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Abstract

We prove existence of solutions for a class of systems of subelliptic PDEs arising from mean
field game systems with Hormander diffusion. These results are motivated by the feedback
synthesis mean field game solutions and the nash equilibria of a large class of N-player
differential games.

Mathematics Subject Classification 35R03 - 491.99 - 49J10

1 Introduction

In this paper we consider a class of systems of degenerate elliptic PDEs of Hormander type
arising from certain ergodic differential games, more specifically, from the mean field game
(MFG) theory of Lasry and Lions [43—45]. These systems have been introduced to model
differential games with a large number of players or agents with dynamics described by
controlled diffusion processes, under simplifying features such as homogeneity of the agents
and a coupling of mean field type. This allows to carry out a kind of limit procedure as the
number of agents tends to infinity which leads to simpler effective models. Lasry and Lions
have shown that for a large class of differential games (either deterministic or stochastic)
the limiting model reduces to a Hamilton—-Jacobi—Bellman equation for the optimal value
function of the typical agent coupled with a continuity (or Fokker—Planck) equation for the
density of the typical optimal dynamic, the so-called mean field game equations. Solutions to
these equations can be used to construct approximated Nash equilibria for games with a very
large but still finite number of agents. The rigorous proof of the limit behaviour in this sense
has been established by Lasry and Lions [43,45] for ergodic differential games and extended
by one of the authors to several homogeneous populations of agents [31]. The time-dependent
case with nonlocal coupling has been addressed in a general context by [19]. For a general
overview on mean field games, we refer the reader to the lecture notes of Guéant et al. [37],
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Cardaliaguet [17], the lecture videos of Lions at his webpage at College de France, the first
papers of Lasry and Lions [43-45] and of Huang et al. [39,40], the survey paper [36], the book
by Gomes et al. [34] and by Bensoussan et al. [13], the two special issues [8,9] and the recent
paper [19] on the master equation and its application to the convergence of games with a large
population to a MFG. For applications to economics see e.g. [3,21,34,37,42,46]. From the
mathematical side, there are several important questions related to both the convergence and
then the study of the limit MFG system itself, e.g. long time behaviour [18,20], ergodic MFG
systems [11,23,35], for homogenisation [22]. For further contributions see also [2,4,33]. The
literature on Mean Field Games is very vast so the previous list is only partial and we refer
to the references therein for a more extended bibliography.

The novelty of this paper consists in assuming that the dynamic of the average player is
a diffusion of Hormander type and hence the differential operators arising in the system are
degenerate: the second order operator is not elliptic but only subelliptic. Roughly speaking this
means that the operators are elliptic only along certain directions of derivatives. Nevertheless
the Hoérmander condition ensures that the Laplacian induced by these selected derivatives is
hypoelliptic. From the perspective of a single agent this means that the state cannot change
in all directions, but the agent can move only along admissible directions: a subspace of the
tangent space. This subspace depends on the state (position) of the agent. Similarly the growth
conditions on the Hamiltonian are restricted to some selected directions of derivatives. This
extension is not trivial and relies on recent deep achievements in the theory of Hérmander
operators and subellipitc quasilinear equations. When the known regularity results will not be
sufficient to proceed, we will use heat kernel estimates to overcome the problem. Moreover
the techniques used here are different from the standard elliptic case and can also be used in
other contexts to gain a-posteriori regularity.

Hamilton—Jacobi equations in the context of Hormander regularity have been extensively
studied, see e.g. [6,24,26,28,29], in particular because of the intriguing connection between
the PDE theory and the underlying geometry induced by the admissible directions. This paper
is to our knowledge the first one that connects these two recent and active areas.

‘We next state our main results:

1. Under suitable assumptions (see Sect. 3) and assuming in particular that the Hamiltonian
grows at most quadratically in the subgradient, we prove that there exists a solution
(u,m) € C3(T%) x C(T¥) of the system

Lu + pu + H(x, Dyxyu) = V[m]
L*m — divy«(mg(x, Dxu)) =0

/ mdx =1, m >0,
'[[*d

where Dyu is a subgradient associated to a family of Hormander vector fields (e.g.
Dyu = (uy — Juz, uy + %uZ)T on R? in the Heisenberg case) and £ is a hypoelliptic
operator, L* is the dual operator of £ and div x is the corresponding divergence operator.
Moreover by C%Y (T9) we indicate the sets of functions whose first and second derivatives
in the selected directions exist and are continuous (see Sect. 2 for more formal definitions).

2. Under suitable assumptions (see Sect. 4) and assuming in particular that the Hamiltonian
grows at most linearly in the subgradient, we prove that there exists a solution (A, u, m) €
R x ny (T9) x C(T?) of the system
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Lu+ X+ H(x, Dyu) = V[m]
L£*m — divy«(mg(x, Dxu)) =0

/udx:(), /mdx:l, m > 0.
Td Td

We also show uniqueness for both the systems under standard monotonicity assumptions.

Those results are applied to the feedback synthesis of MFG solutions and of Nash equilibria
of a large class of N-player differential games.

The paper is organised as follows: in Sect. 2 we introduce the Hérmander condition and
the corresponding first and second order operators and we state several regularity results and
estimates which will be key in the proofs of our main results. In Sect. 3 we show existence
for a stationary MFG system for at most quadratic Hamiltonians by a fixed-point argument
in the presence of a regularisation. In Sect. 4 we remove this regularisation for Hamiltonians
of at most linear growth and prove our main existence result. In the Appendix we show
the convergence of Nash-equilibria as motivation for the MFG system studied. Since these
results are very well-known in the non degenerate case and they do not lead to any substantial
technical difference in the Hormander case, we will omit the proofs, only reporting briefly
the results.

2 Preliminaries and notations

Let us consider x € T¢ the d-dimensional torus and X = {X1, ..., X,u} a family of smooth
vector fields defined on T¢ satisfying the Hérmander condition, i.e.

Span (L’(Xl(x), e Xm(x))> =TT’ =RY, VxeT9 (2.1)

where £(X 1), .o, X (x)) denotes the Lie algebra induced by the given vector fields and by
T, T¢ we denote the tangent space at the point x € T¢. For more details on Hsrmander vector
fields we refer to [48]. Given a family of vector fields X = {X, ..., Xy} and u : T¢ - R,
we define:

Dyu= Xiu, ..., Xuu)T € R™, (2.2)

1 m
Lu=—3 Z Xu eR. (2.3)
j=1

For any vector-valued function g : T¢ — R, we will consider the divergence induced by
the vector fields X = {X1, ..., X,,}, thatis

diVXg:Xlgl‘i‘""i‘Xmgmv (24)

where g; indicates the i-component of g, fori = 1, ..., m. In particular, later on, we will
consider the divergence divx+ g induced by the dual vector fields X} = —X; — divX; where
divX; indicate the standard (Euclidean) divergence of the vector fields X; : T - R4,
fori = 1,..., m. Given the family of vector fields X = {X1, ..., X,,} we recall that any
absolutely continuous curve y : [0, T] — T is called horizontal (or admissible) if there
exists a measurable function « : [0, T] — R™ such that

y(t) = Zai ®OXi(y@)), ae.te(0,7), (2.5)

i=1
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where «; (1) is the i-component of w(¢) fori =1, ..., m.
For all horizontal curves it is possible to define the length as:

T m
I(y) :/ > e dr.
0 N i=1

The Carnot—Carathéodory distance induced by the family X = {X7, ..., X,,} is denoted by
dcc (-, +), and defined as

dcc(x,y) =inf {l(y) |y satisfying (2.5) with y(0) = x, y(T) = y}.

The Hormander condition implies that the distance dcc (x, y) is finite and continuous w.r.t.
the original Euclidean topology induced on T¢ (see e.g. [48]). It is also known that there
exists C > 0 such that

C7lx —y| <dcc(x,y) < Clx —y|'/* (2.6)

forall x,y € T4, where k € N is the step, i.e. the maximum of the degrees of the iterated
brackets occurring in the fulfillment of the Hormander condition, see [49]. It was proved in
[51,Lemma 5] and independently in [49] that there exists some Q > 0, called the homogenous
dimension, such that, for all § > 0 sufficiently small and for some C > 0,

7162 < By (x,8)] < €89,

for all x € T¢, where Bycc (x, 6) is the ball of centre x and radius § w.r.t. the distance dcc
and, for any B C T¢, | B| denotes the standard Lebesgue measure of B.

2.1 Holder spaces and Holder regularity estimates

Next we recall the definition of Holder and Sobolev spaces associated to the family of
vector fields X' (we refer to [55,56] for more details on these spaces). For every multi-
index J = (j1,..., jm) € Z let X/’ = Xj -+ Xj,. The length of a multi-index J is
[J| = j1 + -+ jm, thus X7 is a linear differential operator of order |J|. For r € N and
o € (0, 1) we define the function spaces

lu(x) —u(y)l
vyerd dcc(x, y)®
xFy

Ch(T?) = {u e L°(TY) : xue % (T) VIJ| < r}.

S (M) = fu e L(TY) -

For any functionu € C ?Y’D‘ (T9) one can define a seminorm as

] ooy = sup M) —HO)
€X' e decx, )
xXF#y

and, for every u € Cp" (T9), the norm is defined as

— J
lullereepay = Nl ooy + D (X 4l pay-

1=|J|=r
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Endowed with the above norm, CS(’“ T9) are Banach spaces for any r € Nand o € (0, 1).

From estimates (2.6), it follows immediately
-1
C™ o f gy

< lullog ey < Clullcoaesy = CO(TY) € C3*(T4) € (). 27)

where ||u|| co.« ey is the standard Holder norm, & is the step in the Hormander condition and
C > 0is a global constant depending only on the dimension d and the family of vector fields
X = {X1,..., Xun}. More in general, for all r € N, C"*(T) ¢ Cy*(T9).

Let r be a non-negative integer and 1 < p < co. We define the space

WP (1) = [u e LP(T%) : X'u e LP(TY, VI e 7", |J] < r} .

1/p
Endowed with the norm ||u||W:\;p(Td) = (Zlflsr de |7 P dx) , W;(’P('Jl‘d)is a Banach

space. For p = 2 we write HY, (T?) instead of W:Y’p (T?) and in this case the space is Hilbert
when endowed with the corresponding inner product. Moreover, for any 1 < p < oo, the
embeddings

Ch*(Td) = C" T (1Y),
Wil (T9) — wr/kr(rd),

hold true. The first is proved in [54] and the second in [53].
In proving one of our main results we will also need the following compact embedding.

Lemma 2.1 W)l(’p('ﬂ‘d) is compactly embedded into LP (T?).

This follows from the previous embedding and the fact that the fractional Sobolev space
wkim.p(Tdy ig compactly embedded into L? (T9) (see e.g. [27]).

Next we want to recall some Holder regularity results for linear and quasilinear subelleptic
PDEs, key for the later existence results. Holder and Schauder estimates for subelliptic linear
and quasilinear equations have been proved by Xu [53,55], Xu-Zuily [47,56]; see also the
references therein. In particular we will consider the results proved in [56], but we will rewrite
them in a stronger form, by combining them with some L”-estimates proved by Sun-Liu-Li-
Zheng [52]. The results in [56] are proved for subelliptic systems but we will apply them to
the case of a single equation. We first consider linear equations of the form:

divas (A(x)Dyu) + g(x) - Dxu + c(x)u = f(x). (2.8)

and assume that
A(x) is am x m — uniformly elliptic matrix. 2.9)

Note that in the case of the sub-Laplacian the previous assumption is trivially satisfied since

A(x) is equal to the identity m x m-matrix.

Theorem 2.2 (C /2\;“ -regularity for linear subelleptic PDEs, [52,56].) Assuming (2.9) and that
all coefficients of A(x), g(x), c(x) and f(x) are Holder continuous, then any weak solution
u e H}((Td) of (2.8) belongs to Ci’a (']I‘d)for some o € (0, 1).

Moreover there exists a constant C > 0 (depending only on the Holder norms of the
coefficients of the equation, on d and on the vector fields X ) such that

”u”Cg(‘X(Td) S C
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Proof First we recall that, if the coefficients are C%® then they are also Cg{’a (see (2.7)).
Then Theorems 3.4 and 3.5 in [56] ensure that, given any u weak H )1(— solution, u belongs to

Ci’“ (T?), and the Ci’a -Holder norm of u is bounded by a constant depending on the Holder
norms of the coefficients, on the geometry of the problem (i.e. the step r, the dimension d
and the number of vector fields n2), but also on a constant M such that [|u|| 1,(T9) <M.

We can now use the uniform L? estimates proved in Theorem 1.4 in [52] to show that
the constant C is actually independent of M, i.e. independent of the H )l(-norm of u. Note
that Holder regularity on a compact domain implies all the necessary L”-bounds to apply
the result in [52]. O

Let us now consider a subelliptic quasilinear equation of the form:
divys (A(x)Dyu) = f(x,u, Dxu). (2.10)
and assume that f(x, z, ¢) is a Holder function with at most quadratic grow, i.e.
|f(x. 2, 9)| < algl*+b, @.11)
for some non-negative constants a and b.

Theorem 2.3 (C f\;a -regularity for quasilinear subelleptic PDEs, [52,56].) Assuming (2.9),
(2.11) and that all the coefficients of the equation are Holder continuous, then any weak
solution u € H}( (T9y N C(T9) belongs to C;(’a (Td)for some a € (0, 1) and there exists a
constant C > 0 (depending only on the Holder norms of the coefficients of A(x) and of f,
ona and b in (2.11), on the step r, on d and m) such that
”l’t”C'/le‘Y('H‘d) E C

Proof Combining once again the L”-estimates in [52] with Theorem 4.1 in [56] one can
immediately deduce the result. O

Theorem 2.4 (C®°-regularity, Theorem 4.2, [56]). Under the assumptions of Theorem 2.3,
if in addition all coefficients in Eq. (2.10) are C*®°(T?) then u € C*®(T?).

3 Discounted systems with at most quadratic Hamiltonians

In this section we consider a subelliptic MFG system with a first order nonlinear term that
grows at most quadratic w.r.t. the horizontal gradient. We assume:

(II-Q) For ¢ = o(x)p € R™ there exists a constant C > 0 such that
|H(x,q)| <C(gq* +1) YxeT?, qgeR". 3.1

(IIT) The vector-valued function g: T¢ x R™ — R™ is Holder-continuous.
(Note that since T¢ is compact and we will later prove global bounds for D xu, the
continuity of g implies also that g is globally bounded).

(V) Set A := {meC(TY) : m >0, [pam(x)dx =1}, then the map V: A —
L>®(T9) is assumed continuous and bounded. Moreover, we assume that V is regu-
larising, that is, V[m] € C% (T9) for allm € A, and sup,ea ll V[m]”CtxX(Td) < 00.
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Theorem 3.1 Assume (2.1), (I1-Q), (II), (IV) and that H (x, q) is locally Hélder, then given
L defined in (2.3) with dual operator L* and div x+ defined as in (2.4) w.r.t. the dual vector
fields X¥ = —X; — divX;, for every p > O the system

Lu+ pu+ H(x, Dyu) = V[m]
L'm — divyx(mg(x, Dxu)) =0

/ mdx =1, m>0
Td

has a solution (u, m) € C%Y (T9) x C(T%). (Note that u solves the system in the classical
sense while m is a weak solution in the distributional sense.)

(3.2)

To prove the existence for the system (3.2) we need to look at both the equations involved,
starting first from the associated linear PDE for u.

Lemma 3.2 Assume (2.1) and that L is the corresponding sub-Laplacian defined in (2.3),
then for every p > 0 and f € C%%(T9)

Lu+pu= finT?¢ (3.3)
has a unique solution u € Ci’a (T?). Moreover 3 C > 0 (independent of u and f) such that

<C 34

il ez pay < € 1l ay-
Proof The solution is unique by the strong maximum principle of Bony [15] (see also Bardi
and Da Lio [10]). We show the existence by vanishing viscosity methods, i.e. for all ¢ > 0
we consider the operator £, = —¢A + £, with ¢ > 0 and the corresponding problem (3.3),
replacing £ by L,. Note that L.u + pu = f is a linear uniformly elliptic equation. It is
well-known that such a problem has a unique classical solution u,, which is of class C>¢
since f € CO% (see e.g. [11, Lemma 2.7] and [32]). Moreover ||ug|loo < %||f||oo. This
implies that (up to a subsequence) u, — u in the weak*-topology of L>(T?). Therefore u is
a distributional solution of Lu + pu = f. Furthermore, if f is smooth then, by Hormader’s
hypoellipticity Theorem [38], u is smooth. So let us assume for the moment that f € C*°(T%);
then u is in particular a classical solution satisfying the assumption of Zuily and Xu [56],
thus Theorem 2.2 gives directly estimate (3.4).

If fe Cg(’a (T%), one can bypass this obstacle by mollifications and noticing that esti-
mate (3.4) is stable w.r.t. the mollification parameter. More precisely, when f is not smooth
but only Holder, we introduce f; := f * ¢, where ¢, (x) := ¢4p(x/¢) for ¢ > 0 and
x € R?, and @ is a mollification kernel, that is, a nonnegative function of class C*°, with
support in the unit ball of R and Jga ©(x)dx = 1. One can easily check that f, — f as
¢ —0in Cg(’“ (T?). Let {¢, }nen be a sequence of positive numbers converging to zero. For
every n € N there exists a unique solution u,, € C%2(T9) to (3.3) for f = fu:= f,,and by
estimate (3.4), we have ||u, — u,, ||C2,a(Td) <Clfa— fm ||CO,D((Td) for some constant C > 0

X X

that does not depend on n, m € N. Thus {u, },en is Cauchy in Ci_;a (T9) (using f, — fin

C% (Td)), hence it converges to some u in Ci’a (']I‘d). Passing to the limit as n — oo in the
equation Lu, + pu, = f, and in the estimates | u, ”cﬁ;’ard) < C| fu ”C‘”X(W) we find that u
is a solution to (3.3) and that estimate (3.4) is satisfied. ]

The existence and uniqueness for the subelliptic linear equation for m is more technical. We
first recall some heat kernel estimates and an ergodic result which will be key for the later
results. Consider the Cauchy problem
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0z
E—Lz—g~DXz=O 3.5)
2(0,x) = ¢(x)

where ¢ is Borel and bounded and g is Holder-continuous. Then we have the following
representation for the unique solution of (3.5):

z(t,x) = /Td K(t,x,y)o(y)dy,

where the function (¢, x, y) — K(t,x, y), defined for > 0, x, y € T, x # v, is the heat
kernel associated to the ultraparabolic operator 9; — £ — g - D x. We next recall some known
Gaussian estimates satisfied by the heatkernel K (¢, x, y): there existconstants C = C(T) >0
and M > 0 (depending only on the Holder norm of g) such that

¢! —Mdcc(x,y)* ¢ -Md 2
e I < K x.y) < e~ Mdectral /- (3.6)
|Bace (x, 11/2)] - = |Bage (x, 11/2)]

forall 7 > ¢ > 0 and x € T9, where by [Bacc (x, 1/2)| we indicate the Lebesgue measure
of the Carnot-Carathéodory ball centred at x and of radius R = ¢!/2. This estimate has been
firstly proved in the subelliptic case by [41] for “sums of squares” operators on compact
manifolds and later generalised by many authors: in particular we refer to [16].

We now need to recall the following ergodic result.

Theorem 3.3 ([12], Theorem IL.4.1). Let (S, ) be a compact metric space equipped with
its Borel o-algebra X. Let P be a linear operator defined on the Banach algebra of Borel
bounded functions on S. We assume that ||P|| < 1 and P(1) = 1, and there exists § > 0
such that

Plg(x) — Plg(y) <1-48, Vx,yeS, E€X, (3.7)

where by 1E () we indicate the characteristic function of the Borel set E.
Under these assumptions there exists a unique probability measure 7t on S such that

‘P"qb(x) —[q’)dn <Ce™™|¢plloe VxeS, (3.8)
S

where C =2/(1 —38), k = —In (1 — ). Then the measure 7 is the unique invariant measure
of the operator P, that is the unique probability measure satisfying

/qudn:/d)dn,
N S

for every bounded Borel function ¢ on S.

The measure 7 is called the ergodic measure of the operator P (for more details on ergodic
measure see e.g. [25]). Property (3.8) is a “strong” ergodic property: it implies the conver-
gence

lim P"¢ =/¢dﬂ uniformly
N

n—oo

but also provides an exponential decay estimate on the convergence rate.
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Remark 3.4 As noted also in [12], when applying the ergodic theorem above usually one
checks if the so-called Doeblin condition is satisfied. More precisely, we assume that (S, )
is equipped with a probability measure p and that P has the form

Po(x) = fS k(e )B() du(y),

for some Borel and bounded kernel k: S x § — R, and that there exista set U with £ (U) > 0
and 8¢ > 0 such that (Doeblin condition)

k(x,y) >8>0 VxeS, yeU. 3.9)
It is easy to check that (3.9) implies (3.7) with § = w(U)&p. In fact, using S = (S N E) U
(S N EC):
Plp(x) — Plp(y) =1 —/k(y,z)lE(z) dz _/k(va)IEC(Z) dz <1
S S
—30[|EC NU|+|EN U|]: 1= 8|U|.

Next we show existence and uniqueness for the weak solution of the subelliptic linear
equation associated to m.
Lemma 3.5 Assume (2.1) and that g: T¢ — R™ is Holder continuous. Then the problem

L£*m — divys(mg) =0 inT¢,
(3.10)
=1
/;Tdmdx ,

has a unique weak solution m in H/ll, (Td). Moreover 0 < §g < m < 81, for some &1, o
depending only on the Holder norm of g and the coefficients of L (i.e. the coefficient of the
vector fields X1, ..., Xn).

A solution m of the PDE in (3.10) is to be understood in the weak (or H /,1\() sense, i.e. we
define the bilinear form

1 m

(u,v) = /w (—Z;X,-u X?‘v—(g-D;m)v) dx (3.11)

and its dual (u, v)* := (v, u) for all u,v € H}((Td). Then m is a solution of the PDE in
(3.10) if (m, v)* = 0 forall v € H1.(T9).

Proof The proof follows the approach introduced in [14, Theorem 3.4] for uniformly elliptic
operators and in [12, Theorem 11.4.2 ]. We want first to show that, for n > 0 large enough
and for every ¢ € L*(T¢), the problem

Lu—g-Dxyu+nu=¢ 3.12)
is well-posed in H /{( (T9) in the standard weak sense, that is
1 " * oo (rrd
—fZX,-uXiv—(g-DXu)v—l-nuv dx = pvdx, YveC(C (T )
Td 2 i1 Td
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The previous well-posedness is proved by standard Hilbert space arguments. In fact, on
the space H )1( (T?), we consider the bilinear form

(v )yt HYy (T x HL(TY) - R

(U, v) = (u,v)y = (u, v)—i—/ nuvdx
Td

forall u,v € H}Y(Td), where (u, v) is defined in (3.11). For n > 0 large enough and for
some ¢; > 0, cp > 0 we claim that for all u, v € H/-lv(’]l‘d)

2
(w uhy = crllully pa)» (3.13)
Wu, vigl = e2llull g, oray 101 1, e (3.14)

We first check estimate (3.13). Since g and divX; are by assumption continuous, hence
bounded on T, there exists M > 0 such that lglloo < M and ||divX;|cc < M. Moreover

m

1 , I & _ )
(u,u), = /;1‘11 <§Z|X,-u| + EZXiu(dle,-)u - (g . Dxu)u +nu )dx

i=1 i=1
1 & 1 &

Z/w <§Z|Xﬂfi|2_§Z|Xil4||diVXi||u|_|g||DXM||M|+77M2>dX~
i=1 i=1

Using the inequality ab < (1/4)a® + b? and recalling |Dyu|* = ", | X;u|?, we find

%

1 1 . 1
(u, u)y fT (§|D;cu|2 - §|Dxu|2 — |divX; | ul* - ZIDXMIZ — g lul® + nu2> dx

%

1 2 2 2
- |[Dxul“dx + (n —2M~) u-dx,
8 Jrda Td

from which, taking n > 2M 2. we obtain the first estimate (3.13) for a suitable ¢; > 0 (in
particular ¢; = min {1/8, 7 —2M?} > 0). For estimate (3.14) similarly

1
|<u,v>n|55/ |DXM||DXU|dx+M/ IDXM||U|dX+77/ ul o] dx,
Td Td Td

and by the Cauchy—Schwarz inequality for integrals

IA

1
W, vigl = I Dxullp2cpa) | Davlip2epay + (M A m) el 2 cpa) 10l 22 pa)

IA

1
(M +n+ 5) ”u”H}((Td) ||v||H2]€(Td) 5
where we have used simply a b+ cd < (a+c) (b+d) for every non-negative scalars a, b, ¢
and d. This gives (3.14) with ¢; = (M +n+ %) > (. Then the claim is proved.
Thus the bilinear form (-, -), is coercive and continuous. Clearly,

H}Y(’]I‘d)aule/ updx € R
Td

is a continuous linear functional on H }Y (T?). Therefore by the Lax-Milgram Theorem there
exists a unique u € H (T?) such that, for all v € H}.(T),

(u,v),,:/ pvdx.
Td
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For every n > 0 large enough (i.e. n > 2M?), we define the following linear operator
T,: L3(T?) — L*(T9) by T;,¢ := u, where u is the unique solution to (3.12).

Note that T,¢ = u € HL(T?) c L*(T%). Since the embedding of H}.(T¢) into L*(T¢)
is compact (see Lemma 2.1), T;, is a linear compact operator. Thus the equation

L*m — divy«(mg) =0 inT¢

is equivalent to
(I —nT)'m=0, (3.15)

where I is the identity operator of L?(T¢).

Since T, is compact, the Fredholm alternative applies. Indeed I — 17, is a Fredholm operator
of index zero (see e.g. [1, Lemma 4.45]). This means that the kernels of I —nT,, and (I —nT,)*
have the same dimension, in other words, the number of linearly independent solutions of
the equation (/ — nT;)* = 0 is equal to the number of linearly independent solutions of the
equation / — nT; = 0. Then we must find the number of linearly independent solutions of
(I —nT,))u =0, thatis

Lu+gx)-Dxu=20.

By [56, Theorem 3.3] the solution u belongs to Ci’“ (T%) for some « € (0, 1). Moreover
the operator £ + g - Dy satisfies the strong maximum principle, see [10,15]. Thus by the
considerations above (Fredholm alternative) the Eq. (3.15), and hence (3.12), admits a unique
solutionm € H /IY (T?) up to a multiplicative constant.

The upper and lower bounds for m (that imply in particular the positivity of m) are shown
by its interpretation as the ergodic measure of the diffusion having generator £ + g - Dx.
They rely on an ergodic theorem and on the Gaussian estimates (3.6). In fact, using that
dcc(x,y) is continuous on T (compact), we can easily see from (3.6) (by simply taking the
maximum and the minimum of d%c(x, y) on T9) that there exits 8o, 8; > 0 such that

So<K(l,x,y) <8 Vx,yeT? (3.16)

Therefore we can apply Theorem 3.3 and Remark 3.4 with § = T¢, ¥ the Borel o -algebra
on T, i the Lebesgue measure on T¢ and operator P defined by

P¢u>=z(Lx)=1AwK<Lx,w¢QWdy.

Note that P"¢(x) = z(n, x). Then Theorem 3.3 implies the existence of a unique invariant
probability measure 7 such that

< Ce™*|g]|. (3.17)

dmﬂ—ﬁﬂ@ﬁﬂw

Using m defined as the unique solution of (3.10) and z(#, x) defined as unique solution of
(3.5), we want to show the following claim:

/ z(t, x)m(x)dx = / ¢(x)m(x)dx, Vt > 0. (3.18)
Td T4
To prove the previous claim, first note that for # = 0 (3.18) is trivially satisfied by the initial

condition. We want to show that the right-hand side in (3.18) is constant in time, so we look
at
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d
— z(t, ymdx = / opzmdx = / (Ez +g- DXz) mdx
dt Td Td Td
= / (£*m — divy«(m g))zdx = 0.
Td

Then 74 z(t, x)m(x) dx = [4 2(0, x)m(x) dx, for all 1 > 0, that proves the claim (3.18).
By using (3.17) and taking t = n in (3.18) and passing to the limit as n — 400, we can
deduce:

/ ¢(X)m(X)dX=/ (/ ¢(X)dﬂ(x)>m(X)dx=/ ¢ (x)dr(x),
Td Td Td Td

for any Borel bounded function ¢ on T (where we have used de m = 1). Thus m is the
density measure of the probability measure 7 and therefore m > 0 a.e. on T¢.
Using (3.16) together with (3.18) for t = 1, it follows that

81/ ¢>(y>dyzf ¢(y>m(y>dyzso/ 6 () dy,
Td Td Td

for any bounded and Borel function ¢ > 0 on T4, Since ¢ > 0 is arbitrary, one can deduce
80 < m < 4y, thus Lemma 3.5 is proved. O

We can now prove our first existence result for a subelliptic MFG system.

Proof of Theorem 3.1. The proof is based on a corollary of Schauder’s fixed point theorem.
More precisely, we apply [32, Theorem 11.3] which states that, if 7: B — I3 is a continuous
and compact operator in the Banach space B suchthattheset{u € B : sTu =u, 0 <s <1}
is bounded, then T has a fixed point, that is, there exists u € 3 such that Tu = u. We define
the Banach space B = C}\;a (Td ), where 0 < o < 1 is to be fixed later, and the operator
T: B — B, according to the scheme v + m > u . This means that, given v € 3, we solve
the second equation together with the corresponding conditions

L£¥*m — div(mg(x, Dxv)) =0 in T¢,
/ mdx =1, m > 0 in T?
Td
and by Lemma 3.5 we find a unique solution m € H}Y (T9) N L*°(T?). Moreover m is

bounded. By assumption (IV), V[-] is regularizing, hence the function f(x) = V[m](x) —
H(x, Dxv(x)) belongs to C% (T?). Thus we apply Lemma 3.2 and deduce that

Lu + pu + H(x, Dxv) = V[m] (3.19)

admits a unique solution u € C%( (T?). Set Tv = u, where u is the unique solution of
(3.19), it is easy to check that T is continuous and compact, using that Cgf (T?) is compactly

embedded into C /1\{,01 (Td) for all @ € (0, 1). Therefore, in order to apply [32, Theorem 11.3]
we need to show that

A={ueB :30<s<Ilsuchthatu = sTu}

is bounded in Cﬁéa (T9). So note that: if u is a fixed pointof sT (i.e. sTu = u), then it is also
a solution of
Lu+ pu+sH(x, Dxyu) = sV[m]. (3.20)
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Then looking at the minimum and maximum of u, we find

N
lullog ;e < —  sup  [|[VIm] — H(:, 0) oo 14>
meH}, (T4)

which is finite since V[-] is by assumption bounded.

The key step is now to apply C;“-regularity for semilinear equation (Theorem 2.3) that

gives
”””C;j’(Td) <C (3.21)
for some constant C > 0 and « € (0, 1) independ of u and s € [0, 1].

Note that, in order to apply the given theorem, we should write our equation in divergence
form, which we can easily do by using the relation X’ = —X; — divX; (by adding the
term — Z’}Zl(divXj)X j to the Hamiltonian). Observe that the new Hamiltonian has the
same properties of the original Hamiltonian; in particular, it grows at most quadratically in
D xu (in fact the functions divX ; are bounded due to the C*°-regularity of the vector fields
X ;). Using estimate (3.21) we can look at the semilinear PDE (3.20) as a linear PDE with
an Holder right-hand side f(x) = sV[m] — sH (x, Dxu) — Z?’:l(divXj)Xju; hence we
can apply the Schauder type result for linear equations proved in [56] (see Theorem 2.2),
that implies u € C/z\;a (T?) and |u|| 2o (1) < C. To conclude we need only to remark that

divX; € Cg;“ (T?) (since the vector fields are smooth on a compact domain) in order to apply
. 2.0 .
the previous C ¥ -estimates. m}

4 Ergodic system with linear growth

We now want to study the ergodic problem that can be obtained by letting o — 0% in (3.2).
However, to study this, we need a more restrictive assumption on the Hamiltonian, i.e. we
assume that H grows at most linearly in | D yu|. More precisely:

(II-L) H(x,q) = H(x,o0(x)p) grows at most linearly w.r.t. ¢, i.e. 3C > 0 such that
|H(x,q)| <C(ql+1) YxeT!, qeR". 4.1

We prove existence of solutions for the system of ergodic PDEs under condition (II-L).

Theorem 4.1 (Existence). Assume (2.1), (II-L), (III), (IV) and that H (x, q) is locally Hélder,
then the system
Lu+ X+ H(x, Dxu) = Vim]

L¥m — divy+(mg(x, D;gu)) =0

/udx:O, /mdx:l, m >0
Td Td

has a solution (., u,m) € R x C%(T?) x C(T9).

4.2)

Proof For p > 0let (u,, m,) € C%(T?) x (HL(T?) N L°°(T%)) be a solution of (3.2) by
the existence result given in Theorem 3.1. Looking at the minima and maxima of u,, we have

louplloo < sup  [H(,0) = VImllls - 4.3)
meH}, (T9)

@ Springer



116 Page 14 0f 22 F. Dragoni, E. Feleqi

Let < u, >:= [1su,dx be the average of u,, the key estimate is given in the following
claim: there exist pg > 0 and C > 0 (independent of p) such that

lup— <up >lloo <C, YO0 <p < pp. 4.4)

To prove (4.4) we adapt some ideas from [5]. Assume by contradiction that there is a sequence
pn — Osuch that [lu,,— < u,, > |0 — —+00 or equivalently, such that the sequence

. -1
en = lup,— <up, >l — 0.
Then the renormalised functions v, := &, (up, — < up, >) satisfy

DXWn

n

LYy +enH <x7 ) + pn¥n = En(V[mp,,] — Pn < Up, >). 4.5)
We now apply [53, Theorem 17] to deduce that the sequence {v,,} is equi-Holder continuous.
In fact v, solve quasilinear equations of the same form as in [53] with A;(x, u, &) = &; and
B(x,u,&) = e, H (x, %) — pntt — €4(VImp,1) — pn < u >; then it is easy to check that
all conditions on the equation are satisfied just taking g = 0, f = 1 and a A depending only
on the bound for V[-], the constant in (II-L) and the Lebesgue measure of T9. Thus [53,
Theorem 17] tells us that, taking p, < 1 and ¢, < 1, the Holder norms of the solutions v,
are equi-bounded independently on n, which implies that v, are equi-Holder. Therefore (up
to a subsequence) we get that v, converges uniformly to a function ¥. Note that the functions
Y, are all renormalised, then || ||c = 1. Moreover, since de Y, dx = 0 by definition, then
there exists a point x;, € T such that Y (x,) = 0. Thus (up to a further subsequence) we
get ¥ (x) = 0 for some x € T¢. By using assumption (II-L) into equation (4.5), one finds
out that yr,, are classical (and hence viscosity) subsolutions of

LAty — C|Dx Y| + pufn — é3‘n(v[m,0n] — Pn < Up, > +C) =0. (4.6)
and classical (and hence viscosity) supersolutions of
LAty + C|Dx Y| + pufn — é3‘;1(‘/[7",0"] — Pn < Up, > -C)=0. 4.7

Finally by taking n — oo in (4.6) and (4.7) and by using the stability for viscosity subsolu-
tions and viscosity supersolutions under uniform convergence (see e.g. [7]), ¥ is a viscosity
subsolution of £y — C|Dx | = 0 and a viscosity supersolution of Ly 4+ C|Dx | = 0.
Since L is the subelliptic Laplacian associated to smooth Hérmander vector fields and
is periodic, we deduce from the strong maximum principle (see [10,15]) that ¥ must be a
constant, which contradicts ||/ |.o = 1 and ¥ (X) = 0, proving thus (4.4).

We complete the proof of the theorem by showing that there exists a sequence p, — 0
such that, for w, :=u,— < u, >,

(pn < up, >, wy,, mp) = (A, u, m)  inRx CH(TY) x HL(TY),  (4.8)

where (A, u, m) is a solution of (4.2); the convergence m,, — m is in the weak topology
of H1,(T?). Indeed, we note that (w,,, m,) solves

Lwy+ pwy, + H(x, Dxwy) = V[myl —p <u, > in ']I‘d,
L¥m, — divas (g(x, Dxwp)m,) =0, (4.9)

/W my(x)dx =1, m,>0.
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By the a-priori Holder estimates for quasilinear subelliptic equations recalled in Theorem 2.3
we know that

w 1, <C,
” p”CXDt(Td) =

for some a € (0, 1) and C > 0 depending only on an upper bound of |[w,|ls and on the
data of the problem, in particular on the supremum norm of V[m,] — p < u, >, which is
bounded uniformly in p by (IV) and (4.3). In other words, « and C can be chosen independent
of p. Next by Schauder local estimates for subelliptic linear equations [56, Theorem 3.5], we
have

lwpllc2eruy < C. (4.10)

for some C and « independent of p. On the other hand, by Lemma 3.5 and assumption (IIT)
ol g1, (pay = €, 4.11)

for C > 0 independent of small enough p. Since Ci;a (T?) is compactly embedded into
C%( (T9), the previous estimates (4.10), (4.11) and the fact that the set {p < u, > : p > 0} is
bounded (in R) by (4.3), we can extract a sequence p, — 0 such that (4.8) holds. Furthermore,
since g is locally Holder by assumption (III) and Dxw,, — Dxu in C }Y ('JI“[ ), then g, :=
g, Dxwp, (-)) — g(-, Dxu(-)). Let (-, -), denote the bilinear form associated with g, in
the same fashion as (-, -) denotes the bilinear form associated with g after the statement of
Lemma 3.5. Since m,, is the solution of the second equation in (4.9), (m,,, @)} = 0 for all
Q€ H}Y(Td). From this and the fact that g, — g(-, Dxu(-)) in Lz(Td), it is fairly easy to
deduce that (m, ¢)* = 0forallp € H }E (T?). Thus m is a solution of the second equation
in (4.2). The normalising conditions in the third row of (4.2) are clearly preserved in the
limit. Thus the triplet (A, u, m) is indeed a solution of (4.2). ]

Exactly as in the elliptic case, both the previous MFG systems have unique solutions under
suitable monotonicity assumptions.

Recall that an operator V, defined on some subset of L2(T%) with values in L2(T9), is
monotone if de (VIm1] — VIma]) (my —mo)dx > 0,Vmy, mo, and it is strictly monotone
if the inequality is strict for all m| # my. Given a function H: T¢ — R and a vector-valued
map g: T? — R™, we say that H is g-convex if H(g2) — H(q1) — g(q1) - (g2 — q1) < O,
for all g1, g» € T¢. If the inequality is strict for gy # ga, H is strictly g-convex.

Theorem 4.2 (Uniqueness) Assume that one of the two following assumptions holds:
(i) V is monotone in L* and H is strictly (—g)-convex, or

(i) V is strictly monotone in L* and H is (—g)-convex.

Then the system (4.2) has a unique weak solution.

The proof is standard so we omit it.

Remark 4.3 1. Hamiltonians H coming from optimal control are “(—g)-convex” and, under
suitable assumptions, strictly (—g)-convex.

2. The strict (—g)-convexity can be relaxed requiring that H (¢2) — H(q1) — g(q1) - (g2 —
q1) <0, implies g(x, q1) = g(x, q2), instead of g; = g». In this way one can cover also
the case H(x, q) = |q| and g(x, q) = —q/|q| for g # 0, g(x,0) = 0.

3. Similarly one can state the uniqueness for the “discounted” system (3.2).
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5 Appendix

Here we want to show briefly some applications to stochastic differential games, which
motivate the study of our MFG system. These applications are standard and the Horman-
der degenerate case is similar to the known uniformly elliptic case. We include them for
completeness but omitting all details and proofs.

5.1 The optimal-control-fixed-point problem of MFG theory

The heuristics of Mean Field Games leads to a mathematical problem that consists of an
optimal control problem followed by a fixed point problem. This heuristics is well explained
in the literature, for example, in [4,17,43,45]. Moreover, the relation between N -player games
and mean field games has been considered in the literature since the very beginnings, [39,40,
43-45]; see also [31] where results have been extended to several homogeneous populations
of agents for ergodic problems. Recently the time-dependent case has been addressed by
Cardaliaguet et al. [19]. For the first mathematical problem hinted above, we give a short
self-contained description based mainly on the notes of Cardaliaguet [17] and some comments
in the introduction of Araposthatis et al. [4].

As in the previous section, we consider a family of m smooth vector fields X =
{X1,..., X}, m € N, satisfying the Hormander condition (2.1) on the d-dimensional torus
T4, andamap V: P(T¢) — P(T9)thatsatisfies condition (IV).Let W, = (W,!, ..., W) be
an R"-valued Brownian motion in a complete filtered probability space (Q, F, (Fier, IP’).
The Brownian motion is assumed adapted with respect to the filter (F),cg, and the filter is
required to satisfy the so-called standard assumptions, see e.g. [12,50].

We consider the stochastic differential equation

dg = ) b ) XeEdi + ) Xe(E) 0 d W)
k=1 k=1 (5.1

& =xo,

9

where the notation “o” denotes Stratonovich integration and xo € T¢ is some fixed initial
condition. The controls @ = (&', ..., a™): [0,00) x 2 — A are measurable (Fp)i=0-
adapted maps taking values in some metric space A, while A denotes the set of admissible
controls. We assume that the drift b: T¢ x A — R is Lipschitz continuous, locally in a €
A, then the cost functional is given by

T
J (e, m) = lim inf %E U (L&, @) + VImI(&)) dt] , (5.2)
— 00 0

forall @ € A, where 0 < ¢t +— x(z) € T? is the solution to (5.1) corresponding to the
control . Under our assumptions this solution is uniquely determined by « and the initial
condition xo € T¢. We will omit to write explicitly the dependence on xq in the functional
J since the optimal value is indeed independent of xo. We assume that the Lagrangian
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L:T? x R" — R is measurable and locally bounded and that V: P(T?) — L%(T9) is
measurable. The standard MFG theory leads to the following mathematical problem:
(P): Find a pair (m, &) € P(T?) x A such that

1. & = @(m) minimizes J (-, m) among o € A,
2. mis the ergodic measure of the optimal dynamic X () corresponding to the optimal control
a, i.e. the solution to (5.1) for @ = & with initial state xg.

The Hamiltonian has the standard structure

H(x,q)=sup(—b(x,a)-q — L(x,a)) Vx eT¢, g eR™. (5.3)

acA

and we assume that there exists o : T¢ x R” — A Lipschitz continuous, locally in g € R™
and such that Vx € T¢, q € R™ the functionA > a — —b(x,a) - q — L(x,a) € R
attains a maximum at &(x, ¢). Finally the auxiliary map g: T¢ x R” — R™ is defined by
g(x,q) = b(x,a(x,q)), forall x € T¢ g € R™. Note that by the above assumptions g is
Lipschitz, locally in g € R™.

Lemma 5.1 (Verification theorem). Under all previous assumptions, let (A, u, m) € R x
Cf\g (T9) x P(T?) be a solution to (4.2) and & be the admissible control corresponding to
the feedback control &(x, DXu(x)), that is @y = &(é, DXu(ét))for allt € [0, +00), where
é is the solution to (5.1) for a; = &; and for some x( € T, then the pair (&, m) is a solution
to problem (P). Moreover A = J (&, m).

Proof The proof is trivial but we briefly sketch the main steps for sake of completeness. As
consequence of [td formula and the first equation in (4.2), the first property in problem (P) is
satisfied. Then every Markov process with a compact state space has an invariant measure (e.g.
see [30, Theorem 9.3]). In particular, the diffusion é‘ has an invariant measure. This invariant
(actually, ergodic) measure is a weak solution of the dual operator of the generator of x +— £X,
that means of the dual of — L +b(x, a(x, DXu(x))) Dy = —L—g(x, Dxu)- Dy.Inother
words, this invariant measure is a solution of Eq. (3.10). But by Lemma 3.5 that equation
has a unique solution, so the invariant measure of £is precisely m. Then also condition 2 is
satisfied. O

Combining together Theorem 4.1 and Lemma 5.1 one can derive the following result.

Corollary 5.2 (Existence of solutions to the MFG problem). Under the assumptions of
Lemma 5.1 and assuming in addition that L is locally Holder continuous, then for every
xo € T9 there exists a solution (&, m) to problem (P).

5.2 Nash equilibria for a class of N-player games

The solvability theory for systems similar to (4.2) can be applied to build Nash equilibria in
feedback form for a class of stochastic differential N-player games. This is a straightforward
adaptation to the case of Hormander diffusions of the results contained in [11]. We include the
main ideas for completeness. Let N € N, W,i be a R" -valued Brownian motion, forevery i =
1,..., N and for some m; € N, adapted to the filtered probability space (2, F, (F);cr, , P)
and assume that th, AU W,N are independent, then the dynamic of the game is described
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by the system of SDEs

mi m;
dgl = bEE L e XEDdr + Y XEE) od W] in T .
P P . i=1...,N, (54

§o = X0

where &7 is the state of the ith player, xé are given initial conditions, A; is a given metric
space and the set of control parameters of player i and each admissible control (namely
also strategy) of player i, o’ : : Ry x Q — A;, is a measurable and locally bounded map
adapted to W/. Let A; denotes the set of all admissible controls for player i, assume that
X = {X ’i, R Xj;li} is a set of smooth Hérmander vector fields on the flat torus T¢ for
some d; € N, and the drift b;: T% x A; — R™ is a locally Lipschitz map. Under these
assumptions, it is known that for any N-tuple of initial conditions (xé, ce xév ) and for every
N-tuple of admissible controls (@', ..., a) e A x -+ x Ay there exists a unique solution
& = (51, L ENY to (5.4). Actually, the system (5.4) is “decoupled” in the sense that each
SDE for &' is solved independently of all the other equations and the stochastic processes
g', ..., &N are independent of each other: each £’ is adapted to its “own” Brownian motion
W,i. The cost (or performance criterion) of player i is given by

T
sl a¥y = lim AE [/ (Li (& o)+ Fi (8. 8Y)) dt] . (55
T—oo T 0

where L;: T% x A; - Rand F; : T% x ... x T9% — R are Holder continuous. Each
player seeks to optimise its performance criterion (minimising the cost) in presence of all the
competitors. Clearly, the agents have conflicting goals: a win-win set of strategies that satisfies
all players, i.e minimises all their costs simultaneously, in general will not exist. In these types
of problems, a good notion of solution turns out to be the notion of Nash equilibrium: a set
of admissible strategies (@', ...,a"N) € A; x --- x Ay is called a Nash equilibrium if, for
everyi = 1,...N, J;i@',...,a") < Ji@',...,& ', o, &t ... a"). In other words,
the player i cannot “perform better” by moving away from &' if the opponents continue to
stick to (&', ..., &"). The problem of finding Nash equilibria reduces to finding solutions
to a system of 2N PDEs, made by N equations of HIB type coupled with N equations of
KFP type:

Liui + i + Hi(x, Dx,u;) = Vi[my,...,my] inT%,
,C;kmi + diVXi* (m,-gi (xi, D;qu,)) =0 in Tdi,

/ uidxi =0, / midxi =0, m; >0,
’]I‘di ’]I‘di

where A; € R, H;j(x,q) = SUP4ea, ( —bi(x,a)-q — Li(x»‘l))’ L = _% ZZL;l(XIic)Z
(with dual operator £7), the auxiliary maps g; : T x R™i — R™i are defined as gilx,q) =
b; (x, a(x, q)) Vx € T4, g € R™ and the operators V;: [[i<j<n P(T%Y) — L%°(T9%) are

J#i
defined by

i=1,...,N, (5.6)

\/i[ml,...,mi_l,mi+1,...,mN](x)=/ F(xy,...,xN) | | mj(dxj). 5.7
MY, T .
j=1 I<j<N

J# J#
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Theorem 5.3 (PDEs and Nash equilibria). Assume that there exist maps al: T4 x RM —
A;, Lipschitz continuous, such that ¥Vx € T%, g € R™ &' (x,q) is a maximum point of
Aidar —bi(x,a) -q— Li(x,a) € R, and the Hamiltonians H; grow at most linearly in
the gradient variable, uniformly w.r.t. x, then

(i) There exists a solution ; € R, u; € C%G (T4, m; € H}(i (T9yNLo®(T%), i =1,...,N
to system (5.6).
(ii) Every solution of (5.6) determines a Nash equilibrium in feedback form by &' (x) =

&t (x, Dy, ui(x)), for the game described above. Moreover A; = J; (&1, ...,alN) and
m; is the ergodic measure oféi, where é = (él, ..., ENY is the optimal dynamic (5.1)
corresponding to the optimal control & = (&', ..., a).

Statement (i) is a corollary of Theorem 4.1. Statement (ii) is the analog of a so-called
verification theorem in optimal control and differential games. As hinted in [45] the proof is
standard and relies here also on an ergodic theorem for Hormander diffusions. See [11] for
more details in the case of uniformly elliptic diffusions.

5.3 Mean field games as limit of N-player games

Considering the same game as in the previous subsection, the goal is to let the number of the
players N — oo . In order to be able to pass to the limit as N — oo we have to make two
additional assumptions.

1. The players are similar. Mathematically this means that we are assuming that all d;, &j,
H;, L;, F; are the same, that is, independent of i. Being similar, the agents will reason
“similarly”, so we can assume also that @d=a Vi=1,...,N.Asa consequence all
H; and all g; will be the same, and we can call them H and g.

2. Since players are “small” and their number is “large”, each player can only have a
“statistical visibility” of the game, each player cannot know all the individual states of
the agents taking part in the game, but he knows, for example, the average or their states
(some “macroeconomic parameter” say, that can somehow be measured or estimated).
Mathematically this can be expressed assuming:

N
1 .
Fix',....xV)y=w N;(SX, o, v xN) e (MY,
]:

for some map W : P(T?) — L°°(T%), which we assume satisfying condition (IV), (and
8, denotes the usual Dirac delta measure). Thus we are assuming that each agent designs
his cost as a function of the empirical average % Z;V:l 8, of the states of all the agents

and of its own state x' (after all, it is reasonable to expect that each knows at least his
own state x' and treats it separately from the states of the rest of the agents)

Under these assumptions system (5.6) reduces to

Lui + A + H(x, Dau;) = V[my,...,my] in T,
E*mi — diVX* (mig(xi, Dxui)) =0 in Td i = 1, ..., N, (5.8)

/u,-dx:O, /m,'dxzo, m; > 0,
Td Ta’
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with

N
. 1 . . .
iy _ - ) i . Jj i d
Vimi,...,myl(x") = /W_U Wi stj (x') H mj(dx’) Vx'eTd. (5.9)
Jj=1 I<j=N
J#

Remark 5.4 (Existence of symmetric solutions). Under the above assumptions it is easy to
adapt the proof of Theorem 5.3 (i) or of Theorem 4.1 in order to show that the system of PDEs
(5.8) has a symmetric solution (A, ..., 1) € RN, (u,...,u) € ng('[[‘d) and (m,...,m) €
(HL n L))",

System (5.8) does not have a unique solution in general. However, all its solu-
tions symmetrise as N — 00, (as shown in the following theorem). Moreover, the
limit points of these solutions satisfy the system of MFG equation. We recall that
P(T?) ¢ C(T%)* is a compact topological space for the topology of weak *-convergence
(Prokhorov’s Theorem). Moreover, this topology is metrizable, for example, by the
Kantorovich-Rubinstein distance d(m, m») defined for my, my € P(T?) as d(m, mo) =
sup{ fra f(x)d(mi —my) = f e !, Lip(f) < 1}.

Theorem 5.5 (Symmetrisation and MFG limit). Let (A, ..., A%) € RN, @), ..., u}) €
C3(Th), my, ..., mN) e (HL(THN L°°(’]I“’))N be a solution to (5.6)~(5.9). Then
@) {(AIN, ulN, m,N)}Nzi is precompact in R x C}Y(Td) x P(T?) for every i € N.
(i) (symmetrisation:) limy_s o (V\,N - )»jyl + ||MIN - ij||C§((Td) + d(mlN, mjv)) =0.
(iii) Let (X, u, m) be a limit point of{(klN, ulN, mlN)}Nzifor somei € N. Then (A, u, m) is
a solution of the MFG system
Lu+ A+ H(x,Dyu) = W[m]in T
L5u — divys (mg(x, D;(u)&)) =0inT¢

/udx:O, /mdx:l, m>0.
’]I‘d ’]I‘d

Proof (i) is a consequence of the a priori estimates for solutions of system (5.8), which one
can easily show that under the current assumptions hold true with constants independent of
N. As hinted in [43], the proof of (ii) relies on the uniqueness and continuous dependence of
solutions of HIB and KFP equations on the data, while for the proof of (iii) one needs also a
law or large numbers. For additional details we refer to [31]. O

(5.10)

Remark 5.6 (i) If the MFG system has a unique solution (X, u, m) (see Theorem 4.2 for
sufficient conditions), then clearly (AlN s ulN s ml’.‘) — (A, u,m), as N — oo, for every
ieN

(i1) Solving the system of PDEs (5.10), for every ¢ > 0, we can build symmetric e-Nash
equilibria for the N-player game, provided N is sufficiently large.
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