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Abstract The Sineg process is the bulk point process limit of the Gaussian
B-ensemble. For 8 = 1, 2 and 4 this process gives the limit of the GOE, GUE and
GSE random matrix models. The Sch; process is obtained similarly as the bulk scaling
limit of the spectrum of certain discrete one-dimensional random Schrodinger opera-
tors. Both point processes have asymptotically constant average density, in our chosen
normalization one expects close to %)\ points in a large interval of length A. We prove
large deviation principles for the average densities of the processes, identifying the
rate function in both cases. Our approach is based on the representation of the counting
functions using coupled systems of stochastic differential equations. Our techniques
work for the full range of parameter values. The results are novel even in the classical
B = 1,2 and 4 cases for the Sineg process. They are consistent with the existing
rigorous results on large gap probabilities and confirm the physical predictions made
using log-gas arguments.

Mathematics Subject Classification 60B20 - 60F10 - 15B52

1 Introduction

The Gaussian orthogonal, unitary and symplectic ensembles (GOE, GUE, GSE) are
some of the most studied random matrix models. These are symmetric (resp. Hermitian
or symplectic) matrices with i.i.d. standard real (resp. complex or quaternion) normal
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340 D. Holcomb, B. Valké

entries modulo the appropriate symmetry. It has been know from the classical results of
Gaudin and Mehta [20] that if we appropriately scale the spectrum in the bulk (e.g. near
zero) then we obtain a limiting point process. The point process can be described via
its n-point correlation functions. These are given by determinantal formulas in the
GUE case and Pfaffian formulas in the GOE, GSE cases. (See [2,13,20] for more
details and the precise description.)

The GOE, GUE, GSE models can be naturally included in a one-parameter family
of distributions. The joint eigenvalue distribution for these classical models is known
to be

1 —
Pt .. hy) = H hi —ajlPe "

Z ey

n.p 1<i<j<n

where B is equal to 1, 2 and 4 in the three cases. Note, that the constant 8/4 in
the exponential can be easily changed via linear scaling. It is natural to consider the
density (1) for general 8 > 0, this is the Gaussian (or Hermitian) S-ensemble. In [23]
the authors show the existence of the bulk scaling limit for general §. In particular,
if A, p is distributed according to (1) then 2./nA, g converges to a random point
process, denoted by Sineg. For 8 = 1,2, 4 this gives the bulk limit process for the
GOE, GUE, GSE ensembles.

The Sineg process can be described through its counting function using a system
of stochastic differential equations. Consider the system

B .
doy, = kge_zldtJrRe [(e_’“‘ —D@B + ide)] , . (0) =0, 1€[0,00) (2)

where Bj, B; are independent standard Brownian motions. Note, that this is a one-
parameter family of SDEs driven by the same complex Brownian motion. In [23] it
was shown that Ng(X) = lim,_ ﬁak (t) exists almost surely and it is an integer
valued monotone increasing function in A. Moreover, the function A — Ng(A) has the
same distribution as the counting function of the Sineg process, i.e. the distribution of
the number of points in [0, A] for A > 0 is given by that of Ng(A).

Note, that for any fixed X the process «;,, satisfies the SDE

day = Aﬁe_4 dt + 2 sin(ay /2)d By, ,(0) =0, tel0,00) 3)

where B; = B,()‘) = fot Re[ — ie_%i“*(s)d(Bl + ide)] is a standard Brownian
motion which depends on A. Thus, if we are interested in the number of points in a
given interval [0, A] then it is enough to study the SDE (3) instead of the system (2).

Using the SDE characterization of the Sineg process one can show that it is trans-
lation invariant with density n)~ ! (see [23]). In particular, in a large interval [0, A]
one expects roughly (277)~!A points. In [19] the authors refined this by showing that
Ng(2) satisﬁes a central limit theorem, it is asymptotically normal with mean % and

variance log A.

B 2
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Large deviations for the Sineg and Schr processes 341

The main goal of the current paper is to characterize the large deviation behavior of
Ng (). We will find the asymptotic probability of seeing an average density different
from (277)~! on a large interval. Our main theorem will show that A~' N g(A) satisfies
a large deviation principle with a good rate function.

Before stating the exact form of the theorem we need to introduce a couple of
notations. We will use

w/ dx /2
K(a):/ _— E(a)=/ V1 —asin? xdx, 4)
0 V1—asin’x 0

for the complete elliptic integrals of the first and second kind, respectively. Note that
there are several conventions denoting these functions, we use the one in [1]. We also
introduce the following function for a < 1:

H(a) = (1 —a)K(a) — E(a). 5)

Now we are ready to state our main theorem.

Theorem 1 Fix § > 0. The sequence of random variables %N g(A) satisfies a large
deviation principle with scale 1% and good rate function Blsine(p) with

1
Isine(p) = 5 [ +PHO ] v =y, (©)

where y =V denotes the inverse of the continuous, strictly decreasing function given
by

v
B0 [ 1 =2(x)dx, if v <0,
—0oQ

1 e
3 if v=0,

m o, (7
Hé”) foz(x)dx, if0<v<l,
1

y(v) =

0, if v=1.

Roughly speaking, this means that the probability of seeing close to pA points in
[0, A] for a large A is asymptotically e—**#/sin(P) The precise statement is that if G is
an open, and F is a closed subset of [0, co) then

o] .
hkrgloréfﬁP(%Nﬂ()\) € G) = — inf flsine(x),

1
lim sup 2P( Ng(AM) € F) < — 1nf BlSine (x).

A—00

The function y may also be defined as the solution to the equation 4x (1 —x)y” (x) =
(x) on the intervals (—oo, 0] and [0, 1] with boundary conditions lim,_, o+ y (x) =
rx) _

2 —,y(1) = 0 and limy_, i 1 The rate function Isine (p) is strictly convex
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and non-negative with ISlne(zn) = 0 and Igjpe(0) = 6 7- The function ISlne(zn + x)

behaves like — m for small |x|, and Isine(0) grows like 3 30 2log p as p — oo.
These statements will be proved in Proposition 20.

We note that the behavior of Isjne(p) near p = % is formally consistent with the
already mentioned central limit theorem of Ng(4). For p = % + x with a small, but

fixed |x| th(ze ;z)r(Z)bability of seeing close to %A 4+ x X points in [0, A] is approximately
exp (— 4‘?07;(%). Now let us assume, that this is true even if x decays with A, even

though this regime is not covered in our theorem. If we substitute Ax = _/ /# logh-y

(with a fixed y), then this probability would asymptotically equal to ¢=*/2, This is
in agreement with the fact that Ng (1) is asymptotically normal with mean %)\ and
variance # log A.

Before moving on, a couple of historical notes are in order. In [23] the authors
also show another large deviation statement for the Sineg process regarding large
intervals, namely that the asymptotic probability of not seeing any points in [0, A] is

B2
approximately e 64 * . In [24] this result was sharpened by providing the more precise
asymptotics of

P(Np() = 0) = (e +oa exp {522+ (§ = 1) 2}, wsr—>o00 ®

withvg = }T (g - % - 3) and a positive constant kg whose value was not determined.

Similar results have been proven before for the classical cases 8 = 1, 2, 4, see e.g. [3,
8,22,25]. Moreover, the value of kg and higher order asymptotics were also established
for these specific cases by [7,11,18]. Further extension in the classical cases include
the exact asymptotics of P(Ng(A) = n) for fixed n and also for n = o(4). (See [22]
and [13] for details.) In all of these results the main term of the asymptotic probability

_ P2 .. . . . .
is e 64" . This is consistent with our result, as Theorem 1 and /sjn. (0) = é implies

lim lim -5log P(Ng(A) <)) = —&

e—>0X1—00

The large deviation rate function (6) has been predicted using non-rigorous scaling
and log-gas arguments in [10] and [12]. (See Section 14.6 of [13] for an overview.)
Using the same techniques [14] treats the corresponding problem for the soft edge and
hard edge limit processes of S-ensembles.

One can also study the large deviation behavior of the empirical distribution of
the B-ensembles on a macroscopic level. It is known that after scaling with +/n the
empirical measure of the distribution (1) converges to the Wigner semicircle law. In
[4] the authors prove a large deviation principle for the scaled empirical measure,
this describes the asymptotic probability of seeing a different density profile than the
semicircle. One could consider our theorem a microscopic analogue of that result.

We will study the asymptotic behavior of the diffusions (2) and (3) by comparing
them to similar diffusions with piecewise constant drifts. This connects us to another,
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Large deviations for the Sineg and Schr processes 343

related symmetric random matrix ensemble. Let H, , be a random symmetric tridi-
agonal matrix with entries equal to 1 above and below the diagonal and i.i.d. normals

. . 2 .
with mean zero and variance - on the diagonal.

w1
1 wy 1
H,o = | . w ~N(@,0%n . 9)
1
1 w,

The matrix H, , can be viewed as a one-dimensional discrete random Schrodinger
operator. In [19] it was shown that the bulk scaling limit of the spectrum of H, . (along
appropriate subsequences) is a point process with density (27)~! denoted by Sch;.
(The parameter t > 0 depends on o and the point in the spectrum where we zoom in
to take the limit.) The process Sch; can be characterized via its counting function in
a similar way to the Sineg process. Consider the following one-parameter family of
SDEs:

dgy, = Adt +dBy + Re [e”"“(dBl n ide)] . 4 (0) =0, tel0,00) (10)
where By, By, B, are independent standard Brownian motions. Then the random set
Av:={L: ¢/ (v) €217}

has the same distribution as Sch;. Denote the counting function of the process by N-,
i.e. for A > 0let Ny (A) = #(Sch; N [0, A]). In [19] it was shown that N, (}) is close

to a normal with mean % and a constant variance —=. In our next result we derive

< 42"
the large deviation behavior of N (1), this is the analogue of Theorem 1 for the Sch;

processes.

Theorem 2 Fix t > 0. The sequence of random variables %]Vf (X) satisfies a large

deviation principle with scale 12 and rate function %ISch(') where Isch(p) = Z(2mp)
and forqg > 0

I(q) = % - 5@, with a=a(g) = K~ '(7/(29)) (1D

and T(0) = 1/8.

The rate function Ig.}, (o) is strictly convex and locally quadratic at the absolute
minimum point p = % (See Proposition 16.) The local behavior of Ig-,(p) at

= lﬂ is formally consistent with the fact that N; (1) — % is close to a normal
random variable with a constant variance 4%.

The proofs of Theorems 1 and 2 will rely on path level large deviation principles
on the corresponding stochastic differential equations. These in turn will follow by
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analyzing the hitting time of 27 for the diffusion

da;, = rdt + 2sin(@,/2)dB,  @.(0) =0, t e [0,00) (12)

for a fixed large A. Note, that for a fixed A the process @, (¢) is equal in distribution to
(1) — ¢go(2) from (10).

In the next section we summarize some of the important properties of the SDEs we
work with, and state the needed path level large deviation results. In Sect. 3 we study
the diffusion &, from (12) using the Cameron—-Martin—Girsanov change of measure
technique. In Sect. 4 we will derive a path level large deviation principle for the
diffusion @, from (12). Using this result and comparing «;, from (3) to a similar
diffusion with piecewise constant drift allows us to derive a path level large deviation
principle for o . This is done in Sect. 5. In Sect. 6 we analyze the rate functions for
the path level large deviations and in Sect. 7 we complete the proofs of Theorems 1
and 2. In the “Appendix” we will discuss various properties and asymptotics of the
used special functions.

2 Properties of the diffusions corresponding to Sineg and Sch;

Our starting point is the observation that if A > 0 is fixed, then if the diffusion &,
(defined in (12)) hits 2nm forn € Z, it will stay above it. This can be seen from the fact
that when @, hits 2n7r the noise term vanishes, but the drift term is always positive.
Introduce the notations

Lyvl2r = max{2xk : 2k < y}, [V]2z = min{27k : 2wk > y}.

From the strong Markov property we immediately get the following proposition.

Proposition 3 Fix A > 0. Then the process | &, (t) ]2y is non-decreasing in t. More-
over, the waiting times between the jump times of this process are i.i.d. with the same
distribution as the hitting time

T, = inf{t : a, (t) > 27}. (13)

~(2)

f\l) and o, which are strong solutions of the SDE (12), but

Consider the diffusions o
with initial conditions &)(Ll)(O) =c < 5){2) = ¢3. Then a simple coupling argument

shows that &}(Ll)(t) < a}(?) (z) for all + > 0. Our next proposition will build on this

statement using the strong Markov property.

Proposition4 Let 0 =19 <t <th < --- <t, = T and fix a . > 0. Consider
the solution &, (t) of (12) on [0, T. Then there exists independent random variables
515527 "'5§n SOthat

L&ilor < l@n()]or — loa(tic)]2n < |&ilox +27, 1<i <n, (14)

and &; is distributed as o; (t; — t;_1).
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Large deviations for the Sineg and Schr processes 345

Proof Let @;(s) be defined as the strong solution of (12) on [t;_1, t;] with initial
condition @&; (;—1) = 0 and let & = @;(t;). Clearly, &, 1 < i < n are independent
random variables and &; < a, (t; — t;—1), we just have to show that (14) holds. Fix an
integer | <i <n andfors € [t;_1, t;] define

G =8 + 1@ -0, &) = 8i() + (@ (ti-) |2 + 27,

Then oy, aﬁ\l), af) are all strong solutions of (12) on [#;_1, #;] with initial conditions

2
@ o) < @.(-) =@ (1) =& (1) + 2,
The ordering is preserved by the coupling so we have
@ ) @) =@ @) =&, @) + 2.

(See Fig. 1 for an illustration.) From this we get

L@ (1) ) 2n — (@0 (ti—1))2n = L@ () J2n — @ (ti-1) J2n
> 1@ () Jon — 1@ G J2n = L& Jon

27t(k+2)

2m(k+1)

2k

th-1 ty

Fig. 1 The coupling of Proposition 4. The process «,, is the diffusion in the middle, it is sandwiched

~(1) ~2) _ (1)

between o o, and o o)

interval

+ 27 which start at integer multiples of 27 at the beginning of the coupling
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346 D. Holcomb, B. Valké

and

L@ (1) J2n — (@0t 1))2n = L@t Jan — (@ (ti-1) J2n

< @20 )ar — 1" (i D))2r = i l2n + 27,
O

We will also need another type of coupling for a slightly more general family of
diffusions. Consider the SDE

dése = fdt + Re((e™5/< — 1)(d By + idBy)), §c(0)=c, te[0,00) (15)

where f is an integrable non-negative function. Note, that for fixed f, ¢ this process
has the same distribution as

dEf. = fdt +2sin(E;./2)dB, E7c(0)=c, t€[0,00) (16)

The following properties of & . follow from the basic theory of diffusions and standard
coupling arguments.

Proposition 5 (i) Let tor, be the hitting time of 2mn, where 2mrn > ¢ and n is an
integer. Then for any t > oz, we have &7, > 2mn. In particular, if ¢ > 0 then
& 1.¢(t) stays non-negative for all t > 0.

(ii) If f > gand &y, and &, j, are driven by the same Brownian motions then§ y o —&¢
has the same distribution as §¢_g 4—p. If a > b then &7, — &, p Stays a.s. non-
negative for all t.

(iii) For any finite T we have the following exponential tail bound

(foT f(ydt )k
PEpo(T) > ka) <2{ =——1]), keN (17)

2ma

If fooo f@®)dt < oo then &7,.(00) = limy 0 &,0(1) exists a.s. and the previous
bound holds for T = oo as well.

Sketch of the proof The first statement follows from the strong Markov property and
the fact that in (16) the noise term vanishes if ’éf,c € 2nZ, but the drift is always
non-negative. The first part of (ii) follows by considering the difference of the SDEs
for 1.4, &, » and noting that (e '/« — e~¢b)(d By +id B) has the same distribution
as (e"1¢ra=5¢b) — 1)(dBy + idB,). The second part of (ii) follows from the first
statement.

Finally, (17) follows from the Markov inequality and the strong Markov property.
The existence of the limit is proved in Proposition 9 of [23]. (See that proposition for
more details on the proof.) O

Our main theorems will follow from the following path level large deviations.
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Large deviations for the Sineg and Schr processes 347

Theorem 6 Fix f > 0 and let «, (t) be the process defined in (2) or (3). Then the
sequence of rescaled processes (‘“T('), t € [0, 00)) satisfies a large deviation principle
on C[0, 00) with the uniform topology with scale \*> and good rate function Jsineg-
The rate function jsmeﬁ is defined as

B
)

t

Tsines (8) = /0 PO (') /f(0) dr, with (1) = fa(t) = Be™

inthe case where g(0) = 0and g is absolutely continuous with non-negative derivative
g'. In all other cases Jsmeﬁ (g) is defined as oo.

Theorem 7 Fix T > 0 and let &, (t) be the process defined in (12). Then the sequence
of rescaled processes (‘“T(t), t € [0, T']) satisfies a large deviation principle on C[0, T ]
with the uniform topology with scale A* and good rate function Jsch,T- The rate
function is defined as

T
Tsch,7(8g) = /0 Z(g' (1)) dt

inthe case where g(0) = 0and g is absolutely continuous with non-negative derivative
g, and Jsen,7(g) = oo in all other cases.

In order to prove Theorem 7 we observe that “‘T(') is close to for large A
and by Proposition 3 we only need to analyze the hitting time 7, to understand the
evolution of |&; (¢) |2 . The proof of Theorem 6 will follow along similar lines after
approximating the drift in (2) with a piecewise constant function.

Lo (D) or
A

3 Analysis of the hitting time T,

The following proposition summarizes our bounds on the relevant hitting times.

Proposition 8 Let 1) = inf{t : o, (t) > 27} where @, is the solution of (12) and fix
a < 1. Then we have

Ee%“*ma‘g\/@ 0 < oM@ (18)

Lett, = 4K (a) and fix 0 < ¢ < |t;, — 27 |. Then we have

alg\ 4 lale 4 lal
POT, € [ty — &, 1a + £]) = A(e, &, @) " THOTFIT T =25 0ake) (g

where limy _, o A(e, A, a) = 1 for fixed a, ¢.
Our first step is a change of variables in (12). We introduce X () = log(tan(a;, (¢)/
4)), by 1t6’s formula this satisfies the SDE

A 1
kazzcosth dt—i—ztanhX,\ dt + dB;, X;(0) = —o0. (20)
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348 D. Holcomb, B. Valké

The distribution of the hitting time of 27 for «; (7) is the same as that of the hitting
time of oo for X, . With a small abuse of notation from now on we will use the notation
1), for the blow-up time of X (), i.e. ) = sup{f : X, () < oo}. In order to study 7,
we will introduce a similar diffusion with a modified drift. Let ¢ < 1 and consider

A 1
dY) o = E,/coshz Yia—adi+tahY; odi +dB,. Yy a(0) = —0co. (1)

To prove Proposition 8 we will choose an appropriate a and compare X, with the
diffusion Y} , using the Cameron—-Martin—Girsanov formula. Introduce the following
notations for the drifts:

1 A 1
fH(x) == coshx + 3 tanh x, hya(y) = \/cosh2 —a + 3 tanh y.

Note, that we have the uniform bound
| /() = hpa ()| < 3Alal. (22)

The following proposition will be our main tool for our estimates.

Proposition 9 Fixa < 1 and consider X = X, andY =Y, 4. Denote by 1) and ty ,
the blowup times of X and Y to co. Then for any s > 0, we have

Pty >s)=E [I(Ar“ > s)e_GS/A(Y)] ’ 23)
and
1 = Ee_GrA(s/)L)(Y) — EEGT/\(S/M(X)’ (24)

where
N 1 S
Gy(X) = /0 ra(XO) = (X)X ~ 5 /O (h2 ,(X) — F2(X))dr.

Proof This is just the Cameron—Martin—Girsanov formula for diffusions with explo-
sion. Note, that because of (22) the process e¥/s(X) satisfies the Novikov criterion
and it is a positive martingale. From this the usual steps of the proof can be completed
(seee.g. [16,17]). O

Proof of Proposition 8 We first estimate the Girsanov exponent
Gy(X) = / (Vcosh? X — a — cosh X)d X
1 N
——/ (——a + Z(V/cosh? X — a — cosh X) tanh X)
0

2
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Applying It6’s formula for 6(X) = hjy 4(X) — fi(X) we have that f(; 0(X)dX =
;(0’ 0(x)dx — %fos 0’(X)dt. This gives us

)\2 A X
Gy(X) = ?as + —/ (\/coshzx —a —coshx) dx

2 )
A a tanh vcosh? X —a — cosh Xd
S

+_ .
4 Jo \/costh—a \/costh—a+coshX

Note, that

2

1 /2
3 [ (Voo s —a—cosmx)av = - | —
. 0 141 asiniy

(I —a)K(a) — E(a) = H(a),

where this last equality can be seen by differentiating both sides with respect to @ and
checking equality at @ = 0. It is not hard to check that

a tanh x
«/cosh2 x—a

<

2 X _g—
‘ atanh  A/cosh’? X—a—cosh X < |a| /\\/m’ fora < 1

\/cosh2 X—a \/cosh2 X—a+cosh X

uniformly in x. The upper bound |a| follows from v/ cosh? x — a > |sinh x|, while the

bound +/|a| requires the optimization of the function Jafyl Fvyy:Ia for y > 1. This gives
the bound
A2 A A
Go(X) - 228 AH(a)‘ < M. (25)

To get the exponential moment bound (18) weuse 1 = E eCrrsinX) from (24). We let
s — 00, use Fatou’s lemma and (25) to get

22a MlalAy/TaDT
7

1> Ee¥*X) > Ee's @~ (26)

Rearranging the terms we get (18).
To prove the lower bound (19) we write

P(Aty e (ty —¢e,ty+¢€) =Pty >t, —e) — P(Atyy > t, + ¢)
—E [1(,\r“ > — s)e—Gwra—w(“] —E [mrm > 1 + &) Crntaron(¥ >]
—E [1(,\1” € (ta — &, 1a + a))e—waw/A(“]

—E [mzm € (fa— 1 + s))e*Grm] : 27)
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350 D. Holcomb, B. Valké

where we used the fact that e ~%*+(Y) is martingale in the third line. Because of (25)
we have

r\at MMalt
G (Y) = 5 + A H(a) + 7 (28)

and we can bound the last expectation as
E I:l()\.‘L'y’)L ety —e&,ty, + 8))€—GT(Y)]

247 Malt
> E [I(MY,A €t —e tg+ 8))6_)‘8_”_{(‘1)_4i|

_ laligte) _ Mal(ta+e)
> POty € (g — 6, 1g+€))e” & M@ =,

where we choose the sign of ¢ in 7, + ¢ the same way as the sign of a.
If we can show that limy o, P(Aty,) € (t4 —&,1a+ ¢)) = 1 for fixed a and ¢ then
this will complete the proof of (19). Note, that Y (¢) := Y} ,(¢/A) satisfies the SDE

~ 1 1 ~ 1 _
dY = zx/coshz Y —adt + T tanh Ydr + ﬁdBt, Y(0) = —o0.

As A — 00, the strong solution of this SDE converges a.s. to the solution of the ODE

1
y = Ey/costh —a, y(0)=—oo.

This ODE can be solved and the solutions satisfies [ ——2——dx = r. This
~ Jcosh? x—a

shows that y explodes exactly at
o 2
/ —————=dx =4K(a) = t,.
~o0 y/cosh®x —a

This shows that lim) oo P(Aty € (t, — &, 1 + €)) = 1 for fixed a and ¢ and this
completes the proof of the proposition. O

We can use the tail estimates of 7, to estimate the tail probabilities of &, (¢) for a
fixed ¢. Recall the definition of Z(-) from (11).

Lemma 10 There exist a constant c¢ so that for A > 2 we have

e PIT@ e+ DT @+]) 5 P(@(tﬂzn >qtd)) ifg > 1, 29)
— | P(laa(®)]or <qt)r) if0<qg < 1.

Moreover, there are absolute constants cq, c¢1 so that if qth, q and ,qlogq are all
bigger than co then

P([@.(t)]an = qth) < e~ 1¥"14’logq, (30)
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Proof Introduce the hitting times
™ = inf{r > 0: @(1) > 2nm). 31)

Then by Proposition 3 the random variables 7™ = 7 — ¢®~D are i.i.d. with the
same distribution as 7). Applying the exponential Markov inequality we get

[qta/Q2m)]

P(|&(1) ]2z < qt}) = p( z 70 > t) < (EeAr)\)fqt)L/(Znﬂ oA 32)

i=1

with any A > 0. Suppose first that ¢ < 1 which also implies a = a(g) =
K~'(7/(2¢)) € (0, 1). By choosing

2a A
A=—"—— — AMal (33)
8 4

we have A > 0if A > 2 and from (18) we have EeA™ < ¢=*"@ Together with (32)
this gives

P(o (1) < qt)) <e —AH(a)[qth/2m)]~ (A8a+Mal)t
lalt

<e "“ H(a)— ”8"+A|"‘)t+k|7—l(a)| — - tI(q)_H(__HH( )l) (34)

where we used the definitions (11) and (5).

For the ¢ > 1 case we use the same steps. Here « = K~ '(/(2¢)) < 0 and A
defined in (33) is negative which is exactly what we need for the exponential Markov
inequality. Eventually we get

P& () ]ar = qit) < e FH@larh/@m) =gt =2gy
‘1’* H(a)— (A a_Haly, 1) 1 Ha)

<e
_Azzz(q)H(ﬂHH( )l)
=e (35)
By Lemma 18 in the “Appendix” there is a constant ¢ so that
H(a(@) + jla(@)lt < ¢t + 1)(Z(g) + 1), (36)

for all ¢, ¢ > 0 which means that we can replace the upper bounds in (34) and (35)
with e~ 1T@+4e+ D@+ This proves the first part of Lemma 10.
For the second part we repeat the same steps as in the g > 1 case, but now use

Aa  AJ/]al
8 4 -

A=
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This gives

P&V ax = qht) < e M@ larn/ @IS i

By Proposition 17 of the “Appendix” if ¢ is large enough then a = K ~!(7/(2q)) >
cq? log? g with some positive constant ¢. If —a and g7 are big enough (which can
be achieved by choosing co big enough), we will have

< ——

ra +/\«/|a| 11 A2a
8 4 10 8°

9
lgtr/(2n)] > 1—061!?»/(277),
Then

—\H(a)lgtr/2m)] — §2%ar + 1a/lalt < =22t (S H(a@) L + 154)
_ 2, (e _ 9E@ +3)
80 40K (a) = 40
< —czkthzlogzq.

with a positive constant ¢, where in the last step we again used the asymptotics given
in Proposition 17 together with (89). This completes the proof of (30). O

4 The path deviation for the @) process

In this section we will prove Theorem 7. In order to show the large deviation principle
we need that

1 s (-
liminf — P a}‘—() € G) = inf Jsch,7(g), foranyopenset G C C[0, T],
A—o00 A2 A geG ’

1 s (-
lim sup — P () € K ) < inf Jsch,7(g), forany closed set K C C[O, T].
A—> 00 A2 A gek ’

The fact that Jsch,7(g) is a good rate function will be proved in Proposition 14 of
Sect. 6.

We will use the fact that Z(x) is strictly convex on (0, o) with a global minimum
at Z(1) = 0, and also that there is a constant ¢ > 0 so that

ol < Z(x)

———— <¢, forall x > 2. 37
= x2log?x ~ ©7

These statements will be proved in Propositions 16 and 17 of the “Appendix”.

Proof of the large deviations upper bound in Theorem 7 We will follow the standard
strategy for proving path level large deviations. Consider a closed subset K of C[0, T'].
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We need to bound P(X&'A(J € K). Define the §-‘fattening’ of K as
K%:={f eC[0,T]: | f —gl| <6 forsomeg e K}. (38)

From now on | - || denotes the sup-norm on the appropriate interval.
Let 7y be the following projection of C[0, T'] to piecewise linear paths:

(anHGT/N) = LfGT/N)|ox, O0=i<N (39)
and my f is defined linearly between these points. Then
P(@@/n € K) < P(la, — mnasll = 81) + P(fan(@) € K°).  (40)

We will bound the two probabilities in (40) separately.
The first term can be rewritten as

Pllla, — wyanll = 8A] = P [ maxy  sup  |mya@()—ai(0)] = 8r|. (41

G—DT kT
IE[T’ W]

By Proposition 3 the process |, (f)]2, is non-decreasing.Thus for any fixed k we
have

Sup lmnaa(t) —an()] < [ax((k + DT /N)lor — L& (kT /N)|2r.
rel P K

By Proposition 4 the term on the right is stochastically dominated by a; (T/N) + 4n
therefore

P(ll@, — and |l = 82) < NP(@,(T/N) 44 = 81) < NP (3a,(T/N) = $)

(42)
where the last bound holds if A > 87 /8. Using Lemma 10 we get
2T . SN - —
NP (%&A(T/N) - g) < Ne ® Frer@/N+DI (3 ) +her (T/N-1)

and this leads to

li ! log P (|| @ > 61) < TI oN (43)

imsup — lo a) — TN ——I{—=).

A_)OOP 52 08 A NOLl = =Nt \a7

Note, that for fixed 6 and 7 as N — oo the right hand side converges to —oo by (37).
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The second term on the right side of (40) can be bounded as
P (my@./0) € K°) < P (Jsm,T(NN(aA/?»)) > inIl;S chh,T(g)) .
ge
We introduce
~ N . . .
Aa; = T (le(GT/N)Jon — la((@ — DT/N)J2z), for 1 <i <N

and Cs = infge,(a Jsch,7(g). Then we have to bound

Z |~

N
P(Jseh,r (TN (@1/0) = Cs) = P(Z I (Aw) = Cs)- (44)
i=1

We can apply Proposition 4 with #; = % 1 < i < N to get independent random

variables & with & = @, (T/N) and

N - N
ﬁl_siJZn < A@; < T (L& l2m +27) .
Because of the convexity of Z(-) we then have

Z(Aai) < max (I(NL%-ZJZ”) 7I(N|-§l‘J2T[ + 27’[N))
AT AT T

2n N N\&ilox 2n N
<11 A
= ( o7 ) ( AT )+C W

where we used Lemma 19 of the “Appendix” for the last bound. Fix 1/2 > ¢ > 0.
Using the exponential Markov inequality, the independence of &; and &; < a,(T/N)
we get the bound

Ay
P (Z L (A@) = Cs)

i=1

2T 27N N & (T/N)] N\ NV
< (Ee(l—ZE))L N(<1+)G~)I(WT)+C)G~)) e—(l—ZS)AZCa
(lfg)lzlz(w) N e)mAN—(1—28)32C
S Ee N T e( - 8)( v _( - 5) 6’ (45)

where the second inequality holds for fixed &, N, T if A is big enough. Our next step
(1—e)22 %z(w

is to estimate the exponential moment Ee M ) for a fixed ¢ > 0.

By Lemma 11 below if N, T, ¢ are fixed then
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1 o2 T N T/N)loy
lim sup - log Ee(1 2k NI( AT ) <0.

A—00 A
Using this with (45) we get

N

. 1 T -
lim sup 2 log P Z NI(AOQ) > Cs | < —(1 —2¢)Cs. (46)
r—00 i—1

Now we let ¢ — 0 and then N — oco. The bounds (43), (46) with (40) give

1 _ :
limsup — log P(A'@,(-) € K) < — inf Jsen7(g). (47)
A gek?’

A— 00

Using the fact that Jscp, 7 is a good rate function (which is proved in Proposition 14
of Sect. 6) we get that the right hand side converges to — infgex Jsch,7(g) as § — 0.
(See e.g. Lemma 4.1.6 from [9].) This finishes the proof of the lower bound.

Now we will prove the missing estimate for the lower bound.
Lemma 11 Fixt > O0and 1 > ¢ > 0. Then

2+ 1E 0y
(1—e)h tI(%)

1
lim supﬁlog Ee <0.

L— 00

Proof Introduce the temporary notation G(x) = 22t7 (x). This is a convex function
with G(1) = 0 as its minimum. Then we have

2 L@, (1)
L1 tI( A

1
E )ize <2 —/ (1= 8)G' (x)e" DO P&, (1) |2x < Ax)dx
0

o
+/ (1= 8)G' (x)e" DO P&, () |2z > Ax)dx.
1
Using Lemma 10 we get

P([@.()]2r < Atx) <exp{— (1 —ci2 "1 +1"N)G®) + rer(t + D}

for x < 1 and a similar bound for P (|a; (1) ]2z > Atx) < P([ay(t)]2r > Atx) for
x > 1. This gives us

2 @, (1)
L1 tI( X

1
E ) < 2_/ ¢! _S)G’(x)e((1+t71)(61/)~)—8)G(X)+)»01(H—l)dx
0

o
+/ (1 — £)G' (1) 1+ N=e)GE) +rer (+1)
1

< 2 +48—lekcl(f+1)
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where the last inequality holds if (1 + ~Hey /A < g/2,1.e. for large enough A. From
this the lemma follows. O

Now we turn to the lower bound proof in the large deviation result of Theorem 7.
As we will see, we will be able to reduce the problem to studying the probability of
%BZA (#) being close to a straight line.

Proposition 12 Fixq > 0and T, e > 0. Then
1 -
lim liminf — log P(a(t) € [A(gt — &), M(qt +¢)],t € [0,T]) = —TZ(q).
e—0 A—>o0 )\,2

Proof As g > 0 we may assume ¢ < g7 /2 by choosing ¢ small enough. Let N =

%, and choose ¢ = %, which satisfies ] < zf;_kN for . > 2. Recall

the definition of t)f") and ?)E") from (31). We will prove that

P(a(t) € [Mgt —&), Mgt +¢&)],t €[0,T))
EP(X?)Ek)E(27”—81,27”+81),1§k§N).

Roughly speaking, this will follow from the simple fact that if we are within & /g of the
line y = gt in the horizontal direction, then we are within ¢ in the vertical direction.
If)(fk(k) > 27” — ¢ forl <k < N then Mk(k) > k(%’ —¢1) and

~ 2 k
o, (ﬁ—i (2—” —81)) < 2km :A—n~—(2—”—81)
a 2r/q —e1 A\ 1

for 1 <k < N. Together with the fact that | @, |2, is non-decreasing we get that

~ 2n 1 N (2
a(t) < Xm (t++5@m/q—e1), forr<% (7” —51).

This inequality implies &, (t) < A(gt + €), fort < T, e > 47.
The other direction is similar, if we have k?)fk) < 27” + ¢y for1 <k < N then

&x(ﬁ(%’ﬂl))zzknzxz—”.f(

2
2m/q +¢e1 A +81)

q

which implies

= 2 1 N (2
aA(f)ZA«m(t—x(Zﬂ/Q'i_gl)), fOf[ST(Tn+81).

and o, (t) > A(gt — ¢) fort < T. Using the independence of ?)Ek) we get the bound

P@(t) € [Mgt — &), Mgt + &)l 1 € [0,T]) > P (A?A(k) eZE—e,Z+ 81))1\/ :
(48)
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By the lower bound (19) we have

log P(a (1) € [M(gt — &), M(qt +&)],t €[0,T])

AMgT + 2¢ 2m A Ala
> % (_TI(") - %(al +4Q2/q + £1)) +log A(er, ., a)) .

Recalling ¢ = we get

e
2q(qT+e)

1
lim lim inf - log P@(1) € (Mgt = ). Mgt + &)1 € [0.T]) = ~TZ(q).
—00

e—0

]

Proof of the lower bound in Theorem 7 Let G be an open subset of C[0, T']. We would
like to show that

1 1 r
liknl)ior;f A—zlog P (Xazk(.) € G) > —gilqu/o Z(g'())dr. (49)

For this it is enough to prove that for any g € G with fOT A (g/(t)) dt <ocand$ > 0
we have

o1 1. T
lan_l)géfﬁlogP (Xak(-) € G) > —/0 Z(g'(n))dr — 3. (50)

We can approximate g with a piecewise linear function g in the sup-norm so that we
have | fOT 7 (g, (1)) dt — fOT 7 (g'(1)) dt| < 8. Because of this we may assume that g
is piecewise linear, moreover, we may assume that there are no horizontal segments in
g. Suppose that g is linear with slope g; on the interval [T}, T;4+1] with0 <i <k — 1
and0 =Ty < Ty <--- < T =T.We claim that if A > Lg(e, k) then

1_
P (leax(-) —80I = 8)

1 - .
> P (Ix(ax(l) — o (T) —qit —T)| < ¢/k, ift e [T;, Ti+1])

k—1
1_
=117 (Ixax(t) —qit| < &/(2k), fort € [0, Tiyy — Ti]) (S
i=0

The first inequality is straightforward, to prove the second we use the coupling in the
proof of Proposition 4. Recall the definition of the processes &; (s) defined on [#;_1, #].
These were independent for different values of i and the process &;(s + fi—1),s €
[0, #; — t;_1] had the same distribution as a; (s), s € [0, #; — t;_1]. We also had

ai(s) + [oa(tiz1)]on < anls) < &i(s) + Loa(ti—1)]ox + 27,
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for s € [ti_1, t;]. By choosing A > Xy = 4mk/e the inequality (51) follows by the
independent increment property of the Brownian motion.
By Proposition 12 we have the bound

1.
lim lim inf A_g log P (llxax(-) —gOI = e)

e—>0 r—o00
k—1 T
> = 3T~ 1T = - [ T(g0)d
i=0 0
from which (50) and thus the proof of the lower bound follows.

5 The path deviation for the Sineg process

This section contains the proof of Theorem 6. The strategy for the proof is to approx-
imate the SDE (3) with a version where the drift is piecewise constant and then use
elements of the proof of Theorem 7. Just as in the proof of Theorem 7, we need to
show an upper and a lower bound to prove the large deviation principle. The fact that
jSineﬂ is a good rate function will be proved in Proposition 14 of Sect. 6.

Proof of the upper bound in Theorem 6 For the proof of the upper bound we go
through a series of approximations: we essentially cut of the tail of the process, then
replace the drift in the SDE with a piecewise constant version and then approximate
the process with a piecewise linear version. Recall that o, (¢) solves the SDE (2) and

B
that we introduced the notation f(¢) = %e 4" Fix T > 0, the value of which will go
to infinity later. The first approximating process is defined as

aV(1) = (011 < T) + (o (T) + (e~ 5T — e~ )1t > T).

this solves the SDE (2) with the noise ‘turned off” at # = T'. For the second process
we define

fn(@) =f(Ti/N), te€l[Ti/N,T(i+1)/N) (52)
and consider the solution &, of (15) with drift Afx and initial condition 0. Let
_B _B
a2 (1) = &4, (1 < T) + (Eagy (T) + A(e™ 37 — e 31 > 7).

Finally, let s is the projection defined in (39) with intervals of size T/M N, that is
wyn f is the piecewise linear path that satisfies

@un TP/ (MN)) = Lf(Ti/(MN))|2x,

and is linear between these values. Define

a2 (t) = TunErgy (D1 < T) + Grundsgy (1) + 2e 57 — e ¥)1¢ > T).
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Then for any closed set K C C[0, co) we have that

()
(e k) = P(Z= e k) + Plla)” — arlloo = 82)

+P(la? — a0 = 81) + P(lal’ —aP [l > 82), (53)

where K3 is defined similarly to (38), as the 35-fattening of K. We will begin with

the main term. Let ®
_ 00 ) g/ t
In(g) = /O fN(t)I(fN(t)) dt,

and define (similarly to the &; case in the proof of Theorem 7)

MN
- Gt _1ag® P —
Aa; = A ()T (La (Ti/(MN))]on — La (T (i 1)/(MN))J2n),

for1 <i < MN. Then,

3) 3)
2 38 2 :
P(“ e k) = p(av("2) = it o)

& T(n(Ti/(MN)))>
(N

IA

I(Aaj) = inf jN(g))-
gek

i=1

Take @; to solve (12) but with the Brownian motion B(t +Ti/(MN))— B(Ti/(MN))
and A; = Afy(Ti/(MN)). Then using the same arguments as in the bound (45) we
get

3
P (OL e K33)
A

MN
2t MN @i (T/(MN))] 2t MN
R | (E (=022 gfy (2O T (P ) e 232 ))

i=1
where Cs,y = inf ;¢ g35 Jn (g). Using the bound proved in Lemma 11 we get that

3)
lim su ! 1 Y 3 —(1 -
P37 og P € K*) <= —(1—-¢)Csn (54)

A—00

We now turn to the first error term. Using the fact that | «), |2, is non-decreasing (which
follows from (i) of Proposition 5) we get that

k=Y

etV — @]l < ai(00) — an(T) + re” 47,
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. - B
where o), (00) is the limit of « (¢) as t — o0o. Choose T large enough so that e il <
6/2. Then

PV =yl = 81) < P(ap(00) — iz (T) = 51/2)

We will deal with this tail probability in Proposition 13 below. In particular, we will
show that there is a constant ¢; > 0 so that

. 1 1
lim sup — log P(la\” —a;|l = 81) < —c1 T8> (55)
A—00
For the second error term we first note that ||a§2)—a§1) | = sup;eqo,7) |a§2) (t)—ail)(t)l.

Using the coupling of Proposition 5 we can show that on [0, T'] the process ozf) - oeil)
will have the same distribution as the solution of the SDE (15) with initial condition O
and drift A(fy — f) > 0. Moreover, this process will be non-negative (because the drift
is non-negative), and since A (fy () —f(¢)) < k% fort € [0, T], it will be bounded by
the solution of the SDE (15) with a constant drift A%. Because of this ||a§2) — a}(»l) I
is stochastically bounded by sup, g 7 52A E_T 1) < 52}» pr (T) + 27 with a;, from (12,

4N
using the fact that | @) (¢)]2, is non-decreasing. Thus for A > 47 we have

P(le;” — ey = 62) < P (aeA pr (T) = %ax) :
4N

If N and T are fixed then if A is big enough then we can apply Lemma 10 for the right

- Lsa
hand side with A = AL 1 = T and g = 25 = 2 This leads to

4N> ”% = BT?"
1 213 (28N
lim sup — log P(||a§2) — Oé,(xl)ll > %5)») < —%I (—2) . (56)
A0 A 4*N IBT
For the third error term we first note that
3 2 3 2 3 2
ley” — P < sup o’ (1) — ef? ()] < max sup o (1) —a? (1),
1€[0,T] I te[Ti/N,T(i+1)/N]

and thus

N—1
3 2 3 2
P(ley” —aP| =80 < > P sup eV (1) — aP (1)) = 51 ).

i=0 te[Ti/N,T(i+1)/N]

Intheinterval [Ti/N, T (i +1)/N] the process ozfxz) solves the SDE (12) with constant
drift Afy (T'i /N ). Here we can use the same steps that we used in the proof of Theorem
7 between (41) and (42) to get
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N—-1
Pl = o1l = 83) < D" MP (&g iy (T/(MN)) = 8./2)
i=1

< MNP (&EA(T/(MN)) > (sx/z)
I

for A big enough compared to § ~1. For large enough % we can apply Lemma 10 for
the right hand side with . = £, 1 = T/(MN) and g = ZMY (o get

BT
1 zr 28MN
lim sup — log P(la — | = 83) < AT . (57)
ho00 422 MN BT
Now taking (53) with the bounds (54), (55), (56) and (57) we get
li ! log P e K
1m sup — log ( )
A—00 2 A
273 (28N 2T 28MN
<max {—(1—¢)Cs y, —c1T82, —ﬂ—z ), —ﬁ——z .
’ 42N27 \ BT 42 MN BT

(58)

Taking N to oo the last two terms go to —oo (using the bounds (37)) while the first
term converges to (1 — s)CaT with

cl = inf / POT (8 0/f0) di

gek3

Letting now 7 — oo and then ¢ — 0 we get

1
lim sup — P logP(T € K) < - 1nf , Isine; (8)-

A—00 145

Finally taking § — 0 and using the fact that Jsine, is a good rate function gives the
result

1
lim sup — 2 log P(T € K) <- 1nf jSIIICﬂ (8-

A—00
This completes the proof of the lower bound. O

We now prove the tail bound for the proof of the lower bound.

Proposition 13 Fix T, 6 > 0, then there is a constant ¢ > 0 so that

1
lim sup — log P(ay(00) — oy (T) = 6A) < —cT$§2. 59)

A—00
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Proof of Proposition 13 Take v = 1/8, and set T = MQT where the value of
6 > 0 will be specified later. Then we can break up the probability in question as

[2v/A]
P(ax(00) —ax(T) = 82) < D" Plen(Tier1) — an(Tx) = §avk™ )
k=1
+ P (ax(00) — a)‘(TL2\/XJ+1) > 8A/2). (60)

Note, that for any fixed s > 0 the process &, (1) = ay(s + 1) satisfies the SDE

A B
(3) with & = Ae” 4° with initial condition a; (s). Using the coupling techniques of
Propositions 4 and 5 one can show that & ; (1) — &3 (0) = a;(s + 1) — ax(s) is
stochastically dominated by &Af(s) + 2. This (together with Ty — Ty = 6(k+ 1)T)
gives
P (Ter) =i (Th) = §avk™ M) < P@ogery Ok + DT) = Gavk™ 1 —2m)
< P@jp 0k + DT) = §avk™ )

where the last bound follows for big enough A from k < 2+/A. We can use bound

(30) of Lemma 10 for the probability on the right with r= M(Tp),t =0k + DT

and ¢ = #%, since with these choices g7, ¢ and Aq log g are all big, if we

choose 6 > 0 small enough and then A big enough. This leads to

P (@7 (T) = Savk= 1Y)

§2,2 2,21 1 Lp—1 .02 vk~ (1Y)
<exp| —a1 522029 e+ DT T o | ————
8 80(k + DHT§(Ty)

2
< exp (—0282)\2]{32”]"1 (C3 + gT@) ) < exp (_C4)\.282Tk172v) ,

with a positive constant c4, which in turn implies (for large enough A)

[2V/4]

S P (a,\(TkH) —a(Ty) > ;‘T,\vk*““)) < 2exp (—C4x252T) .6
k=1

Lastly we bound the remaining term using Proposition 5:
_ B\ 194/2]
P@(00) = a(T2) = 83/2) = P(&jom (00) = 183/2)) =2 (7 07) 77,

which together with (60) and (61) gives us the necessary upper bound for (59). O

Proof of the lower bound in Theorem 6 We will show that if g € CJ[0, co) with
Jsines (8) < o0 then

lim lim inf 5% log P(I2™'@.() = g0l < £) = = Tsinc, (). (62)

e—>0 A—>o0
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From this the lower bound will follow.
In Proposition 14 of the “Appendix™ we will prove that if Jsine;(g) < oo then
g(00) = lim;— o g(t) < oo exists. Let ¢ > 0 and choose T > 0 so that

B
g(00) —g(T) <e/2, and e 47 <e/a. (63)
From the first assumption in (63) and the Markov property we have

P(A o (t) — g0 < e, = 0)
> P(IA " an(t) — g(0)] < /2,1 €0, T, laz.(00) — ax(T)] < re/4)
> P(IA o (1) — gt < e/2,t €0, T])
x sup P(a;.(00) — a; (T) < A& /4| (T) = x). (64)

Using the same line of reasoning as in the proof of Proposition 13 (see after (60)) we

B
get that with A7 = Ae™ 4 T Wwe have

P(ay(00) —a(T) < re/4 o (T) = x)
> P(ay;(00) < Ae/4 —2m) > P(ay, (00) < Ae/8),

where the second inequality follows if A is big enough compared to €. Now we can
use part (iii) of Proposition 5 with f(#) = A7f(t), k = 1 and a = A&/8 to get

SAT 2
P(Oé)LT(OO)fks/S)ZI—P(a)LT(OO)>AS/8)Z]—22 >1

- )

TAE b4
where the last step follows from the second assumption of (63).

Using this with (64) we get that

1
liminf — log P (|2 "a, (1) — g ()| < &, > 0)
A—>00 A
1
> lim inf = log P(|A_1ax(t) —g®)| <e/2,t €0, T)),
A—>00 A

and it is enough to estimate the right hand side. We do this by introducing the process
En(t) on [0, T] which is a solution of the SDE (15) with initial condition O and the
piecewise constant drift function Afy where fy is defined as in (52). From Proposition
5 we have that o (r) < &y () and /S\N(t) = En(t) — a,(¢) satisfies SDE (16) with
initial condition O and drift A(fx () — f(¢)). We have

P an(t) —g0) < /2,1 €10, T]) = P2 'en(t) — g(0)] < e/4,1 € [0, T
— P( sup |En (1) — o (1) > As/4).

t€l0,T]
(65)
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The second term on the right may be bounded in the same manner as (56). this gives
us

1i h P( &N (1) — o (1)] > A /4) < ﬂ2T3z(8N)
im sup — log sup [En () —an(1)] > Ae <-—==7|—=).
oo A2 1€[0,T] 42N27 \ BT?

Note, that as N — oo the right hand side converges to —oo.
The only thing left is to estimate the first term on the right of (65). Introduce the
notation #; = ka We start with the bound

log P(IA'en () — g(1)| < e/4,1 € [0, T])
> P(IR 7NN (s + 1) — En () — (g(s + 1) — g()| < €/ (4N), s € [0, T/N]).

For any fixed k the process &Ev(s + fx),s € [0, T/N] satisfies the SDE (16) with
initial condition &y (f;) and a constant drift Afxy (7). Using the coupling in the proof
of Proposition 4 we can construct independent processes & (¢), ¢ € [0, T/N] so that

Qk(s) — 27 < En(s +t) —én(t) < ak(t) +2m, s €[0,T/N]

and o (t), t € [0, T/N] has the same distribution as &ATN(,,{)(I), t € [0, T/N]. From
this it immediately follows that

lim inf ;5 log P(A~"'én (1) — g(0] < &/4,1 €0, T])
—00

N-1

> ;lanlgfk—zlogP(

@ify (1) ()

S — (gt +n) -

e T
< —,5€]0,—1]).
oo v))

From our path level large deviation lower bound on & we get
11m mf 5 log P(|A~ aka(tk)(s) (gs+ 1) —g))| <e/(4N),s € [0,T/N])

T/N
>—inf @) / T(in ()™ &t + 9))ds.
[g(s)—g(s)|<e/(8N) 0

s€tr,trr1]

This yields the estimate
hmlnf 5 log P(|A™ oe;\(t) —g)| <¢e/4,tel0, T)

> — / fn($)2Z(5' & (s))ds.

[g(s)— g(S)I<8/(8N)
€[0,T1]
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Letting N — oo the lower bound converges to — fOT §(5)2Z(5 (s)g’ (s))ds which
(together with our previous estimates) shows that

T
lim inf Aiz log P(I12 e () — g(0)] < &,t > 0) > — / ()2 ()8 (5))ds.
— 00 0

Letting ¢ — 0 we also have T = T, — oo which yields the bound (62) and concludes
the proof of the lower bound in the large deviation principle. O
6 JSch,T and Jsine 5 are good rate functions

In this section we will show that Jsch, 7 and Jsmeﬁ are good rate functions. Our main
tools are the bound (37) and the estimate

Z(x) > ci(x — D%, ifx >0 (66)
both of which will be proved in Proposition (17) of the “Appendix”.
Proposition 14 The functions jsmeﬂ (+) and Jsch, T (-) are both good rate functions
on the spaces C[0, o) and C[0, T] respectively. Moreover, if g € C[0, co) and

Jsiney (g) < 00 then limy—, o0 (1) is finite.

Proof Fix T > 0 and r > 0. In order to prove that K, = {g : Jsch,7(-) < r}is
compact we first show the equicontinuity of this set. Suppose that g € K,. Then
g(0) =0and g’(x) > Oexistsa.e.in [0, T]. Wehave for0 < x <y < T

y y
/ (g'(s) — ds s(y—x)“z\/ / (g/'(s) — 1)2ds

<co-0' [ " I(g/())ds < ey — )21

where we used (66) in the second step. This shows that K, is equicontinuous. Using
Tonelli’s semicontinuity theorem (e.g. Theorem 3.5, [5]) the compactness of K, now
follows.

The proof for Jsine 5 () is bit more involved. Fix 8 > 0. Itis convenient to transform

lg(x) —g(y) —(x —y)l =

the interval [0, co) into [0, 1) using the function y = 1 — e~ P1/* Then for a g €
C|0, co) with jsmeﬁ (g) < oo we have

00 1
Teines () = /0 PO @ wndr =& /O (1 - NIEF G)dy
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where g(y) = g(—% log(1 — y)), g € C[0, 1). Consider the functional jSine(') on
C[0, 1) defined as

N 1
Fiine(g) = & /0 (1— DI(g' ()i 67)

if g’ (r) exists a~nd non-negative for a.e. 0 <t < 1, and as oo otherwise. Clearly, if
we show that Jsine(+) is a good rate function onﬂC [0, 1) then the same will hold for
jSineﬁ- We first show that if g € C[0, 1) and Jsine(g) < oo then limy_)r g(y) is

finite, i.e. we can consider jSine(') on C[0, 1]. We have

1 1
Jim 20 = [ oy <2+ [ 0160 = 2d.

We will prove that

1
if h(y) >0, and / (1 — y)h(y)?log?(h(y) + e)dy < oo,
0

1
then / h(y)dy < oo. (68)
0

Using this with 2(y) = g’'(y)1(g’(y) > 2) together with the bound in (37) we get the
boundedness of fol g'(y)dy and the existence on limy_, - g(y).

Let ®(x) = x2 10g2(|x| + e), this is a strictly convex, even function with
limy—o 28 = 0, limy 00 & = 00 (i.e. @ is a ‘nice Young function’). Introduce

X X
the complementary function

x|

W(x) = ®*(x) = sup{ylx| — ()} = \ @V (y)dy

y=0

where (®')~1 is the inverse of the strictly increasing function ®' on [0, c0). Assume
that

1
A =/0 (I =P (h(y)dy < o0 (69)
and let u the measure on [0, 1] withdu = %(1 — x)dx. Consider the Orlicz spaces

LY = [f  there is an @ > 0 with / d(af)du < oo],
[0,1]

LY = [f - there is an a > 0 with / W(af)du < oo]
[0,1]
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with the Luxemburg-norms defined as

1 fllo = inf[b =00 [ a6 an < 1],
[0,1]

I £llw :inf[b>0:/ Wb fdu < 1}. (70)
[0.1]

(See e.g. [21] for more on Orlicz spaces.) Note, that by our assumption (69) we have
lh]le < 1. By the generalized Holder inequality for Orlicz spaces (c.f. Theorem 3 in
Chapter III of [21]), for any f € L}, one has

I Al <20 fllwlhlle <21 fllw (71)
where || - ||1 is the L' norm on [0, 1] with reference measure . Choose f(x) = ﬁ
If we show that || ||y < oo then this would imply

1 1 1
0o > 2| fllw = IIfhl = %/0 mh(x)(l —x)dx = %/0 h(x)dx,

and the statement (68) would follow. It is not hard to check, that there is a ¢ > 0 so
that

2

Yx) <c , forx >0. (72)

X
log?(x + ¢)

(-x)?
log? ((1—x)~1+e)
finite and thus fol h(y)dy < oo. This completes the proof that if Jsine(g) < oo then
lim,_, - g(y) is finite, and also shows the last statement of the proposition.

Since the integral fol(l —X) dx 1is finite, this implies that I|ﬁ”\p is

Next we will prove the equicontinuity of the set K, = {f : jSine( f) <r}, we will
show that if g € K, then for ¢ < g9 we have

lg(a + &) — g(a)] < Cloge™")™3 foranya € [0,1 —&]. (73)

Here ¢g, C only depend on r.
We first assume a < 1 — ,/e. Then

a+e
/ &'y - l)dy‘

ate ] 1/2 a+e
5(/ ﬁdy) (/ (1—y)(g’<y)—1>2dy)

12
§Cr1/2 (log (1+1;)) §Crl/281/4
—a—¢

lg(a +&) —gla) —¢| =

1/2
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Where we used 1 — a > /¢, the bound (66) and the fact that ¢ can be chosen to be
small enough.

Next we assume that @ > 1 — /¢. Because of the monotonicity of g it is enough
to bound |g(1) — g(1 — \/¢)|. Setting f(x) = % and h(x) = g/ (x)1(g'(x) > 2) we
have

1

g() — g(1 — V6) < 2J§+/ h(x)dx. (74)
1

—A/E

Since jsme(g) < r, we can assume that (69) holds with some finite A > 0. We will
now follow the previous argument using Orlicz spaces. We use the same definitions for
W, @, i but for the norms | - ||y, || - |¢ defined in (70) we use the interval [1 — /¢, 1]
instead of [0, 1].

Using inequality (74) and (71) we get the bound

1

g() —g( = e) 52\/54‘14/ FORh@)dp(x) < 2ve + Al fllw.

1-e

—1/3

To estimate | f||g we will prove that with b = (loge™") there is a constant &g

depending on A so that

1

1
/ W F)dux) = A—‘/ A=W '1=x)"hHdx <1, fore<e.
1\ 1-&

This will imply that for such ¢ we have || f ||y < b. Using (72) we get
1

———dx
logZ(2x—1p-1)
~1y2/3

I VE
A—l/ A—x)wBp 1 —x)hHdx < cb—2A—1/ x!
1-Je 0

- c(loge
= Alog (2(loge=1)~13e=1/2)"

Since the right hand side converges to 0 as ¢ — 0 we get that || f|ly < b for small
enough ¢ which in turn leads to the upper bound (73). This completes the proof of the
equicontinuity of the set K, and the compactness follows again by Tonelli’s theorem.

O

7 From the path to the endpoint

In this section we will complete the proofs of Theorems 1 and 2.

Proof of Theorem 2 Consider the continuous map F : C[0, T] — Rgivenby F(g) =

g(T)/(2m). By the contraction principle (see e.g. [9]) the random variables %“’\ZETT)

satisfy a large deviation principle with scale function A> and good rate function J
defined as
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T
J(p) = min [/0 Z(g'()dr = g'(t) = 0, g(T) = 277/0] . (75)

We will now solve this variational problem. If g provides the minimum then we can
assume that g’ is monotone decreasing. To see this define g with g(0) = 0 and
g'(t) = sup{x : m(g’(s) > x) > t} where m indicates Lesbegue measure. Then
g(T) = g(T), Tseh,7(8) = Tsch.7(g), and g'(¢) is decreasing. If g’ > 0 on [0, a]
and g’ = 0 on (a, 1] then by the classical variational method we get that Z'(g’(x)) is
constant on [0, a]. This means that g’(x) = 2”7'0 on [0,a] and g’(x) = O on (a, T]
and our variational problem is reduced to finding the minimum of

f(a) = aT (z’g—f’) (T —a)I(0), on 0<a<T.
But we have
fl@ =1 (%) -10) -7 (%) 22 <o,

since 7 is strictly convex, which means that the minimum is at a = 7. Thus

T
J(p) = min [/ Z(g't)dt, g'(t) = 0, g(T) = 277/)] =T1Q2np/T) (76)
0

is the large deviation rate function for %“"AZSTT) .

Now recall that the counting function of Sch; is given by

Ne(W) =#{v:0 <v <A, ¢ (1) €277)

where ¢, is the solution of (10). Note, that ¢, (r) — ¢o(¢) has the same distribution as
&7 0(t) with constant f = X, which in turn has the same distribution as & (¢). Using
the coupling methods of Proposition 5 we can show that ¢, (¢) is increasing in A for
any fixed ¢ (see [19] for a detailed proof of this fact). From this it follows that

MG = 2 (32 (0) = go(0)| < 1.

This means that in order to get a large deviation principle for %Nt (1) it is enough

to prove one for %W But this has the same distribution as * a*é;(r) ,and a

x
simple rescaling of (76) completes the proof of the theorem.

Proof of Theorem 1 Theorem 6 shows that %ak(.) satisfies a path level large deviation

B B
principle. By applying the time change y = 1 —e ¥ we getthatt — %ak(l —e 4h
satisfies a path level LDP on CJ[0, 1) with tpe modified rate function jsme given in
(67). In Proposition 14 we showed that if Jsine(g) < oo then the limit as t — 17
exists and so the LDP actually holds on C[0, 1]. Using the contraction principle with
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the functional F(g) = % g(1), we get that %% satisfies a large deviation principle

with speed function A% and a good rate function
78(p) = min { Fsine (&) : g(1) = 27p}

1
= min [§ /O (1= 0T(g ()dr = g(0) =0,g'(r) > 0,g(1) =2mp} .

The counting function Ng(A) of Sineg is given by %, so Theorem 1 will follow

if we can show that the solution of this variational problem is given by B lsine (p) as
defined in the theorem.

The function jsme is a good rate function, so for any p > 0 the minimum is
achieved at some g, € CJ[0, 1]. Clearly, when p = % then the minimum is zero, as
the g(¢) = t function shows. (We will not denote the dependence of p in g = g, from
this point.)

We may assume that for the minimizer the derivative g’ will not take values from
both (1, o0) and [0, 1) because otherwise we could construct a function g with the
same boundary condition g (1) = 27 p, but with jSine (g) > jSine (8). The construction
is as follows. Assume p < 1/(27) and that A = {r : g'(t) > 1} has positive
measure. Since fol(g’(t) — dt =27p —1 < O0and [,(g'(tr) — D)dt > 0, by the
intermediate value theorem we can find B C [0, 1]\ A so that fAUB(g’(t) — Ddt =0.
Define g with g(0) = 0, g’(r) = g'(t) ift ¢ AU B and g'(t) = 1 otherwise. Then
g(1) = Jy ¢'()dt = [y & (0)dr = (1), but clearly Fsine(8) > Jsine(8). A similar
construction works for p > 1/(27). Thus we may assume that g’(z) < 1 for all 7 if
o <1/Q2m),and g’(r) > 1 foralltif p > 1/(27).

First assume that p > % Then g’(t) > 1 for all t and we can use the classical
variational method (see e.g. [5]) to conclude that (1 —#)Z'(g’(¢)) is constant in ¢. Thus
the optimizer is given by a function g, which satisfies

1
GO =0, (M) =% /0 @)V (i) dr =270, D)

for some constant ¢, and the solution of the variational problem is

TP (p) = %/01(1 ~nZ (@D (%)) dr (78)

In Proposition 15 below we will show that this is equal to Blgin.(p) as defined in
Theorem 1.

Now assume that p < % , here we can assume that the minimizer satisfies g’(1) < 1.
Asin the case of Sch; we may assume g’ is decreasing, this can be shown using the same
construction as found in the paragraph directly following equation (75). Suppose that
g iszerofort € [a, 1]1and g’(¢r) > 01in [0, a]. Then on [0, a] the classical variational
method shows that (1 — £)Z’(g’(¢)) must be constant. Thus the optimizer must be of
the following form:
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n(—1) (<
di=1D (1_,) O<t=za (79)
, a<t<l,
for some constant ¢, which satisfies
a
27p =/ (@)D (C’”‘)dt (80)
0

By Propositions 16 and 17 of the “Appendix” the function Z'(x) is strictly increasing

on (0, oo) with a limit of —% at x = 0. Thus ¢, 4 in (79) cannot be smaller than
— 12;71” Our next claim is that the optimizer has a continuous derivative att = a, which
will identify ¢, , as ¢ = —lz;n“. Assume the opposite, i.e. that ¢, , > —lz—n“ and
g'(a) > 0.Let ns(x) = L(g.a+5) — La—s.a)- If &, € are small enough then g’ — ens > 0
in [0, 1] and g(¢) = fot (g'(s) — ens(s))ds satisfies the same boundary conditions as
g. Since g is a minimizer, the derivative of h(e) = jSine (g + ens) at e = 0 cannot be

negative. We can compute the derivative as

1
h'(0) = g/o (1 =0I'(g®)ns(t)dt
a a+3d
=—/ (1—:)?’;;dt+/ (1—1) (—5)dr.
a—3é a

This is equal to §(—cp 4 — lz;n“) + % which is negative if § is small enough (by our

assumption thatc, 4 > — lz;ﬂ“). The contradiction shows that we must have ¢ = —1=%.

2
Thus the optimizer is given by
N(=1)
gy =1 (2n<1 0) O<t=a @1)
) a<t<l.
for some 0 < a < 1 with
2p —/ (@)D (zﬂ(l I)) dr. (82)
and the solution of the variational problem in the 2wp < 1 case is given by
JP ﬁ 1-07(@H" d 1 83
(,0) ( t) ( ) 27[(] ,) r+ 64( - Cl) ( )

In Proposition 15 below we will show that this is equal to S sine (0)-

Proposition 15 The rate function for the Sineg process is given by

b (% + o]

Blsine(p) = 3
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where v =y~ (p), and y is the strictly increasing function given in (7).

Proof We have to show that J#(p) defined by (77) and (78) for p > 1/(27) and by
(82) and (83) for p < 1/(2m) is equal to BIsine given above.

We begin with the case where p > % In this case the minimizer g = g, is given
by (77). One easily checks that

d

(5 (-0 =0’ Z@ ) + ¢yl =g 0 +ep8)) = 51 = DT 0. B4

From this we get

1
15 (p) = § /O (1 =0T (') dt = § [Z(5'(0)) — 8 (0) +27pe, |
where we used g(0) = 0, g(1) = 2mp, and the limits

li (1—t)2I( "(t) = i C'%I(X) =0 lim (1 —0)g' ()= li
g gU)= 1% T'(x)2 e gW=1% cp T (x)

which follow from the asymptotics (90) and (91) to be proven in Proposition 17.
Now for the case where p < % we have that g, is given by (81). Using the notation

¢ =c, = %L, the identity (84) gives

B 2rept+1
JE(p) = Z/o (1 =0T (') dt + & @2rcy)*T(0)

BIZ(g'0) = cpg'(0) +27pc, ],

where weused g(0) = 0, g(a) = 2mp,and g'(a) = 0.Note, thatc, > 0if p > 1/(27)
and —% <cp <0if p < 1/(2m). Introducing v = KD (
both p < 1/(27) and p > 1/(27) that

m) , We get for

TR (p) = g (g + PHW))

which agrees with (6), we justhave to show thatv = y(_l)(p).Note,thatv =v(p) <0
if 2rp > land 0 < v < 1if 2p < 1.
Recall from (77) and (82) that

1
| 1
_ 1 ) ( :
p= E/o @) () di, ifp > oo and
| 2mwe+1 D ( ¢ 1
L .
=%/ @ (1) ar. itp <5
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Applying the change of variables to both integrals with a new variable x satisfying
R = () (), we get that p depends on v = KD (m
via (7) which finishes the proof. Note, that the finiteness of the integrals in (7) follow

from the asymptotics of K (x) and E(x) near 1 and —oo (see the proof of Proposition
17). O

) exactly
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Appendix A: All about 7
In this section we prove the needed estimates about the function Z.

Proposition 16 The function Z(x) is strictly convex and continuous on (0, 00). It has
an absolute minimum at x = 1 where it is equal to 0.

Proof K is strictly increasing on (—oo, 1) which shows that 7 (x) is well-defined (and
differentiable) on (0, co). By differentiating (11) and using the identities

. E®—(1-0Kx) . E@ - K@)
K= 2(1 — x)x . E= 2x
we can compute that
) = 2700 — k! (l) (85)
x 8x 2x/’
and
/4 1

I//(x) —

16x3 K'(K=1(3%))" (86)

Observe that K'(y) > 0 for y < 1 which gives Z”(x) > 0 for x > 0 and the strict
convexity of Z.

Using K(0) = E(0) = 5 we get Z(1) = Z'(1) = 0 which (by the strict convexity)
proves the second half of the proposition. O

Proposition 17 We have lim, _, o+ Z(x) = % and lim,_ g+ Z'(x) = —%. There is a
constant ¢y > 0 so that

Z(x) = ci(x — D2, forall x, and (87)
H(—x) Z(x) o —K~'(1/x)
ﬁlogx " x2 log2 X x2 ]og2 X

are bounded away from 0 and oo for x > 2.

(88)

Proof The following asymptotics can be readily derived from the definitions of elliptic
integrals (or by the existing more sophisticated expansions c.f. [6,15]). There is a

@ Springer



374 D. Holcomb, B. Valké

constant ¢ > 0 so that
1 c
K(—a) — m log(16a)| < Pyl log(a),
|E(=a) — Va| < — 5 log(a), fora > 2. (89)
all?

From this it is easy to check that

. H(=x) 1 . —KT'(1/x)
lim ——— = —, lim —————— =1, and
x—oo J/xlogx 2 x—oo  x2log? x
lim ) ! (90)
im ——— = —.
x>0 x2log?x 272
This gives (88). Note, that together with (85) this also gives
7 1
fim 2O _ L 1)

x—oo xlog?x 72

Using the functional identities

E(z)=\/1—zE( ‘ ) K@) = K( ‘ ) €. 1)
1 11—z z—1

7 —
the asymptotics of (89) can be transformed into
K(a) ~ —%log(1 —a), E(@~1, asa—1"

with explicit error bounds for 2/3 < a < 1. From this we can obtain lim, _, o+ Z(x) =
% and lim,_, o+ Z'(x) = —%. Using (88) with the continuity of Z and the fact that
Z(1) = 0 is an absolute minimum with Z” (1) > 0 gives (87). O

The following two lemmas help to consolidate error terms that appear in the proofs
Theorems 1 and 2.

Lemma 18 There exists an absolute constant ¢ such that for any t, g > 0 we have
[H(@)| +lalt/2 < c(t + 1)(Z(g) + 1) 92)

where a = a(q) = K_l(rr/(Zq)).

Proof Using (89) with the definition (11) we get that there is a constant ¢, so that
c;'alq) <1(q) < caalq),  ifq>2, (93)

and the same bounds also give

IH(a(g)| = c3v/la(q)]logla(q)] (94)
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for some constant c3 in the same region. This shows the existence of a constant A
with

[H(a)| < AZ(g), and  a(q) < AZ(q), forg>2.
Since for 0 < g < 2 both a(g) and H(a(g)) are bounded the lemma follows.
Lemma 19 Forany 0 < ¢ < 1/2 there exists an absolute constant c, so that
Ix+e) <A +8)(x)+ce 95)
Proof Since 7 is convex, we have
I(x+¢e) <Z(x)+eZ (x +¢).

Since Z(x) is decreasing on [0, /2], the bound (95) follows immediately for x €
[0, 7 /2 — ¢] with any ¢ > 0. Using (85) we get

T +8) =T + o5 (T +0) - §K 1 (525)) - (96)

From (90) it follows that there exists an xg > 0 such that

€ | T .
m(I(}C-’-E)—gK (m)) SSI(X), if x > X0

uniformly in e € [0, 1/2]. Therefore, for x > xo we have thatZ(x+¢) < (1+¢&)Z(x).
We can assume xg > /2. By choosing

c= sup T'(x) =2 (xo+1/2)
x€lm/2,x0+1/2]

wegetZ(x +¢) <Z(x)+ceon[r/2 —¢,x0] withany 0 < ¢ < 1/2 and the lemma
follows. O

Appendix B: Properties of Igine

In the final section of the appendix we describe the behavior of the function Igine ()
near p = lﬂandp—> 00.

Proposition 20 The functions y (v) and Isine (0) satisfy the following.

1. The function y (v) defined in (7) is continuous and strictly decreasing. It satisfies
the differential equation 4x(1 — x)y" (x) = y(x) on (—o0, 0) and on (0, 1) with
boundary behavior lim,_, o+ y(x) = % y(1) = 0 and lim,_, _~ % = %.
These limits and the differential equation identify y (x) uniquely on (—oo, 0) U
O, 11.
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2. We have Isine(0) = &, Isine(5) = 0, and I,

Sine(X) > 0 for x # % Moreover,
we have the following limits:

ISine (= + x 2 Isi 1

lim Sme(z;; ) _ 77_, and lim Sine (0) ——

Jim =5 i o p2logp 2
log(1/1x[)

Proof Recall the function y (v) given in (7). Using the asymptotics (90) proved in
Proposition 17 itis easy to see that y (v) is well-defined and positive in (—oo, 0)U(O0, 1)
y(x) _

with lim,_, - y(v) =0 =y (1) and limy_, _ T = }‘. We also get that y (x)H(x)

blows upasv — 0~ or 0.

Differentiating (7) and using the definition (5) lead to
y'@)  H') 1
y(x)  Hx)  4x(1—x)

1
H@)y' (x) = 3t H (x)y (x), , o7)

for x € (—00,0) U (0, 1). We have H'(x) = —X82 < 0 for x < 1 and H(0) = 0.

Thus from the second identity we get that ’(v) is strictly decreasing in (—oo, 0) and

strictly increasing in (0, 1). From the asymptotics (90) of Proposition 17 it is not hard

to check that lim, , _~ y’(v) = 0 and lim,_, - y'(v) = —%. This, together with the

previous statement, proves that y (v) is decreasing on (—oo, 0) and also on (0, 1].
Since (y (x)H(x)~1 = %H(x)’z, L’Hospital’s rule gives

. . yOHMmT 1
l = 1 _— ——H = — = .
iy @) = limy Sy = TR @ =5 =y
Then from (97) it follows that
1 ! 1
lim "y = —.,  fim LY L
v—0 8 v—0 log |v| 8w

and also that

= L +x
lim L’;) =1 98)
x—0 87 Tog Ix]
This shows that y (v) is continuous and strictly decreasing on (—oo, 1]. We have
Y1) = 0 and Isine (0) = 57
Note, the fact that y (x) solves 4x(1 — x)y”(x) = y(x) on (—o0,0) U (0, 1)
and has the proven asymptotics at —oo, 0 and 1 uniquely identifies it. The equation
4x(1 — x)y"(x) = y(x) has two linearly independent solutions on both (—o0, 0)
and (0, 1). The function H(x) also solves the equation (on both intervals), but with
=0, li - — i _H® 1 Thi
H(O). =0,lim,_, ;- H(x) = —1 and limy— _ Thlogh] = 2° T.hlS shows that any
solution on (—o0, 0) or (0, 1) can be expressed as c1y + c2’H with some constants
c1, ¢2, and the values of the constants are determined by the behavior of the solution
at the end of the interval.
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Using (97) together with (6) we can also compute that

=L ymH M _ 1
I§ine(0) = 3 [8;/’(1)) +HO) + ) ] = 4H(v), and
1H (v) 1K@

4y'v) 8y

Ié/ine (p) =

where v is short for y‘l (p). From this ISine(%) = 0 follows, together with Igjpe (x) >

0 for x # % The asymptotics of ISine(% + x) as x — 0 can be obtained from the
definition (6), the asymptotics (98), and the fact that H(0) = 0, H'(0) = —7.

Lastly we can look at the asymptotics of Isine(0) as p — oo. Recalling again (90)
we get

H(—x) ~ %\/)_clogx, y(—=x) ~ \/T;’ y D (x) ~ 16x2 as x — 00,

from which Igjpe(p) ~ %pz log p follows for p — oo.
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