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Abstract

Gaussian mixture models have many applications in density estimation and data clustering. However, the model does not
adapt well to curved and strongly nonlinear data, since many Gaussian components are typically needed to appropriately fit
the data that lie around the nonlinear manifold. To solve this problem, the active function cross-entropy clustering (afCEC)
method was constructed. In this article, we present an online afCEC algorithm. Thanks to this modification, we obtain a
method which is able to remove unnecessary clusters very fast and, consequently, we obtain lower computational complex-
ity. Moreover, we obtain a better minimum (with a lower value of the cost function). The modification allows to process

data streams.
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1 Introduction

Clustering plays a basic role in many parts of data engi-
neering, pattern recognition, and image analysis. Some of
the most important clustering methods are based on GMM,
which in practice accommodates data with distributions that
lie around affine subspaces of lower dimensions obtained by
principal component analysis (PCA) [17], see Fig. 1a. How-
ever, by the manifold hypothesis, real-world data presented
in high-dimensional spaces are likely to be concentrated in
the vicinity of nonlinear sub-manifolds of lower dimension-
ality [4, 30]. The classical approach approximates this mani-
fold by a mixture of Gaussian distributions. Since one non-
Gaussian component can be approximated by a mixture of
several Gaussians [10, 35, 38], these clusters are, in practice,
represented by a combination of Gaussian components. This
can be seen as a form of piecewise linear approximation,
see Fig. 1a. Cross-entropy clustering (CEC) [34, 36, 37, 40]
approach gives similar result.
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In [39], authors have constructed the afCEC (active func-
tion cross-entropy clustering) algorithm, which allows the
clustering of data on sub-manifolds of R¢. The motivation
comes from the observation that it is often profitable to
describe nonlinear data by a smaller number of components
with more complicated curved shapes to obtain a better fit
of the data, see Fig. 1b. The afCEC method automatically
reduces unnecessary clusters and accommodates nonlinear
structures.

In this paper, the online version of the afCEC' algorithm
using Hartigan’s approach is presented. In a case when a
new point appears, we are able to update parameters of all
clusters without recomputing all variables. Because we have
to approximate complicated structures in each step, we have
to construct a numerically efficient model. Therefore, we
have chosen an approach that allows for the use of an explicit
formula in each step.

The algorithm proceeds point by point and determines its
optimal cluster assignment. The method only iterates if some
cluster has a point closer to some other cluster’s center. Har-
tigan’s method takes into account the motion of the means
resulting from the reassignment—that is, it may reassign a
point to another cluster, even if it is already assigned to the
closest center.

Thanks to such a modification, the unnecessary clusters
are efficiently removed [40], usually in the first three or four
! The Hartigan’s as well as classical Lloyd’s approaches are included

in R package afCEC https://cran.r-project.org/web/packages/atCEC/
index.html.
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Fig. 1 Fitting a b-type set by using. a GMM. b af CEC

iterations. In consequence, one needs smaller number of
steps in each iteration to find the local minimum. Moreo-
ver, Hartigan’s method finds essentially better minima (with
lower cost function value). In Fig. 2, we present the conver-
gence process of Hartigan’s afCEC with the initial number
of clusters at k = 10, which is reduced to k = 5.

The modification also allows processing data streams [33]
in which the input is presented as a sequence of items and
can be examined in only a few passes (typically just one).

These algorithms have limited memory available for them
(much less than the input size) and also limited processing
time per item. The intrinsic nature of stream data requires
the development of algorithms capable of performing fast
and incremental processing of data objects. Therefore, Har-
tigan’s version of afCEC algorithm can be applied in data
streams clustering.

The paper is organized as follows. In the next section,
related work is presented. In Sect. 3, we introduce afCEC
algorithm. In Sect. 4, we present the Hartigan modifica-
tion of the method. In particular, we discuss how to update
parameters online. In the last section, a comparison between
our approach and classical algorithms is made.

2 Related works

Clustering is the classical problem of dividing a data X € RY
into a collection of disjoint groups X, ... X,. Several of the
most popular clustering methods are based on the k-means
approach [1]. In the context of the algorithm, there were
introduced two basic heuristics for minimizing the cost func-
tion: Lloyd’s and Hartigan’s. The methods became standards
in the general clustering theorem.

The first heuristic for k-means (or general cluster-
ing methods) is the Lloyd’s approach: given some initial

Fig.2 Convergence process of Hartigan’s version of afCEC on a Chinese character with initial k = 10, which is reduced to k = 5
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clustering, we assign points to the closest one [9, 25, 26].
This scheme is intuitive, and empirical support is favora-
ble: the technique generally seems to find a good solution
in a small number of iterations. The alternative heuristic
was presented by Hartigan [14, 15]: repeatedly pick a point
and determine its optimal cluster assignment. The obvious
distinction with Lloyd is that the algorithm proceeds point
by point. The comparison of the method is presented in [41].
Roughly speaking, in the context of k-means, Hartigan’s
approach converges to the minimum faster and generally
find better minima of the cost function. On the other hand,
Lloyd’s approach is more resistant to outliers.

The basic drawback of k-means algorithm was solved by
using density-based techniques, which use expectation maxi-
mization (EM) method [27]. The Gaussian mixture model
(GMM) is probably the most popular [28, 29]. Thanks to this
approach, we can describe clusters by more general shapes
like ellipses.

The cross-entropy clustering (CEC) approach [40] joins
the clustering advantages of k-means and EM. It turns out
that CEC inherits the speed and scalability of k-means, while
overcoming the ability of EM to use mixture models. CEC
allows an automatic reduction in “unnecessary” clusters,
since, contrary to the case of classical k-means and EM,
there is a cost of using each cluster. One of the most impor-
tant properties of CEC, in relation to GMM, is that, similar
to k-means, we can use Hartigan’s approach.

Since typically data lie around curved structures (mani-
fold hypotheses), algorithms which can approximate curves
or manifolds are important. Principal curves and principal
surfaces [16, 18, 22] have been defined as self-consistent
smooth curves (or surfaces in R?) which pass through the
middle of a d-dimensional probability distribution or data
cloud. They give a summary of the data and also serve as an
efficient feature extraction tool.

Another method that attempts to solve the problem of
fitting nonlinear manifolds is that of self-organizing maps
(SOM) [20], or self-organizing feature maps (SOFM) [19].
These methods are types of artificial neural networks which
are trained using unsupervised learning to produce a low-
dimensional (typically two-dimensional) discretized repre-
sentation of the input space of the training samples, called
a map.

Kernel methods provide a powerful way of capturing
nonlinear relations. One of the most common, kernel PCA
(KCPA) [32], is a nonlinear version of principal component
analysis (PCA) [17] that gives an explicit low-dimensional
space such that the data variance in the feature space is pre-
served as much as possible.

The above approaches focus on finding only a single
complex manifold. In general, they do not focus on the
clustering method. Furthermore, it is difficult to use them
for dealing with clustering problems. Kernel methods and

self-organizing maps can be used as a preprocessing for clas-
sical clustering methods. In such a way, spectral clustering
methods were constructed [24]. The classical kernel k-means
[24] is equivalent to KPCA prior to the conventional
k-means algorithm. Spectral clustering is a large family of
grouping methods which partition data using eigenvectors
of an affinity matrix derived from the data [7, 43—45, 48].

The active curve axis Gaussian mixture model (Aca-
GMM) [47] is an adaptation of the Gaussian mixture model,
which uses a nonlinear curved Gaussian probability model in
clustering. AcaGMM works well in practice; however, it has
major limitations. First of all, the AcaGMM cost function
does not necessarily decrease with iterations, which causes
problems with the stop condition, see [39]. Since the method
uses orthogonal projections and arc lengths, it is very hard
to use AcaGMM for more complicated curves in higher-
dimensional spaces.

The active function cross-entropy clustering [39] (afCEC)
method (see Fig. 1b), which is based on the cross-entropy
clustering (CEC) model, solves all the above limitations.
The method has a few advantages in relation to AcaGMM: it
enables easy adaptation to clustering of complicated datasets
along with a predefined family of functions and does not
need external methods to determine the number of clusters,
as it automatically reduces the number of groups.

In practice, afCEC gives essentially better results than
linear models like GMM or CEC, since we obtain a similar
level of the Log-likelihood function by using a smaller num-
ber of parameters to describe the model. On the other hand,
the results are similar to that of AcaGMM when we restrict
the data to two dimensions and use the quadratic function
as the baseline. For more detailed comparison between the
methods, see [39].

All the above approaches do not have Hartigan’s versions.
In this article, we present an online afCEC algorithm. In the
case of Lloyd’s approach, authors use the regression method
for each step. In this paper, we present how to apply Harti-
gan’s heuristic for minimizing afCEC cost function. Thanks
to this modification, we obtain a method which is able to
remove unnecessary clusters very fast and, consequently,
we obtain a lower computational complexity. Moreover,
we obtain a better minimum (with lower value of the cost
function).

3 AfCEC algorithm

In this section, we briefly describe AfCEC method (for more
information we refer to [39]). At the beginning, we introduce
a density distribution which was used in AfCEC method—
f-adapted Gaussian density. Let us recall that the standard
Gaussian density in R? is defined by

@ Springer



1412

Pattern Analysis and Applications (2019) 22:1409-1425

Fig.3 Level sets for f~adapted Gaussian distribution. a f(x) =0, b f(x) = x, ¢ f(x) = éxz, dfix)= %x3
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where m denotes the mean, X is the covariance matrix, and
IVII3, = vI Z~!v is the square of the Mahalanobis norm.

In our work, we use a multidimensional Gaussian density
in a curvilinear coordinate system which is “spread” along
the function f : R%*"! — R (f-adapted Gaussian density). We
treat one of the variables separately. In such a case, we con-
sider only those X~ € M,(R) (where M (R) denotes the set
of d-dimensional square, symmetrical, and positive define
matrices) which have the diagonal block matrix form

X 0
="
7 3
where ¥; € M,_;(R)and X, > 0. Forx = [x, ..., x,]T € R?
and!/ € {1,...,d}, we will use the notation
X = (X0 oo s X s Xppgs e s X € RO

Now, we will give a mathematically formal definition of the
f-adapted Gaussian function.

Definition 1 Let f € C(R‘",R), X € M, (R), X, > 0,
m = [my, m)T € R be given. The f-adapted Gaussian den-
sity for 2, X, 1 € {1, ...,d} and m is defined as follows:

N(m, %, Z,.f)(x) = N(my, ) (x7) - NOmy, Z)(x; = f(x7))
@
In the basic form of the CEC algorithm [40], we are
looking for the optimal Gaussian function in the family of
all d-dimensional Gaussian densities G(R9). In the case of
AfCEC, we describe each cluster by the f~adapted Gaussian
function, see Fig. 3. Consequently, we need to find optimal
density in the class of all curved Gaussians. For the given
f : R = R, we denote the family of all f-adapted Gauss-
ian functions by

@ Springer

Alf1={N(m, %, 2.f) : me R, Z,eM,_,(R), %, > 0}.

(3)
In the AfCEC algorithm, we describe clusters by general-
ized Gaussian distributions from A,[f] where f is in some
class of functions (we can use any class of functions for
which the regression procedure works) and [ € {1,...,d}.
Therefore, we will need one more definition. For the family
F c C(R!, R), we define

AP = Alf.

fEF

In the previous considerations, we assumed that one vari-
able was chosen to be dependent. Since, in the case of the
F-adaptive Gaussian density, all computations are applied
in the canonical basis, we can verify all possible dependent
variable choices. For the family 7 ¢ C(R?"!, R), we define
the family of 7-adapted Gaussian distributions with all the
possible choices of dependent variables by

d
APl = [ AlF
=1

Since our method is based on the CEC approach, we start
with a short introduction to the method (for a more detailed
explanation we refer the reader to [40]). To apply CEC, we
need to introduce the cost function which we want to mini-
mize. In the case of splitting X ¢ R? into X, ..., X, so that
we code elements of X; using a function from the family
of all Gaussian densities G(R?), the mean code-length of a
randomly chosen element x equals

k
H&mxw@m=§»bmw+mwwm%)

“
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1l

where p; = X

The formula uses the cross-entropy of a

dataset with respect to the family G(R?). In the case of
AfCEC, our goal is to calculate an explicit formula for the
cost function in the case of f~adapted Gaussian densities.

Optimization Problem 31 Divide the dataset X ¢ R? into k
pairwise disjoint groups X, ..., X; (X =X, U ... UX,) such
that the cost function

k
EX,,....X; AIFD = X pi(— In(p) + H*(X|IA[F)D)),

=

)
where p; = %l i mini 1
p; = 15> 1s minimal.
If 7 is a set of functions which are invariant under
the operations f — a + f for any a, we have a following

theorem.

Theorem 1 Let X C RY be a dataset, and let a family of
functions F C C(R4"!, R) be invariant under the operations
foa+fforaeR. Let f€F forl€{l,...,d} be such
that f; = argmin{f € F : |x, —f(x7)|2}. Then,

- 2
%igHX(X||AIU-]) = S In@2ze)+; In (det( %)) +3 In (lg |x, —j(x7)| )

(6)
where 2, = cov(Xp)andl € {1, ...,d}.

We can analyze each cluster separately. For one clus-
ter X C R?, we estimate the parameters of the model in
two steps. First, we consider all of the possible choices
of dependent variables and calculate functions f; (corre-
sponding to relations x; = f;(x;)), means m; = mean(Xj;’),
m; = mean(X;) and covariances X; = cov(X;), 2, = cov(X{’ )
forl € {1,...,d}. More precisely, we find f-adapted Gauss-
ian distributions N([my;, 017, 25, 21, 1;), which realize a mini-
mum of cross-entropy H*(X||.A,[F]), for [ € {1,...,d}.
Then we determine the optimal dependent variable
Jj=argmin,; , {H*(X||A;[F])}. Consequently, our data-
set is represented by the active function, mean, and covari-
ance matrix

> 0
f=f, m=[m;,0], 2= [Oj Z]a @)

where subscript j € {1,...,d} denotes the dependent vari-
able in the cluster. The above parameters minimize the cost
function of one cluster H*(X|| A[F])).

CEC allows an automatic reduction in “unnecessary”
clusters, since, contrary to the case of classical k-means
and EM, there is a cost of using each cluster. (The step-
by-step view of this process is shown in Fig. 2.) There are

also several probabilistic approaches which try to estimate
the correct number of clusters. For example, [11] uses the
generalized distance between Gaussian mixture models with
different components number by using the Kullback-Lei-
bler divergence, see [6, 21]. A similar idea is presented by
[46] (Competitive Expectation Maximization) which uses
the minimum message length criterion provided by [8]. In
practice, MDLP can also be directly used in clustering, see
[42]. However, most of the above-mentioned methods typi-
cally proceed through all the consecutive clusters and do not
reduce the number of clusters online during the clustering
process.

Classical AfCEC algorithm presented in [39] uses Lloyd’s
method. The alternative heuristic was presented by Hartigan
[14, 15]: repeatedly pick a point and determine its optimal
(from the cost function’s point of view) cluster assignment.
Observe that in the crucial step in Hartigan’s approach we
compare the cross-entropy after and before the switch, while
the switch removes a given point from one cluster and adds
it to the other. It means that to apply efficiently the Hartigan
approach in clustering it is essential to update parameters (7)
when we add a point to the cluster and downdate parameters
(7) when we delete a point from group. In the next section,
we present how we can update and downdate all parameters
of afCEC online.

4 Updating the value of the cost function

Recall that for the particular cluster X our goal is to present
how to update and downdate meta-parameters:

2, 0
f=fn m=|my0], Z:[Od Zd].

Observe that in the crucial step in Hartigan’s approach
we compare the cross-entropy after and before the switch.
Therefore, it is enough to update/downdate only parameters
on which the afCEC cost function

H{X|| A, RY)) :%’ In(2ze) + % In (det(cov(X;)))

) ®)
+ %ln (ﬁ Z (xd —f(xg)) ),

xeX

depends. Evaluating the cost function for the dataset X € R?
involves computing two quantities: the covariance matrix
on X

T = cov(X;), ©)
and mean squared error (MSE), respectively, on the
d-coordinate

1
X, =MSE(X,f,d) = X Z (x4 —f(xzz))z’ (10)

xeX
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along the active axis defined as the mean squared error of
the linear least-squares approximation of the data along the
active axis.

It should be highlighted that for updating the above
parameters we additionally require some other information.
In the case of cov(X,), we need to store the mean(X). In
such a case, we have a simple formula. Update and downdate
procedures are given by the following formulas:

(a) The update procedure:

mean(Xa U {x;i}) = plmean(Xa) + prxy,
COV(X& U {xd}) = p,cov(Xy

+pp,(mean(X;) — x;) (mean(X;;) —xa)T,
where p; = |X||L+|1’ Dy = |X|1+1, and x & X.

(b) The downdate procedure:

mean(X;\{x;}) = g;mean(X;) — g,x;,

cov(X;\{x;}) = gycov(X; )

—q,q,(mean(X; ) — x;) (mean(X;) —x;)
1X]

1
where q, = |X|_—1’q2 = |X|_—1’ and x € X.

In the case of the second quantity ﬁ erx(xd —f (xa))z,

we have a more complicated situation. Our goal is to update/
downdate the regression function f. There are many types of
regression models. In our work, we consider a general one.
For a data X ¢ R?, we use the model

fe) = 2 af(xz). (11)
J=1

where f; are linearly independent functions. In the case of

fiGx) = ¥~1, we obtain a classical polynomial regressio;l.

Therefore, our goal is to find a vector a = [al am] ,

which minimizes

S 1
MSE<X, 2} af;, d> =

Jj=

(5= Zost) - 2

Directly from the regression theory, we can calculate the
vector a as a solution to a system of linear equations.

xeX

Theorem 2 Let XeR? be given. Let
f&x) = oy fi(xp) + - + a,f,, (xy), where f; : R4l 5 R are
linearly independent functions for which linear regression
is considered. Then, the vector a which minimizes the mean
squared error

@ Springer

ﬁ > <xd - i“jﬁ(xa)>

j=1

13)

satisfies the following linear equation system:

Al - gmmmmlj Tl

S £ (el (32) AT

xeX xeX

m

Eixfm(xa)xd
14

Similar to the previous situation, we will store additional
elements to be able to update/downdate our parameters. For
the data X, we denote the matrix from Eq. (14) by Ay and
the vector from Eq. (14) by. Consequently, Eq. (14) can be
rewritten in the following form

s)

The main idea is to update/downdate parameters Ay and by
and solve the linear equation in each iteration to determine
the updated o.

Theorem 3 Let XeR? be given. Let
fx) = ayfi () + -+ + @, f,(x;), where f; : R — R are
linearly independent functions for which linear regression
is considered. For x, update (x & X) and downdate (x € X)
procedures are given by the following formulas:

(a) The update procedure:

fi (xd) fi (xd) !

Ayuy =Ax+| , (16)
S (xfl) I (xEl)
fi (x;,)
byopy =bx+| i | 17
Fu(x2)
(b) The downdate procedure:
Al [AGa) ]
Ag =Ax—| i 2 (18)
fm(xfl) fm(xfl)
fi(xa)
b \{x} = b - _ .xd.
’ ’ Sn(x2) (19)
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Proof Let X and X be given. A simple corollary from Theo-
rem 2 is that the vector o which minimizes the mean squared
error satisfies the following linear equation system:

T

fi (xd) h (xd) 0‘:1
) ) | | e

h (f‘&l )
xeX fm (xfi)

xd.

Now we add/remove X from X. Therefore, by Theorem 2 for
X U {x}or X\ {x}, respectively, we obtain

A A ] [A@[A@] |[=

+ : : :
wex | f () () | 1 ® L@ ] )] a
A (xfi) fix)
= Xq + )_Cd.
xexX | fi (%) L&

O

Thanks to Theorem 3, we can update parameters Ay and
by. Then we solve the system of linear equations Aya = by.
Therefore, we obtain o for X U {x} or X \ {x}, respectively.
In the last step, we can update and downdate the mean
squared error (MSE), respectively, on the d-coordinate by
using a new value of A, b, a.

Theorem 4 Letr XeR? be given. Let
) = ayfi(xy) + - + a1, (xy), where f; : R - Rare
linearly independent functions for which linear regression
is considered. Then

m a | | oy ! a
MSE(X, > aj];,d>= ! Y 2 —ob " | A
Jj=1 |X €x a,, @, ay
(20)
where
[ é{fl (%) (x3) é{fl (%) (1)
Ay = : : and
Exf;n(xa)fl (xa) é{fm(xa)fm(xa)
2 fi (xa)xd
xeX
by = : .
z fm (x;i)'xd
_xeX

Proof We have

MSE(X,;:1 af d> = ,}(—lxz (xd - %“_;f,’(ﬁ))

g

This can be always done, provided that the matrix X or
Zy\(x} (depending on whether we add or remove the point
x from the dataset X) is non-singular. Having the values of
{aj, ..., a;}, one can immediately obtain the desired value.

5 Algorithm

In this section, we present our algorithm. The aim of the
Hartigan’s method is to find a partition X/, ..., X, of X, for
which the cost function (4) is as close as possible to the
minimum, by subsequently reassigning membership of ele-
ments from X.

To explain Hartigan’s approach more precisely,
we need the notion of a group membership function
gr: {l,...,n} - {0,...,k}, which describes the member-
ship of the ith element, where 0 value is a special symbol
which denotes that x; is as yet unassigned. In other words, if
gr(i) = [ > 0, then x;is a part of the /th group, and if gr(i) = 0
then x; is unassigned.

In Algorithm 1, we present a pseudo-code of the method.
The algorithm starts from an initial clustering, which can
be obtained randomly or with the use of the k-means++. In
our case, we assume that we have an initial clustering given
by cl. (The number of clusters is given by k.) At the begin-
ning, the algorithm calculates the initial values of parameters
which describe each cluster.
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Algorithm 1: (HARTIGAN-BASED afCEC):

input
dataset X
number of clusters k > 0
initial clustering X1,..., X}
family F C C(R?~1,R) for regression
F-adapted Gaussian distributions family A[F]
cluster reduction parameter € > 0
define
cluster membership function
cl: X 3z —1€{l,...,k} such that z € X;
cluster cost function E(X;) where
B(Y) = p(—In(p) + H* (Y | A[F])) and p = <229,
repeat
for z € X do
fori=1,....,k:z¢ X; do
if B(X;U{z})+ E(Xa@) \ {2}) < B(X;) + E(Xa()) then
switch = to X;
update cl
update/downdate parameters of f-adapted Gaussian distributions in X;
and Xj(;) respectively
if cardX; < e-cardX then
delete cluster X;
update cl by attaching elements of X; to existing clusters
end if
end if
end for
end for
until no switch for all subsequent elements of X

We want to find such gr : {1,...,n} — {1,...,k} (thus
all elements of X are assigned) that E(X|, ..., X; A[F]) is
minimal. The basic idea of Hartigan is relatively simple—we
repeatedly go over all elements of the partition X = (x,)?_,
and apply the following steps:

— If the chosen set x; is unassigned, assign it to the first
non-empty group;

— Reassign x; to that group for which the decrease in cross-
entropy is maximal;

— Check if no group needs to be removed/unassigned, if
this is the case unassign its all elements;

until no group membership has been changed.

To implement Hartigan’s approach, we still have to add
a condition regarding when to unassign a given group. For
example, in the case of AfCEC clustering in R4, to avoid
overfitting we cannot consider clusters which contain less
then d + 1 points. In practice while applying Hartigan’s
approach on discrete data, we usually remove clusters which
contain less then five percent of all dataset.

Observe that in the crucial step in Hartigan’s approach,
we compare the cross-entropy after and before the switch,
while the switch removes a given point from one cluster
and adds it to the other. It means that to apply the Hartigan
approach efficiently in clustering, it is essential to update/
downdate parameters when we add/delete a point from a
group by using formulas from Sect. 4.

6 Experiments

In this section, we present a comparison of the Hartigan
version of afCEC with density-based methods: GMM, CEC,
and Lloyd’s afCEC. It is difficult to compare methods, which
use different number of parameters to approximate data. In
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general, if we use a more complex model, we can fit the data
better. Therefore, we use indexes which measure level of
fitting and use penalty for using more complicated models.

Hence, there is a trade-off: the better fit, created by mak-
ing a model more complex by requiring more parameters,
must be considered in light of the penalty imposed by adding
more parameters.

To compare the results, we use the standard Akaike infor-
mation criterion (AIC):

AIC = —=2LL + 2k,
and Bayesian information criterion (BIC):

BIC = —2LL + klog(n),

where k is the number of parameters in the model, n is the
number of points, and LL is a maximized value of the log-
likelihood function.

Let’s analyze the two components of the AIC. The first
component, — 2LL, is the value of the likelihood function,
which is the probability of obtaining the data given the can-
didate model. It measures how well the data are fitted by the
model. Since the likelihood function’s value is multiplied
by — 2, ignoring the second component, the model with the
minimum AIC is the one with the highest value of the likeli-
hood function.

However, to this first component we add an adjustment
based on the number of estimated parameters. The more
parameters, the greater the amount added to the first com-
ponent, increasing the value for the AIC and penalizing the
model. Hence, there is a trade-off: the better fit, created by
making a model more complex by requiring more param-
eters, must be considered in light of the penalty imposed by
adding more parameters. This is why the second component
of the AIC is thought of in terms of a penalty.

The Bayesian information criterion (BIC) is another
model selection criterion based on information theory but set
within a Bayesian context. The difference between the BIC
and the AIC is the greater penalty imposed for the number
of parameters by the former than the latter.

Consequently, we need a number of parameters which
are used in each model. In the case of R2, afCEC uses two
scalars for the mean, three scalars for the covariance matrix,
and three scalars for the parabola. It should be emphasized
that in afCEC, we need to remember which coordinate is
the dependent one. This parameter is discrete, so we do not
consider it in our investigation.

6.1 The computational times

We compared the computational times between Hartigan
version of afCEC and alternative methods: CEC imple-
mented in R package CEC [37, 40] and GMM from R
package Rmixmod [23]. We varied the number of dataset
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Fig.4 Comparison of computational efficiency between afCEC,
CEC, and GMM. a Comparison of computational efficiency between
afCEC, CEC, and GMM in the case of data with different dimen-

instances and the dimension of the data, see Fig. 4. For this
purpose, a simple ball-like set was considered.

One can observe that in the case of higher dimensions
both afCEC methods give slightly worse results since the
regression function must be fitted with respect to all pos-
sible dependent variables. It should be highlighted that the
application of afCEC method in high-dimensional spaces
is rather limited. CEC and GMM methods give comparable
results for large datasets.

In the case of data with an increasing number of elements,
we can observe that afCEC method gives comparable results
to the GMM approach. The method can be applied even
to reasonably large datasets. We can observe that Lloyd’s
approach gives slightly better results than Hartigan’s algo-
rithm, since we do not have to update parameters in each
step. But the use of an online version of the method allows
to obtain a better minimum of the cost function and conse-
quently, better clustering, see Tables 1 and 2.

6.2 2D dataset

Let us start with a synthetic dataset. At first, we report the
results of afCEC, GMM, CEC in the case of simple 2D sets,
see the first two examples in Table 1. As we see, for similar
values of the log-likelihood function, we have to use less
clusters for afCEC than in GMM and CEC. Moreover, Har-
tigan’s approach gives better results than Lloyd’s method.
Chinese characters consist of straight-line strokes (hori-
zontal, vertical) and curved strokes (slash, backslash and
many types of hooks). GMM has already been employed
for analyzing the structure of Chinese characters and has
achieved commendable performance [46]. However, some
lines extracted by GMM may be too short, and it is quite
difficult to join these short lines to form semantic strokes
due to the ambiguity of joining them together. This problem

— afCEC Lloyd e
& 4 ~—-- afCEC Hartigan -
,,,,,, CEC P
=== GMM PR [

5000 15000 25000 35000 45000 55000 65000 75000 85000 95000

Size of data

(b)

sions. b Comparison of computational efficiency between afCEC,
CEC, and GMM in the case of data with different number of elements

becomes more serious when analyzing handwritten charac-
ters by GMM, and this was the motivation to use afCEC to
represent Chinese characters, see Fig. 5.

In the case of the characters 38 (cat) for similar values of
the log-likelihood function, we have to use 25 clusters for
Hartigan afCEC and 35 for GMM and CEC. On the other
hand, for simpler characters K (dog), N (father) , we have
to use 6 clusters for Hartigan afCEC and 10 for GMM and
CEC, see Table 1.

In general, afCEC method usually obtained clustering
with the largest value of MLE function. The cost of using
additional parameters is small and, consequently, afCEC
gives a better clustering in respect to AIC and BIC criteria,
see Fig. 6a.

6.3 3D scans of objects

In this subsection, we present how our method works in the
case of segmentation of 3D objects. Similarly as before,
we report the results of afCEC, GMM, CEC, see Table 2.
We show how the log-likelihood, BIC, and AIC functions
change when the number of clusters increases. As we can
see, for similar values of the log-likelihood function, we
have to use less clusters for afCEC than for GMM and CEC.
Moreover, we also obtain a better value of BIC and AIC, see
the last three examples in Table 2.

The effect of afCEC on 3D objects [2, 3] is shown in
Fig. 7. Since afCEC is able to cluster data on sub-manifolds
of R?, it is able to fit strongly nonlinear structures of 3D
scans of objects. Moreover, afCEC method automatically
reduces unnecessary clusters which allows to reduce too
small components.

Similar to the previous experiments, afCEC method usu-
ally obtained clusterings with the largest value of MLE func-
tion. The cost of using additional parameters is small, and

@ Springer



1418

Pattern Analysis and Applications (2019) 22:1409-1425

@ | +-'-‘ @ | %-—L w |

o o o

o | o :"""" o |

o T T 1 O T 71T T T T T 1 O 7
-02 02 06 1.0 -0.2 0.2 0.6 1.0 -0.2 0.2 0.6 1.0

(a) (b) (c)

— 0 B 1 o

g 1 \ © | Whowwar* \ g B \

< N

S | a

o | S - o |

(ST T T T T © ‘ ‘ ‘ ‘ ‘ (S T T T T T
-02 02 06 1.0 -02 02 06 1.0 -02 02 06 1.0

Fig.5 Effect of Hartigan’s version of afCEC clustering in the case of Chinese characters. a Original dataset. b Hartigan’s afCEC clustering. ¢
Hartigan’s afCEC clustering. d Original dataset. e Hartigan’s afCEC clustering. f Hartigan’s afCEC clustering

GMM

CEC

afCEC (Lloyd)
afCEC (Hartigan)

EDOENR

&
l:. L

(a)

@&

Q\(.- v\o
H GMM
B CEC
@ afCEC (Lloyd)
B afCEC (Hartigan)

é&

(b)

Fig.6 Mean values of MLE, BIC, and AIC in the case of 2D and 3D datasets. a Mean values of MLE, BIC, and AIC in the case of 2D datasets.

b Mean values of MLE, BIC, and AIC in the case of 3D datasets

consequently, afCEC gives better clusterings with respect to
AIC and BIC criteria, see Fig. 6b.

6.4 Comparison with non-density-based methods

Now we present a comparison between afCEC and classi-
cal approaches dedicated to clustering of nonlinear datasets:
kkmeans [24] and spectral clustering [31] (see Fig. 8). We
also use recent modification of the classical method dedi-
cated to nonlinear data STSC [45], SMMC [43], and SSC

@ Springer

[7, 44, 48]. In this subsection, we compare algorithms with
respect to Rand and Jaccard indexes, see Fig. 9.

Kernel methods can be used as a preprocessing for clas-
sical clustering methods. In such a way, spectral clustering
methods were constructed [5, 24, 31]. The classical kernel
k-means [24] is equivalent to KPCA prior to the conven-
tional k-means algorithm. Most of kernel methods consist of
two steps: an embedding into a feature space and a classical
clustering method used on the data transformed to feature



1419

Pattern Analysis and Applications (2019) 22:1409-1425

JUOJ P[Oq YIM payIew ST judwriadxe yoea 10§ DIV pue DIg “A'TIA JO senfea 1saq oy,

SI'L8TC—  198€6l —  LS'TTLL 66T8TC—  SPYE6l —  6v°0TTI €TIITT—  €6'0S6L—  T9H9I1 8L°G8TI —  8FSTOI—  68°10L 01
LT6LIT—  EETO0T—  $9°TOTL TITLCT—  LTP66T —  90°6611 TC9EIT—  L8'8T61 —  TI'GIII €9V001 —  LTLOL—  1€6VYS 8
PT9STT—  68'8K0T—  TI'SLIT ST'TYCT—  08'€E0C—  8SLITI YT9961 —  €8'T181 —  TI'SIOT I81¥8 =  OV'L89—  16SSH 9 E
96°'6V8T —  GI'SILL —  86'SS6 LY'S6LT —  OT'6S9T —  €6'8T6 6CPC9T —  T8TCST—  SI'Ses SSP8Y—  LOE8E—  LTS9T ¥ :
SST8L—  LEIIL—  8TIOV SS'T8L—  LEIIL—  STI0F €8'8C9—  0£08S—  IH'STE TE90€ —  66'LST—  9THII z
S6'6VET —  T96661 —  L6'ESTI 0€9LET—  L6'STOT—  STLITI TESSTT—  89°€66T — 999811 Y6'0T6 —  0£659—  Li6IS 01
LETSET—  O0°ELOT—  6L'6ETT TSTPET—  FI'E90C—  9THELT 60°'LETT—  L98T6T —  +S'SIIT 0888~  8£0L9—  Ov'98 8
ST'TOET —  TLT60T—  LS'L6TT €0Trcc —  19°€E0C—  TO'89IT LO9E8T—  98°089T —  €0°€S6 88°LV9—  L9T6V—  ¥6'8S¢E 9 Wd
S8'0007 —  8E'€98L —  €VIE0L 61'T¥8T —  TL'EOLT — 65156 SY'0T0T —  SP8I6—  TTEES Y88y —  $8'€8E—  T6'SIT ¥ :
TSE69—  00°LT9—  9ILTYE TSE69—  00°LT9—  9LTIE SS'88% —  LL6EY—  LTSST LIS6T —  6€9¥1 — 85801 z
9P'€S6T —  €EE6VI —  EL'SSLY SI'I98T—  TO'IOPI —  8S'60LI SI'886T—  9€'P68I —  80°EOLI 98'8hPl —  LOSSE—  EVEE6
98°'686C—  90°SELI —  €6'TELI $9°000€ —  ¥86VLI —  TEGELI LO'886T —  8TISOT—  €0'ELIT TEEEET —  $S96E—  99°GH8
969867 —  1I'S¥61 —  8TT69I €9TT0E —  LI0861 —  I8'60LI €0TI6T—  STTELT—  TO'SO91 LYSTIT—  89Sve—  €LTIL
6L0V6T —  L980IT—  6£'6T91 P0'9S9T —  T6'ET81 —  TO'L8YI 9LT16T~  L6'88TT—  88FLSI LY'S86—  6979€—  ¥LII9
PPHObT —  SO'I8LI —  TTITEL $6'00CC—  LI'SLST —  L¥'61TI $6'TSTC—  LU'L8LI—  8PSITI 6T616—  ISESH—  $9'8FS
£6°1TST 81°LSOE L6LITE = 60°LSOE YET6SE SSG8ET —  TS00LE 20°101¥ 9TEVLL —  OL'L8IY 07885+ $8'9861 — 81
60°€ELT IS'8LIE PSLYCL —  89°0LEE 01'918¢ PE99ST —  86'EI8E 1Lyl 66'L181 —  II'ILIY YTHOSy 99661 — S1
v0°L61E £9°7SSE TS'E0ST —  TH'T09€ 10°856€ IT90LT =  LL'LYSE SENY 68CS81 —  SS80TY 1€ LYY 8T'€E0T — ! @
98'0£9¢ 19°968¢€ EPYPPLL —  YLLSLE 0$°€20% L8'LO8] =  T8OLGE 0T691% 172661 —  €TLTTY 19°STh 19°090C — 6 ’
6LEVSE IL'610b 68'bL8L —  89°LT0F 09°€0TH ¥89961 —  6£°9€0F 6€°L91F 61°€861 —  1SLTT 158t SL'8L0T — 9
10°8T9¢ PE1S8E 00'9vLL —  LO'9€9€E 17°698¢ €0°SSLT —  65°659€ LY'EE8E 08°T8LI —  LY'EP8E SSLIOY  YLYL8I - 8
0€°66S€ 00°€08€ SOPPLL —  SS8I9€E 97°CT8e 8TYSLI —  €4'L89€E 8T°6£8¢ [L°T081 —  0T'9$8¢€ SO'800F  01°L88I — L
W's6SE 0S°69LE ILOSLY —  T8°L09€ 06°18LE 169SLT —  SLPELE 8€H98¢ LETEBL —  FIELSE LLTO0Y LS'T061 — 9
STI6SE 0L'SELE €9'9SLT —  88°T6SE €ETLELE PPLSLT = €STISLE 76'858¢ 9L'9¥81 —  SO'P98E 9 1L6E €0°€061 — S
09°799¢ WLLLE 0€008T —  8L'6L9€ 09t6LE 688081 —  LP'96LE 99°188¢ €TSL8T —  9T'698¢ SrPS6¢ €9'1161 — ¥

o1V o1d TN o1V o1d TN o1V o1d TN 1V o1d TN stosnp

ueSnIeH DO pAor'T DFOIe oL ) NIND  Jo IoquinN

s1oseIep (g ® Jo 9589 ay) Ut DFOFe S, pAOIT Pue ‘DFD ‘TNIND ‘DHADJe Jo uostredwo) | 9jqe]

pringer

A's



Pattern Analysis and Applications (2019) 22:1409-1425

1420

JUOJ P[Oq IIM padIew ST Juowrzadxa yoea 10 DIV pue DI “ATIA JO Son[ea 1saq Y],

7910€S 9897€S TELPIT —  TTOTES SPPSES 111997 —  ObLTES 6LIVES 101997 — 280098 120298 TLL6LT — Iz
LYPTES 20SPES 866597 —  19TSES 9IELES SPELOT—  EELVES TI£9€S LPIL9T—  SI809S P6£79S 88108C — 4
pseses 0b69€S LSPLOT —  T69LES LLT6ES 79897 —  LT8SES 900PS PbT69T —  985TIS S0LEYS PLOTST — L1
prSThS 799¢bS LITILT —  869€bS SI8HS P6OILT —  $STSHS Z119%S 80STLT —  LP8Y9S S0LS9S POET8T — Al
LEOPSS 989psS 8T69LT —  PSLYSS €0PSSS L8TLLT—  901LSS €09LSS P8PSLT —  1S069S 675695 9SPP8T — L
66£90F £2680F 6V8207 —  SOETIY 1€81 1+ v08S0C —  8I10TH 850TTH 06L607 —  9PSLER S8Y6EY P0S81T — Iz
L9101 ey 86LPOT —  0SSTIY S06v1H 0V190T —  L9bTTh 9rObTh PIOIIT—  0T88Eh 00b0tH 161612 — 4
137404 LIT9TH S60L0T—  660LIY $8981+ 67€80T—  9TTSTH Pi9Th PRPTIT—  FIpIbh €E9THY 8€507T — L1
P00TTH TTIETh LV8OTT —  €81¥TH 10€STh 96611~ 6788TH LOL6TY SOSYIT—  $86THY Th8ehh €LEITT — al
990zZsh SILTEY EP6STT—  909TEh ssTesy €1791T—  LybEch rrecey PS991Z —  L9TSHY S9LSHY v957TT — L
9T —  8686ST— 19518 €68191—  0€€6S1 —  9LTI8 €190S1 —  €L98%1 —  SLSSL TELTEL —  TOLOST —  S£999
9pS091 —  I6P8SI—  8SS08 OPS6ST —  S8PLST—  SS008 9206v1 —  L¥PLYI —  TELYL 09CIEl — 189671 —  6V8S9
PPISST —  LSSEST—  TOLLL 8YT9ST —  T99PSI —  PPESL 68FSPT —  OLTHPI —  €16TL €668T1 —  PELLTI—  SHOH9
PLLOST —  9S96V1 —  TSSL LT90ST —  60S6v1 —  89SL 0Tkl —  P9IIPT —  OIIL €TELTI—  POVOTI —  08LEY
ETWI - €TLWI - 9LTIL LI6IPT —  89TI¥I —  8POIL G89cEl —  LBIEEl— 11699 10€€Tl = $0STTI —  61LI9 L
7987LI S8ESLI 18098 —  €6SPLI LITLLY 9r698 —  996€81 506581 PILI6—  PILI6I bS9g61 88666 — Iz
9EELLY 16€6L1 €8688 —  998SLI TT6LLI 8K9.8 —  6V8S8I 8TPLY1 S0LZ6—  TI9T6l 161461 L8096 — @
6S98LI SPTO8I 60168 —  EhP6LI 620181 10S68 —  9TEL8I hS881 bePE6 —  0THP6I 6£9561 10L6 — L1 @
P1LT81 1€8€81 0T16—  €L90ST I6LIST 18106 —  S8Y681 £PE061 €T9V6—  €ThL6l 182861 76586 — | A
PESL]T €8P88I LT8€6—  €L8681 725061 9r8F6 —  9L6E61 bLIP6] 61696~  9PEI0T PrRI0T 109001 — L
8IPT91 IP6191 65808 —  OFbT9l 196491 0808 —  LSEPOl L67991 60618 =  6ELOSI 6L9T81 00106 — Iz
GE€991 06£891 78878 — 998991 126891 8PIE8 — 797991 TH8LIT 71678 —  T8TE8I 198981 TTh6 — w . “
920691 Z190L1 €6THS — 806891 P6POLI PETP8 —  T890LI 0061L1 TLIS8 = 0SIS81 89€981 90P76 — L
SOTILI STTTLl 668 —  THOTLI 091€L1 99868 —  LE8SLI $699L1 66LL8 — 867881 951681 0£076 — AR
008081 SPPISI 0106 — 148081 067181 0£€06—  S89T81 €81€81 €LT16—  8TSE6l ST0V61 $6996 — L

o1V old TN o1V old TN o1V old TN o1 olg TIN -EWM

uesnIey DHOM phoT DHDIE QL) WD Joquiny

s19581Ep (I€ © JO 958D Y} Ul DFDJ® S, PAOIT pue ‘DFD ‘WIND DHDJe Jo uostredwo) z ajqey

pringer

Qs



Pattern Analysis and Applications (2019) 22:1409-1425

1421
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Fig.7 Segmentation a 3D objects by using Hartigan’s afCEC method. a Original dataset. b Hartigan’s afCEC clustering. ¢ Hartigan’s afCEC
surfaces. d Original dataset. e Hartigan’s afCEC clustering. f Hartigan’s afCEC surfaces

space. Therefore, spectral methods are typically time-con-
suming and use large number of parameters.

In the case of datasets of dimension higher than three and
afCEC approach, due to computational profitability, we used
a smaller class of quadratic polynomials of the type

d—1

d-1
SO, xy) = Zaixi2+2bixi+c, 2n
i=1

i=1
instead of the class of all quadratic polynomials

d-1d-1

d-1
SO, xy) = Z Zaijxixj + Zbixi +c. (22)
i=1

i=1 j=1

This allows us to fit less parameters in each step, which
results in a smaller risk of overfitting and helps to effectively
cluster higher-dimensional data.

In the case of non-density-based method, we use classi-
cal Rand and Jaccard indexes. As we see in Fig. 9 afCEC
method gives similar results to other approaches and the
Hartigan modification allows to obtain better score.

6.5 Data streams

Typical statistical and data mining methods, including clus-
tering, work with “static” datasets, meaning that the com-
plete dataset is available as a whole to perform all neces-
sary computations. However, in recent years more and more
applications need to work with data which is not static but
is the result of a continuous data generating process which
is likely to evolve over time. This type of data is called a
data stream, and dealing with data streams has become an
increasingly important area of research.

The characteristic of continually arriving data points
introduces an important property of data streams, which
also poses the great challenge: the size of a data stream is
potentially unbounded. This leads to the following require-
ments for data stream processing algorithms:

— Bounded storage The algorithm can only store a very
limited amount of data to summarize the data stream;

— Single pass The incoming data points cannot be perma-
nently stored and need to be processed at once in the
arriving order;

@ Springer
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clustering

Real-time The algorithm has to process data points on
average at least as fast as the data is arriving;

Concept drift The algorithm has to be able to deal with
a data generating process which evolves over time (e.g.,
distributions change or a new structure in the data
appears).

In this section, we present a possible application of afCEC
method to stream data. We will use the R package stream
[12]. In our experiments, we use DSD_Benchmark(1) (see
Fig. 10a) form stream, which contains two clusters moving
in a two-dimensional space. One moves from the top left to
the bottom right and the other one moves from the bottom
left to the top right. Both clusters overlap when they meet
exactly in the center of the data space. Figure 10a shows
plots where clusters move over time. Arrows are added to
highlight the direction of cluster movement.

Figure 10c shows the Rand index for the four data stream
clustering algorithms and afCEC method over the evolv-
ing data stream. All algorithms show that separating the
two clusters is impossible around position 3000 when the
two clusters overlap. It should be highlighted that afCEC
method has a problem with reconstructing the model after
the merge. The number of clusters was reduced and cannot
be reconstructed. It is possible to add a split merge strategy
[13] which would allow to refit afCEC model. The second
possible strategy is to add an additional dimension with time
components. Since afCEC is an affine invariant it does not
change clustering structures and allows to keep two clusters
without reduction.

@ Springer

In general, afCEC works in the case when a dataset con-
tains curve-type structures. In the second example, we pre-
sent how the methods work on such data. Similar to the
previous examples, we consider two clusters (two curve-
type clusters), where the first moves from top left to bottom
right, and the other one moves from bottom left to top right.
Figure 10b shows plots where the clusters move over time.
Arrows are added to highlight the direction of cluster move-
ment. Figure 10d shows the Rand index. As we see, AfCEC
is able to almost perfectly recover the original clustering .

7 Conclusions

In this paper, the Hartigan approach to afCEC method for
clustering curved data, which uses generalized Gaussian dis-
tributions in curvilinear coordinate systems, was presented.
The afCEC method has a strong theoretical background.
Moreover, afCEC can be used as a density estimation model.
Since afCEC is an implementation of the cross-entropy clus-
tering approach, the method reduces unnecessary clusters
online.

In practice, the algorithm gives essentially better results
than linear models, like GMM or CEC and the classical
Lloyd’s approach to afCEC, since we obtain a similar level
of the Log-likelihood function by using a smaller number of
parameters to describe the model. Moreover, the online ver-
sion of afCEC method can be use in the case of stream data.

In the future, we want to update our algorithm to allow
the use of closed curves. Thanks to such a modification, we
will able either to find more complicated shapes in data or
to better adapt to the data structure.
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Fig. 10 Comparison between classical data stream clustering algo-
rithms and afCEC over the evolving data stream. a Dataset DSD_
Benchmark(1l) from R package stream(reproduced with permission
from [12]). b Curve-type set. ¢ Rand index for the four classical
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(d)

data stream clustering algorithms and afCEC over the evolving data
stream in the case of image from Fig. 10a. d Rand index for the four
classical data stream clustering algorithms and afCEC over the evolv-
ing data stream in the case of image from Fig. 10b
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