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Abstract. We discuss criteria for an orbifold to carry a flat geometry, i.e., one which is
modelled on euclidean geometry, and show how these lead to a practical flatness test in
the three-dimensional case. This has immediate applications in combinatorial tiling the-
ory, namely in the classification of three-dimensional periodic tilings up to equivariant
equivalence, and in the material sciences.

1. Introduction

According to Thurston [Th2], ad-dimensionalorbifold is a space which is (compatibly)
locally modelled afterRd modulo finite group actions. Itssingular locusis the set of points
on which the group action is non-trivial. The underlying space is stratified according to
the essentially different actions which occur. A cellular subdivision of the underlying
space isadmissiblewith respect to the orbifold structure if each open cell is contained
in some stratum. As with manifolds, it is often useful to describe an orbifold in terms of
the combinatorial structure of an admissible cellular subdivision, e.g., a triangulation,
together with appropriate information on the groups associated to each cell.

The question then arises whether a given orbifold isgood, i.e., is covered—in the
sense of an orbifold covering—by some simply connected manifold and, if so, whether
there is a compatible geometry on that manifold.

In combinatorial tiling theory, we represent periodic tilings by special triangulations
of the orbifolds derived as orbit spaces of their respective symmetry groups. These spe-
cial orbifold triangulations, or, more precisely, the particular combinatorial descriptions
which turned out to be useful, are calledDelaney symbolsand were introduced by Dress
in the mid-1980s [Dr1], [Dr2]. Based on Delaney symbols, systematic methods for the
classification, generation and visualization of tilings in two and three dimensions have
been developed and implemented [DH1], [De1], [Hu2], [BH], [DH3]. These have been
successfully applied in the solutions of numerous classification tasks, as, e.g., [DH2],
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[DHZ], [Hu3], [DHM], [DH5]. The 1-skeleton of a periodic three-dimensional tiling can
be interpreted as the atom-bond-network of a potential crystal. We have found that many
known crystal networks—and of course many new and possibly interesting structures—
can be obtained in this way from relatively simple tilings [DDH+], [DH5]. Thus practical
enumeration methods for three-dimensional tilings have direct implications in the ma-
terial sciences.

The basic idea of the Delaney symbol approach seems to be a very natural one, as it
has been reinvented several times. Most notably, there is the theory of coloured graphs,
crystallizations and GEMs (graph-encoded manifolds) as established by Pezzana and
developed further by Ferri, Gagliardi, Lins and others (see [LM] and [Li]). Delaney
symbols can be regarded as a generalization of GEMs to the orbifold case.

A central problem in combinatorial tiling theory is to determine whether a given well-
formed symbol gives rise to a tiling in the desired geometry. In two dimensions this can
be solved by simple criteria based on the Euler characteristic and the well-known classi-
fication of good two-dimensional orbifolds (see [Vi]). The three-dimensional problem is
much harder, even if we restrict our attention to tilings of euclidean space. In effect, we
have to decide whether a given 3-orbifold represented by a Delaney symbol is covered by
R3 in such a way that all homeomorphisms ofR3 which are annihilated by the covering
projection are euclidean isometries.

The main theoretical result of this paper is that, indeed, this can be done, so, at
least in principle, tilings of three-dimensional space can be generated effectively (see
Theorem 15). In a second part, we consider strategies to obtain an algorithm which is
fast enough to be actually useful. More details on this, including complexity results, will
be given in a forthcoming paper.

Many commonly used representations of orbifolds can be easily converted to admis-
sible triangulations, and these in turn can be converted to Delaney symbols. Thus, our
approach to the flatness problem is of relevance not only to tiling theory.

In the following section we introduce definitions and notation. We present and discuss
a general scheme for flatness tests in Section 3 and its application to the three-dimensional
case in Sections 4 and 5. In Sections 6–8 we discuss a practical approach for dimension 3.
Finally, in Sections 9, we illustrate our methods by an example.

2. Delaney Symbols

Delaney symbols have been discussed and applied in many papers. Here we give a short
introduction and state some basic facts for reference.

Consider a simply connectedd-manifoldX (without boundary) together with a regular
CW-filtrationX = {X0, . . .Xd}, ∅ = X−1 ⊂ X0 ⊂ X1 ⊂ · · · ⊂ Xd = X. Such a CW-
filtration is called atiling of X. Let0 be a group acting onX by self-homeomorphisms and
respecting the filtration, i.e., satisfyingγ (Xi ) = Xi for all γ ∈ 0 and alli = 0, . . . ,d.
There are obvious induced actions of0 on the sets of cells of any given dimension and
on the set of inclusion chains of cells. In particular, there is an action of0 on the set of
flags (maximal chains)

F :=
{

F = (F0, . . . , Fd) ∈
d∏

i=0

π0(Xi − Xi−1) | Fi−1 ⊆ Fi for i = 1, . . . ,d

}
.
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We can, on the other hand, use the fact that for each flagF = {F0, . . . , Fd} and each
i ∈ {0, . . . ,d} there is a unique flagF ′ = {F ′0, . . . , F ′d} with Fj = F ′j if and only j 6= i ,
to define a second group action onF . Let

6 = 6I := 〈σ0, . . . , σd | σ 2
0 = · · · = σ 2

d = 1
〉

denote thefree Coxeter groupwith index setI := {0, . . . ,d}. As a shortcut in notation,
we usually skip the braces when givingI explicitly, thus60,1,2 := 6{0,1,2}.

A right action of6 onF is obtained by defining for allF ∈ F and alli ∈ I the image
Fσi as the unique flag which differs fromF in exactly itsi -dimensional component.
The actions of0 and6 onF commute, so the6-action carries over to the orbit space
D = DX ,0 := 0\F := {0F | F ∈ F}.

In the case where0 acts freely onX, the CW-complexX is determined uniquely
up to compatible homeomorphisms by the abstract6-setD. If 0 does not act freely,
additional information specifying the stabilizers of each cell is needed. It turns out to be
sufficient to provide a map

M = MX ,0: D × I × I → N,
(D, i, j ) 7→ mi, j (D),

wheremi, j (D) := ri, j (C) := inf{r > 0 | C(σiσj )
r = C} for someC ∈ D (note that

the value ofmi, j (D) does not depend on the choice ofC). The quotientvi, j (D) :=
mi, j (D)/ri, j (D) is sometimes called abranching limitor branching number. It is easy
to see that a branching limitv > 1 indicates a rotational symmetry of orderv.

The pair (DX ,0,MX ,0) is called theDelaney symbolof the 0-equivariant CW-
filtrationX on X.

From now on, we are mostly concerned with generalized formal Delaney symbols—
D-symbolsfor short—by which we mean pairs(D,M) whereD is a transitive6I -set
for some finite index setI ⊂ N andM is a map fromD × I × I into N such that the
following obvious conditions hold for allD ∈ D and alli, j ∈ I :

(DS0) mi,i (D) = 1.
(DS1) mi, j (D) = mi, j (Dσi ) = mj,i (D).
(DS2) D(σiσj )

mi, j (D) = D.

We regard D-symbols as a generalized discrete analogue of orbifolds. Amorphism(or,
to stress the analogy, acovering) between D-symbols(D,M) and (D′,M ′) is a map
ϕ: D → D′ satisfyingϕ(Dσi ) = (ϕ(D))σi andmi, j (ϕ(D)) = mi, j (D) for all D ∈ D
and all i, j ∈ I . A functor TOP (fortopological realization) from the category of D-
symbols back into the category of topological spaces is obtained by associating to each
element a copy of the(#I − 1)-dimensional standard simplex with facets labelled by
the elements ofI and identifying thei -labelled facets of two simplices whenever the
corresponding D-symbol elements are interchanged byσi . The identification is to be
done in such a way that the remaining labels match, so TOP(D) is uniquely determined
up to homeomorphisms. Accordingly, the dimension of a D-symbol is defined as one
less than the cardinality of its index setI . The topological realization of a D-symbol
morphism is defined as the direct product with the identity map on the standard simplex
modulo identifications. It is easy to see that the result is a well-defined continuous map.
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The analogue to universal covers is provided by what we call theuniversal preimage.
A D-symbol(D̃, M̃) is called a universal preimage of a D-symbol(D,M)with respect to
base points̃D ∈ D̃ andD ∈ D if there is a morphismϕ: (D̃, M̃)→ (D,M)which maps
D̃ to D such that for any morphismψ : (D′,M ′)→ (D,M) and any fixedD′ ∈ ψ−1(D)
there is a uniqeϕ′: (D̃, M̃)→ (D′,M ′) with ϕ′(D̃) = D′ andϕ = ψ ◦ ϕ′.

By the usual arguments, a universal preimage must—up to isomorphism—be unique
and independent of the chosen base points. Its existence is established by the following
construction: for some fixedD ∈ D, consider the subgroup

3 = 3D(D,M) := 〈τ(σiσj )
mi, j (Dτ)τ−1 | τ ∈ 6; i, j ∈ I 〉 ≤ 6.

Now, letD̃ := 3\6 := {3τ | τ ∈ 6}, the set of cosets of3 in 6, which is a transitive
6-set via the usual action(3τ)ρ = 3(τρ), and set

ϕ: 3\6 → D,
3τ 7→ Dτ.

Obviously,3 is contained in the6-stabilizer ofD, so by standard arguments,ϕ is a well-
defined6-map. We definẽM by mi, j (3τ) := mi, j (Dτ), soϕ fulfils the requirement

for a morphism of D-symbols. To show that(D̃, M̃) is indeed a D-symbol, we note
that (DS0) and (DS1) are immediate, while for each3τ ∈ D̃ and each pairi, j ∈ I ,
the group elementτ(σiσj )

mi, j (Dτ)τ−1 is, by definition, in the stabilizer of3 ∈ D̃, so
(σiσj )

mi, j (Dτ) = (σiσj )
mi, j (3τ) is in the stabilizer of3τ , which proves (DS2). Universality

follows from the fact that3 is indeed defined such as to be contained in the6-stabilizer
of any preimage ofD by a D-symbol morphism.

As with orbifolds, the universal cover, or, in this case, the topological realization of the
universal preimage, may or may not be a manifold. For orbifolds, even if the underlying
space is a manifold, there may be non-trivial local group actions. In a D-symbol we have
similar phenomena, which we subsume under the following definitions:

Definition 1. A D-symbol (D,M) is calledunwoundif, for each D ∈ D and all
i, j ∈ I , we havevi, j (D) = 1 or, equivalently,D(σiσj )

r 6= D for 0 < r < mi, j (D). It
is calledlooplessif Dσi is always different fromD. A D-symbol is calledsemi-goodif
its universal cover is unwound.

The universal cover is always loopless. In fact, it is easy to see that it is always
oriented, meaning that there is a functiond: D̃ → {−1,+1} with d(Dσi ) never equal
to d(D).

Definition 2. A D-symbol(D,M) with universal preimage(D̃, M̃) is calledgoodif it
is semi-good and TOP(D̃, M̃) is a manifold.

The smallest example of a non-semi-good D-symbol is given as follows: letD :=
{A, B} and I := {0,1,2}, Aσ0 = Aσ1 = A, Bσ0 = Bσ1 = B, Aσ2 = B, m0,2(A) =
m1,2(A) = 2, m0,1(A) = 1 andm0,1(B) = k > 1. The universal preimage of(D,M)
(which hasfour elements) corresponds to the so-calledteardrop orbifold, a 2-sphere
with a single singular “cone” point.
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Thefundamental groupof a D-symbol(D,M) is defined as the groupπ1(D,M) of all
automorphismsα of the universal preimage satisfyingϕ ◦ α = ϕ, whereϕ: (D̃, M̃)→
(D,M) is the canonical projection, as above. It can be shown thatπ1(D,M) is isomorphic
to 6D/3D(D,M), where6D is the6-stabilizer ofD ∈ D. Balke and Valverde have
described a finite presentation of this group for finiteD in [BV], which is a good starting
point for practical calculations.

We are now in a position to state theflatness problemin the context of D-symbols:

Definition 3. A d-dimensional D-symbol(D,M)with universal preimage(D̃, M̃) and
fundamental groupπ1(D,M) is calledflat or euclideanif it is semi-good and there is a
homeomorphism

α: TOP(D̃, M̃)→ Rd

such that for allρ ∈ π1(D,M) the mapα ◦TOP(ρ) ◦ α−1 is an isometry with respect to
the usual euclidean metric onRd.

Of course, we can definehyperbolicor sphericalD-symbols in a similar way. An
obvious necessary condition for a D-symbol to be good is that it locally “unfolds”
correctly. This can be made precise by introducing appropriate substructures. For(D,M)
a D-symbol with index setI , D ∈ D an arbitrary element andJ ⊆ I , we define the D-
subsymbolgenerated byD andJ to be the6J-setD(D,J) := D6J , where6J is regarded
as a subgroup of6I in the obvious way, together with the mapM(D,J) := M |D6J×J×J .
Now a d-dimensional D-symbol is calledlocally flat if all its (d − 1)-dimensional
subsymbols are spherical. Every good D-symbol must be locally flat.

Fortunately, there are simple effective criteria for determining whether a given two-
dimensional D-symbol is spherical, euclidean or hyperbolic [DH1], so, in particular,
local flatness is easy to check in three-dimensional D-symbols. Namely, let(D,M) be
a D-symbol with index setI = {i, j, l }. We define a functionk: D→ Q by

k(D) := ki, j,l (D) := 1

mi, j (D)
+ 1

mi,l (D)
+ 1

mj,l (D)
− 1

and setK (D,M) := Ki, j,l (D,M) :=∑D∈D ki, j,l (D). The numberK (D,M) is called
thecurvatureof the D-symbol(D,M). It is closely related to the orbifold Euler char-
acteristic in the sense of [Th2], which for manifolds coincides with the usual Euler
characteristic. It is thus not surprising that the sign ofK (D,M) distinguishes the curva-
ture of the metric for a realization of(D,M). More precisely, we have:

Theorem 4. A two-dimensional D-symbol(D,M) is

• hyperbolic, iff K (D,M) < 0 holds,
• euclidean, iff K (D,M) = 0 holds,
• spherical, iff K (D,M) > 0 holds and, additionally, for all i , j ∈ I and all D ∈ D

the quantity
4

vi, j (D) · K (D,M)
is a natural number and
• non-semi-good in all other cases.
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If H is a group of automorphisms of a D-symbol(D,M), then we denote by(D,M)/H
the unique image(D′,M ′) of (D,M)withD′ = D/H . In analogy to the topological set-
ting, we find that for each subgroupH ofπ1(D,M), we have a D-symbol morphism from

(D̃, M̃)/H onto(D,M), which is an isomorphism exactly in the caseH = π1(D,M).

3. Flatness in General Dimension

In this section we discuss flatness criteria for finite D-symbols of arbitrary dimensions.
The topological realization of a finite D-symbol is compact, and there are only finitely

many compact flat orbifolds in each dimension, as was shown by Bieberbach in his fa-
mous work [Bi]. Actually, Bieberbach proved that there are finitely many geometric types
of crystallographic groups in each dimension. This result translates directly to orbifolds,
see [Th3]. It would suffice therefore to compare the given symbol against each of these
finitely many cases. Of course, this procedure is not the most practical in dimension 2,
extremely tedious if possible at all in dimension 3 and hopeless in higher dimensions.
Fortunately, every flatd-orbifold is finitely covered by ad-dimensional torusRd/Zd.
This follows from another one of Bieberbach’s famous theorems, stating that eachd-
dimensional crystallographic space groupG (i.e., each co-compact, properly discontin-
uous group of euclidean isometries in dimensiond) has a subgroup of finite index which
is generated byd linearly independent translations. Moreover, the subgroupT(G) of all
translations in a given group is of this type and is a normal and maximal abelian subgroup.

Based on this fact, we propose the following preliminary sketch of a flatness test:

Algorithm 5. Given a finite locally flatd-dimensional D-symbol(D,M).

1. Compute a presentation forG := π1(D,M).
2. For each positive integerk in order, enumerate all subgroups ofG of indexk.
3. Pick the first of these subgroups which is isomorphic toZd and call itT (if none

such exists, the D-symbol is not flat).
4. Compute the image(D′,M ′) := (D̃, M̃)/T .
5. Determine whether(D′,M ′) is unwound and its topological realization is ad-torus.
6. If not, continue at Step 3, this time picking the next unused subgroup.

If the maximal possible index of the translation subgroup is known, this procedure is
finite, provided, of course, that each individual step can be carried out in finite time. If
the test in Step 5 is negative for all subgroups picked in Step 3, then the given D-symbol
is not flat, so in the general case, we only check a necessary condition for flatness. We
will see later that in dimension 3 this condition is already sufficient.

Of course, in a certain sense, Step 3 cannot be carried out at all, because the iso-
morphism problem for finitely presented groups is undecidable. The following result
helps:

Lemma 6. If G is a space group of dimension d and N is a finite index subgroup of G,
then N is contained in T(G) if and only if N/[N, N] is isomorphic toZd. In particular,
if G/[G,G] ∼= Zd holds, then we have G= T(G).
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Proof. If N has finite index inG and is contained inT(G), thenN is a subgroup of
finite index inT(G), so it must of course be isomorphic toZd.

To show the other implication, first note that any subgroup of finite index of a space
group is again a space group, so we may restrict our attention to the caseN = G.

If G/[G,G] has rankd, then(T(G)·[G,G])/[G,G], being a subgroup of finite index
in G/[G,G], also has rankd. However, then(T(G) · [G,G])/[G,G] ∼= T(G)/(T(G)∩
[G,G]) andT(G) both have rankd, which forcesT(G) ∩ [G,G] to be trivial.

Now if g is an arbitrary element ofG, andh is an arbitrary element ofT(G), then
[g, h] is in T(G), sinceT(G) is a normal subgroup ofG. By the above, then, we must
have [g, h] = 1, so every element ofG commutes with every element ofT(G). In
particular, for anyg ∈ G, the subgroup ofG generated byT(G) and g, is abelian.
However, sinceT(G) is a maximal abelian subgroup ofG, this impliesG = T(G).

Using this, we can replace Step 3 of Algorithm 5 by Step 3′ below and, moreover,
dispose of Step 6, because if the original D-symbol is flat, then, using the homeomorphism
α from Definition 3,α ◦ TOP(T) ◦ α−1 must be a translation subgroup of rankd in the
d-dimensional crystallographic space groupα ◦ TOP(G) ◦ α−1.

Algorithm 7. Given a locally flatd-dimensional D-symbol(D,M).

1. Compute a presentation forG := π1(D,M).
2. For each positive integerk in order, enumerate all subgroups ofG of indexk.
3′. Pick the first of these subgroups, call itT , such thatT/[T, T ] is isomorphic toZd.
4. Compute the image(D′,M ′) := (D̃, M̃)/T .
5. Determine whether(D′,M ′) is unwound and its topological realization is ad-

torus.

In other words, we have:

Theorem 8. If (D,M) is a flat d-dimensional D-symbol with universal cover(D̃, M̃)
and fundamental group G, then there is a subgroup T of finite index in G such that
T/[T, T ] is isomorphic toZd and for any such subgroup the image(D̃, M̃)/T is unwound
and its topological realization is homeomorphic to a d-dimensional torus.

Now, as mentioned above, Step 1 can be performed by computing the presenta-
tion of Balke and Valverde, which utilizes the identityπ1(D,M) ∼= 6D/3D(D,M),
a Reidemeister–Schreier construction for6D and the fact that3D(D,M) is normal in
6D. The last statement implies that a presentation for6D/3D is obtained from one for
6D simply by appending a list of generators for3D to the list of relators.

Given a finite presentation forπ := π1(D,M), all subgroups up to some finite
indexm can be found by the standard method of systematically generating all possible
actions ofπ on finite sets of sizes up tom, followed again by a Reidemeister–Schreier
construction to obtain finite presentations (see [Ne]). IfN is such a subgroup, the rank
and the torsion elements ofN/[N, N] can be determined by another standard method,
namely by diagonalizing its relator matrix overZ, after which the comparison against
Zd in Step 3′ becomes trivial.
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For Step 4, assume that a subgroupH ′ of π is given via a permutation representation
of π on the set of cosetsπ/H ′. Let H be its preimage with respect to the canonical
projection6D → 6D/3D

∼= π . To simplify notation, we may identifyπ/H ′ with
6D/H andD̃/H ′ with D̃/H , whereH now acts in the usual way as a subgroup of6.
The following lemma tells us how to obtaiñD/H fromD and6D/H :

Lemma 9. Let G be a group with e its neutral element, let ϕ: S→ T be a G-map
between transitive G-sets S and T and let s∈ S be arbitrary but fix and set t:= ϕ(s) ∈ T .
Let r: T → G be such as to satisfy r(t) = e and t· r (t ′) = t ′ for each t′ ∈ T . Finally,
let H be a subgroup of Gt which contains Gs.

Then the G-set S/H is isomorphic to T× Gt/H via

S/H → T × Gt/H,

sHg 7→ (tg, Hg · r (tg)−1),

where G acts on T× Gt/H by

(t ′, Ha)g := (t ′g, Ha · r (t ′) · g · r (t ′g)−1)

for all t ′ ∈ T , a ∈ Gt and g∈ G.

Proof. It is easy to see that the above defines aG-action onT×Gt/H . Since(t ′, Ha) =
(t, H)a · r (t ′) for all t ′ ∈ T anda ∈ Gt , the action is transitive. It suffices to show that
the stabilizers of(t, H) andsH ∈ S/H are the same, i.e., that the stabilizer of(t, H) is
just H . Obviously for eachh ∈ H , we have(t, H)h = (th, Hh) = (t, H) because of
H ≤ Gt . If on the other hand,(t, H)g = (t, H) holds for someg ∈ G, we havet = tg,
thusg ∈ Gt , which in turn givesr (tg) = e, thusHg = H and finallyg ∈ H .

4. Recognizing the 3-Torus

There is no known general algorithm to test whether two three-dimensional manifolds
are isomorphic. In spite of this, manifolds with sufficiently simple combinatorial repre-
sentations have been successfully recognized and catalogued, as for example in [Li] and
in [Ma].

Based on work by Haken [Ha2], it has been shown that for a special class of 3-
manifolds, now calledHaken manifolds, the isomorphism problem can be solved algo-
rithmically (see [He2]). A Haken manifold is a compact, oriented, irreducible 3-manifold
which contains an incompressible surface of positive genus. Essentially, a 3-manifoldM
is calledirreducible if every 2-sphere properly embedded inM bounds a 3-cell and an
oriented surfaceS of positive genus properly embedded inM is calledincompressible
if every loop inSwhich bounds a disk inM bounds a disk inS.

Haken also describes a method to split a given PL-manifoldM into irreducible pieces
[Ha1], i.e., to compute a collection of PL-manifoldsM1, . . . ,Mk such that eachMi is
either irreducible or isomorphic toS2 × S1 (the only reducible 3-manifold which is no
non-trivial connected sum) and such thatM is just the connected sumM1# · · ·#Mk. The
connected sumof two manifolds is obtained by removing a cell from the interior of
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each and gluing together the resulting manifolds along the boundaries of these cells. It
has been shown that for oriented manifolds the result does not depend on the particular
gluing and, moreover, that every compact oriented 3-manifold different from the 3-
sphere is uniquely decomposable with respect to connected sums into a collection of
so-calledprime manifolds. A manifold different fromS3 is calledprime unless it is a
connected sum of two manifolds both different fromS3, i.e., if it is either incompressible
or isomorphic toS2× S1 (see [He1]).

Unfortunately, there can be copies ofS3 among the pieces obtained by Haken’s
method, i.e., the collection of prime manifolds obtained may not be minimal. As obvi-
ously the 3-sphere does not contain an incompressible surface, Haken’s method is not
applicable to it. An algorithm to recognize the 3-sphere based on so-calledalmost nor-
mal surfaceswas recently presented by Rubinstein [Ru] and elaborated on by Thompson
[Th1]. We refer to it as theRubinstein–Thompson method.

Theorem 10. There is an algorithm to check whether a given PL-manifold is homeo-
morphic to the3-torus T3 := S1× S1× S1.

Proof. Let M be a PL-manifold given in a suitable way, e.g., as a triangulation. Denote
by H the first integral homology group ofM . If M is the 3-torus, thenH must be
isomorphic toZ3 as a group. This can be checked in finite time, and in the following, we
assume that it is the case.

Using Haken’s method, splitM into a collection of prime manifoldsM1, . . . ,Mk with
homology groupsH1, . . . , Hk such thatM is isomorphic toM1# · · ·#Mk. Necessarily
then, we haveH = H1 × · · · × Hk. The 3-torus is prime, soM is isomorphic toT3

if and only if exactly one of the pieces is, while all other pieces are isomorphic toS3.
We may assume without loss of generality thatH1 = Z3 andHi = 1 for i = 2, . . . , k
hold.

Every oriented 3-manifold with infinite first homology contains an incompressible
surface of positive genus (see [He1]), thus, asH1 is irreducible by construction, it must
be Haken. We can therefore apply the isomorphism test for Haken manifolds.

On each of the remaining pieces, the Rubinstein–Thompson test can be applied to
check whether all of them are isomorphic toS3.

5. Flatness and D-Symbol Morphisms

Theorem 8 provides a necessary flatness condition for D-symbols of arbitrary dimen-
sions. Roughly, it says that a cover with a certain property must exist and that the cover
must be flat. In general, any cover of a flat D-symbol is flat, because its fundamental
group will be a subgroup of the original symbol’s. If the reverse was true as well, this
would imply the sufficiency of the condition from Theorem 8.

In dimensions 2 and 3 this is indeed the case. In effect, every periodic tiling of
R2 or R3 can be realized with its full combinatorial symmetry. In dimension 2 this
even holds for spherical and hyperbolic tilings and is an easy consequence of the
geometric classification theorem for two-dimensional D-symbols [DH1], [Hu1] (see
also [Sc]).
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In dimension 3 the result follows from an important theorem in geometric topology
[MS]:

Theorem 11[MS]. Let M be a3-manifold with a geometric structure modelled on one
of H2×R, S̃L2R, Nil, E3 or Sol. Then, up to conjugacy, any smooth finite group action
on M preserves the geometric structure on M.

By standard arguments, the conclusion also holds for group actions which fix a
(pseudo-)triangulation of the given manifold, so in particular, it can be applied to the
case whereG is a group of D-symbol automorphisms acting onD, TOP(D) allowing
for a geometric structure of one of the five listed types. The theorem then implies that
the given metric can be adjusted via a self-homeomorphism of TOP(D) to one on which
TOP(G) acts by isometries.

Theorem 12. If (D,M)and(D′,M ′)are finite three-dimensional D-symbols and there
is a coveringϕ: (D,M)→ (D′,M ′), then(D,M) is flat if and only if(D′,M ′) is flat.

Proof. If (D′,M ′) is flat, then trivially this holds for(D,M). In the following, we
assume that(D,M) is flat and show that(D′,M ′) is as well.

Let G := π1(D,M) andG′ := π1(D′,M ′) be the fundamental groups of(D,M)
and(D′,M ′), respectively. We may assume without loss of generality that(D,M) is
unwound, thus TOP(D) is a manifold, and thatG is normal inG′. Indeed, any finite
cover of(D,M) will be flat. By Theorem 8,(D,M) has an unwound finite cover, so we
assume that(D,M) is unwound. IfG is not normal inG′, then we replace(D,M) by
the finite cover corresponding to the core ofG in G′.

BecauseG is normal inG′, the action ofG′ on (D̃, M̃) induces an action on(D,M).
Now since(D,M) is flat, TOP(D) is homeomorphic to the orbit space ofE3 by an
isometricG-action. In effect,G′ acts on the flat manifold TOP(D) by homeomorphisms,
fixing the pseudo-triangulation induced by the6-set structure. The finite index subgroup
G of G′ acts trivially, so theG′-action is effectively only a finite one. By Theorem 11,
we may assume thatG′ preserves the induced flat metric on TOP(D).

Lifting to the universal cover, we finally obtain the desired isometric action ofG′

onE3.

Theorem 12 has two important consequences. Firstly, it tells us that in dimension 3
the necessary condition from Theorem 8 is also sufficient. Because of its importance,
we state this as a separate theorem.

Theorem 13. Let(D,M)be a three-dimensional D-symbol with universal cover(D̃, M̃)
and fundamental group G.

If (D,M) is flat, then there is a subgroup T of index at most48in G such that T/[T, T ]
is isomorphic toZd.

If, on the other hand, T is such a subgroup, then (D,M) is flat if and only if the
image (D̃, M̃)/T is unwound and its topological realization is homeomorphic to a
three-dimensional torus.
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Corollary 14. There is an algorithm to check whether a given three-dimensional D-
symbol is flat.

Proof. This follows directly from Theorems 10 and 13.

Our main result follows:

Theorem 15. For each natural number n, the collection of all(isomorphism classes
of) D-symbols of size not greater than n corresponding to periodic tilings of three-
dimensional euclidean space can be computed in finite time.

Proof. Obviously, there are up to isomorphism only finitely many6-sets of each given
size. As the branching limits in flat D-symbols are subject to the crystallographic re-
striction, i.e., can only be 1, 2, 3, 4 or 6, there are only finitely many D-symbols of each
given size which have to be checked for flatness.

Strictly speaking, Theorem 15 does not say that we can construct an actual represen-
tative of each equivalence class of three-dimensional euclidean tilings. All we know is
that such a tiling exists. The main reason for this is that we have used Theorem 11 as a
“black box”, a mere existence result. However, the proof given by Meeks and Scott actu-
ally is constructive. It does not seem unreasonable therefore to believe that Algorithm 7
can be extended to construct a tiling for each D-symbol found to be flat. A detailed
description of such an extended algorithm however is beyond the scope of this article.
In applications so far, heuristic methods have been used which were successful in most,
but not all, cases.

Secondly, it suffices to test flatness for only one representative of each class of D-
symbols which are connected by some chain of coverings. We call a D-symbolminimal
if there is no non-trivial D-symbol morphism from it onto any other D-symbol. It can
be shown that to each D-symbol(D,M) there is a unique minimal image, called the
universal image, such that every other image of(D,M) also maps onto it. Therefore,
in classifications of three-dimensional tilings, we usually restrict ourselves to mimimal
D-symbols. These, if flat, represent tilings which are maximally symmetric in their
respective topological families.

6. Speeding up the Subgroup Search

The complexity of subgroup enumeration, as required in Step 2 of Algorithm 7, is
estimated to grow at least exponentially with the index. In dimension 3 already, this
index can be as large as 48. We discuss two strategies to avoid enumerating large index
subgroups.

The first strategy is applicable whenever sufficiently much is known on the structure
of possiblepoint groups. Every euclidean isometry can be described as the product of
an orthogonal linear map and a translation. The map which takes each isometry to its
linear component is a group homomorphism. For a given crystallographic space group,
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the image is called its point group and (obviously) is isomorphic to the quotient of the
original group by its translation subgroup. The possible point groups are exactly those
finite subgroups of the full orthogonal group which fulfil the so-calledcrystallographic
restriction, i.e, do not contain non-trivial rotations of orders other than 2, 3, 4 or 6. In
dimension 3 there are, up to conjugation inO3(R), precisely 23 such groups, all of which
are isomorphic to some group of the formH , H × C2 or H × C2 × C2, whereH is a
subgroup ofS4 andC2 is the group with two elements.

All candidates for translation subgroups of a given D-symbol fundamental group are
thus found by enumerating kernels of homomorphisms intoS4 and intersecting these
with up to two subgroups of index 2. To enumerate the kernels, all conjugacy classes of
subgroups of index up to 4 are constructed. For each of these subgroups itscore, i.e.,
the largest normal subgroup of the original group contained in it, is determined, again
by intersection methods [NF], [De2].

The second strategy is based on geometric features of the given D-symbol and its
topological realization. It works by successively computing subgroups of small index and
their corresponding covers and in each step choosing exactly one which is in some sense
simpler than the previous symbol. In [De2] it is shown that for each three-dimensional
euclidean D-symbol a subgroup of the translation group can be found by successively
constructing covers of index 3 at most twice and of index 2 at most five times.

As a first step, it is easy to see that, in any dimension, a D-symbol is oriented if and only
if the symmetry group associated to it acts in an orientation preserving way. For a non-
oriented D-symbol, there is a canonical oriented two-sheeted cover which corresponds to
the orientation-preserving subgroup. Succeeding steps proceed by “eliminating” certain
types of singular points from the corresponding orbifold until the resulting cover is a
manifold and then its first integral homology is used as an invariant. It is conceivable
that similar methods will be useful for other metrics or higher dimensions.

In practice, combinations of the two strategies have been most successful. In dimen-
sion 3 for example, point groups of the formH×C2×C2 are never orientation preserving.
In [DH3] we describe certain invariants which distinguish the 219 crystallographic space
groups in dimension 3. These can be used to avoid the subgroup search completely in
some cases, while in others, advance knowledge of the (potential) point group will allow
a restricted search.

7. The 3-Torus Recognition Problem in Practice

The key to practical manifold recognition is to simplify a given representation as far as
possible, thus obtaining either a manifold homeomorphic to the original one, or else a col-
lection of connected summands of the original manifold. If the resulting representations
are small enough, they can be looked up in a catalogue. Otherwise, more sophisticated
methods can be applied. Algorithms based on the enumeration of embedded surfaces
as referred to in Section 4 tend to have extremely high computational complexity. Thus
almost every effort to reduce the size of their input data should be worthwhile.

The strategy sketched below for the torus-recognition problem has, in spite of its
obvious limitations, proved successful in many applications [De2], [DH4], [DDH+],
[DH5]. In this and the following section we only consider unwound D-symbols, so we
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restrict our attention to the underlying6-sets. Moreover, we always assume that these
are three-dimensional, oriented and locally flat, thus their topological realizations are
oriented three-dimensional manifolds (see [LM]).

Algorithm 16. LetD be an oriented locally flat6-set with fundamental groupG such
that G/[G,G] ∼= Z3. The algorithm searches for criteria telling whether TOP(D) is
homeomorphic to the three-dimensional torusT3 = S1 × S1 × S1. Possible outcomes:
“yes”, “no” or “unsure” (the latter meaning that no criterion was found which would
allow a decision).

1. Try to prove inequality by group-theoretic invariants. In detail:
(a) Compute the numberk of conjugacy classes of subgroups ofG with index up

to 4. If k is different from 56 (the corresponding number forZ3), return “no”.
(b) Determine whether the (abelian) quotient [G,G]/[G, [G,G]] is trivial. Other-

wise, return “no”. We use a method described in [Ni] to compute this quotient.
2. Apply a simplification procedure to obtain either

(a) a simpler6-setD′ such that TOP(D′) is homeomorphic to TOP(D) or
(b) a proof that TOP(D) is not a 3-torus (return “no” in this case).

3. Check whetherD is contained (up to an isomorphism) in a short list of simple
representations of the 3-torus. If so, return “yes”, otherwise, return “unsure”.

8. Simplification of6-Sets

We start this section by describing a rather general type of operation on6-sets due to
Dress (see [Fr]). LetD be a finite6-set with index setI . For somei ∈ I , letA be a
σi -invariant subset ofD, thusDσi ∈ A for all D ∈ A. Define a new6-setD′ as the set
D − A together with the6-action◦: D′ × 6 → D′ given by D ◦ σj := Dσj (σiσj )

r

wherer := min{n ∈ N0 | Dσj (σiσj )
n ∈ D′}, for all D ∈ D′ and j ∈ I . It is not hard to

show thatr is always well-defined and that(D ◦ σj ) ◦ σj = D holds for all relevantD
and j , so◦ is indeed a6-action. We call the operation of removing aσi -invariant subset
A and redefining the6-action as above ani -reductionand denote the reduced6-setD′
byD\iA. We sometimes abuse this notation to refer to the specific reduction itself.

It is easy to see that for disjointi -invariant subsetsA andB, we have(D\iA)\iB =
D\i (A ∪ B). To study the behaviour ofi -reductions in general, we considerelementary
i-reductions, whereA is a singleσi -orbit, thusA = {D, Dσi } for someD ∈ D. In
the following we assume that6 is loopless, so everyσi -orbit has exactly two elements.
DefineJ := { j ∈ I | Dσj = Dσi }. There are essentially three cases:

1. In the special caseJ = I , if D is transitive, TOP(D) is homeomorphic to an
n-sphere and the result of thei -reduction is empty. Otherwise, a connected com-
ponent of TOP(D) homeomorphic to ann-sphere is removed.

2. If D6I−J and Dσi6I−J are disjoint, then the effect of the reduction on the
topological realization ofD is that of removing the interior of an embedded
closed ball and identifying opposite hemispheres of its boundary. Consequently,
M ′ := TOP(D\i {D, Dσi }) is homeomorphic toM := TOP(D). This kind of oper-
ation has been studied in the theory of GEMs, where it is called afusion, see [LM].
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3. If D6I−J = Dσi6I−J holds, thenM ′ is in general not homeomorphic toM .
The effect of thei -reduction varies. In dimension 2 TOP(D\i {D, Dσi }) is derived
from M by cutting along an embedded circle and capping off the two boundaries
by disks.

In dimension 3 there are four subcases depending on the setK := {∅ 6= K ⊂
I − J | D6K 6= Dσi6K }. We define a GraphG = G(K) := (K,V(K)) where
V(K) := {{A, B} ∈ K × K | A ⊂ B}. Since eachK ∈ K has either one or two
elements, each connected component ofG is either a chain or a cycle. Letm be
the number of connected components.
(a) If m = 1 andG is a cycle, necessarily #J = 1 and the intersectionS of the

simplices|D| and|Dσi | corresponding toD and Dσi in M consists of their
commoni -face and the opposite vertex. Consequently,M ′ is derived from
M by removing a properly embedded solid torus and gluing in a cone on its
boundary. We call this operation atorus cappingfor the moment.

(b) If m= 1 andG is a chain,M ′ is homeomorphic toM .
(c) If m= 2, thenM ′ is derived fromM by cutting along a properly embedded 2-

sphere contained in|D|∪|Dσi | and capping off the resulting boundary spheres
by disks. We call this acut. If the resultM ′ has two connected components,
thenM is homeomorphic to the connected sum of the components ofM ′ and
we call the operation adecomposition. Otherwise, we can expressM as the
connected sum ofM ′ with S2 × S1. The operation of removing anS2 × S1

summand is called athree-dimensional handle reduction.
(d) The casem= 3 can be described as a sequence of two cuts, each of which is

either a decomposition or a handle reduction.

We call an elementaryi -reduction on a three-dimensional6-setadmissibleif it is not
of type 3(a), i.e., if it is not a torus capping and its result is not empty. We call a general
i -reductionadmissibleif it can be decomposed into a series of admissible elementary
i -reductions.

The following are immediate consequences:

Theorem 17. If D is a transitive, oriented, locally flat three-dimensional6-set with at
least four elements andD′ is derived fromD by a sequence of admissible elementary i-
reductions, thenTOP(D) can be uniquely reconstructed givenTOP(D′) and the number
z of handle reductions performed, namely as the connected sum of all the connected
components ofTOP(D′) and z copies of S2× S1.

Corollary 18. GivenD,D′ and z as above, TOP(D) is a3-torus if and only if exactly
one of the connected components ofTOP(D′) is a 3-torus, all others are3-spheres and
z= 0.

Proof. This is obvious, because the 3-torus is prime.

Corollary 19. If D is a three-dimensional6-set on which a handle-reduction can be
performed, thenTOP(D) is not a3-torus.
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Corollary 20. IfD is an oriented, locally flat three-dimensional6-set with at least four
elements andD′ is derived fromD by a sequence of admissible elementary i-reductions,
then the number of handle reductions in any other sequence of admissible elementary
i-reductions which produceD′ is the same.

Moreover, we have

Lemma 21. If D ′ = Dσi = Dσj holds for some element D of a three-dimensional
6-setD and i 6= j , thenD\i {D, Dσi } is an admissible reduction.

It was shown in [FG] that a pair of GEMs of any dimensiond represent homeomorphic
manifolds if and only if one can be transformed into the other by a sequence of fusions
and their inverses. This result applies directly to unwound, loopless, locally flat6-sets.
Unfortunately, no general method is known to compute upper bounds for the minimal
lengths of such sequences. The isomorphism problem for manifolds can therefore not
be solved by systematically applying all sequences of fusions and inverse fusions on a
given6-set.

Anyway, it is straightforward to detect admissible elementaryi -reductions in a6-set,
construct the reduced symbol and—in dimension 3—determine the number ofS2 × S1

summands which were removed in the process. This process can then be repeated until
there are no further admissiblei -reductions. However, for a practically useful algorithm,
such a strategy is not sufficient.

We now restrict our attention to dimension 3 once again.
A starting point for Lins’ approach [Li] is the observation that certain operations which

do not change the size of the6-set may lead to a situation where an elementary reduction
can be applied. One such operation is the so-calledp-pair switching: given D, D′ ∈ D
such thatD′ /∈ {D, Dσi } but D′ ∈ D6i, j ∩ D6i,k for some triplet{i, j, k} ⊂ I , where
D is oriented andd(D) 6= d(D′), theσi -operation can be changed to connectD with D′

and the formerDσi with the formerD′σi . If D is locally flat, this increases the number
of 6i, j,k-orbits, thus allowing for an admissiblel -reduction in the new symbol, where
{i, j, k, l } = I .

Another set of operations deals with configurations of three or more quadrangles.
A quadranglein a6-set is a loopless6i, j -orbit of size 4 for somei, j ∈ I . Certain
assemblies of quadrangles allow for local changes, so-calledTS-moves, which do not
affect the topology. Lins’ algorithm constructs the (finite) list of all6-sets which can
be derived from a given one, sayD, by applying all possible sequences of TS-moves
and simplifies each of these as far as possible by sequences of elementaryi -reduction.
If any of the results is smaller thanD, the simplification process continues with it
instead ofD. This is called theTS-algorithm. The reason for its usefulness lies in the
fact that whenever four quadrangles contain a common element, the6-set in question
can be simplified. Moreover, by standard arguments based on the Euler characteristic, a
loopless, locally flat, three-dimensional6-set without6i, j -orbits of size 2 must contain
at least 12 quadrangles.

Going even further, Lins introduces an operation, called theU -move, which increases
the size of a6-set, but introduces many quadrangles. Depending on the numberk of
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U -moves which are allowed before applying the TS-algorithm, this gives rises to an
infinite number of so-calledUk-algorithms.

In contrast, D-symbols and6-sets derived from tilings have a special property which
we call regularity. A d-dimensional D-symbol(D,M) is regular ifmi j (D) = 2 holds
for all D ∈ D and all pairs of indices satisfying|i − j | > 1. A d-dimensional6-setD
is regular if for indicesi, j satisfying|i − j | > 1, every6i, j -orbit is a quadrangle. The
D-symbol of a tiling is always regular. If(D,M) is regular, unwound and loopless, then
D is regular.

The simplification process we use in our applications to tiling theory is designed
to retain—and make use of—regularity in each step. The basic operation is a non-
elementaryi -reduction which we call acollapse. Consider{i, j, k} ⊂ I andD ∈ D such
that every6i, j - and6i,k-orbit in D6i, j,k is a quadrangle. In other words,D′(σiσj )

2 =
D′(σiσk)

2 = D′ for every D′ ∈ D6i, j,k. If D is oriented,D\i {D, Dσi } is admissible
andD − D6i, j,k is non-empty, thenD\i (D6i, j,k) is admissible. The proof is a simple
induction based on Lemma 21. We callD\i (D6i, j,k) an (i ; j, k)-collapse. Obviously,
collapses preserve regularity.

Any admissible 0-reduction on a regular, oriented6-set leads to an admissible
(0;2,3)-collapse. Likewise, any admissible 3-reduction leads to an admissible(3;0,1)-
collapse. These two types of collapses can be interpreted as the removal of walls (2-faces)
and the shrinking of edges in the corresponding tiling. Sometimes 1- or 2-reductions
lead to admissible collapses as well, which can be interpreted as the removal of cer-
tain degeneracies in the tiling. As in Lins’ algorithm, we make use of a limited set
of operations which do not decrease the size of the6-set. These are expressed as
combinations of collapses and their inverses. Unlike Lins, we are able to introduce a
slightly more complicated complexity measurement such that each step of our algo-
rithm decreases the complexity of the6-set, thus by showing that this complexity can
only be decreased a finite number of times we establish that the algorithm eventually
stops.

Details will appear in a forthcoming paper, in which we will also address reduction
methods for general, i.e., possibly not unwound, D-symbols.

9. An Example

To illustrate the ideas of this text, we consider the classification of flat regular D-symbols
with a common underlying60,1,2,3-setD0 shown in Fig. 1. In our figures theσi are
represented by edges of different styles, as indicated in the legend in Fig. 1.

Fig. 1. The6-setD0.
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Fig. 2. An oriented6-setD mapping ontoD0.

Figure 2 shows a twofold oriented6-preimageD of D0. There is a unique6-map
ρ: D→ D0, namely the one which maps 1∈ D to r ∈ D0.

If (D,M) is a regular D-symbol based upon this6-set, then the functionM : D→ N
is completely determined by the four valuesa := m0,1(1), b := m1,2(1), c := m2,3(1)
andd := m2,3(3). Botha andb must be multiples of 3, whiled must be even andc may
be an arbitrary natural number. In particular, the6-mapρ will extend to a D-symbol
covering for every possible choice of these numbers, and we can restrict our attention
toD. Our first goal is to find all possible choices ofa, b, c andd such that the resulting
D-symbol is locally flat.

We start by considering the single60,1,2-orbit inD. By regularity, we havem0,2(D) =
2 for eachD ∈ D, which impliesk := k0,1,2(D) = 1/a+1/b− 1

2. Thus, the subsymbol
obtained by making a particular choice fora andb will have curvature 6k, which is
positive only fora = b = 3. In this case the second condition from Theorem 4 holds as
well, so the resulting subsymbol is spherical.

Becausem0,3(D) = m1,3(D) = 2, we havek0,1,3(D) = 1/a > 0 for eachD ∈
D, thus the60,1,3-subsymbol is always spherical. Likewise, all60,2,3-subsymbols are
spherical regardless of the choice ofc andd (this holds for all regular D-symbols) and
it remains to consider the single61,2,3-orbit. Here, we have

K := K (D(1,{1,2,3},M(1,{1,2,3})) = 2k1,2,3(1)+ 4k1,2,3(3)

= 2

(
1

3
+ 1

c
− 1

2

)
+ 4

(
1

3
+ 1

d
− 1

2

)
= 2

c
+ 4

d
− 1,

thus K > 0 implies 2/c+ 4/d > 1. We discard solutions withc or d smaller than 3,
as these would correspond to “degenerate” tilings with certain edges incident to only
one or two tiles. Furthermore, by the crystallographic restriction, in a flat D-symbol we
must havevi, j (D) ∈ {1,2,3,4,6} for all i, j ∈ I andD ∈ D. There remain six possible
combinations of values forc andd, namely(3,4), (3,6), (3,8), (4,4), (4,6) and(6,4).
Each of these is admissible in the sense that it induces a spherical61,2,3-subsymbol. The
corresponding complete D-symbols will be denoted by(D,M3,4), (D,M3,6) and so on.

From the combination of branching numbers in each individual two-dimensional
subsymbol, one can determine the geometric type of a corresponding vertex-, edge-, face-
or tile-stabilizer in a flat realization. As each of these stabilizers must be contained in
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the point group, we may find that certain point groups are impossible. Only orientation-
preserving groups have to be considered, asD is oriented. Here, it turns out that for
the cases(3,6), (3,8) and (4,6), the point group must be the group of orientation-
preserving symmetries of the octahedron, labelledO in Schönfliess notation and 432 in
crystallographic notation. This group is abstractly isomorphic to the symmetric group
S4. In the cases(3,8) and(4,6), this is obvious from the fact that there are rotations
of both orders 3 and 4, whereas in case(3,6), both the groupsT (or 23) andD3 (or
322) occur as stabilizers, which are conjugate to common subgroups only in 432. In the
case(6,4), the point group must clearly beD6 (or 622), whereas in the case(4,4), the
point group cannot be one ofT or O due to the fact that a three-dimensional irreducible
crystallographic space group must contain a rotation of order 3, which leavesD4 (or
422) as the only possible point group. Only in the case(3,4) is the stabilizer information
not sufficient to uniquely determine the geometric type of the point group.

Next we check whether any of the six fundamental groups in question contains a
normal subgroup with factor group isomorphic toS4. We start by enumerating arbitrary
homomorphisms intoS4, i.e., actions of these groups on a four-element set and then pick
out the surjective ones. Our computer implementation constructs explicit presentations
of the fundamental groups in terms of abstract generators and relators. It is usually more
efficient to work on these, but in view of Lemma 9, we can equivalently construct all
transitive fourfold coverings of the given D-symbol and read off the required information
as follows.

We assign labels from the set{A, B,C, D} × D to the elements of the covering D-
symbol. These are abbreviated to A1, A2, . . . in the figures. The first component of each
label corresponds to an element of the set{A, B,C, D}, while the second component
determines the image in the6-setD. Given a6-map ontoD which matches these
labels, we can assign to each pair(D, i ) ∈ D × {0,1,2,3} a permutionα of the set
{A, B,C, D} by definingα(X) := Y precisely if(X, D)σi = (Y, Dσi ) holds. The pairs
(D, i ) can be identified with generators of the fundamental groupG := π1(D,M). The
corresponding mapG→ S4 is well-defined if and only if the6-map induces a covering
of D-symbols. This methods works because the fundamental group of the cover will be
just the stabilizer of some element with respect to the action on{A, B,C, D}.

If ϕ: (D′,M ′)→ (D,M) is a covering, then its restriction to any6J-subsymbol must
induce a covering of6J-symbols. We therefore start by looking at possible two-, three- or
fourfold covers of the60,1,2-subsymbol common to all our candidates. Becausem0,1 ≡
m1,2 ≡ 3, bothr0,1(X, D) andr1,2(X, D)must be 1 or 3 for eachX ∈ {A, B,C, D} and
D ∈ D. There are essentially only two solutions, as shown in Figs. 3 and 4. Thus, each
fourfold cover of a D-symbol in our list either contains exactly one60,1,2-subsymbol,
which must be isomorphic to the one in Fig. 3, or exactly two60,1,2-subsymbols, which
must both be isomorphic to the one in Fig. 4.

The D-symbol cover corresponding to Fig. 3 is obviously unwound. Incidentally, it
is even universal. We read off the permutationsα := (A, D)(B,C) for the pair(1,2),
β := (A, B)(C, D) for (3,2) andγ := (A,C)(B, D) for (5,2). From the remaining
pairs, we obtain nothing new. Our next task is to determine all possibleσ3-actions which
induce permutations that together withα,β andγ generateS4. However, by the regularity
condition and the structure ofD, theσ3-action can only lead to one new permutationδ,
which must be an involution. Thusδ must be one ofα, β andγ , which together generate
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Fig. 3. The universal cover ofD(1,{0,1,2}).

a four-element group, or a transposition, in which case the generated group has eight
elements. Note that this fact is independent of the actual values ofc andd.

It remains to consider the case where the6-preimage ofD contains two60,1,2-orbits,
each of which is isomorphic to the6-set shown in Fig. 4. There are three essentially
different labellings for this set, according to whether the60,2-orbits of size 2 are mapped
onto{1,2}, {3,4} or {5,6}, respectively. In any case, we read off no non-trivial permuta-
tions from theσ0- andσ1-actions and just one from theσ2-action, which by appropriate
labelling can be assumed to be(A, B)(C, D). Again, we obtain at most one more per-
mutation from theσ3-action, which must be of order 2. In order to generateS4 together
with (A, B)(C, D), this must be a transposition other than(A, B) and(C, D). Again by
appropriate labelling, we may assume that this transposition is(B,C).

Now by constructing the unique6-set corresponding to each of the nine possible
combinations of the second parts of the labels and eliminating isomorphic copies, one

Fig. 4. A twofold cover ofD(1,{0,1,2}).
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Fig. 5. Case I.

easily checks that there are exactly four6-preimages ofD to be considered, namely those
depicted in Figs. 5–8. For each of these and each of our six candidate D-symbols, we can
now check whether the6-map ontoD extends to a D-symbol covering, i.e., whether the
r2,3-values which can be read off from the6-set divide the correspondingm2,3-values
induced by the map. It turns out thus that Case I is compatible with symbols(D,M4,4)

and(D,M6,4) while Case II is compatible only with symbol(D,M4,4), Case III with
(D,M3,8) and Case IV with(D,M4,6).

Given a D-symbol(D,M), a fourfold cover(D′,M ′) and a corresponding homo-
morphismϕ: π1(D,M)→ S4, our next task is to construct the cover of(D,M) which
corresponds to the kernel of that homomorphism. The following is a very convenient
way to do that: to each pair(D, i ) ∈ D × I , we have associated a permutation of
{A, B,C, D}. Now we define a new6-set D̂ = S4 × D with the6-action given by
(β, D)σi := (β ◦ α, Dσi ), whereα is the permutation associated to(D, i ). That is,
we construct the cover corresponding to a stabilizer with respect to the multiplication
action ofπ1(D,M) on S4 induced by the homomorphismϕ, which of course is ex-
actly the kernel ofϕ. The neat thing about this construction is that we do not actually
have to construct the6-setD̂ and the induced cover(D̂, M̂) to see whether the latter
is unwound. For example, in Case I (Fig. 5) of our list of covers, the trivial permu-
tation is associated to each of the pairs(1,0), (1,3), (2,0) and(2,3), which implies
r0,3(β,1) = 1 and thus by regularityv0,3(β,1) = 2 for everyβ ∈ S4. Similarly,
in Case II (Fig. 6), the trivial permutation is associated to each of the pairs(3,0),
(3,3), (4,0) and (4,3). Consequently,(D̂, M̂) is not unwound for any of these two
cases.

Incidentally, we had already noted that the symbols(D,M4,4) and(D,M6,4) cannot
correspond to tilings with point groupO, which gives us a second independent reason
to reject Cases I and II.

In Case III (Fig. 7), the cover(D̂, M̂) turns out to be unwound, but the commutator
factor group of its fundamental group isZ2 instead ofZ3. Indeed, the corresponding
D-symbol(D,M3,8) encodes a tiling of the 3-sphere by 288 tetrahedra.

In Case IV (Fig. 8), the cover is also unwound, and in this single case all further tests
are successful. Thus, the D-symbol(D,M6,4) encodes a tiling ofE3. Testing for other
possible point groups where necessary does not reveal any other flat symbols, so we may
conclude that there is exactly one flat, regular non-degenerate D-symbol with underlying
6-setD0.
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Fig. 6. Case II.

As a final remark, we note that in this particular case, it is easy to check the results
geometrically. From the structure of the universal cover of the60,1,2-subsymbol ofD0,
shown in Fig. 3, we can deduce that a tiling based onD0 must have combinatorially
tetrahedral tiles. Sinceσ3 acts trivially, each tile is mapped onto each of its neighbors
by a mirror reflection. Thus, all 2-faces must be flat and the tiles are actually convex
tetrahedra with their vertices as extremal points. Furthermore, they possess two opposite
edges with dihedral angles of 2π/c, while all other edges have dihedral angles of 2π/d.
In a euclidean tetrahedron, this is only possible forc = 4 andd = 6.

Fig. 7. Case III.
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Fig. 8. Case IV.
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[Ne] J. Neubüser, An elementary introduction to coset table methods in computational group theory,

Proceedings of the Groups St. Andrews Conference, 1981, pp. 1–45.
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