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Abstract

We present two new data structures for computing values of an n-variate polynomial
P of degree at most d over a finite field of ¢ elements. Assuming that d divides ¢ — 1,
our first data structure relies on (d + 1)"2 tabulated values of P to produce the value
of P at any of the ¢" points using O(ngd?) arithmetic operations in the finite field.
Assuming that s divides d and d/s divides ¢ — 1, our second data structure assumes
that P satisfies a degree-separability condition and relies on (d/s + 1)** tabulated
values to produce the value of P at any point using O(ng’sq) arithmetic opera-
tions. Our data structures are based on generalizing upper-bound constructions due
to Mockenhaupt and Tao (Duke Math J 121(1):35-74, 2004), Saraf and Sudan (Anal
PDE 1(3):375-379, 2008) and Dvir (Incidence theorems and their applications, 2012.
arXiv:1208.5073) for Kakeya sets in finite vector spaces from linear to higher-degree
polynomial curves. As an application we show that the new data structures enable a
faster algorithm for computing integer-valued fermionants, a family of self-reducible
polynomial functions introduced by Chandrasekharan and Wiese (Partition functions
of strongly correlated electron systems as fermionants, 2011. arXiv:1108.2461v1)
that captures numerous fundamental algebraic and combinatorial functions such as
the determinant, the permanent, the number of Hamiltonian cycles in a directed multi-
graph, as well as certain partition functions of strongly correlated electron systems
in statistical physics. In particular, a corollary of our main theorem for fermionants
is that the permanent of an m x m integer matrix with entries bounded in absolute
value by a constant can be computed in time 2m=Q(ym/loglogm) improving an earlier
algorithm of Bjorklund (in: Proceedings of the 15th SWAT, vol 17, pp 1-11, 2016)
that runs in time 2~ 2(vm/logm)
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1 Introduction

The protagonist of this paper is the following task. We want an efficient representation
of an n-variate degree-d polynomial P over a finite field IF,; of order ¢, that permits
us to evaluate P on arbitrary points a € IF’;. What kind of resource trade-offs can be
achieved between space (for representing P) and query time (for computing P (a) at
a given a)?

The study of data structures that enable fast “polynomial evaluation™ queries for
multivariate polynomials was initiated by Kedlaya and Umans [12] for polynomials
with bounded individual variable degrees, motivated by applications to fast polynomial
factorization. Here we focus on the case when P has (total) degree d, in particular,
when d is less than n.!

We seek data structures consistingof aset K C IFZ and an associated list ((a, P(a)) :
a € K) of evaluations. There are two extremes for such designs. At one extreme, we
can set K = IF;, put all evaluations in a sorted array, and assuming constant-time
random access, we achieve O (n) query time. At the other extreme, to uniquely identify

P we must tabulate 2 (n ;d

basis. However, when K is this small, we are only aware of brute-force (nO(d)-time)
algorithms to evaluate the polynomial in any other point. Between these two extremes,
we seek constructions for sets K that suffice for evaluating P at any point outside K in
time that scales sub-exponentially in d. Our motivation is to accelerate the best known
algorithms for canonical #P-hard problems (cf. Sect. 1.2).

> points, as this is the dimension of the monomial

1.1 Polynomial Evaluation Based on Generalized Kakeya Sets

Let F;[x] be the ring of polynomials over indeterminates x = (x1, x2, ..., X;) With
coefficients in the finite field IF;. For fundamentals of finite fields, we refer to Lidl
and Niederreiter [17]. Let us write M(q) for the time complexity of multiplication and
division in F,. For example, M(¢) = O((log¢)'*€) holds for any constant € > 0;
we refer to e.g. von zur Gathen and Gerhard [26] for sharper bounds. For fields of
order ¢ = p? for a prime p and an integer d > 2 we tacitly assume here and in what
follows that an irreducible polynomial of degree d in IF,[x] is available to support
the computations in F, (cf. [26, §14.9] for construction algorithms for irreducible
polynomials over [F ).

Our first main theorem constructs an explicit set K C IF; of cardinality at most

(d 4+ 1)"*2 which allows for relatively quick evaluation of any degree-d P at all points
in F2.
q

I n contrast, Kedlaya and Umans [12] focus on the case n < d"(l); cf. [12, Corollaries 4.3, 4.5, and 6.4].

7]

Notational caveat: Kedlaya and Umans use “m” for the number of variables.
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Theorem 1 Let d divide g — 1. There is a set K C IFZ of size |K| < (d + 1)"*?
along with functions g1, &2, ..., §(g—1)(d+1)? IFZ — K and scalars yy, y2, ...,
Yig—1)(d+1)? € Fq such that for every polynomial P € Fy[x] of degree at most d and
every vector a € F”,

(g—Dd+1)?
Play= > yjP(gj@).

J=1

Moreover, there is an algorithm that in time O (|K [ngM(q)) lists the elements of K,
and there is an algorithm that in time O (nquM(q)) computes the values g j(a) € Iy

andy; € Fy forall j =1,2,...,(qg — 1D(d + 1)2 when given a € IFZ as input.

The size of K can be further reduced for polynomials P satisfying a certain (natural)
restriction which holds for several well-studied polynomials. Suppose we partition the
variable set X = {x, x2, ..., x,} into

X=X1UXU---UXy
such that

X1l = |Xaof =--- = [Xa| =

Let us say that a degree-d polynomial P € F,[x] is degree-separable relative to
X1, X2, ..., Xg if every monomial of P contains one variable from each X;. Note a
degree-separable P is in particular both multilinear and homogeneous of degree d.
Degree-separability enables a trade-off between the size of K and the query time for
evaluation:

Theorem 2 Let s divide d and d /s divide g — 1. There is a set K C 7 of size |[K| <
(d/s + 1) along with g1, g2, . . . L 8(g—1) IE‘Z — Kandyi,y2, ..., Yq-1y €Ty
such that for every degree-separable degree-d P € F,[x] relative to a fixed partition
X1, X, ..., X4 and every vector a € F”,

(g—1?°

P(a)= ) yjP(gj(@).

j=1

Moreover; there is an algorithm that in time O (|K|ngM(q)) lists the elements of
K, and there is an algorithm that in time O (n(q — 1)*sqM(q)) computes the values
gjla) e Fyandyj € Fy forall j =1,2,...,(q — 1) when given a € I as input.

We need K to contain enough points that “interpolation” at all the other points is
possible. One intuition for designing a small K < I for polynomial evaluation is that
such a set must enable “localization” of any target polynomial inside the set. At one
extreme, we may think of the simplest non-constant family of polynomials, namely
lines. In Euclidean spaces, this line of thought leads to the study of dimensionality of
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sets that contain a unit line segment in every direction, or the Kakeya problem, which
has been extensively studied since the 1920s and the seminal work of Besicovitch [2].
We refer to Wolff [28], Mockenhaupt and Tao [20], and Dvir [9,10] for surveys both
in the continuous and finite settings. In what follows we focus on finite vector spaces.

Definition 1 A Kakeya set (or Besicovitch set) in a vector space of dimension n over
Fy is a subset K < Iy together with a function f* : Fy — Fp such that for every
vector a € Iy and every scalar T € F, it holds that

fl@+tack. (D

Thatis, a Kakeya set K has the property that for any possible direction of a line in Fy,
(that is, any nonzero vector a € IFZ), the set K contains an entire line (through f(a))
with this direction. To support our objective of polynomial evaluations for higher-order
curves than lines, an intuition is now to generalize (1) to polynomials of higher degree
in the indeterminate 7. This is the methodological gist of our main contribution in this
paper, which will be described further in Sect. 2.

As an illustrative application of our new data structures, we use Theorem 2 to derive
a faster algorithm for computing fermionants, which are a family of self-reducible
and degree-separable polynomials introduced by Chandrasekharan and Wiese [7] to
generalize various fundamental polynomials. We start with a brief introduction to
fermionants to motivate their study from a computational perspective.

1.2 Fermionants

We continue to work over [F,;. As usual, S;, is the symmetric group over [m] =
{1,2, ..., m}. We write c(o) for the number of cycles in a permutation o € S,,, where
each fixed point of o is counted as a cycle of length 1. Let A = (a;; : i, j € [m]) bean
m x m matrix of indeterminates. The fermionant of A with (indeterminate) parameter
t is the (m? + 1)-variable polynomial

fer, A= (=" 3 (=0 [Taiow - @

geSy i=1

The fermionant is multilinear and homogeneous of degree m with respect to the
variables {q; ;}, and of degree m with respect to ¢. Furthermore, note that with respect
to {a; ;} the fermionant is degree-separable under the partition {{a;; : j € [m]} : i €
[m]}.

The fermionant captures several extensively studied algebraic and combinatorial
functions, such as the determinant of a matrix

m
detA = (=" Y (=) aiow

oSy, i=1
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the permanent of a matrix

m
perA = Z Hai’g(i) s

GESy i=1

the generating function for directed Hamiltonian cycles

m
hcA = Z Hai,a—(i),

oS, i=1
c(o)=1

as well as certain partition functions of strongly correlated electron systems in
statistical physics (see Chandrasekharan and Wiese [7]). It is immediate that the afore-
mentioned functions can be obtained as special cases of the fermionant via

det A =fer; A,
perA = (—1)"fer_| A,
hc A = (=1)" " {r}fer; A,

where in the last equality we write {r} P for the coefficient of ¢¥ in the polynomial P.

The functions captured by the fermionant have received such substantial attention
that is not possible to discuss the literature exhaustively here. For example, the perma-
nent and the determinant are central to arithmetic circuit complexity [24] and geometric
complexity theory [16]. Similarly, the numerous symmetries and self-reducibility
properties of fermionants enable their use in e.g. interactive proof systems [5,18,27].
We restrict our present discussion of earlier work mostly to algorithms for the perma-
nent.

Computing the permanent of a given m x m matrix appears to be an extremely
hard problem. The restriction to 0/1-matrices is equivalent to the problem of counting
perfect matchings in a bipartite graph with the matrix equal to the graph’s biadjacency
matrix. The best known general algorithm is over 50 years old, given by Ryser [21] in
1963, and ituses O (2" m) arithmetic operations. Valiant [25] proved that the permanent
for {0, 1}-matrix inputs is #P-hard, even if the number of ones per row is at most three.
In the more general setting of fermionants, Mertens and Moore [19] showed that the
fermionant fer; is #P-hard for any ¢ > 2 and @&P-hard for ¢ = 2, even for the adjacency
matrices of planar graphs. For the permanent, no less-than-2"-sized arithmetic circuit
is known despite substantial efforts (for example, it is a prominent open problem in
the Art of Computer Programming [13]).

However, there are faster ways to compute the permanent if we allow random-access
tabulation along with arithmetic operations. Most notably, there are modest speed-ups
for {0, 1}-matrices over the integers. Bax and Franklin [1] gave an 27— n'/*/logm)
expected time algorithm. Bjorklund [3] presented a deterministic 2~ $2(vm/logq)
time algorithm over any finite field of order ¢ > m? + 1, by exploiting the self-
reducibility of the permanent. Applying the Chinese Remainder Theorem, he also
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obtains a 2"~ (/m/logm)_time algorithm for integer matrices with entries whose abso-
lute value is bounded from above by a constant. There are also faster algorithms for
sparse matrices. Cygan and Pilipczuk [8] gave a 2"~ /") time algorithm for matri-
ces with at most r non-zero entries per row. Very recently, Bjorklund, Husfeldt, and
Lyckberg [4] and Bjorklund, Kaski, and Koutis [6] show that if the result is bounded
in absolute value by ¢’ for a constant ¢ > 1, then there are Zm(l’l/”Q(l))mO(l)—time
algorithms for the permanent and the number of directed Hamiltonian cycles, respec-
tively. Both algorithms work by computing the permanent and the number of directed
Hamiltonian cycles modulo small primes. In particular, the algorithms over IF, run in

. 1000 . .
time 2m(1=1/¢%¢ ))mo(l), faster than the algorithms of this paper for small p.
Our main technical result for fermionants is that, given mild technical conditions
on the order of the field, we can obtain a faster algorithm over finite fields:

Theorem 3 There is an algorithm that computes the coefficients of the fermio-
nant as a polynomial in t, fer; A € Fy[t] of a given matrix A € IF;"X”’ in

time 2m—(¥m/loglogq) o (M(q)), provided that ¢ — 1 has a divisor in the interval
(1.1logg, 10logq), ¢ = m? + 1, and m = w(log® g loglog q).

The Chinese Remainder Theorem and a uniform variant of the Prime Number
Theorem for arithmetic progressions yield the following corollary for integer-valued
fermionants.

Corollary 1 Lett be anintegerwith |t|in O (m) and let M be a constant. The fermionant
fer; A can be computed in time om—(/m/Toglogm) for all m x m matrices A with
integer values in [—M, M].

As far as we know, our result gives the currently fastest algorithms to compute
a bounded integer entry permanent and counting the number of Hamiltonian cycles
in a directed graph. The idea behind Theorem 3 is to apply our polynomial evalu-
ation results to a self-reduction for fermionants. Following Bjorklund’s results for
the permanent [3], we show how to compute a fermionant on an m X m matrix via
2=k O calls to the fermionant on k x k matrices. Applying Theorem 2, we set
k so that it is possible to evaluate the k x k fermionant polynomial over all points
of K in 299997 time. Once we know the polynomial on all points in K, we can then
evaluate the fermionant on any m x m matrix in time about 2" ~%® 0D We show

k ~ /m/loglog q suffices.

1.3 Organisation of the Paper

In Sect. 2, we present our generalization of Kakeya sets in finite vector spaces, together
with explicit constructions. Next in Sect. 3 we prove our main evaluation theorems,
Theorem 1 and Theorem 2. In Sect. 4 we use the self-reducibility of the fermionant to
prove Theorem 3 and Corollary 1, showing how to compute fermionants faster.
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2 Generalized Kakeya Sets in Finite Vector Spaces

We study the following generalization of Kakeya sets for lines (Definition 1) to higher-
degree polynomial curves:

Definition 2 A Kakeya set of degree r in a vector space of dimension n over IF;, consists
of aset K C ]FZ together with functions fy, fi,..., fr—1 : F; — IFZ such that for
every vector a € I and every scalar T € Iy it holds that

F(a,t) = fola) + fil@)t + fr@)t> + ...+ fr (@)t ' +at" e K. (3)

We say that a construction for Kakeya sets is explicit if

1. there is an algorithm that outputs K (given ¢, r, and n) in O (|K |nrM(q)) time,
and
2. there is an algorithm that given a € I, outputs the values

fo(@), fi(a, ..., fr-1(a) € Fy

in O (nrM(q)) time.

The following construction of sparse Kakeya sets of degree » generalizes the design
of the best known Kakeya sets (cf. Mockenhaupt and Tao [20], Saraf and Sudan [22],
Dvir [9, §2.4], Kopparty, Lev, Saraf, and Sudan [14], and Kyureghyan, Miiller, and
Wang [15]).

Lemma 1 For every r 4 1 that divides q — 1 there is an explicit Kakeya set K C FZ

) g—1 n+1
of degree r and size |K| < (r—s-_l + 1) .

Proof We begin with three simple observations. First, since r 4+ 1 divides ¢ — 1, we
have that r + 1 has a multiplicative inverse in . Indeed, g = p“ for a prime p and
positive integer a. Notice that r 4+ 1 has a multiplicative inverse if and only if p does
not divide r + 1. By assumption we have (r + 1)Q = p* — 1 for an integer Q and
thus » 4+ 1 = pb for an integer b would lead to a contradiction p(bQ — p*~!) = 1.
Second, for all &, T € F, from the Binomial Theorem we have

o r+1 , r—1 r1 o\t
+1 __ i r
<r+1+r> o _Z< i ><r+1> e @

i=0

Third, since the multiplicative subgroup IF; is cyclic of order g — 1, the subgroup
consisting of (r + 1)th powers of elements of F; has size exactly % Including the

zero element, we observe that [{f7T! : g Fy}l = % + 1.

Let us now define K C F; to consist of all vectors of the form

+1 +1 +1
St ' o (224 ' (2 ' — ) (5)
r+1 r+1 r+1
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withay, oz, ..., oy, T € Fy. Itfollows immediately from (5) and our third observation

that
-1 n+l
K| < (q— + 1) .
r+1

Furthermore, (4) and (5) imply that the generalized Kakeya property (3) holds
when we define the functions f; : IF; — IF;’ foralli = 0,1,...,r — 1 and
a=(ag,aa,...,0y,) EIFZ by

B r+1 o r+l—i r+1 o, r+1—i
() ) e

It is immediate from the definitions (5) and (6) that the construction is explicit. O

3 Polynomial Evaluation

This section proves our two main theorems for polynomial evaluation. The key idea is

Mellin-transform-like sieving (8) enabled by an elementary observation about sums

over finite fields (7) below, which we then extend to an s-fold product form in (13).
Let us start with a homogeneous version of Theorem 1.

Lemma 2 Letd divide g — 1. There is a set K C ]FZ of size |K| < (d 4 1)"! together
with functions g1, g2, ...,8q-1 : IFZ — K and scalars y1,y2, ..., yq—1 € Fy such
that for every homogeneous polynomial P € F[x] of degree h < d and every vector
aecl?

p

g—1
P(a) =) y;jP(gj(@a)).

j=1

Moreover, there is an algorithm that in time O(|K |ngM(q)) lists the elements of K,
and there is an algorithm that in time O (ngM(q)) computes the values g;(a) € FZ
andy; € Fy forall j =1,2,...,(qg — 1) when given a € IFZ as input.

Proof Setr = (¢ — 1)/d — 1, and note that r 4+ 1 divides ¢ — 1. Apply Lemma 1
to obtain K and the functions fo, f1,..., fi—1. Let P € F,[x] be a homogeneous
polynomial of degree 4 < d over the indeterminates x = (x1, x2, ..., x,), and let
a = (x1,0,...,a,) € ]FZ be an assignment of values to the indeterminates. Our
goal is to compute the value P(a) € F, using evaluations of P at K. Recalling the
function F(a, t) from (3), we will rely on values of the composition P (F(a, 7)) for
7 € [, to obtain P (a). Towards this end, we first observe that

Zfe_ —1 if g — 1dividese,
o otherwise.

)

X
Tely
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To see this, let g be a generator of the multiplicative subgroup F. If ¢ — 1 divides e

then t¢ = 1 for all 7, and thus the sum is |]F;| = g — 1 (modulo the characteristic).
Otherwise, g¢ # 1, and we have

Zre: Z(gr)ezgezre’

X X X
telfy telfy el

so the sum must be 0.
Lett = g — 1 — rh and observe that ¢t > 1. We now claim that

P(a)y=— Y t'P(F(a.1)). (8)

X
telfy

By linearity, it suffices to consider the case when P is a single monomial P =
X2 x of degree h = hy + hy 4+ ...+ h, < d. Recalling (3) and (7), we

observe that the right-hand side of (8) expands to

— Y t'P(F(a, 1)

X
telfy

=— Z g 1=rh (rrha{”agz-nafll” +trh_1(-~-) +...+170(--~))

X
telfy

= X (el e )

X
telfy

_ i _h hn
=0ty

= P(a).

That is, by multiplying each term by t’, we ensure that all other terms appearing
inside of P(F(a, t)) cancel, except for the desired term ai”oc;” . -oz,i’” which is the
coefficient of ",

Now let 81, B2, ..., B;—1 be an enumeration of the elements of IFqX. For all j =
1,2,...,qg—1,setg;(a) = F(a, Bj) and y; = —ﬂ;. The first part of the lemma now
follows from ().

The running time bounds follow from the fact that the construction in Lemma 1 is
explicitand d < q. O

3.1 Proof of Theorem 1

We are now ready to prove Theorem 1. Our strategy is to interpolate the homogeneous
components of our given polynomial, then apply Lemma 2. Towards this end, let
P € [F,[x] have degree at most d and let P = ZZ:O Py, where P, € F [x] is either
zero or homogeneous of degree &, forallh =0, 1,...,d. Let vp, vy, ..., vy be any
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d + 1 distinct elements of IF,. Recalling the definition of K in (5), let K - IE‘Z be the
set of all vectors of the form

o r—+1 a r+l1
v +1 — L — ! 9
r+1 r+1

where a1, a2, ..., 0y, T € Fy,and v € {vo, v1, ..., vg}.

In particular, from (9) and (5) we have that |I€| <+ DIK].

Assuming we have constant-time access to P(a) foralla € K , We can access each
Py, at k € K by univariate interpolation over the d 4 1 distinct values of v, via the
identity

d
P(vk) = Z Py’ . (10)
h=0
Thatis,forh, j =0,1,...,d,letAy; € I, be the Lagrange interpolation coefficients

that satisfy

d
Py(k) =Y anj P(vjk)
j=0

for all k € K. Observe in particular that the coefficients A;; depend only on
V0, V1, - - ., V4, and can be computed once in 0(d3M(q)) time, for instance by using
Gaussian elimination to solve the linear equation system consisting of (10) for all
v e {vg, V1, ..., vq}.

With access to values of P, at K, given a query a € Fy we can use Lemma 2 to
sieve for Py(a) foreachh =0, 1, ..., d. That is, we have

d d d
P@=) Pay==) Y Y @ ""u;P(vjFa,1).
h=0

h=0 Tefy Jj=0

The running time bounds follow from multiplying the running time bounds in Lemma 2
by d?, as we use it that many times, after noting that the bound dominates the con-
struction time of the A; coefficients.

This completes the proof of Theorem 1. O

3.2 Proof of Theorem 2

Recall that s divides d and d/s divides g — 1. Let X1, X», ..., Xy be the partition of
variables for degree-separability. Fori = 1,2, ..., s, take

Yi = Xi-ndss+1 Y Xi-ndss+2 Y-+ U Xiays
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and observe that |Y;| = n/s for all i. Furthermore, observe that every monomial of a
polynomial P € [ [x] that is degree-separable relative to X1, X2, ..., X4 for every
i =1,2,...,s has degree exactly d/s when restricted to the variables of Y;.

Let us extend the construction in Lemma 1 into an s-fold product form over the
partition Y1, Y, ..., Y. Accordingly, we work with a multivariate polynomial over
s indeterminates 7y, 72, ..., Ty instead of a univariate polynomial (3) over 7. Let
a = (a1,0,...,a,) € F! and let us write ay, € IFZ/S for the restriction of a to
coordinates in Y;. Set r = (¢ — 1)s/d — 1. Let us write Fy,(ay,, 7;) € IF; for the
vector obtained by applying the construction given by (3) and (6) to the vector ay, and
7;, thereby obtaining a vector of length /s indexed by Y;, followed by padding with
0O-entries outside the indices Y; to obtain a vector of length n. Let us now define the
(vector-valued) multivariate polynomial

Fla, 11,12, ..., 1) = Fy|(ay;, 1) + Fy,(ay,, @) + - - - + Fy,(ay,. 7o) . (1D

We observe by (3), (6), and (4) that F(a, 11, 12, ..., Ty) ranges over all vectors of the
form +1 +1
r r
@1 +1 ®Xn/s +1
((r+1+t1) -1 ,...,<r+1+n> -7,
+1 r+1
Opn/s+1 " r41 Q2n/s r41
— T g e e ey — T 9
<r+1+tz) 2 r+1+t2 2 (12)
G 1 r+1 a r+1
(%/Trl + 'L’s> — ot <r _:1 + rs> - t[“)
withay, @z, ..., an, 71, 72, ..., Ty € ;. We define K to be the set of all such vectors.

By similar reasoning as in the proof of Lemma 1, note that

|K|< u—i_l n+s= g—i_l n—+s
“\r+1 s '

Lett = g — 1 —rd/s and observe that t > 1. From (7) and proceeding analogously
as with the reasoning for (8) in the proof of Theorem 1, we thus have

Pla)=(-1)' > tts--t/P(Fla.m1.12,.... 7). (13)

X
71,72,...,Ts €Fg

Let B1,p2,...,B4—1 be an enumeration of the elements of IF;. For all j =
1y j2s -5 Js) € {1,2,...,q — 1}° take

gj(@ = F(@.fj.Biy..... ;) and  y;= (=18 B} Bl .
Theorem 2 now follows from (13). O

@ Springer



Algorithmica (2019) 81:4010-4028 4021

4 Fermionants

This section proves our two main theorems for evaluating fermionants. We start by
noting that the fermionant is self-reducible, a result that easily follows from earlier
work by Bjorklund [3], followed by the proofs of our present main theorems.

4.1 Self-Reducibility of the Fermionant

This subsection reviews how Bjorklund’s [3] self-reducibility for permanents can be
extended to fermionants. In essence, his methodology can be used to reduce the task of
computing one fermionant of size m x m to the task of computing 2" ~*m 2 fermio-
nants of size k x k. We stress that this subsection is provided for ease of exposition
only and no claim of originality is made.

The key idea is to view a fermionant as a sum over cycle covers, which enables
the reduction from size m x m to size k x k by contracting cycles. That is, the actual
reduction proceeds in the reverse direction from cycle covers of [k] to cycle covers of
[m] by inserting walks and closed walks on [m] \ [k] that are sieved with the principle
of inclusion and exclusion so that only cycle covers remain.

Let us begin with basic terminology. For a set S C [m] and an integer { =
0,1,2,...,awalk of length £ on S is an (£ + 1)-tuple (vo, v1, ..., v¢) € S, We say
that the walk starts at vg and ends at vy. The walk is closed if vg = vy and £ > 1;in this
case we say that vy is the root of the walk. A walk is a path if vy, vy, . .., vg are distinct.
A closed walk is a cycle if vg, v1, ..., ve—1 are distinct and vy < vy, v2, ..., Vg—1 In
the natural ordering of [m]. We say that a set of cycles {Cy, C2,...,C.} on Sis a
cycle cover of S if for all u € S it holds that u occurs in exactly one of the cycles
C1,Ca, ..., C.. Letus write CS for the set of all cycle covers of S.

Next we develop the fermionant as a sum over cycle covers. Let r, ¢, and a;; for
i, j € [m] be polynomial indeterminates and let I be the coefficient field. Associate
with each walk W = (vg, v, ..., v) € S¢t! the monomial

a(W) = 1 if £=0; (14)

Aygv Qujvy ** Qup_qv,  1f £> 1.

The fermionant of A = (q;; : i, j € [m]) is now

fer; A = (=)™ Z (—=Na(Cpa(Cy)---a(Ce). (15)
{C1 'C2>~'-7Cc}ECl”lJ

Let us now proceed with the reduction from size m x m to size k x k for k =
0,1,2,...,m. Let us start with a high-level intuition. Consider an arbitrary cycle
cover of [m] with ¢ cycles. The cycles in the cycle cover can be partitioned into two

types:

1. cycles that contain at least one element of [k], and
2. cycles that consist only of elements in [m] \ [k].
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We can now construct a cycle cover of [k] as follows. First, transform each cycle W of
Type 1 into a cycle W’ on [k] by deleting all the elements in [m] \ [k] from W. Next,
delete all cycles of Type 2. This results in a cycle cover of [k]. Observe that we can
also proceed in the reverse direction; that is, we start from a cycle cover of [k], insert
vertex-disjoint paths on [m] \ [k] in between the vertices on each cycle (that is, we
transform W’ to W in reverse), and finally insert vertex-disjoint cycles on [m] \ [k] to
complete a cycle cover of [m]. The reduction carries out this extension from a cycle
cover of [k] to a cycle cover of [m] using walks and closed walks in [m] \ [k]. By
applying the principle of inclusion and excusion over all S € [m] \ [k], among the
walks and closed walks all but paths and cycles will cancel in the sieve, and exactly
cycle covers of [m] remain.

Letus now proceed with the technical details of the reduction. First, we need a family
of generating polynomials for walks. For § C [m]\[k],i, j € S,and¢ =0, 1,...,m,
consider the inductively-defined family of polynomials:

1 if £=0andi = j;
G}, ;=10 if ¢=0andi # j; (16)
D ues aiurGg_l,u,j(r) if €>1.

Let us write Wg i < ST for the set of all walks of length £ on S that start at i and
end at j. The following lemma shows that the polynomials (16) indeed are a generating
function for (edge-multisets of) walks.

Lemma 3 We have the polynomial identity Ggi j(r) =rt ZWve. —a(W).
i, iy

Proof Inductionon £ =0, 1, ... using (14) and (16). O

Second, let us develop a generating matrix for walks that will realize the Type-1
cycles. For i, j € [k] and S C [m] \ [k], introduce the generating polynomial

m—1
a ;) =aij+ Y Y auGi, (Nayr. (17)

=0 u,ves

Let us write Wis j for the set of walks that consists of (i) the walk (i, j) and (ii)

all walks of the form @i, vo, v1, ..., ¢, j) where (vo, v1, ..., vg) is a walk of length
0<f¢<m—1onS.Forawalk W = (ug, uy,...,ue) € [m]£+1 andaset T C [m],
letuswrite [ WNT|=|{i €{0,1,...,¢— 1} : u; € T}| for the number of positions

of W (not including the end position) that are in 7'.

Analogously to Lemma 3, the monomials of (17) track the edge-multisets of walks
in Wi, ;j- Furtheremore, the r-degree of each monomial records the number of positions
on the walk in S.

Lemma 4 We have the polynomial identity &I-Sj (r)= ZWGWS rIWOSlq(w).
. i
Proof Use (17), Lemma 3, and the definition of Wf jto conclude identity. O
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Let us arrange the coefficients aS (r) in (17) into a k x k matrix AS(r).
Third, let us develop a generatmg polynomial for closed walks that will realize
Type-2 cycles. For § € [m] \ [k] and i € S, let us write

Ssi={ueS:u=>i}.
For § C [m]\ [k],i € S, introduce the polynomial

Ssi

H(r, t)_l—tZGe” (18)

=1

The monomials of (18) track the edge-multisets of closed walks on S-; and rooted at i,
including the possibility of no walk at all. The r-degree of each monomial records the
length of the walk; by construction, the entire walk is on S. The #-degree determines
whether a walk was made (degree 1) or not (degree 0). Also observe that the monomials
that encode a walk occur with negative sign.

Fourth, introduce the polynomial

HS(r.t0y=[]H(r.0). (19)
ieS

Let us write 7 for the set of sets of closed walks on S such that (i) each closed walk
has length £ with 1 < £ < m, (ii) the root of each closed walk is the minimum vertex
on the closed walk, and (iii) no two walks in a set have the same root.

Lemma5 We have the polynomial identity

d
HSron= Y rZaPlendapa(py) - a(Da).
{D1,D3,....Dg}eHS

Proof Use (19), (18), Lemma 3, and the definition of HS to yield identity. O

We are now ready to state and prove the main polynomial identity underlying the
reduction. For a polynomial P in the indeterminate r, let us write {r/}P for the
coefficient (polynomial) of the monomial /.

Theorem 4 We have the polynomial identity

fer,A:[rm_k] S OSES () fer, AS(r). (20)
SCim\Ik]

Proof Recall the cycle-cover form (15) of the fermionant. We show that the right-

hand side of (20) reduces to the cycle-cover form. First, let us expand the inner k x k
fermionant using (15) and (14) to obtain
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fer, Ay = (=DF Y (=0°[]a%C)p

{61,62 ,,,,, ég}EC[k] Jj=1
¢ ¢ 2n
=0 > = [T T &l o
{C1.Ca..Ciectal j=1 - i=l
Cj=(uo,u,...,up)
Let us write C'K1:S for the set that consists of all sets {C1, Ca, . . ., C:} of closed walks

in [k] U S such that (i) when all the vertices in S are deleted from all the closed walks
in a set, a cycle cover of [k] results, and (ii) in each closed walk, there are at most m
consecutive vertices in S. Now apply Lemma 4 to each &;i,_ " (r) in (21) to conlude
that

fery AS(y=(=DF > = [[r19SNacc). (22)

{C1,Ca,...,C}eClkLS i=l

Next multiply H5(r, ) with (22) and apply Lemma 4 to conlude that

H3(r, 1) fer, AS(r)

¢ d
= (=DfF > =[S acn TP ™Slap)). @23)
(C1,Ca,....Ca}eClLS i=1 j=1
{D1,Ds,....Dg}eH’

Taking the coefficient of "=k in (23), we conclude that

{r’”"‘} H(r, 1) fer; AS(r)

¢ d
= (-1t Z (—p)THd Ha(ci)l_[a(Dj). 24)
(C1.Cy.....Ce}eCkLS i=1 j=1
{D1.Ds,....Dg}eH®
Y4 ICiNSI+YY IDNS|=m—k

In particular, the sum in (24) is over exactly those (¢ + d)-sets of closed walks
{C1,Ca,...,Cs Dy, Dy, ..., Dg} that (excluding their end-positions) in total have
exactly m — k positions that contain an element of S. Taking the (—1)!%/-signed sum
of (24) overall § C [m]\ [k], by the principle of inclusion and exclusion we conclude
thataset {Cy, Ca, ..., Cz, D1, Dy, ..., D4} cancels unless it holds that for every ele-
ment of [m] \ [k] there is a unique position that contains the element. That is, together
with (i) we have that {Cy, C», ..., Cs, D1, D3, ..., Dy} forms a cycle cover of [m].
Moreover, each such cycle cover appears with sign (—=1)™~*_ That is, from (24) and
the principle of inclusion and exclusion, we have
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> O G fery AS(r) =

SC[m\[k]

¢ d
= (=D" > = Jac [Taw)).

{C1,C3,....,Cz,D1,D;,...,Dg}eClml i=l1 Jj=1

This agrees with the cycle-cover form (15) of the m x m fermionant fer; A and thus
establishes (20). O

Let us now develop the polynomial identity (20) into a scalar reduction from one
m X m fermionant to a sum of k x k fermionants.

Theorem 5 Suppose |F| > m%+1andletk = 0,1,...,m. Then, there is an algo-
rithm that given as input a matrix A € F"*™, a scalar Tt € F, and an integer
j=12 ..., 2’”_1‘(m2 + 1), runs in time mo(l), executes mPW arithmetic opera-
tions in F, and outputs a matrix A j € F**K such that:

2/;1—k(m2+1)
fer; A = Z fer; Aj . (25)
j=1

In particular, the fermionant fer; A of a given A € F"™*" at t € F can be computed
in 2"mOW time and arithmetic operations in F.

Proof Fixk =0, 1, ..., m.Observe that the polynomial on the right-hand side of (20)
has degree at most m? in the indeterminate r. Let S 1,52, ..., Sym—k be an enumeration
of all the 2% subsets of [m] \ [k] and let po, p1, ..., p,,2 € IF be distinct.

Let Ao, A1, ..., A,2 € I be the unique Lagrange interpolation coefficients that for

2
any polynomial P(r) = Y ;"7 r with coefficients o, 71, ..., 7,2 € T satisfy
2
T—k = ZZ’:O A¢ P(pg). Observe that these coefficients can be computed in time and
arithmetic operations in [F bounded by a polynomial in m. From Theorem 4 it follows
immediately that

om—k 2

ferr A=) Y (~D)ISacHS (or, 1) fere A% (or) . (26)
i=0 ¢=0

Set up an efficiently computable bijection between j = 1,2, ...,2" K(m? + 1) and
the pairs of integers (i, £) withi = 1,2, ..., 2m=kand ¢ =0,1,...,m2

Given the matrix A € [F™*™ the scalar t € F, and the integer j =
1,2,...,2"%(m? 4+ 1) as input, the algorithm first computes the corresponding
pair (i, ¢) together with the subset S; and the scalars A, and py. Next, with the
substitutions r < py and t < t, the algorithm uses dynamic programming on
the recurrences (16), (18), (19), and (17) to compute the scalar HS(pg,7) € F
and the matrix AS (p¢) € FK*k_ This computation takes time and arithmetic oper-
ations in IF bounded by a polynomial in m. Next the algorithm sets A; € [fkk
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equal to the matrix ASi(pg) € F**k with all of the entries on its first row indi-
vidually multiplied by the scalar (—1)!5!x, H5 (p¢, 7). By (2), we have fer, Aj =
(=S HSi (pg, T) fer, ASi (p¢). The theorem now follows from (26) by taking the
sum over j = 1,2,...,2’”_k(m2+1). O

4.2 Proof of Theorem 3

Let A € IFZ’X’” be given together with T € F,. We seek to compute fer; A and will
deploy the self-reducibility enabled by Theorem 5 towards this end. By assumption
we have that ¢ — 1 has a divisor u with 1.1logg < u < 10logg. Since m =
w(log? g loglog q), for all large enough m we can let k be a multiple of u with

0.98,/m/loglogg <k < 0.99,/m/loglogq .

With the objective of applying Theorem 2, take n = k>, d = k, and s = k/u.
Observe that the fermionant (2) of a k x k matrix A at T € I, is a degree-separable
polynomial P of degree d over the n variables in A. Furthermore, s divides d and d /s
divides g — 1, so the assumptions of Theorem 2 hold. By Theorem 5 we can evaluate
this P at any given point (that is, for any given k x k matrix) in time 2¥k?() and
operations in IF;,. The tabulation of P for Theorem 2 thus can be done in time

n+s
2kk0(1) (g + 1) M(q) < zkkO(]) (I/t + 1)0.99m/10g10gq+\/r7 M(q)
S

< 2kk0(1) (20 log q)0.999m/10g10gq M(q)
Once the tabulation of P is complete, we can use the algorithms in Theorem 2 to query

the 2" km (M fermionants of size k x k required by (25) in time O (n(g — 1)*sM(q))
per query. Thus, the total time is at most

szkqsmO(l)M(q)
< g—0.98 /T TogTogq 5l0g )0.99 T Tog o8 /(1.1 1080, O N )
_ =008V TogTogd,y, 0D\ ()

This completes the proof of Theorem 3. O

4.3 Proof of Corollary 1

Here we show how to extend the algorithm to integers, via the Chinese Remainder
Theorem. Let A be an integer matrix of size m x m with entries in [—M, M] for
M = O(1). Let t be an integer with || = O(m). By Bertrand’s postulate (e.g. [23,
§1.1]) for all large enough m we can select a prime u with Slogm < u < 10logm. Let
us study the number of primes p in the interval Mm? < p < Mm* such that u divides
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p — 1. Let us write ¢ for Euler’s totient function and recall the uniform variant of
the Prime Number Theorem for arithmetic progressions [23, Corollary 8.31]. Namely,
there is a constant y > 0 such that, for any function /(x) tending to infinity with x,
and uniformly forx > 3and 1 <u < (In x)z/ (h(x)z(ln lnx)6), we have

X 1
X = e () @

p=x
p=1 (mod u)

Here the left-hand side sum in (27) is over all primes p at most x congruent to 1
modulo u.

Since u is prime, we have ¢(u) = u — 1 = ®(logm). Thus from (27) we con-
clude that for all large enough m there exist at least 2m distinct primes p such that
both Mm?> < p < Mm* and u divides p — 1. With the objective of satisfying the
assumptions of Theorem 3, we conclude that « is in the interval (1.1 log p, 10log p)
for these 2m primes p. Indeed, since M is a constant, for all large enough m we have
1.991logm < logp < 4.01logm, which implies (5/4.01)logp < S5logm < u <
10logm < (10/1.99) log p.

From (2) we observe that |fer; A| < m!- O(m)"M™ < im*"M*". Apply-
ing the Chinese Remainder Theorem together with Theorem 3 on A and t over I,
for each of the 2m primes p in turn, we recover fer; A over the integers, in time

om—Q(/m/loglogm) ]
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