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Abstract Let (M, go) a smooth compact Riemannian manifold with smooth boundary and
dimension n > 3. We consider a minimization problem for the scalar curvature R after a
conformal change. In particular, we seek for minimizers of the || - || o functional of R, within
a conformal class, under small energy assumptions and natural geometric constraints. We
prove that minimizers exist, and have locally constant scalar curvature, outside of a set I
with explicit description.
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1 Introduction: statement of the main result

Let (M, go) a smooth compact Riemannian manifold of dimension n > 3, having smooth
boundary, equipped with a smooth Riemannian metric go and corresponding scalar curvature
Ro.If weletu : M — R be a smooth positive function, we may consider conformal changes
of the metric, having the form: X

g =u""g, M

where 2% = nzTnz is the critical exponent for the Sobolev embedding W!? < LP. Recall

that the scalar curvature of gg transforms under the law:
*_
— cnAgott + Rou = Rgu®* ', ()

(see [12] for example), where A, is the Laplace—Beltrami operator of go, ¢, = 4((,1"__21)) and

Ry is the scalar curvature of g.

Equation (2) has been the object of intense study in the past, beginning with Yamabe [20],
who claimed that solutions u exist, for R, constant, on any closed manifold. Nevertheless,
Trudinger [19] found a gap in the proof and proved part of the original statement, with Aubin
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[1] and Schoen [16] completing the proof in the remaining cases. A unified approach for the
Yamabe problem can be found in [12]. Furthermore, similar results were obtained in the case
of manifolds with boundary, beginning with the work of Escobar [4,5], and continuing with
Marques [13,14].

Another related problem to that of Yamabe is that of prescribed scalar curvature, known
as the Nirenberg problem for surfaces. In that context, it is asked if a certain smooth function
can be the scalar curvature function of a Riemannian manifold, after a conformal change (see
[3,11] for example). We note that obstructions may exist, depending on the manifolds and
functions that are studied.

A different question, connected to the aforementioned results, was raised in [15]. In
particular, a minimization problem for a weighted variant of the Gaussian curvature, after a
conformal change, was studied, on a compact smooth surface (S, g;) with smooth boundary
9S. If go is a metric conformal to g, with go = €2/ g; for a smooth function f, we have the
Gaussian curvature of g, K, given by:

K =e (=Ag f+Kyg), 3)

where Ag, is the Laplace-Beltrami operator of g1 and Ky, is the scalar curvature of g;. After
the introduction of a smooth positive weight function k : § — R, the authors prove that the
functional:

K
Eco(f) = ess supl—|
s k

attains its infimum on a suitably defined set. This is valid, provided that certain bounds hold
on the energy of the minimizer, in the class of functions they study. Moreover, the Gaussian
curvature of the minimizer is locally constant, outside of a closed set I', providing a certain
connection to the prescribed Gaussian curvature problem.

Motivated by the aforementioned results from [15] in the surface case, we study a higher-
dimensional analogue of that problem. In particular, the question that we attempt to answer
is the following:

Is there a metric in the conformal class of gg, with scalar curvature R minimizing the L*>°
norm?

Hence, we ask whether the following infimum is attained:

inf || Rg||Loom),
g€lgol & (0

where [go] is the class of metrics pointwise conformally equivalent to gp. Since we are
considering a variational problem in a geometric setting, there is always the possibility of
the problem admitting a trivial solution. First, note that for any A € R, we can consider the
metric g, = (Au)z*_zgo, with curvature R* given by:

A 2-2*
R* = 2>77'R,.

Hence, because of this scaling property, the infimum we want to consider would be automat-
ically zero, or not attained. To avoid this, we fix the volume of our manifold with respect to
g. If o is the measure corresponding to the metric gp, and p that is corresponding to g, then
the relation . = u? 1o holds. Thus, we select a number ¢; € R, with 0 < ¢y, and require
that:

w(M) = ci. “)
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If ho and hg are the mean curvature functions of M for g and go respectively, after a
conformal change of the form (1), then the following equation holds:

houn=2 = hou + —, (5)
Vo

with vg standing for the outward unit normal to d M with respect to go. Taking advantage of
the last formula, we select a number ¢; € R such that:

2(n—
/ hgdo :/ hgu ('1—21)d00 = ). (6)
oM oM

Here o is the surface measure corresponding to g, and og that corresponding to go as usual.
In that way we may avoid the possibility of the presence of a scalar-flat metric in a conformal
class, which follows from standard results of Escobar [4], extended by Marques in [13] and
[14]. Finally, we also prescribe u along the boundary, with:

u=uy € C*OM), @)

for a fixed positive function ug.

After having given the necessary constraints for our purposes, we can now proceed to
specifying some subsets of Sobolev spaces to work with. For 5 < p < oo, we define the
subset A”(cq, ¢2, ug) of the Sobolev space W2P(M, go) by:

AP (c1, €2, u0) = [u e WAP(M, g), / u¥ dpo = c1,
M

/ hgdo = c2, u = up on 3M,u>0].
oM

We also let A°°(cy, ¢z, ug) be the setof all u € ﬂp<oo AP(cy, ¢3, ug), with scalar curvature
R € L*®(M, 11p). We will show that within A%, there exists a minimizer for our problem,
as long as an upper bound on the infimum of the energy E (u) is satisfied.

In particular, with this notation in hand, our main result is as follows:

Theorem 1 Let (M, go) a smooth compact Riemannian manifold with smooth boundary and
dimension n > 3. Let ug € C*° (M), c; > 0, ¢3 € R, satisfy

inf  E@) < 2;7” 8)

uc€A®(cy,c,uqp) i K%

with K,, being the best constant for the Euclidean Sobolev inequality and ¢,, = %. Then,

a minimizer u of E in A% (cy, ¢, uo) exists, with scalar curvature R satisfying |R| = E (u),

almost everywhere. Moreover, R is locally constant in M\T", where I is a closed set contained

in a countable union of embedded (n — 1)-dimensional C'* submanifolds and a closed
(n — 2)-dimensional set.

This result is in line with the corresponding result in the case of surfaces in [15]. On the
other hand, since the transformation equation (2) involves a different kind of nonlinearity
compared to (5), different methods are needed to prove existence of a minimizer. In addition,
the Gauss—Bonnet Theorem, which holds in a generalized sense for n > 3, does not restrict
our constraints directly, something characteristic of the surface case. Finally, we remark that
it is natural to impose some bounds on the infimum of E (1), with similar conditions having
been used in related problems, see [12] or [17] for example.
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An interesting phenomenon is that the set I', which is countably (n — 1) rectifiable, as
can be seen using standard results from [18] for example, has another representation. It is
the nodal set of the solution of a partial differential equation related to our minimization
problem. Remarking that we have:

E(u) = |R|,

almost everywhere for our minimizer u, we can see that we recover a metric with constant
scalar curvature, locally up to sign, outside of a set with po(I") = 0. Moreover, (6) still holds
for the minimizer over the boundary. Nevertheless, our constraints may prevent I" from being
empty, as we have already stressed. In any case, the minimizing metric can be thought of as
the closest one to being flat in a fixed conformal class, since geodesic balls will deviate the
least from being Euclidean locally.

Remark 1 Theorem 1 may be suitably modified, so that we are able to get a connection with

the prescribed scalar curvature problem. In particular, consider a smooth positive function r

on M. Then, we may ask whether

Re
r

inf
8€lgol

Lo(M)
is attained. It turns out that if we substitute condition (8) by:
Re

r

Cn

ueA®(cy,cp,u0) = 2/"K2 ’
262 Cl nsSupy r

Leo(M)

then our results are still valid in that context. Thus, in that case the minimizing metric will
have prescribed curvature of our choice outside of a set of Lebesgue measure 0. Nevertheless,
for simplicity reasons, we only give a proof in the case r = 1, leaving the minor modifications
in the arguments to the reader.

Notation In what follows, we reserve C for various constants appearing throughout the text.
If further clarification is needed on the dependence of the constants on various quantities, we
state it explicitly.

2 A priori bounds
2.1 Lower bounds

We will prove Theorem 1 using an approximation scheme. In particular, since the space
L% (M, 1) is not reflexive, the Direct Method cannot be used to prove existence of a mini-
mizer. Nevertheless, we first establish existence of minimizers of:

1 . l/p
—_|RIPu?d ) ,
(/M (M) Ho

and then pass to the limit as p — oo.

The approximation procedure that we follow, makes the existence of a-priori bounds for
solutions of (2) necessary, so that we get a bounded nonzero minimizer in the limit. Note
that one has to establish existence of both upper and lower bounds, contrary to the lower-
dimensional case in [15]. In that context, due to the exponential conformal factor and the
surface geometry, the presence of upper bounds only, was sufficient to pass to the limit.
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To prove existence of a lower bound, we take advantage of our boundary condition (7).
Since (8) holds, there are some natural bounds on the L” norms of the curvature functionals
after a conformal change, for the class of functions that we study. We exploit those two
properties, following an idea suggested by Moser (personal communication), along with
some applications of standard elliptic regularity estimates to deduce the following:

Proposition 1 Let Ey, p > 0 and n > 3, be such that p > 5. Then, there exists a

positive constant Co = Ca(c1, Eo, g0, M, n, p, ug), such that for every positive solution
u € AP(cy, ca, ug) of the boundary value problem:

—CnAgou + Rou = Ruz*_l, inM
U = uop on oM,

with E,(u) < Ey, it holds that:
u > Cs.
Proof We note that since u € AP (cy, ¢3, up) and p > %, the Sobolev Embedding Theorem
implies that u € C O(M, g0). Thus, the set
Q={xeM|ulx) < co}

is open, for a fixed ¢y > 0, independent of u and chosen sufficiently small later on, such that:

min ug > cg. )

oM
If Q@ = @, there is nothing to prove, hence we assume that Q # ¢ from now on. Moreover, we
set Q7 = {x € Q| R(x) < 0}. We will estimate u from below in €2, by suitably constructed

solutions of certain equations.
Let v a solution of:

RuZ~!l in Q,
0, in M\ Q,

v=cy on dM, (10)

—CnAgyv + R0+v = [

where Rar stands for RO+ = max{Ry, 0} asusual. The standard L” theory for elliptic equations
(see [7] for example), implies that v € W2P(M, go) exists. Furthermore, v < ¢( in M, from
the maximum principle and v < u in M, by the comparison principle.

Now, let w a solution of:

cnhgow — Rfw=0 in M, (11)

w=cy on IM.

Then, there exists a k > 0, independent of the boundary data, such that w > kco in M. In
addition, v := v — w is a solution of the problem:

—Ru?¥! in Q,

— Jrf
CnAgOU—ROU= 0, in M\Q_,

v=0 on M.
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The standard L? regularity theory implies that v € WOl P(M, go) N W2P(M, go), with an
estimate of the form:

1
/ ‘A 0l — —RjV
M Cn
holding, where C = C(n, p). Using the L? theory for solutions of elliptic equations once

more, we get an estimate for v in Wz’l’(M , 80), which, combined with (12), yields the
following inequalities:

i @1
duo = Cef® " [ 1RIPapo (12)
M

1 p *_
(Vw2 (60" < C / ‘Agov—RJv dpo < €Y / |R|Pduo.
’ M Cn M

We then extend this estimate, for v in C! (M, go), using the Sobolev Embedding Theorem,

and get
2% 1
v —w| < CHIRILrmpyc

where C = C(M, n, p), after taking into account the definition of v.
Let y = inf,ep u, with y > 0, since u is positive and continuous on M. Then, using the
definition of E,, and the fact that u € AP(cy, 3, up), we have:

IR L (M, g) < (%A IRlpuz*dMo)l/p =y 2P PE,w) <y P}/ Ey.
Hence, it follows that:
o (k - ch*_zc}/pEoyfz*/”) <w— C||R||Lp(M’p_O)C(()2*_1) <v <y, (13)
since u > v. Setting g = % + %, note that the following relation holds:

n
—<gqg <,

2p
since p > n/2. Moreover,
2 24
2*=2)qg — — = P> 0.
P n—2

If y > (infyp uo)'/9, we have a uniform lower bound for u in M, and there is nothing to
prove. So, suppose that y < (infy u)'/¢ and set co = y9. Then, Eq. (13) implies that:

2
yl=1 > (k - Cc}/pEoynfg) .
Clearly, a positive lower bound C; for u follows, as long as:

k n—=2
sl ( 1/p
2Cc|'"Ey

Otherwise, the last inequality implies:

1

>kq
V_z,

allowing us to finish the proof in that case as well. O
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2.2 Upper bounds

Now that we have established existence of lower bounds for solutions of (2), it remains to
prove that uniform upper bounds exist too. We begin with the statement of the:

Theorem 2 Let u € AP(cy, c2, ug) be a positive solution of the equation:

— cpAgyu + Rou = Ruz*_l, (14)
for po > n fixed. In addition, let § such that:
Cn
0<d<—, 15
<< K,% (15)

where K, is the best constant for the Euclidean Sobolev Inequality. Then, if the following
statement is true:

200y %
o [ RIm aug < o, (16)
M
there exists a positive constant C = C(M, §, n, po, c1, ¢2, 80, Ug), such that:
u(x) <C, (I7)
Vx € M.

The proof of Theorem 2 consists of a blow-up type argument used widely in that context
(see [2] for adetailed survey in the case of closed manifolds). In particular, we argue indirectly,
supposing that no uniform upper bounds exist for a sequence u, of solutions to (14). Then,
the exponential map can be used to transfer our sequence of solutions to R". In the case
the boundary is not involved, the sharp Euclidean Sobolev inequality and (16) allow us to
reach a contradiction. If that is not the case, some subtleties arise, which we overcome using
standard techniques, similar to the ones in [8].

Proof To reach a contradiction, suppose that condition (17) does not hold. Then, we can
choose a sequence of solutions {uy }oen for (14), which satisfy (16), such that:
sup Uy (x) — 00, (18)
xeM
as o — 00.
Nevertheless, note that multiplying Eq. (14) by u,, integrating by parts and using the
triangle inequality yields:

u
n / IVital2diio — s / e 22 4
M oM OV

Then, constraint (4), Eq. (16) and Holder’s inequality, imply that the terms in the righthandside
are uniformly bounded. Moreover, the boundary term satisfies

a
/ Uy o dO'()
oM v

for a constant C independent of «, as is evident after using the triangle inequality, Holder’s
inequality and the boundary conditions (6), (7). Hence, using Egs. (19) and (20), we deduce
that fM |Viug|?dpo < C, with C independent of «, which in terms implies that uy is uni-
formly bounded in W'-2(M, go). Any constant appearing from now on, should be assumed
independent of «, unless otherwise noted.

5/ |Ro|u§duo+/ |Ralul dpo.  (19)
M M

<C, (20)
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—_— 2-n
Let x4 € M such that ug(xg) = Suprepite(x). Also, let Ay> = uq(xy), and note that
Aq — 0 by our assumptions on u,. Moreover, consider the following quantity:

dist gy (X, dM)
dy =~
o

Then we can assume that, up to choosing a subsequence, d, — dy, for some dy € [0, oo].
We will distinguish two cases in what follows, depending on the values of dj.

Case 1 We first consider the case dp = oo. Note that by compactness, there exists a point
X0 € M such that, up to selecting a subsequence, we have:

Xa — X0,

as o — 00. Let i1, the sequence of functions:

n—2
U (X) = Ae” ua(expxa (Agx)),

where exp, —stands for the exponential map at xo. Then, for o large enough, Uy is well
defined in a ball Bg(0) of radius R > 0 around 0, since dy = oo. In addition, it holds that
0 < i1y < 1, with i1,(0) = 1, as is evident from the definition of the sequence and standard
properties of the exponential map. Finally, the change of coordinates we are using, yields
induced metrics g4 (x) = expja g0(Agx), with corresponding measures [, gradients v
and Laplace-Beltrami operators A; . In particular,

8o = geuc (21)
holds locally, where ge,c stands for the standard rrletric in R”. .
Consider the rescaled functions given by Ry, = )\i Ro(expy, (Aex)) and Ry =

Rq (expy, (Aex)), which correspond to Ro and Ry respectively, in our new coordinates. Then,
the sequence i, satisfies the equation:

— enAg, fig + Roglia = Roit2 ™! (22)
in B (0), for every R > 0, as long as « is large enough. Moreover, the following estimates
hold

[ riapan, < c. 3)
Bg(0)

/ 2 df, < C, (24)
Br(0)

for every radius R > 0 and for « large enough, after using the change of variables formula.
We now proceed using a cut-off function argument as in [2], for a smooth function 0 <
n < 1, with:
| 1 in Bg2(0),
e = [ 0 inR"\ Baga(0).

for some R independent of «. Letting n,(x) = n(X4x), we note that by the definition of n
we have:

(25)

V| < Chg. (26)

Following that, we derive some more estimates on 1y, to establish some regularity results.
Trivially, it holds that:

/W“(naﬁa)ﬂdﬁasz(/ W“mzwzdﬁﬁ/ N“ﬁaﬁmaﬁdm). 27)
RH Rn RV[
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Proceeding to a closer examination of the terms in (27), we obtain the following estimate:

/ 9% 00 Pa Pd i 5/ 9% Pdjig < C.
R" Br(0)

for some R > 0, using (23). Moreover, if we turn our attention to the remaining term, we
have:

R R 2/n . 2/2%
/ 9% 0 Plita P < ( / |V“na|"dﬂa) ( / @2 dﬁa) -c,
R2 R B3 /414 (0)

using (24), (26) and Holder’s inequality. Thus the last two estimates imply that
fR" |V (Nalie))?dftey < C. Combing this estimate and (24), it follows that up to a sub-
sequence nyily — U, weakly in the homogeneous Sobolev space D2(]R , Meuc) and strongly
in L% (R", fteue), for a limit function . Hence:

il 2% (B () s = WM HnattallL2* (g 0), ) = €

holds, for every R > 0, following the weak convergence, Egs. (21), (24) and the fact that
n < 1. Note that the constant C is independent of R.

It remains to prove that i # 0. We will do so, using the Harnack inequality Lemma 3.4
from [2], based on an inequality in [9]. In that direction, let f, := (R Az - Iéoa). Then,
the following inequalities:

. . 1= . o
/ IRy "?0% djtg < c; ( / |Re|P0u? duo) P <2, (28)
Br(0) M

are valid VR > 0, after using (16). In addition, Holder’s inequality and the fact that i, < 1,
imply a bound:

[ ifarane =c. 29)
B1(0)
for s < po. Using the aforementioned Harnack inequality, we derive:

1 = Sup ﬁa < C||ﬁa||Ll(B](0),[:La)
By 2(0)

It then follows that i # 0, since gl = e — i, strongly in L'(B1(0)), as @ — o0.
Turning our attention to R, we have:

ReiiX 2~ f in LZ(R", fewo), (30)

for a limit function f, up to a subsequence. Moreover, by the definition of Ié()a, and since
ilg < 1, it holds that:

/ Rowligne$dfiy| < Cmax |Ro|A2,
Bg(0) M

for every ¢ € C3°(R"). Note that the righthandside goes to 0 as « — +o0. Similarly, after
using Eq. (26), we have

/ (%1 na®)da| < Cha / |(9%40)91d e
Br(0) Br(0)
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for ¢ € C§°(R"), with the latter expression tending to 0 when « — oo as well. Then, (22)
implies

Cn/ (vEuﬁavEu(p)nadMeuc = / Iéaﬁi*_lfﬁdﬂeuc +o(1),
Bg(0) Br(0)

forevery ¢ € C3°(R") and « large enough, after multiplying by 1, ¢ and integrating by parts.
Here V" stands for the ordinary gradient in R”. Using the various convergence modes that
we have established, we pass to the limit as « — +o00 and get:

(vEu AVEM¢)dMeuC / fuddienc,

R~

for every ¢ € Cg°(R"). Inserting ¢ = it and using Holder’s inequality, we have

2/n . 2/2%
Cn/ |VEuﬁ|2dMeuc = (/ |f|n/2dMeuc) (/ a2 d,ueuc) .
n Rn n

But from the definition of weak convergence and (28) it follows that:

R 2/n
(/ |f|7dueuc) < lim 11m1nf||R a272) <.
Rn

R—00 a—>+ LZ(BR(O) fAa) —

Thus (15) immediately implies that:

2

' 1 . e
/ |VEMM| d,ueuc < ﬁ (/ u2 d/vLeuC) )
n n n

which contradicts the sharp Euclidean Sobolev inequality :
||u||L2*(R") =< Kn”V ””LZ(RH),
proving our argument when dy = co.

Case 2 Inthe case 0 < dy < oo, we infer that up to a subsequence x, — xo € dM holds, as «
goes to oo. Thus, we need to consider boundary data in that case. Using standard arguments,
see [8] for example, we may assume that near xo the boundary of our domain is included in
the halfspace {x, = —d,}, after using a straightening argument if necessary. Here x,, stands
for the last coordinate in R” as usual.

When d,, # 0, iy is well defined in the half-space Bg(0) N {x, > —dy}, as long as
R < dy. Moreover, we extend i1, on the boundary using ug. Thus

— cnAg, fig + Roglia = Roit2 ™! 31)

holds in any ball Bg(0), for « sufficiently large, after extending the scalar curvature functions
Ry and Ry, by 0, outside of {x, > —dy}.

We may also define fa and i, like in the first part of our proof. Our functions are supported
in the halfspace {x, > —d,} in that case, but they remain well defined in any ball around 0,
as long as « is large enough. The Harnack inequality that we used is still valid in our new
context too. Since the rest of our arguments from the first part of the proof carry over under
those modifications, the sharp Sobolev inequality also yields a contradiction in that case.

In the case that dy = 0, i1, is well defined in a half ball B;er (0) of radius R > 0, as long
as « is large enough. Moreover, i1, satisfies

. A fon : +
—CnAg ity = folly, in Bp,
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and we may use ug to extend i1, on the boundary. In particular, when x € {x, = 0}
Ue(x) — 0, (32)

as o — 00, since A, — 0 and the boundary data are independent of «. Also, we still have
ig(xq) = 1, as is evident from the definition of #. Finally, note that

/ aldita < € (33)
B0

holds for a fixed s, withn/2 < s < po.

The coefficients of A; converge smoothly to those of the usual Euclidean Laplacian,
as o« — 0. This fact along with the smooth boundary data on BB; allow us to use the
standard elliptic regularity theory in BI’L(O). Hence, we first obtain a uniform bound for i,
in W27 (B (0)), for p > n/2, after taking into account Eq. (33). The Sobolev Embedding
Theorem then implies that:

||ﬁ“||C0~V(Bl+(0),§a) <C, (34)

for some 0 < y < 1. Thus our sequence iy is equicontinuous. Moreover, since i, < 1
holds, we may infer that a function # exists, such that:

Uy — I,

uniformly as « — 00, by means of the Arzela—Ascoli Theorem. Hence, up to selecting a
subsequence, we have:

ug(xq) = u(0) =1,

uniformly as @ — oo. The latter clearly contradicts (32), thus concluding our proof in that
case too. ]

3 Existence and uniform estimates for the p-problem

The presence of uniform a-priori bounds, allows us to use the Direct Method to establish exis-
tence of minimizers for the approximating functionals E , (1) = ( f M m |R|P u? duo) /p,
In particular, we have the following:

Proposition 2 Let c; > 0, ug € C®°(M) be given. Then ¥8 > 0 and for every fixed po with
po > n, such that:
Cn
8 R
< K2
and

Ep,(u) < c}/pofz/n(s,

inf
u€AP0 (cy,c2,u0)

there exists a minimizer up of the functional E , (u) in the set APO(cy, c3, u).

Proof Let {ug}ken C AP9(cy, c2,10) a minimizing sequence for £, with corresponding
scalar curvature Rj. Then for pg > n and k large enough,

/M |Re|Pu? dpo < 5”00}_2170/11 (35)
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hogs, and there exist positive constants C| and C; independent of k, such that Cr» < uy < C
in M, following Proposition 1 and Theorem 2. Thus, standard elliptic estimates imply that:

2%
P
Rkuko + ||M0||W2vPU(M,gO) =C,

LPO(M, o)

lutklly20 01,60y < C | itk 1270 a1, 100) +

for a constant C independent of k. In addition, there exists a limit function u # 0, in light of
Proposition 1, such that:

Uup —> u,

weakly in w2ro(M, go) and strongly in C'(M, go). Hence, a uniform bound in C"%(M, go)
follows, for o € (0,1 — %) via the Sobolev Embedding Theorem. On the other hand, we
also have Ry — R weakly in L9 (M, uo), up to a subsequence, for a limit curvature R and
every g < oo. Then, integration by parts and the Dominated Convergence Theorem yield:

/ Rkui*—lgbdﬂoz lim |:—Cn/ MkAgo¢dM0+/ Rouk(t)duo] :/ Ru2*7l¢d/xo,
M k=00 M M M

for ¢ € C§°(M, go), proving that R is the curvature of u.

The lower semicontinuity of the L”° norm in M with respect to po, implies that the
infimum of E ), is achieved, using the lower semicontinuity of the functional with respect
to weak convergence. Hence, it remains to prove that u € AP%(cy, ¢3, ug). Indeed, Theorem
2 and the C'-convergence we established, imply that the volume constraint is preserved.
Finally, the constraint (6) is preserved too, over the boundary, since the C! convergence
holds in all of M, thus concluding the proof. O

Note that for the minimization of E, () under constraints (4), (6) and (7), there exist
Lagrange multipliers a,, b, € R. If up isa m*inimizer satisfying those constraints, and R),
is the scalar curvature of the metric g, = uf, ~2g0, the Euler-Lagrange equations for our
problem are as follows:

1
—Ag, (IRpIP?R)y) + ! -
! 2p(n—1) n-—1

IRp|P >R, =b,, ondM.

We remark that ﬁ - ﬁ # 0 under our assumptions on p. Let

vp = max {lagl. 16, 11Rpl175g,, | (36)
and consider the quantities a), = a,/y), Bp = bp/yp and w), = M . It follows that
the initial fourth order boundary value problem can now be reformulated as a second order
one:

n 1
—A — R =u,, onM,
gpwp+|:2p(l’l—]) n_]] pWp Ap

w, =B, ondM, 37)

withap, B, € [—1, 1].
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Equation (8) is satisfied, so it holds that:

. Cn
limsup [|Rpl|Lr M. pu,) < S
p—o0 c’"K?

Also, from the definition of w,, it follows that:

<
1l gy =1

after using the renormalization (36). Since R, is uniformly bounded in L”(M, ) and w,

is uniformly bounded in L” (M, u,), we conclude, using Holder’s inequality, that the term:

k " L
=, — - Wp,
P Pel2pmn—1) n—1]"""7F

is uniformly bounded in L' (M, o).
Note that we may interpret k,uo as a bounded sequence of Radon measures ik, A

standard compactness result in that case (Theorem 1.3.2 in [6]), leads us to the conclusion
that w, € w4 (M, go), forevery 1 < g < n”j Moreover, the uniform L! boundedness
of R,w, implies that w, is uniformly bounded in wha(M, go) too, for 1 < ¢q < n"j
Then, the Sobolev Embedding Theorem allows us to deduce that w), is uniformly bounded

in LP(M, o), for every p = %, with ¢ < 5. This in turn implies that w, is uniformly

n

bounded in L?(M, o), for every p < 5. In addition, a direct application of Holder’s

inequality implies that R,w, is uniformly bounded in L*(M, uo), forevery A < n/(n —2)

and for p large enough. Furthermore, we may use the standard elliptic L? theory, since the

leading order coefficients of A, , are uniformly bounded in C Lo (M, go),forsomea € (0, 1).
n

Thus, w), is uniformly bounded in W24 (M, go), for every ¢ < 5

To obtain further regularity results bootstrapping is needed, hence we have the following:
Lemma 1 The sequence w, defined as above, is uniformly bounded in C 0.2(M, g9),Va < 1
and converges up to a subsequence, uniformly to a limit function w.

Proof We first claim that w), is uniformly bounded in L9 (M, i), for every g < %, pro-

vided that2 <[ < n. We will prove our claim using induction in /. In the base case / = 2, the

Sobolev Embedding Theorem guarantees that w), is uniformly bounded in L9 (M, o), for
n

every ¢ < . Now, suppose that for [y € N, we have w, uniformly bounded in LY (M, o)
with
n
< .
4 n—Iy
For the induction step, suppose that:
lh+1<n.

From our inductive hypothesis, we get a uniform bound for w, in LY(M, o), for every g <

m z o Then, a uniform bound for R,w, in L4 (M, o) follows using Holder’s inequality, when
n

qg < e Moreover, the partial differential equation for w,, combined with the standard

elliptic regularity theory, provide us with a uniform bound for w), in W24(M, go), when

G < = T again. Finally, the Sobolev Embedding Theorem implies a uniform bound for every

n
e ———
n—(~o+2)

proving our claim.
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It follows that we can always achieve uniform L4 bounds, for 5 < q,byletting] € N, be
sufficiently large if necessary. A standard application of standard elliptic estimates provides
us with uniform bounds in W24 (M, go). Hence, w pe 18 a uniformly bounded sequence in
CO’“(M , 80), Yo < 1, which is equicontinuous. Thus, the Arzela—Ascoli Theorem applies,
and there exists a subsequence of w,, which we still call w,, which converges uniformly to
a limit w, concluding our proof. O

4 Proof of the main result

Up to now, we have proved existence of a positive minimizer u , of £, forevery p € (n, 00).
Moreover, by the regularity results we have obtained, there exists a subsequence py — oo,
such that:

1. up, — uin W>4(M, go) and u,, — uin C'(M, go),

2. wp, — w uniformly,

3. Ry, — Rin L9(M, 110), for a limit curvature R and for every g < oo.

Then R, = u%k_z*[—cn Agottp, + Roup, ] — Ié, so we deduce that:
R=R=u""%[—c,Agu + Roul. (38)

In addition, w is a weak solution of the problem

1
_Agw_ilRw:Ol, inM,

w=p, ondM, (39)

following (37), after letting p — oo. Here «, B are the limits of «,, , B, respectively, and A,
is the Laplacian of the metric g = u?-2 go. Moreover, w is not identically zero in ‘M. Indeed,
recalling (36), we remark that if « 7 0, then w is not 0 identically zero in the interior, and if
B # 0 then w # 0 on the boundary. In the remaining case, we have ||w),||

U =
LMy
for k large enough, and since our convergence is uniform, we are done.

1
Let I' = w~!({0}) and k — oo. Then log [wp, |Pe=1 — 0, outside of ', since w,, — w
uniformly. This in turns implies:
1
|w]7k |W - 17
as k — oo, locally uniformly in M \ I'. In addition, up to a subsequence, we have:

1 —1
)’pk/(pk )—>)/oo,

as k — oo, for some y € [0, 0o]. Hence, from the definition of w,, it holds that |R| = o
in M \ T'. Note that the set I" is closed relative to M, as the intersection of the closed set I'
with M. In addition, R < oo obviously, from Eq. (38). Then, since w # O and I" # M, we
are able to deduce y, < 00.

The definition of «, implies that:

Ep(up) = Ep(uq),

for p < g, and by Holder’s inequality:

1\/P a» 1/q 1\ 174 1/q
Ep(uq) = (*) Clqp (/ |R|qdﬂq) = (*) (/ |R|qdﬂq) = Eq(uq)o
Cl M 1 M
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Hence, lim,_, o0 E,(up) = e exists, and from the lower semicontinuity of E, and the
definition of lim inf, the relation

E,(u) < liminf E, (up,) < liminf E, (i) = e (40)
k— 00 k— 00

follows. We also remark that u belongs to A% (c1, c2, up) too. Indeed, the volume constraint
(4) is preserved for u ,, as we pass to the limit, following the strong C ! convergence that we
have established in M. The latter fact, along with our prescribed boundary values, guarantees
that the average mean curvature constraint (6) is preserved too.

Letting ¢ — oo in (40), we conclude that Eo (1) < es. On the other hand, since u,
minimizes E, we have:

oo < lim E,(up) < lim E, (i) = Eoo(i), 41)
p—>00 p—>00

for any other iz € A®°(cy, ¢2, up). Now from (40) and (41), we conclude that u is a minimizer
for our problem in A% (cy, ¢z, ugp).

Further regularity results for w may be established by working with equation (39) directly.
In particular, we know that u is uniformly bounded in Ch(M, go), Ya € (0, 1), via the
Sobolev Embedding Theorem. Hence, the definition of the Laplace—Beltrami operator implies
that its leading order coefficients belong to Clh*(M), Va € (0, 1). Also, ﬁRw belongs to
L®°, by construction, so we may deduce that w € C 1""(M , 80), Y € (0, 1), using standard
elliptic regularity theory. Iterating the latter result, and recalling that Rw = yo|w|, we
conclude, using Schauder Theory, that w € C 2""(M , 80), Va € (0, 1). But even more is true.
Writing w = wt — w™, we may deduce that w is locally smooth, on each one of the sets
M*, M~,where MT = {x e M, w(x) > 0}and M~ = {x € M, w(x) < 0}. This follows
easily after bootstrapping the existing Schauder estimates for w on the sets M+ and M.

To conclude, it remains to prove that the set I" has the structure stated in Theorem 1. For
that we will use a result from [10], concerning the form and regularity of I". In particular, the
following holds:

Proposition 3 The set I' = w™ {0} is contained in the union of a countable union of embed-
ded CP submanifolds and a countably (n — 2) rectifiable closed set.

Proof If @ = 0, we have w satisfying the equation

1
~Agw — ——Rw =0,

on M. WewriteI' = N(w)US(w), where N(w) = {x € ', Dw # 0} and S(w) = '\ N(w).
Then O is aregular value of w forx € N (w), hence we can use the Implicit Function Theorem,
to deduce that N (w) is contained in the union of countably many C%* manifolds of dimension
n—1.

For S(w), we use the fact that w € C%# (M), and then a result of Hardt and Simon
[10] applies. Namely, we have S(w) contained in a countable union of subsets of a pairwise
disjoint collection of smooth (n — 2) dimensional submanifolds. Then, using a standard
characterization for countably rectifiable sets, Lemma 11.1 from [18], we conclude that
S(w) is countably (n — 2) rectifiable.

Similarly, if @ # O the method used for N (w) in the first part of the proof still applies,
hence we only have to prove the corresponding result for S(w). We have w satisfying

—Agw — 71Rw =a,
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on M. Thus, —A,w(x) = « for x € S(w), and this implies that dg—;‘l’_(x) # 0, for some
i < n, where {x;} are local coordinates centered around a point in S(w). Consequently, S(w)
is contained in the union of countably many (n — 1) dimensional C!* manifolds by the
Implicit Function Theorem, since each x € S(w) is a regular value for g—;‘j O

Hence, in any case we can conclude that o (I") = 0, due to the structure of I', as presented
in the last lemma. Then, it follows that E(u#) = y~. Also, recall that |R| = y»o in M \ T.
Thus, we have:

|R| = E(u),
in M \ T, finishing our proof.
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