||(A4,, B,)|p,, =
L2(S) n—+00 !

|7

Hence, ||(21\, B\)IIDM = 0 which implies (;l\, g) = (0,0). As a consequence of the above
convergences, the Sobolev embedding and the definition of D, we obtain

B, — 0 stronglyin H' (8)

per

and then 24\,, —> 0 strongly in H ,!(,, (8)3.

Finally || (A, Bl H(s)xH1(s) — 0 which gives us a contradiction.
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Appendix E: A Density Result for H ;e, (S) and Dy,
Let v and a be two constants such that 0 < 4t < a.
Lemma 23 For every ¢ in H' (0, a), we define F..(¢) € H'(0,a) by

$(0)
ift €10, ],

(p2v) - <15(0))t%t +¢0)+AF —v)( —2v)
ift €[r,2r],

¢ (1)

Fra(@)(@) = )
ift € [2¢v,a — 2¢],

t—a+2t

ift ela—2t,a—r],

¢(a)

lft € [Cl ) a],

where A and B are determined by the equalities

2t

2t a a
Fra@)@)dt= |  ¢(1)dt, / Fra(@)(@)dt = / ¢(1)dt.
a—2t¢ a—2t

0 0

Then one has

1 Fea(@) 112020 + 1 Fea(@) | 120-20.0) < C(||¢/||L2(0.2t) + ||¢,||L2(a72t,a))'

The constant does not depend on a and «.

Proof From (E.1); we have

6/t
A== (5600 -0 + 0 @) — (1) dr)

6t2r/~~ 2tt/~~
==(5 i ¢(t)dt—/0 /0¢(t)dtdt>.

Then, using the Cauchy-Schwartz inequality we obtain

(@) —¢(a —Zt))f +¢@) + Bt —a+v)(t—a+2v)

(E.1)

(E.2)

36 A L 36
AP < (o1 By + [ [ 10OF ddr) < 2 (616 s+ 2616 )

108
=tT ||¢/||L2(0,2r)'
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By definition of . , and again using the Cauchy-Schwartz inequality we have

/Zt (¢(2t) —¢(0)
. T

2
1 Fea @) 220,00 = +AG -0 +AC—20) dr

2t 2t 2t
= % (pQ2v) —p(0)*dt +3A> | (t —v)*dt +3A* [ (1 —2v)*dt

T T T

3 2c,~ 2 2.3 3 2t2 2t/~2~ m2
_;( ¢/()di) di +24% 5;(/0 1 dt)(/o 16/ ()P ) + 20416125,

0
< 6110122020y + 20410122,y = 210010122,

In the same way we obtain

I Fea(@)II7 <2101¢'l17

L%2(a—2v,a) — L2(a—2v,a)

and (E.2) holds.

Let S be a 3D-periodic structure. For every vt satisfying (remind that /, is the length of
the segment y, C S)

O<4r< min [,
Lell,...,m}

we define the map F, from H'(S) into H'(S) by

V¢ € Hl($)7 VV( C 87 Tt(¢)|y[ =S (¢\w)

Lemma 24 F, is a linear and continuous map from H! (S) into H! (S). We have

per per

V¢ € H),.(S), Fu¢)— ¢  stronglyin H,,(S). (E.3)
For every (A, B) € Dy, we define A, € H;f,. (S)? by
d A, - ~
=F.(B) Aty A, =0 on all the nodes of S. (E.4)
S

The couple (;4;, .7-}([3\)) belongs to Dy, and we have

.’Ft(B\) B strongly in H' (8,

per

(E.5)

-~

A —> A strongly in H[:e, S)>.

Proof First observe that for every ¢ € H'(S), the function F,(¢) — ¢ vanishes on every

nodes. As a consequence, F, maps H;er (S) into H I}er (S). Then (E.3) follows from Lemma
23.

Due to properties (E.1) of .’R(E), the function .Zc is well define by (E.4). Then, the
convergences (E.5) are the immediate consequences of Lemma 23.
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Appendix F: The Test Functions ¢, , and V, ,

Let ¢ be in D(Q). We define the field ¢, , belonging to W!1>(S,) as follows:for every
£ € B, and every y, = [AY, A + [,t{] € S we set

¢ (e& +£A") in [—cor, cor],
Ge.r(s) = 1 Per(51) if 51 € [cor, el — cor],
¢ (c& + eBY) in [el, — cor, €l + cor],
where ®, , is a polynomial function of degree less than 3 with respect to s; such that

‘De,r(c()r) = ¢(8E + SA[)7 (Dg,r(‘gll - C()}") = ¢(8S + SBZ)a

do,, (cor) do,,
Cor) =
dS1 0 dS]

(ely — cor) =0.

By construction ¢€~r\ss+sw belongs to W (g£ + £y,). We easily check that
T5(¢e,) —> ¢ stronglyin  L*(Q x &),

. d*¢e.r . D
aﬂs(d—s), 827;“(T;’) — 0 stronglyin L*(Q' x &).

Let V be in D(R?) such that V = 0 in Q' \ Q. We define the field ¢ , belonging to W (S!)
as follows:for every & € B, and every y, = [A*, A* + [,t{] € S we set
V(e& +eAb)
in [—cor, cor],
[ ¢ ¢ ¢y 51— Cor
V(eé +eA’) + (V(e& + eA" +et]) — V(e§ + eA")) ————
Vs‘r(s) = 81@ — 2Cor

if 1 € [cor, ely — cor],

V(s& + ¢BY)

in [ely — cor, ely + cor].

We easily check that

TS(dV”

y ) — VV-t; stronglyin L*(Q' x 8.
s

Appendix G: Coercivity Results

Lemma 25 For every v = (51, s, 53) € D, and every ¢ € R*, one has

~ 1 1 1. _ -
/D €0(8) + M " aS2dSs = (16112 + 2 (160 +16) + 1162 ) + 19T 2 p,

3
+ ) eI (G.1)

jok=2

@ Springer



Asymptotic Behavior of Stable Structures Made of Beams 297

where M; = (Cl + 8383 — 52§4)M“ — M2 + 5,M13,
Moreover, there exists a strictly positive constant C such that

~ ~ 2
112+ 17131 ) sc/D €0 (D) + M, |"dS$,dSs. (G.2)
Proof A direct calculation gives

[ €0 (D) + M, |* dS,dS;
D

2 1 8v1 2
= [ (&1 + 8383 — $204) dS2dS3 + — <— - S3§2) d$,dS;
D 4 Jp\oS,

3

L[ 0% 2 )
+3 /D (55 +5o62) dsads+ ,;z e @ Payey

Observe that

v 7]
— Sy —)ds dS; =0.
/D ( 33 s, + 5 95, 2d 53
Hence, we obtain (G.1). Then (G.2) follows from the definition of D,,, the Poincaré-
Wirtinger and the Korn inequality.

Lemma 26 There exists a strictly positive constant C such that

VVeHNRQ)?, YOV, V,B)elL*(QDe xDp), Vel QxS D,),

2 YIS 2 ~112
”VHHI(Q) + ”(Va V7 )”LZ(Q;HI(S)) + ”v”Lz(Q;Hl(D)) (G3)

~

sc/ |EV) +Es(V,V, B) + Ep(@)| dx dS.
QxSxD

Proof Step 1. A preliminary result. .
Let ¢ be a 3 x 3 symmetric matrix. Consider the displacements W € Dg, and V,(x) =
¢ x, x € R3. The restriction of V. to S belongs to Us and one has

dv oW AV, +W
Tetimgtyt @)+ gy = 2,

ds, N S "

As in Step 2 of Lemma 16 and since the structure S is stable, we obtain a rigid displacement
r such that
AV, +W)

Ve +W— <CH
IV, + rllgis) = 35,

1 .
L2(S)

Remind that S is also a 3-periodic structure. Therefore, comparing the values of V, +W —r
on the opposite faces of Y NS gives

lc—=b|<C|V,+W— Il g1(s)
where b = Vr is a 3 x 3 antisymmetric matrix. Hence,

IV +W)

b<CH
[Z]+|b| < 35S,

1 .
L2(S)
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Since W belongs to H [}”,0(8)3, we obtain

IV +W)

a5, (G4)

£+ Wil = €|

L)

Step 2. Inequality (G.2) leads to

v 2 ~ A~ -
/Q . e tot + 05 1| dSdx + 1. B g, + 172011

-~

sc[ e+ @ 0B+ er®f dSa
QxSxD

Then, the estimate (G.4) and Lemma 16 give (G.3).

Lemma 27 There exists Cy > 0 which does not depend on the variable S, such that
Vi e R, A7-¢>CHlel? aeinS. (G.3)

Proof Set x; = 23:1 g Xq- By (5.4) one obtains
mC'CZCO/ |SD()7;)+M;|2dSzng, ae. inS,
D

. ~ 2
Lemma 25 yields [, |€p(X;) + M| dS»dS; > n<|§1|2 + 3015 +10) + %|;2|2). Thus,
(G.5) is proved.
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