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Abstract In this paper, we consider the linearly reinforced and the once-reinforced
random walk models in the transient phase on trees. We show the large deviations for
the upper tails for both models. We also show the exponential decay for the lower tail
in the once-reinforced random walk model. However, the lower tail is in polynomial
decay for the linearly reinforced random walk model.
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1 Introduction

Let T be an infinite tree with vertex set V. Each v € V has b + 1 neighbors except a
vertex, called the root, which has b neighbors for b > 2. We denote the root by 0. For
any two vertices u, v € V, let e = [u, v] be the edge with vertices u and v. We denote
by E the edge set. Consider a Markov chain X = {X;, w(e, i)}, which starts at Xo = 0
with w(e, 0) = 1 for all e € E, where w(e, 0) is called the initial weight. For i > 1
ande € E,let X; € Vand let w(e,i) > 1 be the i-th weight. The transition from X;
to the nearest neighbor X; | is randomly selected with probabilities proportional to
weights w (e, i) of incident edges e to X;.
After X; has changed to X; 1, the weights are updated by the following rule:

14+ k(c—1) for[X;, X;y+1] = eande had been traversed k times,

wle,i+1) = [ w(e, i) otherwise
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656 Y. Zhang

for fixed ¢ > 1. With this weight change, the model is called a linearly reinforced
random walk. Note that if ¢ = 1, then it is a simple random walk.

The linearly reinforced random walk model was first studied by Coppersmith and
Diaconis in 1986 (see [4]) for finite graphs on the Z¢ lattice. They asked whether the
walks are recurrent or transient. For d = 1, the walks are recurrent for all ¢ > 1 (see
[3] and [10]). Ford > 1, Sabot and Tarres [9] showed that the walks are also recurrent
for a large c. The other cases on the Z4 lattice still remain open. Pemantle [8] studied
this model on trees and showed that there exists co = co(b) > 4.29 such that when
1 < ¢ < ¢g, then the walks are transient and when ¢ > ¢, then the walks are recurrent.
Furthermore, Collevecchio [2] and Aidekon [1] investigated the behavior of #(X,,) on
the transient phase, where 4 (x) denotes by the number of edges from the root to x for
x € T. They focused on ¢ = 2 and showed that the law of large numbers holds for
h(X,) with a positive speed for any b > 2. More precisely, if ¢ = 2, then there exists
0<T =T(b) <b/(b+ 2) such that

h(X
lim Xn) _ T as.. (1.1)
n—o00 n
By the dominated convergence theorem,
h(X
lim EM =T. (1.2)
n—oo n

By a simple computation, the probability that the walks repeatedly move between
an edge connected to the root is larger than n~C for some C = C(b) > 0. Therefore,

n~C <P(h(Xy) < 1), (1.3)

so the lower tail of 4 (X,,) has the following behavior:
n~C < P(h(Xy) <n(T —€)) (1.4)
foralle < T and for all large n. In this paper, C and C; are positive constants depending

onc, b, ¢, N, M, and §, but not on n, m, and k. They also change from appearance
to appearance. From (1.4), unlike a simple random walk on a tree, we have

lim —_771 log P(h(X,) < n(T —e€)) =0 (1.5)
n—oo n

for all e < T and for all n > 0.
We may ask what the behavior of the upper tail is. Unlike the lower tail, we show
that the upper tail has a standard large deviation behavior for large b.

Theorem 1 For the linearly reinforced random walk model with ¢ = 2 and b > 70,
and for € > 0, there exists a positive number o = a (b, €) such that

-1
lim — logP(h(X,) = (T +€)n) = a.
n
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Large deviations in the reinforced random walk model 657

Remark 1 The proof of Theorem 1 depends on a few Collevecchio’s estimates (see
Lemma 2.1 as follows). Since his estimates need a requirement that » > 70, Theorem
1 also needs this restriction. We conjecture that Theorem 1 holds for all » > 2. Durrett
et al. [5] also investigated a similar reinforced random walk {Yy, w(e, i)}, except that
the weight changes by

. c for[Y;, Yit1l =e,
) = . 1.6
we, i+ 1) {w(e, i) otherwise (1.6)

for fixed ¢ > 1. This random walk model is called a once-reinforced random walk. For
the once-reinforced random walk model, Durrett et al. [5] showed that for any ¢ > 1,
the walks are always transient. In addition, they also showed the law of large numbers
for h(Y,). More precisely, they showed that there exists 0 < S = S(¢) < b/(b + ¢)
such that

. h(Yn)
lim

n—oo n

= Sa.s.. (1.7)

We also investigate the large deviations for 4 (Y,). We have the following theorem,
similar to the linearly reinforced random walk model.

Theorem 2 For the once-reinforced random walk model with ¢ > 1 and for € > 0,
there exists a finite positive number 8 = B(c, b, €) such that

lim _—l logP(h(Y,) = (S +€)n) = B.
n

Remark 2 Tt is difficult to compute the precise rate functions « and 8. But we may
obtain some properties such as the continuity in € for them.

We may ask what the lower tail deviation for 4(Y),) is. Unlike in the linearly rein-
forced random walk model, the lower tail is still exponentially decaying.

Theorem 3 For the once-reinforced random walk model withc > 1 and 0 < € < S,

-1 -1
0 < liminf — logP(h(Y) < (S — €)n) < limsup — logP(h(Y,)
n n

< (§—¢€)n) < o0.

Remark 3 Durrett et al. [5] also showed that (1.7) holds for a finitely many times
reinforced random walk. We can also adopt the same proof of Theorems 2 and 3
to show that the same arguments hold for a finitely many times reinforced random
walk. In fact, our proofs in Theorems 2 and 3 depend on Durrett, Kesten, and Limic’s
Lemmas 7 and 8 (2002). These proofs in their lemmas can be extended for the finitely
many times reinforced random walk model.

Remark 4 We believe that the limit exists in Theorem 3, but we are unable to show it.
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2 Preliminaries

In this section, we focus on the linearly reinforced random walk model with ¢ = 2.
We define a hitting time sequence {t;} as follows.

tr =min{j > 0: h(X;) =k}.
Note that walks are transient, so h(X ;) — oo as j — o0o. Thus, # is finite and
O=fm<ti<bh<---<l<---<O0Q. 2.1
With this definition, for each k > 1,
h(Xy) —h(X, ) =1. 2.2)
We also define a leaving time sequence {p;} as follows.
pi =max{j > 0:h(X;) =i}.
Since the walk X is transient,
PO <Pl < < pPp<-o-<O0. (2.3)
However, unlike the simple random walk model, {#; — #;_1} are not independent
increments. So we need to look for independence from these times. To achieve this
target, we call t; a cut time if
pi —t; =0. 2.4)

Since the walks X is transient, we may select these cut times and list all of them in
increasing order as

< - <Tp <+ < O0Q. 2.5)
With these cutting times, we consider difference
Hy =h(Xy,) —h(Xy) fork=1,2,.... (2.6)
By this definition, it can be shown that fork = 1,2, ...,
(Tk+1 — T, Hy) is ani.i.d. sequence. 2.7
In fact (see page 97 in [2]), to verify (2.7), it is enough to realize that X, k > 1,

are regenerative points for the process X. These points split the process X into i.i.d.
pieces, which are {X,,,, 7z <m < 41}, k > 1.
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Large deviations in the reinforced random walk model 659

Level k > 1 is the set of vertices v such that 2(v) = k. Level k is a cut level if the
walk visits it only once. We also call Xy, the only vertex to be visited, the cut vertex.
It follows from the cut time definition that X, is a cut vertex for £ > 1. We want to
remark that 1 may or may not be equal zero. If 71 = 0, the root is a cut vertex. For
convenience, we just call 7 = 0 whether the root is a cut vertex or not. In addition, let

Hy = h(X+y)) — h(Xg) = h(Xy). (2.8)

With these definitions, Collevecchio [2] proved the following lemma.

Lemma 2.1 Forc =2 and b > 70,
P(H > k) < 0.115% fork > 0. 2.9)
Furthermore, for po = 1002/1001,
Er/’ < cc. (2.10)
With Lemma 2.1, we can see that 1 (X, ) —h(Xy,) is large with a small probability.
Also, tx41 — 1 is large with a small probability. However, to show a large deviation
result, we need a much shorter tail requirement. Therefore, we need to truncate both
Hi = h(Xy,,) — h(Xy) and 1541 — 4. We call 7y N-short for k > 1 if
Hy = h(Xy,) —h(Xy) < N; (2.11)
otherwise, we call it N-long. Since we only focus on the transient phase, we have
7 (N) < o0.
We list all N-short cut times as
T1(N) < ti(N) < --- < o0. (2.12)
For convenience, we also call to(N) = 0 whether the root is a cut vertex or not. We
know that 74 (N) = t; for some i.We denote it by ‘L',é(N ) = Ti4+1. In particular, let
7y(N) = 0.For N > 0, let

I, = max{i : t;(N) < n}

and

I
) = 3 (X)) = 5 (Xa) )
i=0
Ifr, =0,

h, =0. (2.13)
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Now we state standard tail estimates for an i.i.d. sequence. The proof can be followed
directly from Markov’s inequality.

Lemma 2.2 LetZy,...Zy,...beani.i.d. sequence withEZ| = 0OandEexp(60Z) <
oo for some 6 > 0, and let

Sn=Z1+2Z2+ -+ Zp.
Foranye > 0,1 <nand j > n, there exist C; = C;(¢) fori = 1,2 such that
P(Si = ne) < Cyexp(—Can),
and
P(S; < —en) < Cyexp(—Can).

Now we show that /,,(N)/n and h(X,)/n are not very different if N is large.

Lemma 2.3 Fore > 0, c = 2,andb > 70, there exist N = N(¢) and C; = C;(e, N)
fori = 1,2 such that

P(h(X,) = hy(N) + ne) < Crexp(—Can).
Proof If
h(Xn) — hu(N) > €n, (2.14)

we may suppose that there are only k > 1 many N-long cut time pairs {z;;, 7;;+1} for
j =1,..., ksuch that

Ty <Tij+1 <Tip < Tip41 <"+ <Tj; < T4l < Tipy <Tjp_y+1 < Ty =N =T+l

with i; > 1 and with

k
H;; = Zh(X,ij+l) — h(Xr,-j) > en/2, (2.15)
j=1 j=1
where
H;; = h(Xtin) —h(X,[j) >N forj=1,2,...,k <n/N, (2.16)
or

h(Xy,) > en/2. 2.17)
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For the second case in (2.17), by Lemma 2.1, there exist C; = Cj(¢) fori = 1,2
such that

P(h(Xy,) > en/2) = P(Hy > en/2) < C) exp(—Can). (2.18)

We focus on the first case in (2.15). By (2.7) and Lemma 2.1, {H{, H, ...} is ani.i.d
sequence with

P(H; > m) <0.115" fori > 1. (2.19)

Thus, if (2.15) holds, by (2.15) and (2.16), it implies that there exist k many H;s in
{Hy, ..., Hy}for1 <k < [n/N] suchthat H; > N and their sum is large than en /2.

For a fixed k, it costs at most (Z) to fix the subsequence of these H;s from
{H1, ..., H,}. Wedenote by H;,, ..., H;, these fixed random variables. Since {H;} is
ani.i.d sequence, the joint distribution of H;,, . .., H;, is always the same for different
ijs. With these observations,

(/N1
P (h(X,) = hy(N) +ne/2, (2.15) holds) < > (Z)P(Hil + o+ Hi > nej2).
k=1
(2.20)

By (2.19), we know that

EH; = EH| <oo foreachi > 1.

Since k < n/N + 1, we may take N = N (¢) large such that for each k < n and fixed
I, ...,10k

P(Hil + - +Hl'k > ne/2) = P([Hll - EH[]] + -+ [Hl - EHik] = n€/4)
2.21)

Note that {H;; — E'H;;} is an i.i.d sequence with a zero-mean and an exponential tail
for j=1,...,k,soby Lemma 2.2,

P([H;, — EH;1+---+[H; — EH;;] > ne/4) < Czexp(—Cy4n). (2.22)
By a standard entropy bound, as given in Corollary 2.6.2 of Engel [6], fork < n/N,
(Z) < exp(nlog N/N). (2.23)

By (2.19)-(2.22),if we take N large, then there exist C; =C; (¢, N) fori =35, 6 such that
P (h,(X,) = h,(N) + ne, (2.15) holds) < Csnexp(—Cgn). (2.24)

So Lemma 2.3 holds by (2.18) and (2.24). O
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We also need to control the time difference such that r,é (N) — 7(N) cannot be
large. We call ty.(N) M-tight for k > 1 if

7. (N) — w(N) < M.
We list all M-tight N-short cut times as
Ti(N,M), (N, M), ..., (N, M), ....
Suppose that 74 (N, M) < oo. We know that 7 (N, M) = t; for some i. We denote
7,(N, M) = 7;;1. For convenience, we also call 7o(N, M) = 0 and 75(N, M) = 0

whether the root is a cut vertex or not. Let

Jp =max{i : t;(N, M) < n}

and
Jn
BN M) = D7 (X)) = h(Xgvn) - (2.25)
i=0
If J, =0, then

hy,(N, M) = 0. (2.26)

The following lemma shows that 4, (N, M)/n and h, (N)/n are not far away.

Lemma 2.4 Fore > 0, for N, and for each n, there exists M = M (e, N) such that
hn(N) = hn(N, M) + ne.

Proof If h,(N) > h,(N, M) + ne, we know that there are at least en/2N many
{r; (N)} such that

t/(N) = 5;(N) > M. (2.27)
If we take M > 3Ne~!, then
In
n> Z (t/(N) — i (N)) > Men/2N > n. (2.28)
i=l1

The contradiction shows that
hy(N) < hy(N, M) + ne.

So Lemma 2.4 follows. O
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Let £(¢) be the event that h(X,) > n(T — €). By Lemmas 2.3 and 2.4,

ILHQOP(h"(N’ M) <Tn/2,E,(€)) =0.

Note that P(&,(€)) is near one for large n, so there are at least 7n/2M many
7;(N, M)s with 7;(N, M) < n that also have a probability near one for large n.
Hence, 14 (N, M) = oo cannot have a positive probability for each k. Therefore,

(N, M) <o(N,M) <-- (N, M) < --- < 00. (2.29)
By (2.29), we know that 74 (N, M) = 1; for some i and
(N, M) — (N, M) = ti41 — 7j.

Therefore, by the same proof of (2.7), for k > 1

{(r,Q(N, M) — (N, M), h(Xr,g(N,M)) — h(er(N,M)))} is an i.i.d. sequence.
(2.30)
3 Large deviations for &, (N, M)
By Lemma 2.1, we let
E(m—1)=A>1 and E(t{(N,M)— 1 (N, M)) = AN, M)
and
E(h(X.,) —h(X;))=B>1 and E (h(x,l,(N’M)) - h(Xt,(N,M))) = B(N, M).

We set

To=D (w1 —w) and Ty(N.M) = (5, (N. M)~ 5(N., M)
k=1 k=1

and

(h (Xz,,) —h(Xg)) and H,(N, M)

&
I
M-

s

1

(h(er’(N,M)) - h(XmN,M))) :
1

»
I
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By the law of large numbers,

T, T,(N, M
lim 2 =A and lim L. M) _ A(N, M) 3.1
n—-oo n n—0o0 n
and
. H, . Hy(N, M)
lim — =B and lim — = B(N, M). (3.2)
n—oo n n— 00 n

Ifr; <n <ty fori > 1, then

h(Xg) < h(Xp) < h(Xy ). (3.3)
Thus,
h(Xs) - h(Xy) - h(Xr,-_H). (3.4)
Titl n T
By (3.1) and (3.2),
h(X, h(Xe B
im AXw) _ oy 2 Xe) B 3.5)
i—>00 Tjit] i—00 T; A
So by (1.1), (3.4), and (3.5),
B _ T 3.6)
2= .

Regarding B(N, M) and A(N, M), we have the following lemma.
Lemma 3.1 Forc =2 and b > 70,

B(N,M
lim A(N,M)=A and lim B(N,M)=B and lim ( ) =T.
N,M— o0 N,M—oco N,M—oco A(N, M)

Proof By (2.5) and the definitions of 71 (N) and 71 (N, M), for each sample point w,
there exist large N and M such that

T1(N, M)(0) = 11(w),

where 71 (N, M)(w) and 71 (w) are 71 (N, M) and t; with w. It also follows from the
definition of tl’ (N, M) that for the above N and M,

(N, M) () = 72 (w).

Thus, for each @

v im (N, M)(@) — 11(N, M)(0) = 2(w) = T1(). (3.7
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By the dominated convergence theorem,

lim AN,M)= lim E(t{(N,M)—1(N,M))=E(r—1))=A. (3.8)
N,M—o00 N,M—o0
Similarly,

Jlim BV.M)= lim B (n(Xejv.an) = h(Xavwn)) = B (3:9)

Therefore, Lemma 3.1 follows from (3.8), (3.9), and (3.6). O
Now we show that &, (N, M) has an exponential upper tail.

Lemma3.2 I[fc = 2 and b > 70, then for € > 0, there exist No = No(¢) and
Mo = My(€) such that for all N > No and M > M

P(h,(N, M) > n(T 4+ €)) < Cyexp(—Csn), (3.10)

where C; = Ci(e, N, M) fori = 1, 2 are constants.

Proof Recall that
Jp =max{i : ;(N, M) < n}.
So

P(h,(N, M) > n(T + Be))

_ P(Z (h T/ (N, M) h(Xr,-(N,M))) >n(T + Be))

Jn
T
= P(Z (h(X (N, m) = h(XTi(N,M))) >n(T + Be), Jy<n (W+E/2))

i=1

T
P (’" - (W “/Z))

n(T/B(N,M)+€/2)

=P > (h(X () = h(erN,M))) > n(T + Be)
i=1
P{J —T 2
i ( ' >”(B<N,M>) e ))
=1+IL 31D

Here without loss of generality, we assume that n(7T/B(N, M) + €/2) is an integer,
otherwise we can use [n(T/B(N, M)) + €/2)] to replace n(T/B(N, M)) + €/2).
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We will estimate / and /1 separately. For I, note that by Lemma 3.2, there exist
No = Ny(€) and My = My(e) such that for all N > Ny and M > M

n(T/B(N,M)+€/2)
E Z (h(Xr;(N,M)) - h(XTi(NsM)))

i=1

<nT(1+ B(N, M)e/2) < nT (1 + 2Be/3).
Note also that by (2.30),
{h (XT;(N,M)) —h (X, M))} is a uniformly bounded i.i.d. sequence,

so by Lemma 2.2, there exist C; = C;(e, N, M) for i = 3, 4 such that

n(T/B(N,M)+€/2)
P Z (h(Xr;(N,M))—h(Xq(zv,M)))zn(T + Be) | <C3exp(—Cyn).
i—1

(3.12)

Now we estimate / /. By Lemma 3.1, there exist No = Ny(¢€, b) and My = My (€, b)
such that for all N > Npand M > M,

P (J,, >n (ﬁ) 4 e/z) —P (Jn >n (A_I(N, M)+ e/3)) . (3.13)

Here without loss of generality, we also assume that n(A~! (N, M)+€/3) is an integer,
otherwise we can use [n(A~ (N, M) +¢/3)] to replace n(A~!'(N, M) + €/3). Note
that

n(A~Y(N,M)+€/3)
{Jn zn(A’l(N,M)+e/3)} C z (ri’(N,M)—ri(N,M)) <n
i=1
(3.14)

Note also that
n(A~Y(N,M)+€/3)
E > (t/(N, M) — 5;(N, M)) = n(1 + €A(N, M)/3),

i=1

and, by (2.30), {ri/(N, M) — 1;(N, M)} is a uniformly bounded i.i.d. sequence, so by
(3.13), and (3.14), and Lemma 2.2, there exist C; = C; (¢, b, N, M) fori = 5, 6 such
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T

<P (Jn > n(A"N(N, M) + 6/3))

that

n(A™H(N,M)+e/3)
<P > @ N, M)—7(N, M) <n

i=1

< Csexp(—Cgn). (3.15)

For all large N and M, we substitute (3.12) and (3.15) in (3.11) to have

P(h,(N,M)>n(T +¢€)) <I+ 11 < Cqexp(—Cgn) (3.16)
for C; = C;j(e, N, M) for i = 7, 8. Therefore, we have an exponential tail estimate
for h, (N, M). So Lemma 3.2 follows. O

Let

L, =max{i : t; <n}
and
Ly
ha=> (h(Xg) —h(Xy_)) if Ly =1 and h, =0ifL, =0. (3.17)
i=1
Recall that p; is the leaving time defined in (2.3). We show the following subadditive

argument for 4,,.

Lemma 3.3 Forc =2, b > 2, N > 0, and for each pair of positive integers n and

m,
P(hy = nC, po < N)P(hy, = mC, py < N)
<2V (b + DnP(hppmat
> m+m)C+1,p0 <N),
forany C > 0.

Proof By the definition in (3.17), there exists 0 < k < n such that
Tk <N = Tgt1-
So

hn = h(X7) < h(Xy) < h(Xq.,). (3.18)
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For i > nC, we denote by F(x, i, N, nC) the event that walks {X1, X2, ..., X;}
have

h(Xj) <nC forj <i and h(X;)=x withh(x) >nC. (3.19)

In addition, the number of walks {Xi, X», ..., X;} visiting the root is no more
than N.

Note that on {h,, > nC, pp < N}, walks eventually move to some vertex x at some
time i with A(x) > nC, and walks {X, X», ..., X;} visit the root no more than N
times. So we may control {h, > nC, pp < N} by afinite step walks { X1, X2, ..., X;}
in order to work on a further coupling process. More precisely,

P(h, = nC.pg < N) < D > P(F(x,i,N.nC)). (3.20)

i<n X

There are b + 1 many vertices adjacent to x. We just select one of them and
denote it by z with h(z) = h(x) + 1. Let e, be the edge with the vertices x and z.
On F(x,i, N,nC), we require that the next move X; 1 will be from x to z. Thus,
Xi+1 = z. We denote this subevent by G(x, z,i, N,nC) C F(x,i, N,nC). We have

DD P(F&.i.N.aC) < b+ 1D D PGx.z.i,N.nC)). (321)

i<n X i<n X
Now we focus on {h,, > Cm, p9 < N}.Let T, be the subtree with the root at z and

vertices in {v : h(v) > h(z)}. We define {X ﬁ, (z)} to be the linearly reinforced random
walks starting from z in subtree T, for n > i + 1 with

X, (@=z and w(e,i+1)=2.
Note that walks {X i, (z)} stay inside T, so
w(e;,n) =2 forn>i—+1. (3.22)
We can define r,i, ,06 and hin (z) for {X ﬁ, (z)} similar to the definitions of tx, pg and A,
for {X,}.

On w(e;,i +1) = 2, we consider‘a probability difference between P(h,, >
Cm,pop < N) and P(h;,(z) > Cm, pj < N). Note that there are only b edges
from the root, but there are b + 1 edges from vertex z with w(e;, n) = 2, so the two
probabilities are not the same. We claim that

P(hy > mC, py < N) < 2VNP(hl (z) = Cm, ply < N | w(e,, i +1)=2). (3.23)

To show (3.23), we consider a fixed path (ug = 0, uy, us,...) in T with {X| =
up, Xo =uz,...} € {hyy > Cm, po < N}. Note that [u, u;1]is an edge in E. If we
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remove T from the root to z, it will be T,. So path (0, u1, us, ...) in T will be a new
path (uo(z) = z, u1(z), u2(2), ...) in T, after removing. Thus, if

{X0=0,X1 =u1,Xo=uy,...} €{hy =Cm, pg < N},
then
(X =2 X @ =u12),...) € (hi,(2) = Cm, p} < N}.

On the other hand, given a fixed paths {0, uy,...,u;, ...}, it follows from the
definition of {z, u1(2), ..., u;(z), ...} that

w ([, i1l k) = w (@), ujp1 @i + 1 +k) (3.24)

for any positive integers j and k. We may focus on a finite part {0, uy, ...u;}
from {0, uy,...}. Now if we can show that for all large /, and for each path
{0,”1,”2, "'7ul}’

P(X1=uy, X =uz, ..., X; =uy)
<2NVp (Xl’f+2(z) =u1(2). X132 =2(2), . ... X} 5, (2)
=) | wei+1)=2), (3.25)
then (3.23) will be followed by the summation of all possible paths {0, u1, u2, ... u;}
for both sides in (3.25) and by letting [ — oo. Therefore, to show (3.23), we need to

show (3.25).
Note that

!
PXi1=ui, Xo=up,..., X; =Mz)=HP(Xj=Mj | Xj 1=uj1,...., X1 =uy)

j=1
(3.26)
and
P(X!, =u1(2), X! 3(2) = u2(2), ..., Xin ) (2) = u(2))
!
=[[PXl 1y, @0 =u;@ | Xy ;@ =u; 1), ..., X1, @)
j=1
=ui(z), wlez, i +1)=2). (3.27)
If uj_1 = 0, then
w(lwj—1,u;l, j—1)
PXj=u;j | Xj-1=uj_1,....X1=up) = j-L il J (3.28)

Seowle )
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where the sum in (3.28) takes over all possible edges adjacent to the root with vertices
in T. On the other hand, if #; | = 0, we know that u; | (z) = z, then by (3.22),
P(Xf:+1+j(z)=uj(2) | Xf:+j(z)=uj71(z), e X @) = u (@), wle, i+ 1) =2)

_ w(uj—1(2),u;(@)],i+j) _ w(luj—1(2),u;j(@)], i+ j)
Dewle i+ j)+wle,i+j) Dewle i+ j)+2

) (3.29)

where the sum in (3.29) takes all edges adjacent to z with vertices in T, (not including
e;). We check the numerators in the right sides of (3.28) and (3.29). If X1, ... X;_;
never visitu j, thenboth w([u;—1,u;], j—1] = landw([u;_1(z), u; ()], i+j) = 1.
Otherwise, by (3.24) the two numerators are also the same. Similarly, the two sums
in the denominators in the right sides of (3.28) and (3.29) are the same. Therefore, if
uj_1 =0, note that >°, w(e, j) > 2forall j, so

P(X}, 1y @ =ui@) | X, ;@) =uj 1), ..., X 1,(2) = u1(2), wle, i+ 1) =2)
>PXj=u;j | Xj1=uj_1,...., X1 =up. (3.30)

Ifu;_1 # 0, we do not need to consider the extra term w(e;, 7 + j) in the denominator
of the second right side of (3.29). So by the same argument of (3.30), if u ;1 # 0,

P(X{, () =uj@) | Xi ;@) =uj 102, ., X} p(2) = ui(2), weg, i +1) =2)
=PXj=u; | X;-1=uj1,..., X1 =uy) (3.31)

Since we restrict pg < N and ,o(i) < N, walks {X1, X», ...} visit the root no more than
N times. On the other hand, walks {Xf+2(z), Xf+3 (2), ...} also visit z no more than N
times. This indicates that there are at most N vertices u ;s withu; =0for1 < j <!
for the above path {0, uy, ..., u;}. Thus, (3.25) follows from (3.26)—(3.31). So does
(3.23).

With (3.23), we will show Lemma 3.3. Note that {h%(z) > mC, pé < N} only
depends on the weight configurations of the edges with vertices inside T, and weight
w(e;, i + 1), and the time interval [i + 2, 00). In contrast, on G(x, z, i, N, nC), the
last move of walks {X1, ..., X;, X;j+1} is from x to z, but the other moves use the
edges with the vertices inside {y : hA(y) < h(z) — 1}. So by (3.23),

P(hm > Cm, Po = N)
<2Np (h;‘n(z) > Cm. pi < N | wlez.i+1) = 2)

<2Np (hi,,(z) > Cm, ph < N | G(x. 2.0, N, nC)) . (3.32)
By (3.21) and (3.32),

P(hy = nC. py < N)P(hy = mC. po < N)
= > > 2Y b+ DP(Gx, 2.0, NonC). by () = mC, gy < N) . (3.33)

i<n X
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If i <n,then

hi () <hi (2). (3.34)

m+n—i

By (3.33) and (3.34),

P(h, = nC, po < N)P(hy, = mC, pg < N)

<> 32+ VP (Gx 2,0, N, nC), Wy (@) = mC, pf < N)

i<n X

<> Vo + l)P(U [g(x, 2,i, N,nC), bl 01 (2) > mC}) (3.35)

i<n x

Note that for each x and i,
[g(x, 2 i, NonC) L, (@) > mc}

implies that the walks first move to x at time i with 4#(x) > nC and the number of walks
{X1, ..., X;} back to the root is not more than N. After that, the walks continue to
move from x to z. After this move, the walks move inside subtree T. So i is a cut time
and X; is a cut vertex with 2(X;) > nC. Therefore, together with h; i (z) = mC,

{G(x,z,i,N,nC), hi (z) = mC} implies that {h,4m+1 > (n +m)C + 1, py <

m-+n—i
N} occurs. In other words,

{0, 2.1, N.nC) By (@) 2 mC) C W = (1 m)C 41,09 < N,
(3.36)

Therefore,

U {9620 N0 D) 2 mC € s = (14 m)C + 1, pg < N).

X

(3.37)
Finally, by (3.35) and (3.37),
P(hy = nC, po = N)P(hy = mC, po = N)
<2V + DnP(hysmsr = (1 +m)C + 1, pg < N). (3.38)
Therefore, Lemma 3.3 follows from (3.38). O
We let
a, = —logP(h, > (T +¢€)n, pp < N). (3.39)
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We may take € small such that T + ¢ < 1. By Lemma 3.3, for any n and m
Antm+1 < an + ay +logn 4+ Nlog2 + log(b + 1). (3.40)

By (3.40) and a standard subadditive argument (see (I1.6) in Grimmett [7]), we have
the following lemma.

Lemma 3.4 Forc =2andany N > 0 and b > 2, there exists 0 < a(N) < 00 such
that

—1
lim — logP(h, > (T +€)n, pp < N)
n—-oo n

—1
=inf { — logP(h,, > (T 4+ €)n, po < N)] = a(N).
n | n

It follows from the definition and Lemma 3.4 that « (N) is anon-negative decreasing
sequence in N. Thus, there exists a finite number « > 0 such that

lim a(N) = «. (3.41)
N—o0
By (3.41) and Lemma 3.4, for each N,
—1
@ <a(N) < —logP(h, > (T +€)n,pp < N). (3.42)
n
On the other hand, note that the walk is transient, so pp < co. Thus, for any fixed n,
. 1
lim —logP(h, > (T +€)n,p9p < N) = —1ogP(h,, > (T +€)n) (3.43)
N—oo n n
By (3.42) and (3.43),
.1
o < liminf — logP(h, > (T + €)n) (3.44)
n n
Note that for each N,
. —1
lim sup — log P(h, > (T + €)n)
n n

-1
< lim —1logP(h, = (T +€)n,po < N) = a(N).

n—oo n

So for each § > 0 we may take N large such that
. -1
limsup — logP(h, > (T +¢€)n) <a(N) <a +34. (3.45)
n n
We summarize (3.44) and (3.45) as the following lemma.
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Lemma 3.5 For ¢ = 2 and any b > 2, there exists a constant « > 0 such that
=1
lim — logP(h, > (T +€)n) = .
n—oo n

4 Proof of Theorem 1

Note that for e < 1 — T, and for all large n,

(b —11)—_1) <P(h(Xi11) > h(X;) for0 <i<n)<P((Xy) > n(T + ).

4.1)
By (4.1),
lim sup _71 logP(h(X,) = n(T +¢€)) < o0. “4.2)
Note also that
P(h(X,) > n(T +¢))
<P((Xy) = n(T +€), hy(N, M) > n(T +¢€/2))
+P(h(X,) — hy(N, M) > ne/2). 4.3)

By Lemmas 2.3 and 2.4, for € > 0, we select N and M such that

P(h(Xy) > n(T +¢€)) < P(hy(N, M) > n(T +€/2)) + Crexp(=Can). (4.4)
For N and M in (4.4), we may require that N > Ng and M > My for No and My in
Lemma 3.2. By (4.4) and Lemma 3.2, there exist C; = C;(e, N, M) fori = 3, 4 such
that

P(h(Xn) = n(T + €)) < C3exp(—Cyn). 4.5

By (4.5), fore > 0,
N |
0 < liminf — logP(h(X;) > n(T + €)). 4.6)
n—o0 n

It remains for us to show the existence of the limit in Theorem 1. We use a similar
proof in Lemma 3.3 to show it. Let F(x, k, n) be the event that 1 (X;) < n(T + ¢€) for
i=1,...,k—=1,h(Xy) > n(T +¢€) and h(Xy) = x for k < n. Thus,

P(h(X,) = n(T +€) < D> P(F(x,k n) 4.7)

k<n xeT
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Note that F(x, k, n) depends on finite step walks {Xo, ..., Xx}. We need to couple
the remaining walks {Xxt1, Xx+2, ...} such that k is a cut time.Let Q(x, k) be the
event that X; = x and {X,} will stay inside T, but never returns to x for r > k. Since
the walks are transient, we may let

P(Q(0,0)) = v > 0. (4.8)

Let e, denote the edge with vertices x and w for h(w) = h(x) — 1. We know that
Q(x, k) depends on initial weight w(ey, k), and the weights in the edges with the
vertices in Ty, respectively.

Therefore, by the same discussion of (3.23) in Lemma 3.3,

2P(Q(x, k) | F(x,k,n)) > (%) P(Q(x,k) | F(x,k,n))>v. (4.9)

Thus, by (4.7) and (4.9),

P(h(X,) > n(T +¢€))
=< ZZP (F(x, k,n)P(Q(x, k) | F(x,k,n)) (b + 2) -

xeT k<n b
<2y} ZP(U Fx, k,n) N Ox, k)). (4.10)
k<n xeT

If F(x,k,n) N Q(x, k) occurs, it implies that the walks move to x at k < n with
h(x) > n(T + €). After that, the walks continue to move inside T, from x and never
return to x. This implies that k is a cut time and X} is a cut vertex with h(Xy) >
n(T + €). So for 0 < k < n and for each x,

F(x,k,n)NQ(x,k) C {hy >n(T +¢)}. 4.11)
Thus,
U F(x,k,n)N Q(x, k) C {hr >n(T +¢)}. (4.12)
xeT

Note that for 0 < k < n,
hi < hy. (4.13)
By (4.10)—(4.13),
P(h(Xy) = n(T +€)) < 20" 'nP(h, = n(T +¢)). (4.14)

On the other hand, we suppose that i, > n(T + €). Note that if 7p < n < 41,
then by (3.18),
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hy =h (Xz) < h(Xy). (4.15)
By (4.15),
P(hy, = (T 4 €)) < P(h(X,) = n(T + €)). (4.16)

Now we are ready to show Theorem 1.

Proof of Theorem 1 Together with (4.14), (4.16), and Lemma 3.5,

nlingo % logP(h(X,) > n(T +¢€)) = . (4.17)

By (4.2) and (4.6),
0<a<oo. (4.18)
Therefore, Theorem 1 follows from (4.17) and (4.18). O

5 Proof of Theorem 2

Similarly, we define the same cut times t; that we defined for the linearly reinforced
random walk. We have (tx41 — %, h(Yz,,,) — h(Y7,)) as an i.i.d. sequence. We can
also follow Durrett et al. [5] Lemmas 7 and 8 to show that there exist C; fori =1, 2
such that, for each k > 1,

P(tjy1 — 4w = m) < Cyexp(—Com) 5.D
and
P(h(Yy,,) — h(Yy) = m) < Cexp(—Cam). (5.2)

By (5.1) and (5.2), similar to our approach the linearly reinforced random walk, we
set

n

Sp=D (w—n-1) and K,= Y (h(Yy)—h(Yy_). (5.3)
k=1

k=1
By the law of large numbers,

.S . Ky
Iim —=A and Ilim — = B. 5.4)

n—oo n n—-oo n
With these observations, Theorem 2 can follow from the exact proof of Theorem 1. In
fact, we may not need to truncate t; to 7; (N, M) as we did for Theorem 1, since we
can use (5.1) and (5.2) directly. O
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6 Proof of Theorem 3

Now we need to estimate P(h(Y,) < n(S — ¢€)). Let

L, = max{i, t; < n}

and let

hy = Z(h (Yy)—h(Ys_,)) ifL,>1 and h,=0ifL, =0. (6.1)
i=1

By (1.7), (5.3), and an argument similar to (3.6), we have

1=5 (6.2)

Since h, < h(Y,), by (5.1)

P(h(Y,) < n(S —€B))
=P(h, =n(S—€B))

p(.

P (
i
We split

Lil
P(Z(hm,.) —h(Yg ) <n(S— eB))

i=1

IA
&

(h (YT,.) —h (YTH)) <n(S— eB)+ P(t; > n)

A
=
I

(h (Yg) —h (Yq,)) <n(S — eB) + Crexp(—=Con).  (6.3)
1

Ly
< P(Z(hmi) —h(Yy_ ) <n(S—e€B), L, =n(SB~" — e/2>)
i=1
+P (Ln <n(SB~' — e/z)) —[+1I.

We estimate / and /[ separately:

Ly

1= P(Z(h(Yr,-) —h(Yy ) <n(S—e€B),L, > n(SB‘1 — 6/2))
i=1
n(SB~1—¢/2)

<P D> (h(Yy) = h(Yy_)) =n(S - eB)) : (6.4)

i=1
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Note that

n(SB~1—¢/2)
E > (h(Yy) —h(Yy_)) | =n(S —€B)2). (6.5)

i=1

Note also that by (5.2), {h(Yy;) — h(Y,_,)} is an 1.i.d. sequence with an exponential
tail for k > 2, so by Lemma 2.2 there exist C; = C; (¢, B) fori = 3, 4 such that

I < Czexp(—Cyn). (6.6)
Also, by (6.2),

n(SB~'—¢/2)
11=P(Ly<n(sB™ —e/2))=P| > (@m-mnzn
i=1

n(A=1—¢/2)
=P Z (i—ti-1)=n
i=1

Note that

n(A=1—¢/2)

E D> (-t =n(l—€A/2). 6.7)
i=1

Note also that by (5.1), {t; — 7;—1} is an i.i.d. sequence with an exponential tail for
k > 2, so by Lemma 2.2, there exist C; = C; (e, B) fori =5, 6 such that

11 < Csexp(—Cen). (6.8)

Together with (6.3), (6.4), (6.6), and (6.8), there exist C; = Ci(c,€, B) fori = 7,8
such that

P(h(Yn) < n(S —¢€)) < Crexp(—Cgn). (6.9)
From (6.9),
0 < liminf _—1 logP(h(Y,) < n(S —e€)). (6.10)
n

If the walks repeatedly move in the edge connecting the origin in n times, we have the
probability C” for a positive constant C = C(b). Thus, for ¢ < S and for all large n,

C" <P(h(Yy) = 1) < P(h(Yy) <n(S —e)). (6.11)
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So fore < S,
) —1
lim sup — log P(h(Y,) < n(S —¢€)) < oo. (6.12)
n

Therefore, Theorem 3 follows from (6.10) and (6.12). O

Acknowledgments The author would like to thank a careful referee for his many valuable comments,
which corrected a few mistakes and improved the quality of this paper. He would also like to thank Takei
M. for pointing out a few typos and a few references.

References

1. Aidekon, E.: Transient random walks in random environment on a Galton Watson tree. Probab. Theory
Relat. Fields 142, 525-559 (2008)

2. Collevecchio, A.: Limit theorems for reinforced random walks on certain trees. Probab. Theory Relat.
Fields 136, 81-101 (2006)

3. Davis, B.: Reinforced random walks. Probab. Theory Relat. Fields 84, 203-229 (1990)

4. Diaconis, P.: Recent progress on de Fietti’s notions of exchangeability. Bayesian stat. 3, 115-125,
(1988) Oxford Univ. Press.

5. Durrett, R., Kesten, H., Limic, V.: Once edge-reinforced random walk. Probab. Theory Relat. Fields
122, 567-592 (2002)

6. Engel, E.: Sperner Theory. Cambridge Univ, Press, New York (1997)

7. Grimmett, G.: Percolation. Springer-Verlag, New York (1999)

8. Pemantle, R.: Phase transition in reinforced random walks and RWRE on trees. Ann. Probab. 16,
1229-1241 (1988)

9. Sabot, C., Tarres, P.: Edge-reinforced random walk, vertex-reinforced jump process and the supersym-
metric hyperbolic sigma model (2012) (arXiv 1111.3991v3)

10. Takeshima, M.: Behavior of 1-dimensional reinforced random walk. Osaka J. Math. 7, 355-372 (2000)

@ Springer



	Large deviations in the reinforced random walk model on trees
	Abstract
	1 Introduction
	2 Preliminaries
	3 Large deviations for hn(N,M)
	4  Proof of Theorem 1
	5 Proof of Theorem 2
	6 Proof of Theorem 3
	Acknowledgments
	References


