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Abstract

We consider dynamical percolation on the d-dimensional discrete torus Zg of side
length n, where each edge refreshes its status at rate © = w, < 1/2 to be open
with probability p. We study random walk on the torus, where the walker moves
at rate 1/(2d) along each open edge. In earlier work of two of the authors with A.
Stauffer, it was shown that in the subcritical case p < p.(Z%), the (annealed) mixing
time of the walk is ©(n?/u), and it was conjectured that in the supercritical case
p > pe(Z4), the mixing time is © (n> 4+ 1/u); here the implied constants depend only
on d and p. We prove a quenched (and hence annealed) version of this conjecture up
to a poly-logarithmic factor under the assumption 6(p) > 1/2. When 6(p) > 0, we
prove a version of this conjecture for an alternative notion of mixing time involving
randomised stopping times. The latter implies sharp (up to poly-logarithmic factors)
upper bounds on exit times of large balls throughout the supercritical regime. Our
proofs are based on percolation results (e.g., the Grimmett—Marstrand Theorem) and
an analysis of the volume-biased evolving set process; the key point is that typically,
the evolving set has a substantial intersection with the giant percolation cluster at many
times. This allows us to use precise isoperimetric properties of the cluster (due to G.
Pete) to infer rapid growth of the evolving set, which in turn yields the upper bound
on the mixing time.
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1 Introduction

This paper studies random walk on dynamical percolation on the torus Zif. The edges
refresh at rate u < 1/2 and switch to open with probability p and closed with prob-
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ability 1 — p where p > p.(Z%) with p.(Z?) being the critical probability for bond
percolation on Z¢. The random walk moves at rate 1. When its exponential clock rings,
the walk chooses one of the 2d adjacent edges with equal probability. If the bond is
open, then it makes the jump, otherwise it stays in place.

We represent the state of the system by (X;, n;), where X, € Zz is the location of

the walk at time ¢ and n; € {0, l}E @) is the configuration of edges at time 7, where
E(Zﬁ) stands for the edges of the torus. We emphasise at this point that (X;, n;) is
Markovian, while the location of the walker (X;) is not.

One easily checks that 7 x 7, is the unique stationary distribution and that the
process is reversible; here 7 is uniform distribution and 7, is product measure with
density p on the edges. Moreover, if the environment {7, } is fixed, then 7 is a stationary
distribution for the resulting time inhomogeneous Markov process.

This model was introduced by Peres et al. [9]. We emphasise that d and p are
considered fixed, while n and i = p,, are the two parameters which are varying. The
focus of [9] was to study the total variation mixing time of (X, ), i.e.

fmix (€) = min {t > 02 max [Py (X, m0) = () =7 % 7 |y < 8} :

They focused on the subcritical regime, i.e. when p < p. and they proved the follow-
ing:

Theorem 1.1 [9] Foralld > 1 and p < p. the mixing time of (X, n) satisfies

n2
tmix(1/4) < —.
n

They also established the same mixing time when one looks at the walk and averages
over the environment.

In the present paper we focus on the supercritical regime. We study both the full
system and the quenched mixing times. We start by defining the different notions of
mixing that we will be using. First of all we write Py ;, (-) for the probability measure of
the walk, when the environment process is conditioned to be n = (1;);>0 and the walk
starts from x. We write P for the distribution of the environment which is dynamical
percolation on the torus, a measure on cadlag paths [0, co) — {0, 1}E (ZZ). We write
Py, to denote the measure P when the starting environment is 79. Abusing notation
we write Py, (-) to mean the law of the full system when the walk starts from x and
the initial configuration of the environment is 7¢. To distinguish it from the quenched
law, we always write 19 in the subscript as opposed to 7.

Fore € (0,1),x € Zﬁ and a fixed environment n = (1;);>0 we write

tmix (€, X, 1) = min {t >0: HIP’X,,?(X, =) — 71||TV < 8} .
We also write

tmix(&, ) = m)?x Imix (€, X, 1)
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for the quenched e-mixing time. We remark that #ix (¢, ) could be infinite. Using the
obvious definitions, the standard inequality fmix(€) < logz(%)tmix(;ll) does not hold
for time-inhomogeneous Markov chains and therefore also not for quenched mixing
times. Therefore, in such situations, to describe the rate of convergence to stationarity,
it is more natural to give bounds on fyix (g, ) for all e rather than just considering
& = 1/4 as is usually done.

We first mention the result from the companion paper [8] which is an upper bound
on the quenched mixing time and the hitting time of large sets for all values of p. We
write T4 for the first time X hits the set A.

Theorem 1.2 [8] Foralld > 1 and § > O, there exists C = C(d, §) < 0o so that for
all p € [6,1 = 6], forall © < 1/2, for all n and for all ¢, random walk in dynamical
percolation on Zg with parameters p and | satisfies for all x

2
Cn logi(l/e)> < ()

max Pro (n = (N)r=>0 : mix(e, x, 1) >

Moreover; there exists a constant ¢ = c(d,8) < 1, so that for all A € 74 with
|A| > n?/2 and all k we have

Cn’logn
max Py, <r/ = (M)r>0 : maxEy ,[tal > k- —g> <k and
10 x m

I’l2
max Ey o [ta] < —. (1.2)
X,710 "

Our first result concerns the quenched mixing time in the case when 6 (p) > 1/2.

Theorem 1.3 Let p € (p.(Z%), 1) with 0(p) > 1/2 and v < 1/2. Then there exists
a > 0 (depending only on d and p) so that for all n sufficiently large we have

_ 1 1
sup Py, <77 = (M)r>0 : Imix (” Sd, T}) > (logn)* (n2 + —)) ==
0 n n

Remark 1.4 We note that when 1/u < (log n)? for some b > 0, then Theorem 1.3
follows from Theorem 1.2. (Take ¢ = n~3? in (1.1) and do a union bound over x.) So
we are going to prove Theorem 1.3 in the regime when 1/u > (logn)?+2.

Our second result concerns the mixing time at a stopping time in the quenched
regime for all values of p > p.(Z%). We first give the definition of this notion of
mixing time that we are using.

Definition 1.5 For ¢ € (0, 1) and a fixed environment n = (1;);>0 we define

tstop(€, 1) = maxinf {EX,U[T] : T randomised stopping time s.t.
X

|Bxy (X =) = 7T”TV <e}.
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Theorem 1.6 Let p € (pc(Z%), 1), ¢ > 0 and u < 1/2. Then there exists a > 0
(depending only on d and p) so that for all n sufficiently large we have

. ; 1
lf,})f Puo (n = ()1>0 : tsop(e, 1) < (logn) <n2 + ;)) =1-o0(1).

Finally we give a consequence for random walk on dynamical percolation on all
of Z¢. This is defined analogously to the process on the torus ZZ above, where the
edges refresh at rate w.

Corollary 1.7 Let p € (p(Z), 1) and u < 1/2. Let X be the random walk on
dynamical percolation on Z% and for r > 0 let

T, =inf{t > 0: | X,|| > r}.

Then there exists a > 0 (depending only on d and p) so that for all r

1
sup Eq p[7-] < (r2 + —> (log r)“.
10 128

Notation For positive functions f, g we write f ~ gif f(n)/g(n) — lasn — oo.
We alsowrite f(n) < g(n)ifthereexistsaconstantc € (0, co) suchthat f(n) < cg(n)
for all n, and f(n) 2 g(n) if g(n) < f(n). Finally, we use the notation f(n) < g(n)
if both f(n) < g(n) and f(n) 2 g(n).

Related work Various references to random walk on dynamical percolation has
been provided in [9]. In a different direction than we are pursuing, in a recent paper,
Andres et al. [1] have obtained a quenched invariance principle for random walks with
time-dependent ergodic degenerate weights that are assumed to take strictly positive
values. More recently, Biskup and Rodriguez in [2] were able to handle the case where
the weights can be zero, and hence the dynamical percolation case.

1.1 Overview of the proof

In this subsection we explain the high level idea of the proof and also give the structure
of the paper. First we note that when we fix the environment to be 1, we obtain a time
inhomogeneous Markov chain. To study its mixing time, we use the theory of evolving
sets developed by Morris and Peres adapted to the inhomogeneous setting, which was
done in [8]. We recall this in Sect. 2. In particular we state a theorem by Diaconis and
Fill that gives a coupling of the chain with the Doob transform of the evolving set.
(Diaconis and Fill proved it in the time homogeneous setting, but the adaptation to
the time inhomogeneous setting is straightforward.) The importance of the coupling
is that conditional on the Doob transform of the evolving set up to time ¢, the random
walk at time ¢ is uniform on the Doob transform at the same time. This property of
the coupling is going to be crucial for us in the proofs of Theorems 1.3 and 1.6.

The size of the Doob transform of the evolving set in the inhomogeneous setting
is again a submartingale, as in the homogeneous case. The crucial quantity we want
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Mixing time for random walk on supercritical dynamical. .. 813

to control is the amount by which its size increases. This increase will be large only
at good times, i.e. when the intersection of the Doob transform of the evolving set
with the giant cluster is a substantial proportion of the evolving set. Hence we want to
ensure that there are enough good times. We would like to emphasise that in this case
we are using the random walk to infer properties of the evolving set. More specifically,
in Sect. 4 we give an upper bound on the time it takes the random walk to hit the giant
component. Using this and the coupling of the walk with the evolving set, in Sect. 5
we establish that there are enough good times. We then employ a result of Gabor Pete
which states that the isoperimetric profile of a set in a supercritical percolation cluster
coincides with its lattice profile. We apply this result to the sequence of good times,
and hence obtain a good drift for the size of the evolving set at these times.

We conclude Sect. 5 by constructing a stopping time upper bounded by (n> +
1/un)(logn)® with high probability so that at this time the Doob transform of the
evolving set has size at least (1 — §)(0(p) — 8)n?. In the case when 0(p) > 1/2 we
cantake § > 0 sufficiently small so that (1 —68)(08(p)—38) > 1/2. Using the uniformity
of the walk on the Doob transform of the evolving set again, we deduce that at this
stopping time the walk is close to the uniform distribution in total variation with high
probability. This yields Theorem 1.3.

To finish the proof of Theorem 1.6 the idea is to repeat the above procedure to obtain
k = k(e) sets whose union covers at least 1 — § of the whole space for a sufficiently
small §. Then we define t by choosing one of these times uniformly at random. At
time t the random walk will be uniform on a set with measure at least 1 — §, and hence
this means that the total variation from the uniform distribution at this time is going
to be small. Since this time is with high probability smaller than k& times the mixing
time, this finishes the proof.

2 Evolving sets forinhomogeneous Markov chains

In this section we give the definition of the evolving set process for a discrete time
inhomogeneous Markov chain.

Given a general transition matrix p(-, -) with state space €2 and stationary distribu-
tion 7w we let for A, B C Q

Qp(A,B):= Y  w@)plx,y). @1

xeA,yeB

When B = {y} we simply write Q (A, y) instead of O, (A, {y}).

We first recall the definition of evolving sets in the context of a finite state discrete
time Markov chain with state space €2, transition matrix p(x, y) and stationary distri-
bution 7. The evolving-set process {S, },>0 is a Markov chain on subsets of {2 whose
transitions are described as follows. Let U be a uniform random variable on [0, 1]. If
S C Q is the present state, we let the next state S be defined by

§:={yeQ:M2U}.
T(y)

@ Springer



814 Y. Peres et al.

We remark that Q ,(S, y)/m(y) is the probability that the reversed chain starting at y
is in S after one step. Note that Q2 and @ are absorbing states and it is immediate to
check that

Qp(Sks y)

P(y € Skt1 | Si) = 70

(2.2)

Moreover, one can describe the evolving set process as that process on subsets which
satisfies the “one-dimensional marginal” condition (2.2) and where these different
events, as we vary y, are maximally coupled.

For a transition matrix p with stationary distribution 7 we define for S with 7 (S) >
0

0,(S, 5 R O]
—n(S) and ¥,(S):=1-FE

Pp(8) = 25

where § is the first step of the evolving set process started from S when the transition
probability for the Markov chain is p and as always the stationary distribution is 7.

Forr € [miny 7 (x), 1/2] we define ¢, (r) := inf{y,(S) : 7 (S) < r}and ¥, (r) =
Yp(1/2) for r > 1/2. We define ¢, (r) analogously. We now recall a lemma from
Morris and Peres [7] that will be useful later.

Lemma 2.1 [7, Lemma 10] Let O < y < 1/2 and let p be a transition matrix on the
finite state space 2 with p(x,x) > y for all x. Let w be a stationary distribution.
Then for all sets S C Q2 with w(S) > 0 we have

2

v 2
T e

=9, =1-

We next define completely analogously to the time homogeneous case the evolving
set process in the context of a time inhomogeneous Markov chain with a stationary
distribution 7. Consider a time inhomogeneous Markov chain with state space S whose
transition matrix for moving from time k to time k + 1 is given by pg41(x, y) where
we assume that the probability measure 7 is a stationary distribution for each pi. In
this case, we say that  is a stationary distribution for the inhomogeneous Markov
chain. Let Oy = O, be as defined in (2.1). We then obtain a time inhomogeneous

Markov chain Sy, Si, ... on subsets of S generated by
Sk
7 (y)

where U is as before a uniform random variable on [0, 1]. We call this the evolving
set process with respect to p1, p2, ... and stationary distribution 7.

We now define the Doob transform of the evolving set process associated to a time
inhomogeneous Markov chain. If K, is the transition probability for the evolving set
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Mixing time for random walk on supercritical dynamical. .. 815

process when the transition matrix for the Markov chain is p, then we define the Doob
transform with respect to being absorbed at 2 via

(S

I,(\P(S’ S/) = 7T(S)

K,(S, ).

The following coupling of the time inhomogeneous Markov chain with the Doob
transform of the evolving set will be crucial in the rest of the paper. The proof is
identical to the proof of the homogeneous setting by Diaconis and Fill [3]. For the
proof see for instance [5, Theorem 17.23].

Theorem 2.2 Let X be a time inhomogeneous Markov chain. Then there exists a
Markovian coupling of X and the Doob transform (S;) of the associated evolving
sets so that for all starting points x and all times t we have Xy = x, So = {x} and for
all w

Pe(X;=w|Sp,...,8) =1(w GS”'ZE;);'
t

We write ¢, = ¢p, and ¥, = V¥, , where p; is the transition matrix at time 7.
As in [7] we let

gt | S ifmS) =3
1 S¢  otherwise

and

J7(SH

Zy = .
77 (Sn)

The following lemma follows in the same way as in the homogeneous setting of
[7], but we include the proof for the reader’s convenience.

Lemma 2.3 Ler S be the Doob transform with respect to absorption at 2 of the
evolving set process associated to a time inhomogeneous Markov chain X with
P(Xy+1 =x| Xp =x) > y for all n and x, where 0 < y < 1/2. Then for all n
and all Sy # @ we have

—~ yz 1 ’
E[Zut1 | Fu] < Za (1 T —y)2 (“’”*‘ (?» ) ’

where F, stands for the filtration generated by (S;)i<n.

Proof Using the transition probability of the Doob transform of the evolving set, we
almost surely have

EI:Zn+l fnj| — E|:7T(Sn+l) ) Zni
n 7w (S,) Zy

7(S* )
| =F A ntll .
7 } wsh |7
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816 Y. Peres et al.

If 7(S,) < 1/2, then

”(S;?H) <F (8,41
n(sH |7 7(S,)

‘ -7:11:| = 1= Yup1(@(Sn).

Suppose next that 7 (S,) > 1/2. Then

”(SLI) F <]E|: (S, 1)

T[(Sﬁ) n JT(SE) ‘ fn:| =< 1 - Wn+l(ﬂ(5,cl))

Lemma 2.1 and the fact that ¢, 4 is decreasing now give that
ﬁ |: Zn+1 y2
Z

fn] <1- m . (<Pn+l(7T(Sn)))2-

n

Now note that if 77(S,) < 1/2, then Z, = (7 (Sy))~ /2. If 7(S,) > 1/2, then Z,, =
V(S$) /[ (Sp) < V2. Since On+1(r) = @u41(1/2) for all » > 1/2, we get that we
always have

1
On+1((Sp)) = Yn+1 (?)

and this concludes the proof. O

3 Preliminaries on supercritical percolation

In this section we collect some standard results for supercritical percolation on Zg that
will be used throughout the paper. We write B(x, r) for the box in Z¢ centred at x of
side length r. We also use B(x, ) to denote the obvious subset of Zﬁf whenever r < n.
We denote by d3(x, r) the inner vertex boundary of the ball.

The following lemma might follow from known results but as we could not find a
reference, we include its proof.

Lemma3.1 Let A C Zi,i be a deterministic set with |A| = an?, where a € (0, 1]. Let
G be the giant cluster of supercritical percolation in ZZ with parameter p > p.. Then
forall ¢ € (0,6(p)) there exists a positive constant ¢ depending on €, d, p, a so that
foralln

IP<|A ngl ¢ <(x(9(p) — o, a0(p) + s)nd>> < %exp (—cndiﬂ> .

Proof Let B € (0,1) to be determined later. We start the proof by showing that
with high probability a certain fraction of the points in A percolate to distance nf /2.
More precisely, we let A(x) = {x <> dB(x, n?)}. We will first show that for all sets
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Mixing time for random walk on supercritical dynamical. .. 817

D C Zi{ with |D| = ynd, where y € (0, 1], and for all ¢ € (0, 8(p)) there exists
¢ > 0 depending on ¢, d, p, y so that for all n

| =

IP(Z L(A()) ¢ (y(e(p)—s)n",y(e(pws)n")) < —exp(—en?T). G

xeD

Let £ be a lattice of points contained in Z¢ that are at distance n” apart. Then £
contains n9U1—#) points, and hence there exist n9f such lattices. By a union bound
over all such lattices £ we now have

P(Z LA ¢ (7O(p) - on, yO(p) + e)nd)>

xeD

< nhd ~m£aX]P’( Z (L(Ax)) — |LND|6(p) ¢ (—ysnd(l_ﬂ), yand(l_ﬂ))) .
xeLlND
(3.2)

Using the standard coupling between bond percolation on the torus and the whole
lattice and [4, Theorems 8.18 and 8.21] we get

P(A(x)) = P(x € Coo) + P(x ¢ Coo, x <> B(x,n?)) > 6(p) and
P(A(x)) < 8(p) + e~ (3.3)

for some constant ¢ depending only on d and p. We now fix a lattice £. So for all n
large enough we can upper bound the probability appearing in (3.2) by

IP( Y (LA) —P(AX)) ¢ (—ysn‘f“ﬁ),%yen“‘ﬁ’)).

xelND

We now note that for points x € £ N D the events A(x) are independent. Using a
concentration inequality for sums of i.i.d. random variables and the fact that |[LN D| <
n?1=P) we obtain

IP( Y (AAW) —P(AK))) ¢ (—ysnd“‘f’),%yend“‘f”))

xeLND
S exp (—cnd(lfﬂ)) ,

where ¢ is a positive constant depending on y and e. Plugging this back into (3.2)
gives

P(Z LA ¢ (v©p) —om’, 7@ (p) +e>nd)> Sexp (—en?t=P) (34

xeD

for a possibly different constant c.
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We next turn to prove that

d

]P’(|Aﬂg| < a@(p) —s)nd) < exp (—cnd+1). 3.5)

From (3.3) and using a union bound we now get
1
PEx € B(O,n(1 —98)) : A(x) N{x </ B0, n)}) < —emn (3.6)
c

Using [4, Theorem 8.21] we deduce that for all § € (0, 1), there exists a constant ¢
(depending on §, d and p) so that for large n and for all x, y € B(0, n(1 — 3))

P(x <> 0B(0,n),y < dB(0,n), x </> y) <e .
Using this and a union bound we now get

PEx,y € BO,n(1—=198)): x < 3dB0,n),y < dB0,n), x </~ y) <e .
(3.7)

Take ¥ > O and § € (0, 1) such that (1 +6(p) —)(1 —8)¢ > 1.1t follows that if there
are at least (9 (p) —8) (1 —8)4n? points connected to each other in B(0, n(1 —§)), then
the giant cannot be contained in B(0, n)\B(0, n(1 — §)). This observation and (3.4)
(with D = B(0,n(1—3§))andsoy = (1— 8)d ande = 7) together with (3.6) and (3.7)
give

_end(=p)

PEx e BO,(1=8n): Ax)N{x ¢gh) Se " + e’ +e

Taking B = d/(d + 1) so that 8 = d(1 — B) we obtain

d/(d+1)

PAx € BO,(1—-8)n): Ax)N{x ¢G}) Se " (3.8)

Letnow A = ANB(0, n(1—4)). Lete’ be such that (« —eNO(p)—e') = a(0(p)—e).
By decreasing 8 if necessary we get that |A| > (o —&’)n?. So applying (3.1) we obtain

P[> 1(AW) < (@—&)O(p) —ehm? | <

xeA

This together with (3.8) finally gives

! o d l _ %
P Zl(xeg)f(a g)@(p)—¢e)n Scexp( cndl).

xeA
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By the choice of ¢’ this proves (3.5). To finish the proof of the lemma it only remains
to show that

IP(Z 1x e G >a@(p) + 8)nd> <exp (—cndiﬂ> .
x€A
Using (3.1) we can upper bound this probability by

P(3x € A: (A)°N{x € G)) +IP’<Z L(A®) > aB(p) + E)nd)

xXeA

1 d d
. ﬂ - _ 2 < _ -a
< ]P’(dlam(g) <n ) + c exp( cnd+1) <exp ( cn d+1) .

where the last inequality follows from (3.5) by taking A = Zg. O

Corollary 3.2 Let Gy, Ga, ... be the giant components of i.i.d. percolation configura-
tions with p > p. in Zi{. Fix§ € (0,1/4) and let k = [2(1 — 8)/(60(p))] + 1. Then
there exists a positive constant ¢ so that

P(|g1 U UG < (1— S)nd> < %exp (—cnd%) .

Proof We start by noting that

k
IG1U-- UGk =D IG\GI U UG,

i=1

where we set Gy = @. Therefore, by the choice of k we obtain
P(IG1 U+ UGl < (1 - o)

50
SP’(E” <k:|GIU---UG_i| < (1 —8n |G\(G 1 U---UGi_1)]| < %nd)

For any i, since the percolation clusters are independent, by conditioning on
31, ..., Gi—1 and using Lemma 3.1 we get

1
1P<|91 U---UGioil < 1= 8)nd, |G\(G1U--- UG < 559<p)n")
1 _d_
< Zexp (—cnd+ ) .

Thus by the union bound we obtain

;4
exp\—cndtl ),

(@]

>

Lo}

|

(9}

S

Q
s
N—"

IA
| -

P(IGi U+ UG < (1 —n) =

@ Springer



820 Y. Peres et al.

where ¢’ is a positive constant and this concludes the proof. O

We perform percolation in Zz with parameter p > p..LetCy, Cs, ... be the clusters
in decreasing order of their size. We write C(x) for the cluster containing the vertex
X € fo. Forany A C Z‘,f, we denote by diam(A) the diameter of A.

Proposition 3.3 There exists a constant c so that for all r and for all n we have
P@@i > 2: diam(C) > r) < n%e™ + exp (—cndiﬂ) .

Proof We write 5, = B3(0, r), where as before 5(0, r) denotes the box of side length
r centred at 0. Then we have

P(diam(C(0)) > r, C(0) # C) < P(0 < 3B,,C(0) # Cy)
< P(0 <> 3B,,C(0) # C1) +P(0 < 3B,,0 </> 3B,).

Using the standard coupling between bond percolation on Zg and bond percolation
on Z4 and [4, Theorems 8.18 and 8.21] we obtain

PO «— 0B,,0 </ 0B,) <e .

Lemma 3.1 now gives us that
d_
P((C1 N Byja = YU {C1 N (Bi\Buja) = 1) S exp (—en?T).
So this now implies

PO «— 9B,.C0) #C) S Y P(0 «— 3B3/a, x <> 0B3y/a, 0 </> x)

xeBya
d
+ exp (—cn d+1 ) .
But using [4, Lemma 7.89] we obtain
IP’(O <« B34, X <> 0B3,/4,0 /> x) < e ",

Taking a union bound over all the points of the torus concludes the proof. O

Corollary 3.4 Consider now dynamical percolation on Z‘,f with p > p., where the
edges refresh at rate |, started from stationarity. Let C1(t) denote the giant cluster at
time t. Then for all k € N, there exists a positive constant c so that for all ¢ < 0(p)
we have as n — 00

P(ICi ()] € ((0(p) — e)n?, (9(p) + &)n?) and diam(C; (1)) < clogn,
Vi <n*/pu, Vi >2) > 1.
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Remark 3.5 Let dA denote the edge boundary of a set A € Z<. This is how dA
will be used from now on. Using then the obvious bound that |[0A| < (2d)|A| <
2d(diam(A))? on the event of Corollary 3.4 we get that for all i > 2

10C;| < 2d|C;| < 2d(clogn).

4 Hitting the giant component

In this section we give an upper bound on the time it takes the random walk to hit the
giant component. From now on we fix d > 2 and p > p, (Zd), and as before X is the
random walk on the dynamical percolation process where the edges refresh at rate w.

Notation For every t > 0 we denote by G, the giant component of the dynamical
percolation process (n;) breaking ties randomly. (As we saw in Corollary 3.4 with
high probability there are no ties in the time interval that we consider.)

Proposition 4.1 (Annealed estimates) There exists a stopping time o and o > 0 such
that:

. . 11d logn (log n)34+8
) miny p, Px,n()(Tg <o = gT

(i) miny ;) Py 5o (Xo € Go) > .

=1—-o0()asn — ocoand

Proof We let 7 be the first time after 11d logn/u that X hits the giant component, i.e.
T = inf{t > lld— X € gt}
n

We now define a sequence of stopping times by setting r = 2(c log n)¢*? for a constant
¢ to be determined, 7y = 0 and inductively for alli > 0

logn

Tiyy = inf {t >T,+11d D Xi & B(X1411d10gn/us r)} .

Finally we seto = 7 A T1og nyd+2- We will now prove that o satisfies (i) and (ii) of the
statement of the proposition.

Proof of (i). By the strong Markov property we obtain for all n large enough and
all x, nq

(logn)3d+8
Py 11 (T(logn)d+2 =<
r
w’

> Py, ( i —Ti—1 <logn ,V1<i (logn)‘”z)

(10gn)d+2
> (min IP’(Tl Ty < logn X1, = X0, N1y = r;())) . “.1)

X0,10

tl‘
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By (1.2) of Theorem 1.2 applied to the torus Z‘Sir we get that if 7 = ¢’ - 72/, where ¢’
is a positive constant, then starting from any xo € B(x, r) and any bond configuration,
the walk exits the ball B(x, r) by time ¢ with constant probability ¢;. Hence the same
is true for the process X on Zg for all starting states xo and configurations 7.

Using this uniform bound over all ng and all xo € B(x, r), we can perform logn/c’
independent experiments to deduce

)
]P’<T1 — Ty < logn - —
w

XTO = Xq, nTO = ]70> > 1— (1 _ Cl)logn/c ,

and hence substituting this into (4.1) we finally get

logn 3d+8
Pxo,no<T<1ogn)d+2 = %> =1-o0(l)asn - oo

and this completes the proof of (i).

Proof of (i1). We fix x, n9 and we consider two cases:
(D) Prng(t < 1) > Gomae ;)M or
(2) Pypo(r <T) < W-

It suffices to prove that under condition (2), there is a constant 8 > 0 so that
Py o (X T, € ng) > B. Indeed, this will then imply that

I;}}]?Py’m(r 5 T]) Z W (42)

Therefore, in both cases [(1) and (2)] we get that (4.2) is satisfied, and hence by the
strong Markov property

(10gn)d+2
Py, o (r > T(log,,)mz) < <I}1%XP},,,71(I > Tl))
11

)d+2

(logn
= <1 —minP, , (t < T1)> <
Y

El

Q| =

which immediately implies that min, ,, Py ,, (Xo € G5) > 1 — e~ ! as claimed. So
we now turn to prove that under (2) there exists a positive constant 8 so that

Pro (X1 €Gry) = B 4.3)

Taking c in the definition of r satisfying ¢ > 504> we have

T > clogn P (7 = clogn '
4du ’ 4du

]P)XJ?O (XTl € gT]) = Px,no (XTI S gT]
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Since the critical probability for a half-space equals p.(Z?) (as explained right before

Theorem 7.35 in [4]) and by time ‘ifl—gf all edges in the torus have refreshed after

time Tp (with high probability for ¢ > 50d?), we infer that, given T} > ‘i;—glj', with

probability bounded away from 0, the component of X7, at time 77 has diameter at
least /3. It then follows from Corollary 3.4 that the first term on the right-hand side
of the last display is bounded below by a positive constant.

So it now suffices to prove

clogn
IPx,r)()<T >T, T = Ad )2/3/>0-

We denote by C; the cluster of the walk at time ¢, i.e. it is the connected component of
the percolation configuration such that X; € C;. Next we define inductively a sequence
of stopping times S; as follows: Sop = 11d logn/u and for i > 0 we let S;4; be the
first time after time S; that an edge opens on the boundary of Cs,. For all i > 0 we
define

A; = {diam(Cs;) < clogn} and A= ﬂ A;.

0<i<(clogn)dtl—1

On the event A we have T > S 1og 4yd+1, since r = 2(c log n)9*2 and by the triangle
inequality we have for all i < (clogn)?*! —1

d (Xlldlogn,XSl—> <i(clogn). 4.4)
w
We now have

Pyt = 71, A) = > Py no(t = T1,Nj<iAj, AS). 4.5)

0<i<(clogn)dtl—1

Note that on the event N;;A; N {r > T1}, we have that Cs, cannot be the giant
component, since by time S; using (4.4) the random walk has only moved distance at
most iclogn from X11410gn/u» and hence cannot have reached the boundary of the
box B(X11d10gn/u, ). Therefore, choosing c sufficiently large by Proposition 3.3 and
large deviations for a Poisson random variable we get

. 1
IP)x,no('( = Tl’mj<iAj, A,L) =< ;a

and hence plugging this upper bound into (4.5) gives

(clogn)dt!
. .

Py (T > Ti, A€) < (4.6)
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So under the assumption that P, ,,(t < T7) < 1/(log n)?*2 and (4.6) we have for all
n sufficiently large

. , . 2
Px’nO(AL) = Px’nO(AC, T > T]) +an770 (AC, T < Tl) < W (47)

Setting ¥; = S; — S;—1 we now get

clogn clogn
Prno (Tl z 1y ) > Px o <A7 S(clognyd+! = 4dp )

(clogm ™! clogn
1=

One can define an exponential random variable E(. e+ With parameter
2d (clog n)? i1 such that

(D) Yicrogmy+t Z Eclognyd+t ON A jogpmya+1—1 and
(2) E(¢10g nye+1 isindependentof {Ao, ..., A1ognyd+1—15 Y1 -+ - Yic1og nya+1 -1} There-
fore we deduce
(clogn)d+!

clogn
Px,no( Z Y 2 4 N A>
i=1

du

(clogn)d*+1—1

clogn
= Px o (E(clogn)‘“rl + Z Y, > 4du , ﬂ Ai>

i=l 0<i<(clogn)d+1—1

C
B Px»"<A(clogn)d+l—1)

(clogny¥1-1 clogn
= Peng | Eclognyd+t + Z Y > ddp ﬂ A;
i=1 0<i<(clogn)dtl—1
2
o (log n)d+2°

where for the last inequality we used (4.7). Continuing in the same way, for each i, one
can define an exponential random variable E; with parameter 2d (c log n)4 W such that
(1)Y; > E;on A;j_1 and (2) E; isindependent of {Aq, ..., Ai—1, Y1,..., Yi—1, Eit+1,
-y E(¢1ogmya+1}. We therefore obtain

(clogn)d+! (clogn)d+!

clogn clogn c
Pag| 2 YizoggmAlzRl X Ezop

i=1
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where the E;’s are i.i.d. exponential random variables of parameter 2d (c log n)“ it. By
Chebyshev’s inequality, we finally conclude that

(clogn)dt! cloon
P Z E; > g =1—-0() asn— o0
i=1 adu
and this finishes the proof. O

We now state and prove a lemma that will be used later on in the paper.

Lemma4.2 Let o and o be as in the statement of Proposition 4.1. Then as n — 00

. 1
5{1’1%1]}”%,,0 (X, €, Vt e |:0, o+ m}) > a(l —o(1)).

Proof We fix x, no. From Proposition 4.1 we have

1
Px,no(zlt S |:C7,(7 +m:| X ¢ Q,)

1
:nyno(xg ¢ gg)—i—waO()Q S ga,flt (S (G,U + m} . X[ ¢ Q’l>

1
< l—oz+]P’x,,,0(Xgego,3te <O‘,O’+mj| : X[¢Q,>.

Let 7 be the first time that all edges refresh at least once. Thus after time t the
percolation configuration is sampled according to m,. We then have
Py po(t < (d+1)logn/u) =1 — o(1), and hence from Proposition 4.1 we get

Py (o =1)=1-0(1).

This together with Corollary 3.4 now gives as n — oo

Peno(V1 € [a,o + } 1G] € O(p)n?/2,360(p)n?/2),

(log n)d+1p
diam(C; (1)) < clogn,Vi = 2) — 1,

(4.8)

where ¢ comes from Corollary 3.4. We now define an event A as follows

A:{Elte|:a,a+ j| and an edge e : d(X;,e) <clogn

(logn)@+1p

and e refreshes at time t}.
We also define B to be the event that there exists atime t € [0, 0 + 1/((log )4t

and an edge e such that d(X;, e) > clogn, the edge e updates at time ¢ and this update
disconnects X; from G;. Then we have

@ Springer



826 Y. Peres et al.

1
PXWO Xg (S] QU,EII (S (G,U + m} . Xt ¢ gt>

<PypXo €Gs, A) + Py g (Xo € Gs, B).
We start by bounding the second probability above. From (4.8) we obtain as n — 0o

Py ny(Xo € Go, B)

< ]P’(Elt € |:o,a + i| ,3i > 2 diam(C;(¢)) > clogn) =o(1).

(logn)d+1p

It now remains to show that P, ,,(A) = o(1) as n — oo. We now let 7o = o and for
all i > 1 we define 1; to be the time increment between the (i — 1)-st time and the
i-th time after time o that either X attempts a jump or an edge within distance c logn
from X refreshes. Then t; ~ Exp(1+ ¢ (log n)? ) for a positive constant ¢ and they
are independent. These times define a Poisson process of rate 1 + 1 (log n)? . Using
basic properties of exponential variables, the probability that at a point of this Poisson
process an edge is refreshed is

ci(logn)?p
1+ ci(logn)dp’

Therefore, by the thinning property of Poisson processes, the times at which edges

within ¢ log n from X refresh constitute a Poisson process A of rate ¢; (logn)? 1. So
we now obtain as n — 00

. 1 L _cq _
Px,no(A) = P(N |:0, —(logn)d"‘l,u] = 1) =1 CXp( 10gn> =o(l)

and this concludes the proof. O

5 Good and excellent times

As we already noted in Remark 1.4 we are going to consider the case where 1/ >
(logn)?+2.

We will discretise time by observing the walk X at integer times. When we fix the
environment at all times to be 7, then we obtain a discrete time Markov chain with
time inhomogeneous transition probabilities

Pl y) =P, (X, 1=y | X, =x) Vx,yeZl teN.
Let (S;)sen be the Doob transform of the evolving sets associated to this time inho-
mogeneous Markov chain as defined in Sect. 2. Since from now on we will mainly

work with the Doob transform of the evolving sets, unless there is confusion, we will
write [P instead of IP.
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If G is a subgraph of Zg and S € V(G), we write dg S for the edge boundary of S
in G, i.e. the set of edges of G with one endpoint of S and the other one in V (G)\S.
We note that for every ¢, n; is a subgraph of Zﬁf with vertex set Zz.

Definition 5.1 We call an integer time ¢ good if |S; NG| > (logInS%' We call a good
time ¢ excellent if

t+1 t+1 |8 St|
f |8nsSt|dSEZZ/ ms (. y) ds = =
t t

xeS; yeSy

where ns(x, y) = 0if (x, y) ¢ E(Zﬁ). For all @ € N we let G(a) and G.(a) be the
set of good and excellent times ¢ respectively with 0 < ¢ < (logn)“ (n2 + &)

As we already explained in the Introduction, we will obtain a strong drift for the size
of the evolving set at excellent times. So we need to ensure that there are enough
excellent times. We start by showing that there is a large number of good times. More
formally we have the following:

Lemma 5.2 Forally € Nando > 0, there exists ng so that for alln > ny, all starting
points and configurations x, ny we have

1 1
Py no (IG(8d+26+ y)| > (logn)” - <n2 + —>> >1—-—
N

n®’

Proof Fix y € Nand « > 0. To simplify notation we write G = G(8d + 26 + y). By
definition we have

(log n)8d+26+7. (n2+L)

m
[S: N Gyl 1

G| = 1 > .

| | Z < |St| —(logn)4d+12

t=0

For every i > 0 we define

1 1
Ji = [i - (logn)*d+r+12. <n2 + —) (G + 1) - (logn)¥+r+12. (n2 + —)) NN.
H i

We write #; for the left endpoint of the interval above. For integer ¢ we let F; be the
o-algebra generated by the evolving set and the environment at integer times up to
time 7.

First of all we explain that for all x, n9 and for all i > 0 we have almost surely

B | Y L(X; €G) | F, Z(logn)y+2~<n2+%>. (5.1)

tel;
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Indeed, in every interval of length 2(logn)3¢+8 /1 we have from Proposition 4.1
and Lemma 4.2 that with constant probability there exists an interval of length
1/((logn)?*' 1) such that for all ¢ in this interval X; € G,. Note that since
1/u > (logn)?*2, this interval has length larger than 1. This establishes (5.1).

Using the coupling of the Doob transform of the evolving set and the random walk
given in Theorem 2.2 we get that

S;NG
P(X, egt|st,gt)=%,
1

and hence
(lOg n)4d+l4 —1

Gl= Y T

i=0
(logn)4d+l4_1 1
= Z Zl <Px,r]0(Xt €G 18,6 = W) .

i=0 teld;

For any x, no we set

1
Ai(x,no) = {t €Ji i Py (X €Gi |1 8:,G) = W}

We now claim that for any x, no we have almost surely

1 1
Px,no<|Ai(xa no)| > (logn)” - (n2 + ;) ' f,,.> > ogmid+iz (5.2)

Indeed, if not, then there exists a set Q¢ € F;; with P(€¢) > 0 such that on Q¢

1
wano(Mi(x» no)| > (logn)” - <n2 + ;> ‘ ]-‘[l)

< (log n)4d+12 :

We now define

Y = Z]Px,ﬂo(xf €Gi 18,61

tel;
and writing A; = A; (x, o) to simplify notation, we would get on the event ¢ that

ExnolY | 7]

=Eyx 5 Z Py po(X: € G 1S.G) + Z Py po(X; € G 1S.G) | Fu,

teA; teAl.”
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(logn)4d+)/+12 5 1
“togara (7

SELUO[M” | ‘Ei]—"_ M

(logn)4d+)/+12 5 1 ) 1 ) 1
<= . — 1 V. — 1 v —
= ~logm 12 n +M + (logn) n +,U« + (logn) n +M

= 3(logn)” - (n2 + l) )
o

But this gives a contradiction for n > e*/g, since we have almost surely

BV | Fo]l =B | D Peno(Xs €Gi 151G | Fi

tel;

=Ex 5 Z]Px,no(xt € G | St’gt’j:t,-) Fi;

tel;

1
=Euo| ) LXi €G) | Fy z(logn)y+2'<n2+;>,

tel;

where the second equality follows from the Diaconis Fill coupling, the third one from
the tower property for conditional expectation and the inequality follows from (5.1).
Therefore, since (5.2) holds for all starting points and configurations x, 79, we

finally conclude that for all n > e*/§ , all x, no and for all i almost surely

1 1
2

Using the uniformity of this lower bound over all starting points and configurations
yields for all n sufficiently large and all x, 19

1 1
IP’X,,IO(|G| > (logn)? - (n2 + —)) > Pyono (Eii : T; > (logn)? - (n2 + —))
9 %

. s (2]
=1—=Py,,(Vi: T; < (ogn)”-|n +;

1 (logn)4d+l4 |
(- Tgem) 2w

O

v

This now finishes the proof.

Next we show that there are enough excellent times.
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Lemma5.3 Forall y € N and o > 0, there exists ng so that for all n > ngy and
all x, no

IP’X,,,0<|GE(8d +26+y) > (logn)y_1 -n2) >1-— ni“
Proof For almost every environment, there is an infinite number of good times that
we denote by #1, f2, . . .. For every good time ¢t we define /; to be the indicator that ¢ is
excellent.

Againto simplify notation we write G = G (8d+26+y)and G, = G.(8d+26+y).
Note thatif ¢ is good and at least half of the edges of 9,;, S; do not refresh during [z, £ +1],
then ¢ is an excellent time (note that if 9,, S; = @, then ¢ is automatically excellent).
LetEy, ..., E gy St be the first times at which the edges on the boundary 9,), S; refresh.
They are independent exponential random variables with parameter (.

Let F; be the o-algebra generated by the process (walk, environment and evolving
set) up to time s. Then for all 7, on the event {t € G} we have

[0, St
PemgUr = 1| Fp) = Py pg Z 1(E >1)>

i=1

|0, St
2

Since Py o (E; > 1) = e and p < 1/2, there exists ng so that for all n > ng we
have for all x, ng

[0y, St |
Peno| D L(Ei>1) =

i=1

oS\ 1
-2

Let A = {|G| = (logn)¥ ~n2}.ByLemma 5.2we getPy ,,(A€) < 1/n%foralln > ng
and all x, no. Let G = {1, ..., #j|}. On the event A we have

(logn)Y -n®

Gel = Y I

i=1

We thus get for all x, g and all n > ng

Px’"(’('Ge' < (logm)"™! -n2> = Px,no<|Ge| < (logn)Y ™" . n?, A) T
(logn)? -n? |
=P 21: I < (ogm? ™ n? | 4 .
i=

Since conditional on the past, the variables (I;;); dominate independent Bernoulli
random variables with parameter 1/2, using a standard concentration inequality
we get that this last probability decays exponentially in n and this concludes the
proof. O
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Let 71, 12, . . . be the sequence of excellent times. Then the previous lemma imme-
diately gives

Corollary5.4 Lety € N, o > 0 and N = (logn)" - n?. Then there exists nq so that
foralln > ng and all x, no we have

1 1
Px.ng (’N < (logm)™ 277" ( + —>) =1
w n“

6 Mixing times

In this section we prove Theorems 1.3, 1.6 and Corollary 1.7. From now on d > 2,
p > pe(Z%) and i > (logn)?+2.

6.1 Good environments and growth of the evolving set

The first step is to obtain the growth of the Doob transform of the evolving set at
excellent times. We will use the following theorem by Pete [10] which shows that
the isoperimetric profile of the giant cluster basically coincides with the profile of the
original lattice.

For a subset S C Zﬁ we write S C G to denote S € V(G) and we also write

1G] = V(9.

Theorem 6.1 [10, Corollary 1.4] Foralld > 2, p > p-(Z¢), § € (0,1) and ¢’ > 0
there exist ¢ > 0 and a > 0 so that for all n sufficiently large

P(VS C G : S connected and c(logn)

1—1
we have [0gS| > S| d) >1- pra
Remark 6.2 Pete [10] only states that the probability appearing above tends to 1 as
n — 00, but a close inspection of the proof actually gives the polynomial decay.
Mathieu and Remy [6] have obtained similar results.

Corollary 6.3 Foralld > 2, p > p.(Z%), ¢’ > 0and § € (0, 1) there exist ¢ > 0 and
o > 0 so that for all n sufficiently large

i alS|-7
P{VS CG:clogn)@T <|S| < (1—198)IG|, we have |0gS| > Toen
ogn

1
>1—-—.
il nc/

Proof We only need to prove the statement for all S that are disconnected, since the
other case is covered by Theorem 6.1. Let A be the event appearing in the probability
of Theorem 6.1.
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Let S be a disconnected set satisfying S € G and c¢(log n)ﬁ <|S| < (1 —-8)I|G|.
LetS = S;U---U S be the decomposition of S into its connected components. Then
we claim that on the event A we have forall i < k

Indeed, there are two cases to consider: (i) |S;| > c(log n)@/@=1 "in which case the
inequality follows from the definition of the event A; (ii) |S;| < c(log n)d/@d=1 "in
which case the inequality is trivially true by taking o small in Theorem 6.1, since the
boundary contains at least one vertex. Therefore we deduce,

1—
k d 1
1S; |1—* (Zi:] |S,-|) 1S|1—7
9GS 9gSi| = =
19951 = Z' gSil = ozZ logn logn * logn

and this completes the proof. O

Recall that for a fixed environment n we write S for the Doob transform of the
evolving set process associated to X and 7y, 12, . . . are the excellent times as in Defi-
nition 5.1 and we take 19 = 0.

Definition 6.4 Let ¢, ¢y be two positive constants and § € (0, 1). Givenn > 1, define
t(n) = Qogm) '™ . (0 4 1/u) and N = (logm)> 2 . 2.

We call n a §-good environment if the following conditions hold:

(1) for all “dlllog" < t < t(n)logn the giant cluster G; has size |G;| € ((1 —

5)9(P)nd (1 +8)0(p)n?),
(2) forall . Og" <t <t(n)logn, VS C G, with

C2|S|l—l/d

cl(logn)% <ISI = (1 =¥[G] wehave [3,S]=> (logn)

(3) Py y(ty < t(n) > 1 — ﬁ for all x,
4 ]P)x,n(TN < 00) = 1 for all x.

To be more precise we should have defined a (8, c1, ¢2)-good environment. But we
drop the dependence on ¢ and c¢; to simplify the notation.

Lemma 6.5 Forall§ € (0, 1) there exist c1, ca, c3 positive constants and ng € N such
that for all n > ng and all no we have

. c3
P(niséd-good)yny>1— ~T0d-
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Proof We first prove that for all n sufficiently large and all ng

1
P, (1 satisfies (1) and (2)) > 1 — —od
n

o ©.1)

The number of times that the Poisson clocks on the edges ring between times
11dlogn/u and t(n)logn is a Poisson random variable of parameter at most
d(nw) - t(n)logn. Note that all edges update by time % with probability at

least 1 — nl%' Using large deviations for the Poisson random variable, Lemma 3.1
and Corollary 6.3 for suitable constants ¢ and « prove (6.1). Corollary 5.4, Markov’s
inequality and a union bound over all x immediately imply

. d
P, (1 satisfies (3)) > 1 — —oa

Finally, to prove that 7 satisfies (4) with probability 1, we note that for almost every
environment there will be infinitely many times at which all edges will be open for unit
time and so at these times the intersection of the giant component with the evolving
set will be large. Therefore such times are necessarily excellent. O

For all § € (0, 1) we now define
s =inf{r e N: [S, NG| > (1 —9)|G|}. (6.2)
The goal of this section is to prove the following:

Proposition 6.6 Let 6 € (0, 1). There exists a positive constant c¢ so that the following
holds: for all n, if n is a §-good environment, then for all starting points x we have

Pyp(ts <t(n) > 1— 104

Recall from Sect. 2 the definition of (Z;) for a fixed environment 7 via

JrsH

m(Sk)

Note that we have suppressed the dependence on 1 for ease of notation. The following
lemma on the drift of Z using the isoperimetric profile will be crucial in the proof of
Proposition 6.6.

Lemma 6.7 Let n be a -good environment with 6 € (0, 1). Then for all n sufficiently
large and for all 1 <i < N (recall Definition 6.4) we have almost surely

2
~ 1
Ep[Ze L(ts At(n) > Tig1) | Fr] < ZgL(zs Atn) > ;) [ 1 — ((p (Z_2>> ,
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where F; is the o-algebra generated by the evolving set up to time t and (t;) is the
sequence of excellent times associated to the environment n and ¢ is defined as

c-(ogn)™F .n=l.p=lVd f _(105:)“ <r<j%
(p(r): C.n_d.r_l ifr<(105—dnw
c-21/d. (logn)_ﬁ -n! if re [% oo)

witha =4d +12+d/(d — 1), B =4d +9 — 12/d and c a positive constant.

Proof Since 75 is a stopping time, it follows that {zs A t(n) > 1;} € F¢,, and hence
we obtain

Ey[Ze X(ts At(n) > iy | Fo] < L(ws A1) > ©Ey[Zg, | Fu]. (6.3)

Lemma 2.3 implies that Z is a positive supermartingale and since 1 is a §-good
environment, we have Ty < oo IP-almost surely. We thus get forall0 <i < N — 1

I/E\'?[ZTH-I | ffi] = EH[ZT,'+1 | }—Ti] :
Using the Markov property gives

Ep[Zoi | Fo] =) Ey[Zipi lti=1.8 =S]Lti=1.5=5).  (64)
t,S

of S;+1 only depends on S; and the outcome of the independent uniform random
variable U, 1. Therefore we obtain
E,[z =1,85=S5]= E Si=S$
17[ 1T t ] 7(S) Z, t i|

_VaGhH | [ASED

xSy |\ wsh

Since 7; is a stopping time, the event {t; = ¢} only depends on (S},), <;. The distribution
Vr(sH =~ |:Zt+l
1

(6.5)

S=S8]1,

where for the last equality we used the transition probability of the Doob transform of
the evolving set. If 1 < |§] < nd /2, then for all n sufficiently large

(S ) 7(Si41)
= E
" wsH =81 =B sy

S = S} — 1= Y1 (S)
(6.6)

<1— < (gr1()?,

oo —
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where the equality is simply the definition of ¥, and the last inequality follows from
Lemma 2.1, since

Py(Xip1 =x| X, =x) > e "

Similarly, if n¢ > |S| > n?/2, then, using the fact that the complement of an evolving
set process is also an evolving set process, we get

(S D)
"IV wsh

(S50

e | S =S [ =)

6.7)

S[:S <En

1
<l-o (¢1+1(59)* .

Plugging in the definition of ¢; | we deduce for all 1 < |S| < n¢

1 1 t+1
o1 (§) = o DY P Xii=yIXi=x)> 32eTS| > / ns(x, y)ds
t

xeS yeSs¢ xeS§ yes¢
) 1 1 t+1
018 = 2 TS By =y | Xi =02 5o TN [ nwas
xe§ yeS¢ xe§ yeS¢ !

Since in (6.4) we multiply by 1(t; = ¢, S; = S) from now on we take ¢ to be an
excellent time, and hence we get from Definition 5.1

1 19,5]

L |9y, S [S;]
S) > — . !
Pr41( ')_4de 5]

; S = — d 1SNG|> ——5.
¢[+1( [) jtl 4d€ |Stc| an | t gt' - (10gl’l)4d+12

(6.8)

Since |3y, S¢| = |dg, S¢| = [9g, (G N S;)| we have

I 10g,(Gi NSl

L 19g, (G NSy
S > — L=
Or+1(8) = 1de IS

d Sy > —
and - ¢r1(S) 2 392 |S¢]

If |S;| < c1(logn)*d+12+d/(d=1 ‘then, since 7 is a §-good environment, |G;| > (1 —
8)0( p)nd, and hence, we use the obvious bound

1

C— 6.9
|t ©

1
S) > —
©r11(S8) = ide

Next, if % > |S;| > c1(logn)*+12+d/d=1) "then using (6.8) and the fact that we are
on the event {15 A t(n) > t} we get that

c1(logm)@=D < 1G, N S| < (1 = 8)|Gi|.
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Therefore, since 7 is a §-good environment and ¢ < #(n), (2) of Definition 6.4 gives
that in this case

1 1
¢ 16 NS|' 7 ¢ IS, |17
Si) > — - > . 6.10
o180 = (logn)|S;| ~ (logn)*d+9-12/d ~|g| (©6.10)
c 1
(6.11)

= (log n)*d+9-12/d ’ S| 1/d”

where c is a positive constant and for the second inequality we used (6.8) again.
Finally when |S;| > ﬂ, on the event {ts A t(n) > t} we have from (6.8) and using

again (2) of Definition 6.4

_1
11 (5) > c _ 1S, |1 a c-2ld e 6.12)
t+10; ) = (logn)4d+9712/d nd — 1S;] — (logn)4d+97]2/d . .

Substituting (6.9), (6.10) and (6.12) into (6.6) and (6.7) and then into (6.3), (6.4)
and (6.5) we deduce

Ey[Ze L(zs A1) > Ti41) | P ]
1 ) n?
<Zyl(wsAtn) > 1) | 1 - §(¢ri+1(5f,.)) {181 = 5
1 2 n?
+Zyl(ts At(n) > 1) | 1 — g((pr,-ﬂ(Sf,-)) AR ERYHIES >
< Zo (@ A1) > ) (1= (@G (S))?).
where the function ¢ is given by

c- (logn)_/3 p~bpmld if —(lorg;)a <r<
p(r)=qc-n"4.r1 if r< —(IOgdn)a

c-21d. (logn)=F . n! if re [% oo)

1
2

with ¢ a positive constant and 8 = 4d + 9 — 12/d. We now note that if 7(S;) < 1/2,
then Z; = (m(S;)" V2. If m(S;) > 1/2, then Z, = /7 (S5)/7(S;) < /2. Since
o(r) = @(1/2) forall r > 1/2, we get that in all cases

1
e (Sy) =@ (Z—2>

and this concludes the proof. O
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Proof of Proposition 6.6 We define Y; = Z;, 1(t5 At(n) > ;) and

Fly) = (‘p<y1_2))2 ify>0
0 ity =0

where ¢ is defined in Lemma 6.7. With these definitions Lemma 6.7 gives for all
1<i<N

Evy[Yis1 | Y] < Yi(1 = f(¥)

with ¥, < n/2 foralln > 3.
Since ¢ is decreasing, we get that f is increasing, and hence we can apply [7,
Lemma 11 (iii)] to deduce that for all & > 0 if

nd/2

k dz,
Z/g R

then we have that
Ex,n[zrkl(fa At(n) > ‘L’k)] <e.

We now evaluate the integral

dj2 d/2 1

/" L _/" N _l./#;du
. @ T ) e T 2 ) uea)

nd

Splitting the integral according to the different regions where ¢ is defined and substi-
tuting the function we obtain

1
o 1 1
S—d</‘2'1 Zﬂ] -,
/1, u(pGu W =€ logny T log

where ¢’ is a positive constant. Therefore, taking ¢ = ’ﬁ, this gives that for all
k> c” - n*(logn)*$+! with ¢”” = 2¢’d we have that

Ben[Zad@m A1) > w)] < —g7.

and hence, since N = (logn)? - n?> with y = 84 420 > 28 + 1, we deduce

Evy[ZeyL(ts At(n) > Ty)] < (6.13)

10d
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Clearly we have

{ts At(n) > v} = {7 (Sey) = 1/2, 75 At (n) > N} U{m(Sry)
< 1/2,t5 At(n) > TN} (6.14)

For the second event appearing on the right hand side above using the definition of
the process Z we get

{m(Szy) < 1/2, s At(n) > tn} S {Zy L(Ts At(R) > TN) > V23
The first event appearing on the right hand side of (6.14) implies that [S7, | > [S7, N

Gry| = 81Gzy |. Since 7 is a §-good environment, by (1) of Definition 6.4 we have that
|Geyl = (1 — 8)0(p)n?. Therefore we obtain

(1(Se) 2 1/2,7 A1) > ) € {Zoy 1w A1) > ) = VBT = 90(p)]

By Markov’s inequality and the two inclusions above we now conclude

Py (ts A1(n) > ) < IP’X,,]<Z,N1(15 AL(n) > Ty) > fz)

T Px,n(zml(ra At(n) > Ty) > /81 — 5)9(p))

- Exp[ZeyL(ts At(n) > Tv)]

= V2
Ex y[Zey 1(ts At(n) > 3)] _.c
V(A =8)8(p) — pl0d’

where c is a positive constant and in the last inequality we used (6.13). Since 7 is a
8-good environment, this now implies that

C
Px,n(TS <t(n)=1- W

and this finishes the proof. O

6.2 Proof of Theorem 1.3

In this section we prove Theorem 1.3. First recall the definition of the stopping time
T as the first time 7 that |S; N G| > (1 — §)|G;|.

Lemma 6.8 Let p be such that O(p) > 1/2. There exists ng and § > 0 so that for all
n > no, if n is a §-good environment, then for all x

1-6
IPxn (X € ) = 7llTv < —

@ Springer



Mixing time for random walk on supercritical dynamical. .. 839

Proof Since 6(p) > 1/2, there exist ¢ > 2§ > 0 so that
1 1
0(p) > 3 +2¢ and (1-—16)%0(p) > —i—s (6.15)

Summing over all possible values of T = 75 we obtain

1 1
IPxy(Xe@) € ) =7ty = 3 Z Pen(Xey =2) — i
Z

1 P, —
= EZ Z Py (Ximy = 2.7 =5) — Z % + Py y(t > t(n)).

zZ |s<t(n) s<t(n)

(6.16)

By the strong Markov property at time T we have

Px,n(xt(n) =2z, T= S) = ZIPX,U(X,(,,) =z,1=35,Xs= y)
y

= pr,n(xt(n) =z | X5 = )’) ]P)x,r](T =s5,Xs=Y).
Y

Since 7 is a stopping time for the evolving set process, we can use the coupling of the
walk and the Doob transform of the evolving set, Theorem 2.2, to get

1(y € Sy)
Px,n(xs =Yy | T =s5) = Ex,n[% ’ :|
5

For all s < #(n) we call vy the probability measure defined by

1(y € Sy)
VS(Y)ZEX,W[# ‘ :I
S5
We claim that
1
lvs —mllTv < 5 & (6.17)
Indeed, we have
1(z € Sy) 1
”VS_T[HTV—_Z xr]|: - 'L'=Si|
| S5 n

l(zeS) 1
: ”[ Z‘ St

|Ss| | n? —1S;
E[ T

-

| S
=s|=E;,|1-
cs]em i

N =

o=s].
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Since s < t(n) and n is a §-good environment, we have |Gs| > (1 — 8)0(p)n?, and
hence on the event {T = s} we get

1S5 > (1 —8)%0(p)n? > (% + e) nd.

This now implies that

and completes the proof of (6.17). By the definition of vy we have

]P) =
prnxr(n)—z ‘L’_s) Z#

n
s<t(n) s<t(n)

,Z Z prn Xt(n)—Z‘Xs_y vs(y)]P)xn(T_s) Z w

nd
s<t(n) Yy s<t(n)

< Z ]P’x,,(t—s)fz

s<t(n)

*Z

Py, n(Xl(n) =z | Xy = )’)

But since m is stationary for X when the environment is n, we obtain

1 1
DPxy(Xey =2 | Xs =) — 7| Sl =7l = 5 -,

1
2

where the last inequality follows from (6.17). Substituting this bound into (6.16) gives

1
”Px,r](Xt(n) € ) —mlrv < 5 —¢& +Px,n(f > t(n)).
From Proposition 6.6 we have

c
Px,n(f = t(”)) = 1- ﬁ
This together with the fact that we took 2§ < ¢ finishes the proof. O

Corollary 6.9 Let p be such that 6(p) > 1/2. Then there exist § € (0, 1) and ngy such
that for all n > ng and all starting environments 1y we have

Poo(desicn : Vv, | P0G = PP o)| = 1-8) = 1.

@ Springer



Mixing time for random walk on supercritical dynamical. .. 841

Proof Let § and n( be as in the statement of Lemma 6.8. Then Lemma 6.8 gives that
for all n > nyg, if n is a §-good environment, then for all x and y we have

1 1-96
t(n) t(n) _
HP,]”(x,~)—nHTV§ 2 and ”13’7rl(y")_7THTVS 2

Using this and the triangle inequality we obtain that on the event that n is a 6-good
environment for all x and y

PIO(x, ) — PO (y, . H <1-5
[P = P s
Therefore for all n > ng we get for all ng

Poo(disicn : 30y, | PO = PO > 1-8)

< Pyo(n is not a §-good environment) .

Taking ng even larger we get from Lemma 6.5 that for all n > ng
Pyo (1 is not a §-good environment) < §

and this concludes the proof. O

The following lemma will be applied later in the case where R is a constant or a
uniform random variable.

Lemma 6.10 Let R be a random time independent of X and such that the following
holds: there exists 5 € (0, 1) such that for all starting environments no we have

77,,0(71 2 Vx, y,

Px,r/(XR =) _Py,n(XR = .)HTV <1- 5) >1-6.

Then there exists a positive constant c = ¢(8) andny = no(8) € Nsothatifk = clogn
and R(k) = Ry + - - - + Rx, where R; are i.i.d. distributed as R, then for all n > ny,
all x, y and ng

1 1
P (1 [BralXnr =) = Py = Yy = 737 ) 21~ o5

Proof We fix xq, yo and let X, Y be two walks moving in the same environment 7 and
started from xg and yg respectively. We now present a coupling of X and Y. We divide
time into rounds of length R, Ry, ... and we describe the coupling for every round.

For the first round, i.e. for times between 0 and R; we use the optimal coupling
given by

PXO,yo,n(XRl # YRI) = ”]P)XOsU(XRl = ) - P}'O,U(YRl = ) v,

@ Springer



842 Y. Peres et al.

where the environment 7 is restricted between time 0 and R;. We now change the
definition of a good environment. We call n a good environment during [0, R;] if the
total variation distance appearing above is smaller than 1 — &.

If X and Y did not couple after R; steps, then they have reached some locations
Xpg, = x1 and Yg, = yji. In the second round we couple them using again the
corresponding optimal coupling, i.e.

le,yl,r](XRz #* YRQ) = “]PXIJI(XRZ = ) - ]P)’l>77(YR2 = ) v

Similarly we call n a good environment for the second round if the total variation
distance above is smaller than 1 — §. We continue in the same way for all later rounds.
By the assumption on R, i.e. the bound on the probability given in the statement of
the lemma is uniform over all starting points x and y and the initial environment, we
get that for all ng

Po (1 is good for the i-th round) > 1 —§

and the same bound is true even after conditioning on the previous i — 1 rounds.
Let k = clogn for a constant ¢ to be determined. Let E denote the number of good
environments in the first k rounds. We now get

(1 - 8)k>

Prg.yo.n0 (X Rty # YR(K)) < ]P’xo,yo,no<E =

(1—=298)k
+ Pxoyomo | E > 5 Xriy # YRy | -

By concentration, since we can stochastically dominate E from below by Bin(k, 1 —34),
the first probability decays exponentially in k. For the second probability, on the event
that there are enough good environments, since the probability of not coupling in each
round is at most 1 — &, by successive conditioning we get

(1— 8k )
Pxo.0.1m0 (E > Xro # YRy ) = (1 = §)I=Dk/2,

Therefore, taking ¢ = ¢(§) sufficiently large we get overall for all n sufficiently large

1
Pro.yo.m (Xra) # Yr0) = —55-

So by Markov’s inequality again we obtain for all n sufficiently large

|
Pro ('71 IPxo.n(XRt) = ) = Pyo.n YRty = -) llTv > nﬁ)
< & [IPx.n (Xray =) = Pyyn(Yra) = ) llv]

1
3d
= Prg oo (Xrw) # Yrio) = —55

@ Springer



Mixing time for random walk on supercritical dynamical. .. 843

where & is expectation over the random environment. This finishes the proof. O

Proof of Theorem 1.3 Let R = #(n). Then by Corollary 6.9 there exists ng such that R
satisfies the condition of Lemma 6.10 for n > ng. So applying Lemma 6.10 we get
for all n sufficiently large and all xq, yp and ng

1 1
Pl n: ||Pxo,n(Xkl(n) = ) - IP)yrw(th(n) = ) v > n3d = n3d’

where k = clogn. By a union bound over all starting states x¢, yo we deduce
Pyo (1 - max ||Pkt(”)(x0, D) — Pkt(n)(y(), ity > L < p2d . L — i
Yoo n n3d | = n3d ~ pd
This proves that for all n sufficiently large

Poo(n'+ tmin (1, 3) = ki ()) <0~
and thus completes the proof of the theorem. O

6.3 Proof of Theorem 1.6

Proof of Theorem 1.6 Let § = ¢/100 and £k = [2(1 — §)/(86(p))] + 1. For every
starting point xo we are going to define a sequence of stopping times. First let §; be
the first time that all the edges refresh at least once. Let § = §/k. Then we define
71 = 71(x0)

r =inf{r > & 18, NG| = (1 -8)IGI} A& +1(n)),

where (S;) is the evolving set process starting at time &1 from {X¢, } and coupled with
X using the Diaconis Fill coupling. We define inductively, &4 as the first time after
& +1(n) that all edges refresh at least once. In order to now define t; 1, we start a new
evolving set process which at time &; 1| is the singleton {X¢, ,, }. (This new restart does
not affect the definition of the earlier 7;’s.) To simplify notation, we call this process
again S; and we couple it with the walk X using the Diaconis Fill coupling. Next we
define

Tigr =inf {t > &40 1 1S NG| = (1 =G} A Eigr +1()).

From now on we call  a good environment if 7 is a §-good environment and &, <
2kt (n). Lemma 6.5 and the definition of the &;’s give for all g

C

Py (1 is good) > 1 — n% (6.18)
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where c4 is a positive constant. By Proposition 6.6 there exists a positive constant ¢
so that if 5 is a good environment, then for all xog and for all 1 <i < k we have

C
IP)x(),n(":i —&<tn)=1- m (6.19)

We will now prove that there exists a positive constant ¢’ so that for all x

C/

Paguno (19 U+ UGyl < (1 =8)n!) < . (6.20)

Writing again £ for expectation over the random environment and using (6.18)
and (6.19) we obtain for all i < k that there exists a positive constant ¢” so that
for all n sufficiently large and for all xq, 7o

/"

P (T = & < 1) = &y [Prg(ri — & < 101) L0y is good)] = 1 = .

This and Markov’s inequality now give that for all n sufficiently large

/!

1 c
Puo (n 1V xo, Pyy,y(tk < (ogn)t(n)) > 1 — ﬁ) >1-— - (6.21)

Since every edge refreshes after an exponential time of parameter pu, it follows that
the number of different percolation clusters that appear in an interval of length ¢ is
stochastically bounded by a Poisson random variable of parameter y-1-dn. Therefore,
the number of possible percolation configurations in the interval [&;, & + f(n)] is
dominated by a Poisson variable N; of parameter 1 - 7(n) - dn‘. By the concentration
of the Poisson distribution, we obtain

IP’(EIi <k:N; > nd+4) <exp(—cin),

where c; is another positive constant. Let G Lo GF be the giant components of
independent supercritical percolation configurations. Since the percolation clusters
obtained at the times &; are independent, using Corollary 3.2 in the third inequality
below we deduce that for all n sufficiently large

Pxo.no(|gfl U.---Ugyl<d- S)Hd)

=< ]Pxo,no(|grl U---u g‘L’k| < (l - s)nda {‘Cl' - %_l' = t(n)} N {Nl = nd+4}’ Vi =< k)

C
—Ccln k
Te koo
2
< n<d+4>kIP(|g‘ U--UGH < (- S)nd> + k=107
- nld+k ( %ﬂ) Lk 2¢ - ¢
exp (—cn —_— < —
=7 p 104 = ,10d
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where ¢” is a positive constant uniform for all x¢ and 7. This proves (6.20). So we
can sum this error over all starting points xg and get using Markov’s inequality that
for all n sufficiently large and all ng

/

1
PmGme,MW(WHU~~u@uz(L—®M)zI—;)zl—%.(6n>
The definition of the stopping times t; immediately yields
(1Ge U+ UGe| = (1 =8&)n} S {ISq U--- U Sg| = (1 = 8)°n).

This together with (6.22) now give

/

1
Poo (n Vo, IPXO,,?(|S,1 U USy|> (1 — 8)2nd) >1— —) >1-% (6.23)
n n

Remember the dependence on xq of the stopping times t; that we have suppressed.
We now change the definition of a good environment and call  good if it satisfies the
following for all xq

1
Pxo,n(lSn U USgl = (1— S)an) >1-— and (6.24)
n
1
Pry.p(te < (logn)t(n)) > 1 — ] (6.25)

From (6.21) and (6.23) we get that for all g

C/ + C//

Ppo(n is good) > 1 — (6.26)

We now define a stopping time 7 (xp) by selectingi € {1, ..., k} uniformly at random
and setting t(xop) = 7;(x0). Then at this time we have

k k
1 1 1(x € 8y)
IP)XO U(Xf(x()) - x : :k]P)xO n ft _x = % : : [ |S‘[ | - }
i=1 = i

1

>
nd

Peyy(x € S5 U USy).

?\7‘

We now set fi(x) = ]P’Xo)n(x €Sy, U---u S,k) for all x. Since 7 is a good environ-
ment, then for some §’ < £/50 we have for all n sufficiently large

Z 1) =By y[I1Se, U---U Sg 1] = (1 —8)%n? (1 — %) =(1-268)n’.

(6.27)
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First let ¢ = c(e) € N be a constant to be fixed later. In order to define the stopping
rule, we first repeat the above construction ck times. More specifically, when Xo = xo,
we let o1 = t(xp) A (logn)t(n). Then, since n is a good environment, we obtain

1 1
Pxo,r](Xal =x) = Wfl(x) - an

Let X4, = x1. Then we define in the same way as above a stopping time 7 (x1) with
the evolving set process starting from {x;} and the environment considered after time
o1. Then we set

02 = 01 + (t(x1) — o1) A (logn)t(n).

We continue in this way and define a sequence of stopping times o; for all i < ck. In
the same way as for the first round for all i < ck we have

1 1
PXO,W(XW Zx) z Wfi(x) T 2d

and the function f; satisfies (6.27).

We next define the stopping rule. To do so we will explain what is the probability
of stopping in every round. We define the set A of good points for the first round as
follows:

1
Al = {x : ]P’XO,,](XU1 :x) > and}.

We now sample X at time o;. If X5, = x € Aj, then at this time we stop with
probability

1
2knPy (X, = x)

If we stop after the first round, then we set T = o7. So if x € A1, we have

1
PXU,U(XT =X, T = O’]) = W

From (6.27) we get that [A;| > (1 — 36’ ynd for all n sufficiently large. Therefore,
summing over all x € A1 we get that

1 -3¢

IED,\70,77(T = 01) > %

Therefore, this now gives for x € A

1
PynXr=x|T =01) < m
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We now define inductively the probability of stopping in the i-th round. Suppose we
have not stopped up to the i — 1-st round. We define the set of good points for the i-th
round via

1
A =1x: IPxO’n(XUi = x) > Sind

If X;; = x € A;, then the probability we stop at the i-th round is

1
2kn?Py, ,(Xo; = x)

and as above we obtain by summing over all x € A; and using that |A;| > (1 — 38’)nd

1—38
Py (T =0i | T >0i-1) = and
2k
1
PynXr =x|T =0i) < m, Vx e A;.

If we have not stopped before the ck-th round, then we set T = o+ 1. Notice, however,
that

1 — 38
2k

ck
Py n(T = 0cks1) < <1 - ) <exp (—c(l — 38/)) .

For every round i < ck, we now have that

HPXM(XT =-|T=0)— ””TV
—Z(P Xr=x|T=0) 1) i
- X0, - —U)—
)CEA,' " I’ld + nd

1 1 38’
< — )43 < 38’ < 108,
_xg- ((1 —38")nd nd) T STy 0=

since ¢ < 1/4. So we now get overall

|Pag.n (X7 =) =71y
= Z ]Pxo,n(T = 0;) ||]Px0,17(XT =-|T=o0)— T[“TV + Pxo,n(T = Ock+1)

i<ck
< 108" + exp (—c(1 — 38")) .
We now take ¢ = c(¢) so that the above bound is smaller than e. Finally, by the

definition of the stopping times o;, we also get that Ey ,[7T] < ck(logn)t(n) and this
concludes the proof. O
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Proof of Corollary 1.7 Let n = 10r. It suffices to prove the statement of the corollary
for X being a random walk on dynamical percolation on ZZ . From Theorem 1.6 there
exists a so that for all n large enough and all x and g

N =

1
Py no (Hf =< (nz + ;) (logn)* = |1 X = r> >

The statement of the corollary follows by iteration. O
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