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Abstract

We study the free boundary problem describing the micro phase separation of diblock copoly-
mer melts in the regime that one component has small volume fraction p such that the micro
phase separation results in an ensemble of small disks of one component. We consider the two
dimensional case in this paper, whereas the three dimensional case was already considered in
Niethammer and Oshita (Calc Var PDE 39:273-305, 2010). Starting from the free boundary
problem restricted to disks we rigorously derive the heterogeneous mean-field equations on
a time scale of the order of R In(1 /p), where R is the mean radius of disks. On this time
scale, the evolution is dominated by coarsening and stabilization of the radii of the disks,
whereas migration of disks becomes only relevant on a larger time scale.

Mathematics Subject Classification 35B27 - 35R35 - 82D60

1 Introduction

Diblock copolymer molecules consist of subchains of two different type of monomers, say
A- and B-monomers. The different type of subchains tend to segregate, and hence the phase
separation take place. However since the subchains are chemically bonded, the two subchains
mix on a macroscopic scale, while on a molecular scale, A- and B-subchains still segregate
and the micro-domains are formed. This is called micro phase separation. For more physical
background on this phenomenon we refer to [2,8].

In the strong segregation regime, energetically favorable configurations have been char-
acterized in the Ohta—Kawasaki theory [18] by minimizers of an energy functional, which is
in the two dimensional case of the form
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1 o
E(Q) =H (02) + E/

1 [(=a) " 2(x — )| dx. (1)

Here (0, L)? C R? is the domain covered by the copolymers, Q C [0, L)2 denotes the region
covered by, say, A-monomers, p = |L%| € (0, 1) the average density, 0 € Ry = (0,00) is a
parameter related to the polymerization index, x is the characteristic function of €2, and !
denotes one dimensional Hausdorff measure.

The first term in the energy prefers large blocks of monomers, the second favors a very
fine mixture. Competition between these terms leads to minimizers of E which represent
micro phase separation.

Starting with the pioneering work [15], where the Ohta—Kawasaki theory is formulated on a
bounded domain as a singularly perturbed problem and the limiting sharp interface problem is
identified, there has been a large body of analytical work. Minimizers of the energy functionals
have been characterized in [1,3,4,20], the existence/stability of stationary solutions has been
investigated in [16,17,19,21] and a time dependent model has been considered in [7,9]. The
mean field models in the three dimensional case have been derived in [6,10,12].

We consider the gradient flow of the energy, which is a standard way to set up a model for
the evolution of the copolymer configuration that decreases energy and preserves the volume
fraction. Then the evolution equation becomes the following extension of the Mullins—
Sekerka evolution for phase separation in binary alloys [11]. The normal velocity v of the
interface 02 = 92 (¢) satisfies

v=[Vw-1] ondL, )

where [Vw - 1] denotes the jump of the normal component of the gradient of the potential
across the interface. Here 7 denotes the outer normal to € and

[f1= ,1};?2 fx)— chlerg f ).
x—0Q2 x—0Q

The potential w is for each time determined via

—Aw =0 in (0, L)*\992, 3)
w:K—i-U(—A)*l(X —p) on 092, 4)

where « is the curvature of d2. We are interested in the case that the volume of Q(¢) is
preserved in time and can thus impose Neumann or periodic boundary conditions for w on
9(0, L)2. In what follows we will consider a periodic setting and hence always require that
the potential w is (0, L)z-periodic. For local well-posedness of this evolution see [5].

The evolution defined by (2)—(4) has a formal interpretation as a gradient flow of the
energy (1) on a Riemannian manifold. Indeed, consider the manifold of subsets of the 2-
dimensional flat torus T of length L with fixed volume, thatis M :={Q C T; |Q2]| = L?p},
whose tangent space To M at an element 2 € M is described by all kinematically admissible
normal velocities of 92, that is,

ToM = {v:BQ—>]R; / vdS = 0}.
90
The Riemannian structure is given by the following metric tensor on the tangent space:

ga(', v = /Tle-szdx, 5)
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where w® : T — R (¢ = 1, 2) solves

—Aw* =0 in T\0L, ©)
[Vw®-ii]=v*  on 9Q

for v* € TqM (o = 1, 2). The gradient flow of the energy (1) is now the dynamical system

where at each time the velocity is the element of the tangent space in the direction of steepest

descent of the energy. In other words, v is such that

g (v, V) = —(DE(Q(1)), V) @)

for all v € Tq()M. Choosing v = v we immediately obtain the energy estimate associated
with each gradient flow, which is

T
/ gan(,v)dt + E(Q(T)) = E(Q(0)) forall T > 0. (8)
0

In what follows we consider the micro phase separation in the two dimensional case in
the regime where the fraction of A-monomers is much smaller than the one of B-monomers.
In this case A-phase consists of an ensemble of many small approximately circular particles.
We reduce the evolution to the gradient flow on circular particles.

For that purpose we define the submanifold ' C M of all sets  which are the
union of disjoint balls & = [J; Bg, (X;), where the centers {X;}; and the radii {R;};
are variables. Hence N can be identified with an open subspace of the hypersurface
{Y = {Ri,Xi}i; (Ri,X;) e Ry, xT,n ), Ri2 = L2p} in R?N where N is the num-
berandi = 1, ..., N an enumeration of the particles with centers in the torus T. Since the

normal velocity v satisfies v = ddlj" + d;i" - on d Bg, (X;), the tangent space can be identified
with the hyperplane
rn = [2=Y (Vi v L) e e Rx B RV = o) ¢ B

i 1 8Rl 1 3Xl ’ 1y Sl ’ i Vi ’

such that V; describes the rate of change of the radius of particle i and &; the rate of change
of its center. We use the abbreviation Z = {V;, &}; for Z = ), (V; 8871_ + & - dLX,)
The metric tensor is then given by
ev(2',2%) = / Vu! . Vw? dx,
T

where the function w* : T — R solves

—Aw* =0 in T\ U; 3BR,.(X,'), ©)
[Vw® -] =V*+& - on dBg (X))

for Z* = {V*,&*}; € TyN, a = 1, 2. For the following it will be convenient to split the
metric tensor into the radial and shift part respectively. For any {V;, &;};, we write

w=u+¢

where u and ¢ are harmonic in- and outside the particles and where

-

[Vun]:‘/l on 8BRI.(XI‘),

1
[Vo-i] =& -n  ondBg(X;). .
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We consider the energy E(Y) = Egus(Y) 4+ 0 En(Y), where
Ei(Y)=27) R and  En(Y)= / |Vl dx
- T
1

with 4 : T — R solving —Ap = xup Rk — P We obtain the differentials of the energies in
the direction of a tangent vector Z= {\71-, 5, }i as

(DEwi(Y),Z) = 27 )V
and

(DEn(Y),Z) = —2/vu dex—22/ (Vi + & -i)dS

0B, (X)

Here w : T — R is a function w® satisfying (9) for Z% = Z. The integration by parts yields
w@=-Y [ w@+i-nds
;. JOBRr;(Xi)

From now on we consider an arrangement of particles as described above which evolves
according to the gradient flow equation. This means that for any ¢ > 0, it holds for Z(¢) =
LY (1) that

¢v(Z,Z) = —(DE(Y), Z),
that is,

|

9Bg, (Xi)

w(V; +& - n)dS—2nZV,+ZUZ/ w(Vi +&-ii)dS (11)

0B, (X)

forall Z € TyN. Since Z is an arbitrary element of the tangent space we conclude from (11)

that w satisfies !

27 R Jamg, xi)

(w— 5 —20u1)dS =1(1) (12)

and
/ (w—ZGM)ﬁdS:O (13)
dBg. (X;)

for all i such that R; > 0, with a Lagrange parameter A(¢) that ensures volume conservation.
Equations (12) and (13) are the analogue of (4) in the restricted setting.

Our aim is to identify the evolution in the limit of vanishing volume fraction of particles.
More precisely, we consider a sequence of systems characterized by the parameter

d\\ 12
&= (ln (E)) (14)

in the limit ¢ — 0. Here d is defined by
>y 1=1° (15)
i

and R by

RZZI = ZRi(O)z. (16)
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Then d]—z denotes the number density of particles, and 7w R? the average volume of particles.
Here and throughout this paper we use the abbreviation ), = > . Ri=0-

Our main result informally says that when L ~ L., with
L2, :=d*In(d/R) ~ d*In(1/p), (17)

on the time scale of order R3In(1/p), the number density of particles with radius r and
center x, denoted by v = v(t, r, x) (suitably normalized), satisfies

8tv+8r<ri2{rW—1—ar3}v)=0, (18)

where ¥ = (¢, x) satisfies for each ¢ that

o0 001 o o0
—A¢+2m/// vdr:2n</ fvdr+—2// rzvdrdy> inT (19
0 o T L= Jr Jo

in the limit ¢ — 0. Here o is also suitably normalized.

We remark that on the other hand, in the case that L < L., that is, in the very dilute
case, one obtains a homogeneous version where ¥ is constant in space, and is replaced by
A(t). More precisely that the number density of particles with radius », denoted by v(z, r)
(suitably normalized), satisfies

1
o+ 0, (= (r = 1= ar?)v) =0 (20)
r
with . o 5
Ay = o ;vdro—i;afo rvdr
Jo vdr

2D

2 Theresult

In this section, we will introduce suitably rescaled variables, state the precise assumption on
our initial particle arrangement, and present the statement of our main result.
We assume from now on that L = L, for the ease of presentation, and we will rescale
the spatial variables by L. such that
L = L =1 andhence d = ¢, R = eexp(—l/sz) = 0.
Notice that p = nafs‘z and In(1/p) ~ e~2. We introduce Iéi, f, ‘7,-, é, w, 6 and [ via

Ri(t) =a:Ri(), t=en(l/p)i, w(t,x)=0a; "D x),

V= = 0~ Snd), &0 = SE6)
T a2In(1/p) a2 T T g2
1 g2 a? n
= 56~ =4, 1,x) = 5, x).
0= i’ "t D = 5adw

From now on we only deal with the rescaled quantities and drop the hats in the notation.
We denote the joint distribution of particle centers and radii ata given time ¢ by v} € (C g)*,
which is given by

/ cdvi = X (Ri(1), Xi (1) for¢ € €Y, (22)
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where Cg stands for the space of continuous functions on R; x T with compact support

contained in Ry x T. Here T denotes the unit flat torus, and Ry = (0, 0o). Note that since
¢(r, x) = Oforr = 0, particles which have vanished do not enter the distribution. The natural
space for v? and its limit v, is the space (Cg)* of Borel measures on R x T.

We are now going to make the assumptions on our initial particle arrangement precise.
Notice first, that in view of (15) and (16) we have

/dug =Y e’=1 and /rzdvg => &R} (0) = 1. (23)
i i

It follows immediately, that

/rdvg =Y &R(0) <1, (24)

l

that is the surface energy of the initial particle arrangement is finite.
Furthermore it is natural to assume that initially the nonlocal energy is uniformly bounded
in g, that is

/T|Vu8(0,x)|2dx <C, (25)

where C is independent of ¢ and where u®(0, x) satisfies —Au®(0, -) = jTiXUf B;(0) — 7 and

Jpufdx =0.

We will see later [cf. (84)], that the nonlocal energy controls Zi 82Ri4. Hence, finiteness
of the nonlocal energy initially also implies ), 82Ri4 (0) < C. For our analysis we need
a little more than this. We need a certain tightness assumption which ensures, that not too
much mass is contained in very large particles as ¢ — 0. More precisely, we assume that

sup Z 82Rl-4(0) -0 as M — oo. (26)
€ Ri>M

Finally, we assume that initially particles are well separated in the sense that we assume
that there is y > 0, such that

{Bzyg(Xi (0))}' are disjoint. 27)
L
In accordance with the notation in (22) we will use in the following the abbreviation
[cdy = fooo Jp&(r.x)dv(r,x) for v, € (Cg)*. Otherwise the domain of integration is
specified.
The natural space for potentials of diffusion fields is H'(T). Furthermore we will denote

by I-OI 1(T) the subspace of H!(T) of functions with mean value zero.
We can now state our main result which informally says that v{ converges as ¢ — O to a
weak solution of (18)—(19).

Theorem 2.1 Let T > 0 be given and assume that the assumptions in Sect. 2 are satisfied.
Then there exists a subsequence, again denoted by ¢ — 0, and a weakly continuous map
[0,T]5 1+ v € (CO)* with

/;dvf — /g‘dv, uniformlyint € [0, T] forall ¢ ng,
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f rrdv, = 1 forallt € [0, T]. Furthermore, there exists a measurable map (0, T) >t —
W (1) € HY(T) such that (18) and (19) hold in the following weak sense

d 1 .
E/{dl)t = /8r§ﬁ<rw(t,x)_1_0r >d\)[ (28)

distributionally on (0, T') forall ¢ € Cg with 0,¢ € Cg. Here

f Viy(t,x) V¢ —2moldx + Zn/ (1//(t X) — 7> dv, =0 (29)
T

forallt € HY(T) and almost all t € (0, T).

The proof of Theorem 2.1 goes similarly to the approach for the three dimensional case
in [12]. However in contrast to the three dimensional case we need to estimate 1/R; term in
the proof that the tightness property is preserved in time (see Lemmas 3.9 and 3.10) since
the Lagrange multiplier diverges when particles disappear.

3 Proof of Theorem 2.1

We can deduce Theorem 2.1 by the homogenization of Rayleigh Principle (see Theorem 3.11).
This will be obtained from the homogenization of metric tensor (Lemmas 3.5, 3.6) and the
limit of the differential of the energy (Lemma 3.8). Also we need some a-priori estimates,
which are given by a series of lemmas. The proof of Lemmas in this section will be given in
Sect. 4. For readers convenience we will not abbreviate the arguments.

3.1 Gradient flow structure
In rescaled variables the submanifold N turns into
NE = [Ys = (Ri. Xi}i: Y _&’R} = 1}
i
and the tangent space

TY£N8={Z£=Z<V3?Q +sa81n(l/p)$, —) ZRV,—O}

1

We use the abbreviation Z¢ = {V;, &}; for Z¢ = > (V; -2 oR, T €% ln(l/,o)gi . aix,-)’ and

regard {V;, £}; as the component of a tangent vector Z¢ with respect to a basis

9
—, ea, In(1
{BRi eate In( /p)aXl},

We will always denote by Z* = {V;, §}; the direction of steepest descent. Recall that
Vi = ddli ,but & = (ea, ln(l/p)) ldX . The notation Z¢ will be used for an arbitrary
element of the tangent space. Furthermore we use the abbreviation B; := By, g, (X;).

We define the energy in rescaled variables as

E; (Ye) = Esurf,s(YS) + O'Enl,s(Yg)

Equ,e(Y) =21 Y " *Ri, Em(Y") = / V| dx,
T

i
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2 .
where ;1f = p®(t, x) solves —Ap® = &5 yup, — 7 and Jp u® dx = 0, and the metric tensor

for Z¢ € Ty: N is computed via
gve (28, 2°) = /T Ve |2 dx = /T |Vii® + Ve |* dx, (30)

where w° = it® + ¢°%,

2
/WS-v;dx+ ) / EVicds=o0,
T X K]
1

B; Oe

/V$5~V§dx+2/ is}-ﬁgds:o
T i El

B; Ue

3D

forall ¢ € f} 1(T). Notice that the potentials are only determined up to additive constants.

In what follows we fix this constant by requiring that [ i dx = [ ¢¢dx = 0. For the

steepest descent directions Z° = {V;, &;};, we define the potentials w®, u®, ¢° analogously.
Equations (12) and (13) for the direction of steepest descent, turn into

1 &€ & & l &
EE aB(u +¢" = 2005 )dS = — +25() (32)
14 i i
for some A¢(¢) € R and
(u® +¢° —20u°)iidS =0 (33)
3B;

for all i such that R; > 0. Here and in what follows we abbreviate, with some abuse of
notations, for a disk Br(X) the perimeter by |0 Br| and its area by |Bg|. Now the energy
estimate (8) reads

1 R2
/ /|Vw€|2dxdt + 4n 2827’(:1) + o/ IVl (11)|% dx
0 JT i T

o (34)
— 47 2827"(0) + 0[E|VM6(O)|2dx
1
for all #; > 0. Finally, the Rayleigh principle says that Z* satisfies
T
f B0)(Seve (25 Z°) + (DEY* (1), Z°)) dr
0
T ~ ~ ~
< / B (Sevei . Z°) + (DEY* (1)), Z°) ) di (35)
0

for all Z¢ € Ty and nonnegative 8 € C*°([0, T]).
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3.2 A priori estimates and weak limits

It follows from definitions (15), (16) and the facts that volume of particles is conserved and
the number can only decrease, that

/dvf
/rzdvf

On the other hand the uniform bound on the energy in (34) implies the following.

IA

1 forallt €[0,T], (36)

1 forallt e[0,T]. (37)

Lemma 3.1
/ r*dve < C  forall 1 €10, T). (38)

Next to v7, we introduce signed Borel measures pf € (Cg)* and ¥} € ((Cg)2)* on
R4+ x T via

/cdpf =&Y C(Ri(1), Xi(0) Vi(t) for ¢ € CY,
/ n-dyf =&y n(Ri(0), Xi(1) - & (1) forn e (CH.

The measures satisfies 9,0 + 9, 0° + ea. In(1/p)div¢y® = 0 in the sense of distributions,
that is

T
/0 (3zﬁ(t)/§dvf+ﬁ(t){f3r§dpf + earn(1/p) [ Vi -dwf}) dr =0 (39)

forall ¢ € Cg NC*®and B € Cgo([O, T1). As will be shown in Sect. 4, we have
T T
Df = / 21 Y 2R (VP + fl&17) dt < (1+o(1))/ / IVwé>dxdt < C, (40)
0 i 0JT

which yields in particular

D := liminf D° < limsup D’ < oo. (41)

e=>0 e—0

Bounds (39) and (40) yield a weak Holder regularity in ¢ of {vf};:

Ucdv,i —/cdv;j <|n—-n|"?
D? 2 2.2 112 2 1 12
(Esgp/(wm +4c%al(n D2V ) v ) “2)

Using Arzela—Ascoli’s Theorem, (36) and (42) imply that there exists a weakly continuous
family {v;}, of nonnegative Borel measures on R, x T such that for a subsequence

/{ dv; — /; dv; uniformlyint € [0, T] (43)
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54 Page 10 0f 30 B. Niethammer, Y. Oshita

for ¢ in a countable subset of Cg N C®. Again by (36), we see that we can extend the locally
uniform convergence in (43) to all ¢ € Cg. Obviously, the bound (36) is conserved

f dv; <1 forallt € [0, T], (44)
and due to (37) and (38) we have

/ rrdv, =1 forallz e [0, T], (45)

/r4dv, < C forallr € [0, T]. (46)

The uniform control of the signed Borel measures {r> dp? dt}, and {r> dyrf dt}, on R, x
T x [0, T]implied by (40) ensures the weak convergence, where the limits can be regarded as
bounded linear functionals on L2(r2 dv, dt) and L%(r? dv, dr)> respectively, and hence by
Riesz Representation Theorem, there exist v € L2(r2 dv, dt) and & € L2(r2 dv, dt)? with

r D
fo /(|v(z)|2+|5(z>|2)r2dutdt < o 47)

T

such that for a subsequence

T T
| s [casiai~ [“p0 [cowavar,

T T (48)
/0 p [ n-dvi dr - /O b [ 0-ewviar
forall g € C%([0, T]), ¢ € C) and n € (CY)?, and
T T
f ,B/|.§(z)|2r2dv,dt < limigf/ ﬂZszRi2|§,~|2dz (49)
0 £—> 0 i

for all nonnegative 8 € C ([0, T1). Thus the limit of (39) is

T
/ <3zl3(t)/§dvz+/3(t)/3r<§v(t)dw> dt = 0 (50)
0

forall ¢ € CHNC>® and B € C§°([0, T).

Definition 3.2 For Z¢ satisfying fOT gy (ZS, Zs) dt < C, we can define U € Lz(r3 dv; dt)
and € € L2(r3 dv, dt)? analogously. We say that VA converges weakly to (v, £).

We are going to show below that for any 7' > 0, particles do not collide on a time interval
[0, T'] for sufficiently small €. More precisely

Lemma3.3 Forany T > 0 we can find ey > O such that
{By:(X;(2))}; aredisjoint forallt € [0, T], (51)

forall e € (0, g].
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Thus it follows that the marginal of v, with respect to x has a bounded Lebesgue density.
Hence it follows from (46) that the functional

(L. <) :=/;r2dv,—f¢dx, ¢ e HI(T)
T

is an element of H~'(T) = (H'(T))* forall t € [0, T']. Hence K (¢, -) € H'(T) is uniquely
determined via (29) up to additive constants.
In order to prove Lemma 3.3 we show the following.

Lemma 3.4 (slow motion of the particle centers) As long as (51) is satisfied, we have

1/2
[07
& (1) < cg—j (A|V¢S|2+ |Vu8|2+|w8|2dx> :

3.3 Homogenization of the metric tensor
We identify the I'-limit for the metric tensor and provide the necessary results to pass to the
limit in the metric tensor. The following is a lower semicontinuity result.

Lemma 3.5 (lower semicontinuity) For all nonnegative 8 = B(t) € C*°([0, T]) we have
T T
lim inf/ B ey (ZE, Z“") dt = lim inf/ ﬂ/ |Vw?®|? dx dt
e—=0 Jo e—=0 Jo T

T
=liminf/ ,3/ [Vul|? +2Vut - V¢t + |Vo°|*> dx dt (52)
0 T

e—0

T T
z/ ,3/ |Vul®dxdt + 2n/ /3/(le2 + 3EP)r? dv, dt,
0 T 0

where for almost all t the function u(t, -) € I;l (T) is determined via
/ Vu(t)-Vedx + 27 / cro()dv, =0 (53)
T

forall ¢ € ﬁl('ﬂ‘).
Furthermore we show that for any tangent vector of the limit manifold (v, § ), there exists

an approximating sequence along which the metric tensor is continuous.

Lemma 3.6 (construction) For any v € L2(r2 dv, dt) with f vridy, = 0 for almost all t
and anyé € Lz(;:2 dv; dt)? there exists a sequence 7 withZF € Ty N such that Z* weakly
converges to (v, £), and

T
lim sup / B gve (Z°,Z°) dt
0

e—0

(54)
T T
< / ,3/ |Vii|* dx dt + 271/ ﬁ/(|5|2+i|§|2)r2dutdt
0 T 0
for all nonnegative B = B(t) € C*°([0, T]) and with u(t, -) € 131 (T) determined via
/Vﬁ(t)-V;“ dx + 2n/§rﬁ(t)dv, =0 (55)
T

forall ¢ € H'(T).

@ Springer



54 Page 120f30 B. Niethammer, Y. Oshita

Note that the contribution from the drift term and the radial part do not interact in the limit
e — 0.

3.4 The limit of the differential of the energy

We identify the limit of the differential of the energy. To that aim we identify the limit of the
potentials u® so as to prove the convergence for the nonlocal part of the energy.
Note that

(DEnls(Ya) Zs) = /VM -Vtdx.
T

Here, as also in the homogenization of the metric tensor, the key idea is that the potentials

can be represented as a sum of monopoles, which represent the self-interaction of particles,

plus a slowly varying field, which represents the interaction between different particles.
We set/ = ye, where y > Ois as in (51). We write u® = ), ii; + fi° with

2 2R2
4‘; (o 2R2 |X_Xi|2)+%ln#& . X €B;
~ _ ) 2R
i (x) = R’ In Fel X‘ D x € BI(X)\B; © (56)
0 : elsewhere

Here fi; is chosen such that —Af; = Z—z in B; and Aji; = 0in B;(X;)\B;. Since

—% : x € B;
~ _ R2 X;
Vii(x) = % : x € Bi(X)\B; 57)
elsewhere,
it holds that
e2R?
[Vji; .7il=0 ondB; and [V 1] = 21’ on dB;(X;). (58)

The slowly varying field i° converges strongly to K and this enables us to pass to the
limit in the differential of the energy.

Lemma 3.7

sup ||VA® = 3VK |2y — 0
t€(0,T]

ase — 0. Here K(t, ) € I-(}l (T) satisfies for each t

/VK~V§dx:2n</r2§dv,—/§dx> (59)
T T

Lemma 3.8 Assume that Z¢ satisfies

forallt € HY(T).

T
/ gye(Z8, 79 dt < C (60)
0
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and converges weakly to (U, £). Then for all B € C*°([0, T]),

T 5 T »
tim [ BDE (V). 7 di = /0 BIDEw(vy), (3, E)) dr.

where

(DEw(v), (3.)) = 21 / 3+ rK (. x)dv, .

3.4.1 Tightness

In order to prove Lemma 3.8 we first need to show that the tightness property (26) is preserved
in time so that no mass is lost at infinity in the limit ¢ — 0.

Lemma 3.9 (tightness) For anyt > 0 we have
Z 82Ri4(t) — 0  as M — oo uniformly in ¢.
Ri>=M

This lemma is crucial to our proof. The proof is much more difficult than three dimensional
case. In fact, the main idea of the proof'is to show by asymptotics that, at least in some average
sense, V; satisfies approximately Rl.2 Vi~uRi—1- O’R? where u is the Lagrange multiplier
that ensures the volume conservation. In contrast to the three dimensional case, the Lagrange
multiplier may diverge. However we can still show the following a-priori estimate, and thus,
at least on average, V; < 0, if R; is sufficiently large, and no mass can escape to infinity as

& — 0, from which one deduces Lemma 3.9.

Lemma 3.10 Forany T > 0, there exist constants Ct > 0 and g1 > 0 such that
T 1 1 1/2
——dv’ dt
/0 (/ 1—¢&2lnrr? Vt)
T 1/2
< c(/ (1 +/ |V (w® —20u5)|2dx) dt) <Cr 61)
0 T

forall e € (0, e1].

3.5 Homogenization of Rayleigh principle

The main task that remains to be done now is to determine the equation for the velocity
function v. It will be characterized as the minimizer in the Rayleigh principle. Thus our task
is to characterize the limits of Z° that satisfy (35).

Notice that we can use Lemma 3.8 with Z¢ — Z¢ where Z° is the direction of steepest
descent and Z¢ is as in Lemma 3.6. The main result from which one deduces Theorem 2.1 is
the following.

Theorem 3.11 For all nonnegative g € C*°([0, T]) we have
T
fo ﬂ(%/E|VM|2dx + 271/ Tl + $1E17) r2 dy,
+(DEW), (v,§) - (3,6) ) dr (©2)
T ~
gfo ﬂ(%/TWﬁlzdx + 2n/ %(|ﬁ|2+}¢|s|2)r2dv,)dt
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forallv e L2(r% dv, dt) and§ e L2(r2 dv, d1)? such that f rvdvy = 0 for almost all t and
such that (v — v)(¢, x, -) = 0 in a neighborhood of r = 0. Here

(DE(v), (3, 8)) = 2;1/ (1 +0(r3 +rK(t,x))>ﬁdv,

Sfor v which vanish in a neighborhood of r = 0, and u(t,-), u(t,-), K(t,-) € ﬁl(T) are
determined for a.a. t via (53), (55), and (59) respectively.

The Euler—Lagrange equation for (62) becomes r2v=ru—ocK —21) —1—or® with
A being a Lagrange multiplier that ensures the constraint f rvdv, = 0. Setting ¥ (¢, x) =
u — o K — A, we can then derive (28)—(29). The proof is basically straightforward and goes
similarly to the one in Chapter 6 of [13]. We omit the details here.

Notice that in the formulation (62) we need that v — v has compact support in the r-variable.
This is due to the fact that we cannot guarantee that the term f rv dv; which appears in the
differential of the surface energy is well-defined.

4 Proof of Lemmas

Proof of Lemma 3.4 We set [ = ye&, where y is as in (51). Notice that due to (51) and
> 82Ri2 = 1, the balls {B;(X;)}; are disjoint. For given {£;}; define

—%(a%—% )(x X,‘)'Ei : XGB,'
. — - R?
hix) = 2 (ﬁ - fz)(x —Xi)-& : xe€B(X)\B (63)
. elsewhere.

For further use we collect some properties of ¢;. It is easily checked that ¢; is continuous
in T, harmonic in B;(X;)\d B; and satisfies

> & >
[V¢i -n]=—& -n ondB;,
o

&€

o (64)
(Vi -] = — 2o s, i on 9B(X;).
Furthermore, ¢; = 0 on 9 B;(X;) and
ER,‘ >
¢ = — > (1+o0(1)& -7 ondB;. (65)
Then
-2
; d
QIE |8B | -n|~dS
i ) v/ nlg - n
|8B|/ [V il -7 dS (66)

_m /BB,- [Vo© - iilgi dS(1 + o(D).
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Integration by parts yields

/ [Vo® - il dS = —/ Vo¢© - Vi dS
9B; Bi(Xi)\B

= / [V¢i - iilp®dS + / [V¢i - nilp®dS (67)
0B; DBI(X;)
i - R? -
=S gias -5 [ g iias.
@ JoB; = Jaxi

Together with (66), (67) and (33) we find

|g<|2<C( ! 5*/ ¢Sﬁd5+&/ ¢5€"’7d5)
= T \eRr”" 9B o, el Japxy

1 1
< (i idS|+ ——|&
= (Rl /93,“” I+ cRiom & (68)

/ uSﬁdS|+“—52|/ ¢8Ei-ﬁdS|).
3B el Japxi)

We estimate the last term on the right hand side of (68) via

Og

— ¢ .ndS| = Vot & d
812|/331<X,-)¢5 ids| 812' BI(X) ¢ &idx|

<t612s [ (vl 69
el? Jpx (©9)

a 1/2
< C|si|—8(/ Ve* P dx)
el N Bx)

We can write u° = Y, u; + it with

2

22
£ (2R2 = XiPP)+ S e =@ —x = X)) : x€B

40t
(x) = 2R
#i (x) Cn ey — T2~ - Xi) L x € BIX)\B;
0 . elsewhere.
(70)
Notice that u; is continuous in T, and satisfies —Au; = z—i —min B;, —Au; = —n in

B (X i)\E. These imply that ¢, and hence Vi¢ also are harmonic in U; B;(X;). Then, due
to the properties of u; and the mean value theorem, we have

/ usﬁdSzf V/ﬁd)c:/ V/L,-dx—i—/ Vit dx
JB; B; B; B;

=VMi(Xi)|Bi|+f V[ﬁdx:/ Vit dx (71)
B; B;
B4
_ _IBil Vit dx.
[Bi1(X)| Jpixi)

But
/ Vif dx :f ﬁs;idS:/ utndsS :/ Vb dx,
Bi(Xi) 0B;(X;) 9B;(Xi) B (Xi)

@ Springer



54 Page 16 of 30 B. Niethammer, Y. Oshita

SO

1/2
/ ;ﬁﬁdS‘ < C|Bi|I"! (/ |V,u8|2dx> :
dB; Bi(X;)

Next we write u® = ), u; + i® where

R;Vig21In (%TR’) ~—R;V; : x€B;
ui(x) = 1 e2R; V; In (E=510) : x € BI(X;)\B; - (72)
0 . elsewhere
It is easily checked that u; is continuous in T, harmonic in B;(X;)\0 B; and satisfies
&2
[Vu,' ;’i] = 7‘/1 on aBi.
Qg

Then from a similar argument as above, we see that

1/2
/ usﬁdS‘ <C|B;|I"! (/ |Vu5|2dx> .
3B; Bi(X;)

Thus, in summary we find

172
o
& < C— (/ |w€|2+|w8|2+|w8|2dx> : (73)
el \JB(x;)
This completes the proof of Lemma. O

Proofof Lemma3.3 In Sect. 3.3 we will see that [ [1.[V¢®|2 + [Vuf|*dxdt < C (cf.

(81)). Furthermore, due to (34), we have fT [Vué|?>dx < C. Then the statement follows
from Lemma 3.4 and

1
1Xi(1) — X;(0)] = 1X:(0) — X;(0) + %fo §i(s) —&j(s)ds]

t
> X (0) — X;(0)] - %/O & ()] + 15 ()] ds.

O
Proof of Lemma 3.5 We can prove
T T T
lirninf/ ﬂ/ |Vu£|2dxa't2/ ,3/ \Vul>dxdt + Zn/ ﬂ/|v|2r2dvtd1
>0 Jo T 0 T 0
in the same way as in [13] since (51) is satisfied.
Hence, it remains to show that
T
L £12 11£12,2
llmmf/ ,8/ [Vo©| dxdtzZn/ﬂfZ|$| rdv; dt (74)
e—=0 Jo T
and
T
lim ﬁ/ Vu® - V¢ dxdt =0. (75)
e—0 Jo T
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Step 1: Monopoles. Our goal is to construct a good approximation of ¢* which is based on
cutting off the single monopole solutions. To that aim we define ¢; as in (63) with y is as in
(51) and thus the balls {B; (X;)}; are disjoint. Using (64) and (65), we find

f Vil dx = —f bk 7ds
Bi(Xi) aB; Q¢
1 82Ri -2
= —(1+o(1) & - 7|2 dS
2 Ug  JoB; (76)

1 -
= E(l +0(l))27‘r82Ri2][ & -7i|>dS
]

i

- %ng?|§1-|2(1 +o(l)).

Step 2: A lower bound. We will show that for any given § > 0 we have
€2 i 2520512
[1ve dx=z (1= 57 VIR 77)
if ¢ is sufficiently small. Indeed, due to the fact that { B;(X;)}; are disjoint we have
IVo*|* dx > f |Vo°|* dx.
/Tr Z,: Bi(X))
On the other hand

/ |V¢6|2dxzinf/ v |?dx,
Bi(X)) v JBi(X;)

where

/ w.v;+/ L iicdS=0
Bi(X;) 335“8

for all ¢ € C3°(B;(X;)). From the corresponding Euler-Lagrange equation we see that the

minimizer ¥ is orthogonal to all divergence-free function and hence a gradient. We find that
Y = V¢, and thus (77) follows from (76).
Step 3: Approximation of ¢¢. With

() = dilx), (78)

we have

199~ véPax < cet Y R2e 79)
T -

1
for any k > 0. In fact, for ¢° := ¢* — ¢ it follows from the definitions and (64) that

_ ()[ER.2 R
Vé© - Vidy =+ ‘/ &-icds (80)
/Tr 2,: 2 Josxo

forall ¢ € H'(T). We now define L. € (H'(T))* via

ozsR-2 R
(Lo ) = L[ egeias.
2,»: 2 ooy
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We observe that due to faB xn & 11dS = 0 we can write

asR -
(Leg, / ( f {) & -ndS.
’ Z 9B (Xi) 9B (Xi) I

We can then estimate

12
o >
(Lot <c28 (f g oapas) ([ je-f cras)
B (X;) B (X;) B (X;)

172 1/2
<CZ“*’R" < I)E |2> (cﬂ/ el d )
=< wl|&; X ,
— 2 Bi(X))

where the last estimate follows from Trace Theorem and Poincaré’s inequality. This gives

0K, N
(Lo o) < €3 %8 |s-|(/ el dx)
’ Zl: 2 s

a; R 2p21s 12 2 2 2
so(Xtemur) (X, o)
i i !

Due to the simple estimate R; < Ce~'/2 we find

172

[(Le. £)] 2 22 k o)
up ———— < - (ZSR |§l|) <Csg (Ze Ri|§i|> for any k > 0,
i

c#0 IVCl2em)

which proves (79).
Step 4: Bounds on the individual terms.

T T
/ / [Vul|? + |V¢° > dx dt < 2/ / |Vw®|?dx dt < C. (81)
0 T 0 T

/Vua-qugdx:/Vug-Vtt;de—l—/Vug-V(t;sdx.
T T T

Now Vu? is orthogonal to V¢ since

/wg-vésdx:—zgv" ¢ dS
T l 1 )

273 aB,'

We write

but fi)Bi ¢; dS = 0. Thus

/ Vut - Vofdx = / Vu® - Vo dx. (82)
T T
Furthermore, for some small § > 0, using (77),

/T Vit -V dx = =8| Vut |25 — Coll VIl 20

—8IIVu (1 Gagpy — Coe* Y& RE
i

A%

v

=8IV 172 0py — Coe* IV Nl 20m)-
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We choose § = % and then ¢ so small such that Cse* < %. Then (81) follows from (34) and
(82).
Step 5: Lower semicontinuity. Since we have now established (81), we obtain the existence
of the weak limit & as explained before in Sect. 3.2, and hence the assertion (74) follows
from (49) and (77).
Step 6: The mixed term vanishes in the limit.

As an immediate consequence of (77), (79), (81) and (82) we find

T
[ 198 B <
and thus that (75) is valid. ]

Proof of Lemma 3.6 We need only to show that for given £ as above we can find ¢° such that
T _ T _
limsup/ ﬂ/ [Voe|? dx dt <27 / /5/ HEP r* dv, dt
e—=0 JO T 0
and

T
lim ,8/ Vit - V¢fdxdt =0
0 T

e—0
since the corresponding result for #° can be proved in the same way as in [13]. The proof
is in fact quite similar to the proof of Lemma 3.5, since there the minimization property of
{&;}; is not used in the construction, which is henceforth quite general.
Step 1: Construction for smooth é . We first assume that é is smooth. Then we define §, =
§(X ;) and construct ¢; as in (63) for & = §,- , and a corresponding ¢3€ as in (78). The property
(76) implies

22 T 2512 p2
/T|v¢>8| dx = 5 §i :e & PR (1 + o(1))
and hence

T T
/ ﬂ/ |v¢§€|2dxdt:n/ ﬂ/%|§|2r2dvfdt(1 +o(1))
0 T 0

T
—>7r/ ﬁ/%|§|2r2dv,dt
0

as ¢ — 0. Here we used (43) and that & has compact support.

Furthermore, we obtain also exactly as in the proof of Lemma 3.5 that ¢ := o° — ng
converges to zero strongly in L2((0, T); HY(T)), and as a consequence the mixed term
vanishes in the limit.

Step 2: Construction for general E.

In order to finish the proof of the lemma we have to show that we can approximate

€ € L*>(r? dv, dt)? by smooth functions &, with compact support such that

T T
f ﬂ/|§n|2r2dwdr—>f ﬁflélzrzdvtdt
0 0

as n — oo. But this follows from a density argument. O
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Proofof Lemma 3.1 We first prove (38). Set [ = ye&, where y is as in (51). Due to the fact
that {B;(X;)}; are disjoint we have

[wwra=Y [ vupas. (83)
T ;Y Bi(Xi)

On the other hand, for each i,

/ walzdxzinff w2 dx,
B/(X;) v JBi(X))

where the infimum is taken over all ¥ € (L2(B;(X;)))? which satisfy

f w~vcdx=/ (S —7)cdx
Bi(X) Bi(xp) \%

for all ¢ € C§°(B;(X;)). We see that the minimizer 1& is orthogonal to all divergence-free
vector-valued functions. Hence x@ = V¢, ¢ = const.on d B;(X;), where —A¢p = ;—i XB, —T

We find that 1@ = Vu;, where u; is defined as in (70), and we have

f |de=/ Vil dx
Bi(X;) Bi(X;)

4 2
2/ (eR}) - e R gy
Bixo\B; 4lx — Xil 2
(eR)* [ 72
=2 I = (= @R R,
e\

Then it follows from (34), ", &?R? = 1 and (83) that

Zngi4(z) < C forallt €0, T], (84)
i

which proves (38). O

Proof of Lemma 3.10 We can prove this in a similar way as in [14, section 3.4] by making use
of (32) and Lemma A.1 although we are using Neumann boundary condition on 9 B; instead
of Dirichlet boundary condition.

Note 0 < 1= SzlnR < l+£121n£ < 2e 1 by 0 < R; < 1/eand |B;(X;)|/|A;i| <2 for small
e withl = ye and

Ai={xeT; a.R; <|x —Ri| <ye}.

Setting v¥ = u® 4+ ¢ — 20u® — A®, we have

/ 1 Lo ¥ &’ 1
-t
1—&2lnrr2 ! i l—szlnR,‘Ri2
2 2 2 2
€ 1 1 £ 1
<cyY —— |- fdy] +CY —— £d
= Zl—szlnRi’Ri |A,»|/A.” ¥t Zl—gzlnRi |Ai|/A.v !
i 1
&2 2

vg dx

+CZ

<C - d
Zl—ezlanR- |A|/” *
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since | B;(X;)|/|Ai| < 2 for small €. Using

2
‘/ vodx
A;

< |Ai|/ )2 dx,
A;

we see that

2
. (85)

1 1 &2
— —df<C &2 4 C v
/l—szlnrr2 = /Tlv e 2,-:l—azlnRi

Now we estimate the second term of the right hand side of (85). Note that v¢ = u® + ¢® —

20 uf — Af satisfies
1
/ v\ ——dS=0
3B; R;

for each i. Using Lemma A.1 for f = v® — L we have

R 9
1 1 2
‘ / (— — v8> dx
[Ail Ja; \ Ri

1 1
Ri  |A{]

vedx

Bi(X)?
S C| 1( 12)| hl( ]/8 )/ |VU£|2dX,
[A;] aeR; A;

and since | B;(X;)|/|A;| < 2 for small ¢,

1 1 / . P
— — v¥dx
Ri  1Ail Ja,

2

Z &
l_ 1 —&2IlnR;

It follows from (85) and (86) that

1
/1—821nrr (f'”' dx+/|Vvl dx)- 87)

We estimate the L2 norm of v°.

f|u€|2dxgcf|v8—/v€|2dx+c
T T T

< c/ [Vve|? dx. (86)
T

2

/vgdx
T

2
§C/|Vv£|2dx+C /vsdx (88)
T T
Using
‘|Ai|/v€dxs/( v—v)‘ ‘/
T A; i
5/ vg—vg +‘/ Ve
L 2'1/2
sa«[/ /vs—v€ } + f o, (89)
i 1JT i
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T

we see that

/;dvs
1—&2lnr '

<CZ 21nR v ®dx
1/2 2\ 172 R
2 p2 e & ! &
fC(ZS R,») (Z/, /;rv - ) +C271—821nR,» /A,-v
1 1 1
1/2 R
<C Vv d cy ———
B </1.r| vl x) + lZl—ezlnRi
We estimate the second term of the right hand side of (90).
Sl [
- I—e“InR;|Jy
Ri|A;] 1 / e |Ail
21—821n1e 00" TR +Zi:1—g2lnR,-
/2 &2 1 2\ 172
<C &’R? —_—— — C &2
= <Z ) (,Zl—sZInRi'mn y ) rex

12
< c<1 + (/ |Vv£|2dx> ) 1)
T

Note that due to
2 2R,
_ 2p2 2p31 _ 2 . 2: ot
l_<% eR[> 5(% &R (1 —¢ lnR,)>( : l—szlnR,->’ (92)

—InR; < R‘Y’ > 84Ri2 <Cand} 82Ri3 < C, there is some c, independent of &, such
that

(90)

i

82R,‘
- 1 —e“InR;
Then it follows from (90) and (91) that

1/2
/vs §C<1+(/|Vv£|2dx) ) (93)
T T
/|v8|2dx§C</|Vv£|2dx+l).
T T

Thus we obtain from (87),

1 1
——dV¥ <C Ve |*d 1].
/l—azlnrr2 = <f]1‘| vl x+)

Then by (88),
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Proofof Lemma 3.9 Step 1: An expression for V;. Similarly to ¢; in the proof of Lemma 3.4
we introduce a suitable test function v;. Here it is the capacity potential of B; with respect to
B;(X;), with [ = ye. This gives that

a®ln W DX E Bl
vi(x) =y a®In gy x [ x € Bi(Xi)\B;
0 : elsewhere

with a® = (In ﬁ)’l. With this definition we also have

& &

Vo, - 7] = — ondB; and [Vu; -ii] = a7 on dB(X;).

aeR;

Then
Qg 5
2rR;V; = ZnRi—z[Vue |
&

1 -
= —/ [Vu® -nldS
IB;

&2

_ 1 Vu® -nlv; dS

= fy (04)
1 o e 1 ~1 e

== [Vv; -nJu® dS + - [Vv; -nlu®dS
) Bi(X;)

& &
= / uSdS—i—aT/ W dS.
e=asR; Jyp, el Jagxy)

Due to (32) it follows that

RV, “6(1 f @ B dx + 27 (1)) + a / ¢ds. (95)
Vi = ou’ — X u .
£ 0B w 2762l Jy,x0)

Using that u® = )", u; + it° with p; as in (70) we obtain

1 / .
ndx = wid wnodx

10B;| Jap, |0 B ’ |aB| 2B,
2 2
R [ 1

=—1In +0(82)+7/ A’ dx

2 ag R; [0B1 (X)) Jas,(x;)
2R2

l 1
In +0(82)+7/ wt dx.
2 agR; [0B1(X)| Jos(x:)
Similarly using that ¢ = 3", ¢ + ¢° with ¢; as in (63) we obtain

1 -
¢°d ¢i dx + ¢ dx
[0B;] / |8B | [0Bil Jas,
1 7€

= ¢ dx = 7/ ¢°
[0B1(X)| Jas(x:) [0B1 (X)) Jom,(x;)

It follows that
&

a 1 5 5
RV = _?(E + 0 )+x€(z)) —oR* +

&

> / Ut +¢f —20ufdS. (96)
2mesl B (X;)

Step 2: A bound on fBBl(X,-) uf + ¢° —2ouds.
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We define ¥ (x) = (1% — |x — X;|?) in B;(X;) such that

—AYy =2 in Bi(X;), —Vi¢ =x — X; in B;(X;) and Vy -n = —I ondB;(X;).
Thus, abbreviating v® = u® 4+ ¢* — 20 u?, we have

1 . 1 . .

- vdS:——2 vVWVY -ndS

L Jamxi 1> Jomixi

1
= ——2/ Ayv® + Vi - Vot dx 97)
12 Jpyxi

3/‘ . 1/
== Ve — — Vi - Vol dx.
2 JBx: 12 JBxy

We multiply (97) by R"a® withm > 0, and sumoveri € I forsome I C {i : R; > 0}. Then
due to a® < 2¢2, we find, using [ = y e and Holder’s inequality, that

&
‘ Z R;”a— / Ve dS’
= 1 Jamxn
5C(ZR;"/ [v°| +ZR;"/ |VW-Vv€|dx)
iel B (X;) iel By (Xi)
1/6 172
<C (Z RIS ([ |v£|6> + ) RM'? ([ |va|2> )
el Bi(X;) il Bi(Xi)
5/6 1/6 12 12
EC(ZEZR[GVH/5> (/ |U8|6) +C<Z€4R12m) <f |vvé‘|2) .
iel T icl T

Due to Sobolev embedding and Poincare’s inequality (recall that v® has mean value zero) we
finally find

mae
DR 7[

iel 9B (X;)
12 5/6 12
< c(/ IVul)? + |Vt + |Vu€|2> {(ZSQR?'"/5> + (Zs“R}'") }
T iel iel
(98)

Step 3: A bound for A (t). We go back to (96) to estimate A°(¢). For that purpose we multiply
(96) by €2 and sum over i. We find

0= —Zcﬁ(}% + 0(82)> —O‘ZSZR?

i

&
— 25 E a® + E 2%1[ u® + ¢° —2o0u°ds.
X X ]
1 1

Bi(X;)

u® + ¢ —20u’ dS’

(99)

First notice that due to
2p2 ; 2 4 pd % R; 2
= (Tewo) = (2o)(Zennag) (2a)
2p2 ? 4 pd l 1
1= (X,:g Rl.(t)> g(Xi:s R; lnagR,)(Z ) )

i 73 Ri
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—1
we have (Z ¥) < Zi 34Rl‘.‘ In -L- < C dueto (84). As a consequence, we also

i T =
U ln TR ae R;
1
—_— <<
have S = C.

Taking m = 0 in (98), we find

a 12
& 20,2 2 &2 g2 e2
A UNSC(ZEJFZS (e +Rl-)+(/T|Vu 12+ Vi >+ Ve )
! . ' (100)
a
5C<1+ZE+(/ |Vu£|2+|vm|2+|v¢8|2)”2>.
— Ri T
Using
€ g2 1 12 g2 1\?
S = () (S Sw )
— R; —~1—¢e2In 7t R; . —~ 1 —&2Int R;
v i i v
| | 12
<C( | —5—sd) .
- (/l—gzlnrr2 V’)
and Lemma 3.10, it follows [cf. (81) in Sect. 3.3] that
T
/ [A6()|dt < Cr. (101)
0

Step 4: Completion of Proof. Now we go back to (96), multiply with 82Ri2 and sum, but
only over i such that R; > M. We find

> RV = <— YR =2 Y R}

Ri>M Ri>M Ri>M
e2R?
+ ) o / u€+¢5—20u£dS>(1+0(8))—a > 2R
Ri=M T aB;(X;) Ri>M
(102)
Here we used ‘;—; = m =1+ 0O(¢g)ase — O fori suchthat R; > M, eR; < 1 and

M >y.

The key feature of (102) is that we have a term of the form — Y Ri=M elef‘ on the right
hand side and otherwise terms which converge to zero as M — oo uniformly in €. Now
define

1 2 pd
y(0) =4 P AO)
Ri>=M
such that it follows from (102) together with (98) with m = 2 that

Y(t) +4oy(t) < c{(w(m +1) Y R
Ri>M

+(/ |Vu€|2+|w5|2+|V¢€|2)”2((
T

5/6
3 sZR}Z/S) +e( Y sZRj‘)l/z)}.

R,' ZM R,‘ >M
(103)
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Now
> R} < Z ?RY < (104)
<— P
Ri>M M Ri>=M M
Z 2R15 I Z Q2R < c (105)
i = s/ = 85
Ri=M Ri=M

To estimate the last term on the right-hand side of (103) we recall that we have the simple
estimate R; < Ce~l/ 2 such that

2 pd V2 12 252 V2 g!/?
8(28&-) 53/<ZsRi> =C—-. (106)
Ri>M Ri=M
€
Y 'Rl =& ) PR} < Cor (107)
Ri>M Ri=M
Thus, (103)—-(107) imply that we have an estimate of the form
f@) . T
y(t) +4oy(t) < C— with |f()|dt < Cr andsomed > 0. (108)
0

A simple comparison argument now implies that indeed y(r) < C(y O +M ’5) and thus
the statement of the lemma follows with (26). ]

Proof of Lemma 3.7 We use an argument similar to Step 2 of the proof of [13, Lemma 5.4],
and give only an outline of the proof. It follows from the definition of K (59) that

/VK-V;dx:er(/rz;dv, —/ {dx) :2n/r2§dvt (109)
T T

forall ¢ € ﬁl(']l‘). Furthermore since A1 = 7 in T\ U; (0B;(X;) U0B;), [Vt -n] =0
2 p2
on dB;, and [Vjif - n] = —Ezi on dB;(X;), we see that i* solves

/VM V{dx—z IBi(X;)

= 2/ ZR"Z;dS
~ Jamoxo 2v?

[Vis - {dS—n/{dx

forall ¢ € H'(T). We define

I R?
(Le(t), ) == Z/aBI(X‘) yzl cdS, (L), ¢):= 2n/r2§ dv,

for¢ € I:)II(T). Then L, () and L(¢) are elements of I—?_I(T) = (I-?l(']I‘))* forallr € [0, T].
Since (L¢ (1), ¢) =2 [p Vi* -V dx and (L(1), ¢) = [p VK - V¢ dx, we only need to prove

that L, — L strongly in CO([0, T]; H~'(T)).
In order to prove this, define

. 2R?
@@@:Z/ 3¢ dox.

Bi(X;) V
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Then we see that Lo(r) € (L*(T))* = L*3(T) and satisfies ||L.(t)|;43 < C for all
t € [0, T]andsmall& > 0.Here L? estimate does not work. Furthermore forall 1, € [0, T
we have

L [ 1/2
ILe (1) — L)l a3 < Clty — t2|1/2(,D8) 2

These mean that ZS e CO([0, T); L*3(T)) is uniformly bounded and equicontinuous. It
follows from the compact embedding of L*3(T) into H~'(T) and the generalized Arzela—

Ascoli Theorem that L, is relatively compact in co(o, 71; ﬁ’l (T)).
Since we can deduce that L.(1)— L(t) weakly in (Cg)* for each ¢ € [0, T], and that

Le—L, — 0in co(o, T1; I-OI_I(’]I‘)), the proof of Lemma is completed. ]

Proof of Lemma 3.8 The differential of the nonlocal energy is given by

(DEg o (Y®), ) = 2 / Vi - Vi d
R (110)
= —2/ Vul - (Vif + Véf)dx
T

with ¢ and ¢¢ determined via (31). ~
Define u; as in (72), however we take V; = V;, and set ii° = ), u; + it®. Note that

LZR,-V»"__X." ek <y =Xl <l (111)

0 . otherwise

Also we use the same notations fi;, fi° as in Sect. 3.4.
We write

T
/ ﬂ/Vﬁ£~Vu£dxdt
0 T

T T
:/ 5/va€- VY aj+VE dxdt+f ﬁfvm-v(w—g)dxdz
0 T . 0 T
J

r &2V, T
:—/ ﬂZ/ 'Z;ldedt—/ gz/ Vu; - VK dx dt
0 — Jop Qe ; 0 ;

Bi(Xi)
T T
+/ g/wﬁ-w(dxdwr/ ﬁ/VﬁS-v(gf—g)dxdr. (112)
0 T 0 T
It follows from the condition (60) that
T . T
(1—0(1))471/ ZszRizVizdtS/ /IVL?SIdedtSC (113)
0 i 0 T

and that u® converges to & strongly in L2((0, T) x T), where  is determined via (53). (See
the proof of [13, Lemma 5.4] for details.) Using

1/2

1/2
(Zew) (zeww)
i

Ri>M

Z 82R?‘~/i

Ri>M
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(113), Lemma 3.9, |R; In1/R;| < C for R; < 1 and ¢R; < 1, we see that
T 27 T 27
&°V; . eV .
— B / nidSdt —/ B / i dSdt
[ex ), smasa—[To5 [, i
T ~
—/ ,BZns“R?Viln
0 -
1

T
N —71/ ,B/r3f)dv,dt (114)
0

dt

A I\

as ¢ — 0. In addition, we obtain

T T
lim ﬁ/Vﬁg-Vdedt=/ ﬁ/Vﬂ-Vdedz
e=>0Jo T 0 T

T
= —271[ ﬁ/rK(t,x)ﬁdv,dt, (115)
0

and it follows from Lemma 3.7 that

e—0

T
lim 5/ Vit -V (if — &) dxdr = 0. (116)
0 T

Finally from }_; |B/(X;)| < Cy? Y, &% < Cy? and (111),

12 172
‘2/ Vu; - VKdx| <) (/ |Vui|2dx> (/ |VK|2dx>
~ JBi(x,) Bi(X)) Bi(X))

l 12
|Vu[|2dx> > VK> dx)'"?
) i

(2

B (X; B (X;)
< Cu(Cy?), (117)
where
1/2
w(z) == sup </ |VK|2dx> ) (118)
|E|<z E

Since we can choose y arbitrarily small, we obtain

T T
lim ,3/ Vit - Vuf dxdt = —n/ ,3/(r3+rK(x))ﬁdv,dt
0 T 0

e—0
from (112), (114), (115), (116) and (117).

Similarly we can prove that fOT B [y Vo - Vuf dxdt — 0ase — 0. This completes the
proof. O

Acknowledgements Open Access funding provided by Projekt DEAL.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

@ Springer


http://creativecommons.org/licenses/by/4.0/

A rigorous derivation of mean-field models describing 2D... Page290f30 54

A Appendix

LemmaA.l A= {x € R?; a < |x| < b}. There holds

! /fd 2< ! lnb /|Vf|2d (119)
— — - X
b2 A * ~ 2n a A ’

orall f € H'(A) such that fdS=0.
9B,

Proof Using the polar coordinate (r, 0), we write f = f(r, 0). Let

2
g(r) = A f(r.0)do

for r € [a, b]. Then by

2
gs) = A Jr(s,0)do,

and
2
g’ <2m | fi(s.0)°db,
0

for s € [a, b], we get

b b 2

/ g () sds < 271/ s fr(s,0)2dods < 27|V f|3.
a a 0

Note that g(r) = [ g(s) ds by g(a) = 0. Hence

, b V2 e\ 12
/ g'(s)ds| < (/ g/(s)zsds> (/ Eds)

172
< V27|V £l (ln;) .

b
/fdx /g(r)rdr
A a

lg(r)] =

We find

b 172
5«/2n||Vf||2/ r(lni) dr
p a

b2 [ b\'/?
=< V27T||Vf||2? (111 5) .

Remark: Similarly we can also show that

lim E(Y®) = E(v;), uniformlyint € [0, T],
e—0

where

r4 o 2
E(v) =27 r+o— |dvi+— | |VK|“dx.
4 4 Jr

This statement is of interest in itself, but since we do not need it here we omit the proof for
the sake of brevity.
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