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Abstract Let U be abounded open connected setin R” (n > 1). We refer to the unique
weak solution of the Poisson problem —Au = x4 on U with Dirichlet boundary
conditions as u 4 for any measurable set A in U. The function v := uy is the torsion
function of U. Let V be the measure V := ¥ £" on U where .£" stands for n-
dimensional Lebesgue measure. We study the variational problem

1U, p) = sup {1(4) = V() p? |

with p € (0, 1) where J(A) := f 4 U4 dx and the supremum is taken over measurable
sets A C U subject to the constraint V(A) = pV (U). We relate the above problem
to an unstable two-phase membrane problem. We characterise optimsers in the case
n = 1. The proof makes use of weighted isoperimetric and Pélya—Szeg6 inequalities.

Keywords Two-phase membrane problem - Isoperimetric inequality - P6lya—Szego
inequality - Spherical cap symmetrisation

Mathematics Subject Classification 26D 10 - 35J20 - 35J60

1 Introduction and Motivation

Let U be a bounded open connected set in R” (n > 1). We refer to the unique weak
solution of the Poisson problem
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—Au=xaonU, u e W,>(U), (1.1)

as u 4 for any measurable set A in U. The function v := uy is the torsion function of
U. Let V be the measure V := ¢ " on U where .£" stands for the n-dimensional
Lebesgue measure. For p € (0, 1) consider the variational problem

[(U, p) := sup {J(A) — V) pz} (1.2)

where J(A) := (44, x4) and the supremum is taken over measurable sets A C U
subject to the constraint V(A) = pV (U). Here, (-, -) stands for the usual inner product
in the real Hilbert space L2(U). Any maximiser E in (1.2) will be called an optimal
configuration for the data (U, p). If E is an optimal configuration and u = ufg, then
(u, E) will be called an optimal pair.

In Corollary 2.2 we show that for each p € (0, 1) the problem (1.2) admits an optimal
pair (u, E) for the data (U, p). In Proposition 3.3 we characterise the optimal config-
uration E as a super level set of u/y; thatis, E = {u > ¢y} for some ¢ € (0, 1) up
to .#"-a.e. equivalence. The derivation assumes that U is a C!»! domain. Under this
last assumption, we show in Corollary 3.4 that u satisfies the following semi-linear
elliptic partial differential equation with discontinuous nonlinearity. Put v := u — cyr
with ¢ as above. Then v is a strong solution of the problem

—Av=(1- C)XQJr(U) —cxo_w onU

where Q24 (v) := {£v > 0}. The above equation is similar to Problem C (the two-
phase membrane problem) in [20, 1.2.3] but with a sign change; see also the unstable
membrane problem [20] 2.5. It is noted in [20, 1.1.7] that the composite membrane
problem (see [6,7]) is akin to the unstable membrane problem. Our terminology is
adopted from [6,7] and in places there is a similarity in method. The regular part of
the free boundary I'(v) = 924+ (v) N U is real-analytic (Theorem 3.7). In Sect. 4 we
replace U with the unit ball B in R" (n > 2). For p € (0, 1) we show that any optimal
configuration E for the data (B, p) possesses spherical cap symmetry .£"-a.e. (see
Theorem 4.1).

In the remainder of the article, we study the problem (1.2) in the one-dimensional case
n = landtake B = (—1, 1).In Theorem 9.5 we show that any optimal configuration £
with data (B, p) is .£'-a.e. equivalent to an open interval abutting a boundary point of
B. A first step in obtaining this result is to transform the problem using an analog of the
ground-state transformation (with the torsion function in place of the ground-state) (see
Proposition 9.2). We then obtain an isoperimetric inequality on B with volume density
¥ and perimeter density 3/ (Theorem 6.3) and a corresponding Hardy-Littlewood
type inequality (Theorem 6.6) and a Pélya—Szeg6 inequality (Theorem 7.10). We also
study the case of equality in the isoperimetric and P6lya—Szegdo inequalities (Theorem
6.4 and Corollary 8.7 respectively). We have been guided by [2] in obtaining these
results, though our setting and proofs are slightly different.

We have not obtained an analog of Theorem 9.5 in the case n > 2. At least part of
our method transfers to higher dimensions. There is a counterpart of the isoperimetric
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inequality Theorem 6.3 (though its derivation is more involved with the usual diffi-
culties around regularity and stability) and the Hardy—Littlewood inequality is a ready
consequence. A potential stumbling block is the validity of a corresponding Pélya—
Szegd inequality. We note that the sufficient conditons given in [22] are stringent.
The problem (1.2) is related to maximum flux exchange flow (a model of magma flow
in a volcanic vent [15]). We take n = 2 and consider a configuration of two immiscible
fluids in a vertical duct with cross-section U in a state of steady flow. The densities of
the fluids are labelled p, p’ with p > p’ and each fluid has unit viscosity. The pressure
p has constant gradient dp/dz = —G on U. Suppose the fluid with density p occupies
aregion A in U. By the Navier—Stokes equations, the vertical component of velocity
u satisfies

0=Au+G—pg on A;
0=Au+G—p'g on U\ A.

Dirichlet boundary conditions are imposed on the boundary of U and it is assumed
that « and its gradient are continuous on the interface between the two regions A and
U\ A.

The parameter G lies in the interval (p’g, pg) which allows the possibility of bidirec-
tional flow. On rescaling (and relabelling the velocities) we obtain the system

O=Au—A—1 on A;

O0=Au—A+1 on U\ A; (1.3)

where

! -2G

A= % e (=1,1)
(p—p)e

is a proxy for the pressure gradient. Two problems arise: one to maximise the flux

(xv\a,u) over regions A which satisfy the flux balance condition (#, 1) = 0 with
constant A; the other in which we optimize also over A. In detail,

y(U) = sup{(XU\A, u):(u,1)=0, AC Uopen, A € (—1, 1)}, (1.4)
y (U, &) :=sup {(xuv\a, u) : (u,1) =0, A C U open}, (1.5)

where in the latter A is fixed in the interval (—1, 1). Inthe casen = 1 and U = B
we show that any optimal configuration E for the problem (1.5) with data (B, A) is
Z!-a.e. equivalent to an open interval abutting a boundary point of B in Theorem 9.8.
Moreover, any optimal configuration E for the problem (1.4) is .Z'-a.e. equivalent to
either (—1, 0) or (0, 1).
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2 Existence of Optimal Configurations

Define

¥ = {f cLXU):0< f<1%"ae onUand(f, ¥) < t}
for t € (0, V(U)) and consider the variational problem

. =swp{J(): fer) @1

where J(f) := (uy, f) and u is the unique solution of the Poisson problem (1.1)
but with inhomogeneity f. The first main result runs as follows.

Theorem 2.1 Fixt € (0, V(U)). Then

(i) there exists f € ¥; such that B(U,t) = J(f);
i) (., f) =1

(iii) f has the form f = xg for some measurable set E in U.

Corollary 2.2 For each p € (0, 1) the problem (1.2) admits an optimal pair (u, E)
for the data (U, p).

Proof Let p € (0,1) and put ¢t := pV(U). Let E be as in Theorem 2.1 (iii). Then
V(E) = (W, xg) =t = pV(U). Let A C U be a measurable set with V(A) =
pV(U).Then f = xa € ¥ so J(E) > J(A). O

We prepare a few lemmas before proving Theorem 2.1.

Lemma 2.3 Let X, Y be (real) Banach spaces and suppose that X C Y with contin-
uous embedding. Let (x3,) be a sequence in X which converges weakly in X to x € X.
Then (xp,) converges weakly to x in Y.

Proof Note that forany g € Y/, g|x € X'. O
We remark that the Dirichlet Laplacian (D(A), A) is associated with the Dirichlet
form (%, &) in L*(U) with form domain .% := WOl’Z(U) and

& (u, v):/Vu~Vvdx (u,veF).
U

Let G stand for the corresponding Green operator.

Lemma 2.4 Lett € (0, V(U)). Then

() the functional J : ¥; — R is continuous in the topology of weak sequential
convergence;
(i) J : ¥ — Ris convex.
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Proof (i) Suppose that a sequence ( fj,) in ¥; converges weakly to an element f € ¥;
in L2(U). Put uy, := Gf, € L>(U). For each h and ¢ € L>(U),

(un, ¢) = (Gfn, ¢) = (fn, Go),

by symmetry of G so that (u#;,, ) — (f, Gp) = (u, ¢) as h — oo where u := Gf.
We also have that

Ep, ¢) = (fn, @) = (f, ¢) = Eu, ) ash — oo

for any ¢ € .%. This means that (1) converges weakly to u in .%.
Note that W 2(U) ¢ W' (U) and ull i1, < 210 lull 12, for each u €
0 0 Wy (U) Wy = (U)

W(}’2(U). By Lemma 2.3, (1) converges weakly to u in W(}’l ).

If n > 2 we may use the Rellich-Kondrachov compactness theorem [10, 5.7] for
example and [16, Theorem 21.2.9] to conclude that (u;) converges strongly to « in
LY(U). Now

JO) = I(fn) = u, f) — (un, fo) =, f— fu)+ (fp,u—up)

and the right-hand side converges to zero as h — o0 as (fy) is bounded in L*°(U).
This shows that J(fy) — J(f)ash — oo.

In the case n = 1 we use the fact that WOl ’2(U ) is compactly embedded in C 0) (see
[13, Theorem 7.22]) and hence in L! ).

(ii) Let f € #;. By Dirichlet’s principle [10, 2.2.5] for example,

B = inf {(1/2) 6@, v) - . N} =-01/2 7).
vEF

The functional E is concave so that J is convex. O

Lemma 2.5 Lett € (0, V(U)). Afunction f inthe convex set V; C L2(U) is extremal
only if f = xa L"-a.e. on U for some A C U measurable with (V, xa) < t.

Proof The proof runs as in [11, Lemma 2]. A measurable function f on U is .Z"-a.e.
equivalent to y 4 for some A C U measurable if and only if f(1 — f) = 0.%"-a.e. on
U. Suppose that f € 7} is an extremal element and assume that |[{ f (1 — f) # 0}| > 0
for a contradiction. Then there exists ¢ > 0 and a measurable set E in U with positive
Z"-measure such that ¢ < f < 1 — ¢ on E. Decompose E into two disjoint sets
Ey, E; each with positive .#"-measure. Choose « = (¢, ap) € R2 \ {0} such that
a1 (Y, xe,) + a2y, xe,) = 0 and define

2
fr=f+t ajxe

j=1

for t € R. Then f; € ¥; for |t| < g/|a1| V |az|. We then derive the contradiction that
f is not extremal as f = (1/2) {f; + f—;} for such t. O
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Proof of Theorem 2.1 Let (f;,) be a maximising sequence for S(U,t). Now ¥; is
weakly sequentially compactin L?(U). This follows by appeal to [ 16, Theorem 10.2.9]
due to the fact that #; is bounded, closed and convex in the reflexive Banach space
L2(U). So we may assume that ( fj,) converges weakly in L*(U) to some f € ¥; as
h — oo after choosing a subsequence if necessary. By Lemma 2.4 (i),

BW.1) = lim J(fi) = J(f).

giving item (i) of the Theorem. It is straightforward to see that (¢, f) = ¢ and hence
(i1).

We now argue as in [8, Corollary 6.2]. By [5, Chapitre II §7 Proposition 1.1 (EVT
I1.58)], J attains its supremum on ¥; at an extremal point f. We then invoke Lemma
2.5 to conclude that f has the form f = x4 -£"-a.e. on U for some measurable set
A in U and hence (iii). O

3 Some Partial Regularity Results

Proposition 3.1 Suppose that U is a C' domain. Let E C U be a measurable set
andu =ug. Then V({u = ty}) =0 foreacht € (0, 1).

Proof By [13, Theorem 9.15], u € Wz’P(U) forany 1 < p < oco.Putv :=u — 1y,
N; := {v = 0} and assume that | N;| > 0. By [13, Lemma 7.7], we derive that D*v = 0
Z"-a.e. and hence V-a.e. on N; for any multi-index « with |e| = 1. Observe that D%v
belongs to W17 (U) for |a| < 1. Applying the last-mentioned lemma once more, we
see D*v = 0 V-a.e. on N, for any multi-index o with |¢|] < 2. So —Av =0 V-ae.
on N;. But —Av = xg — t xy V-a.e. on U. This leads to a contradiction. O

We require a version of the bathtub principle (see [17, Theorem 1.14]). Let (X, <7, i)
be a finite measure space and p a positive <7 -measurable integrable function on X.
Given 0 < v < u(X), consider the variational problem

SUP/ XEpdu (3.1)
X

where the supremum is taken over measurable sets £ C X with u(E) = v. We say
that measurable sets A, B in X are equivalent u-a.e. and write A = B if and only if
w(AAB) =0.

Theorem 3.2 Assume that

ul{p=1t})=0forallt > 0. 3.2)

Then for each v € (0, (X)) the problem (3.1) has a unique optimiser up to equiva-
lence pi-a.e. given by E = {p > s} where

s:=inf{t > 0: u({p > t}) <v}.
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Proof The distribution function p, : (0,00) — (0, V(U));t = pu({p > t}) is
non-increasing and right-continuous on (0, 00); in fact, continuous thanks to (3.2). By
right-continuity of u,, 1, (s) < v; by left-continuity, the reverse inequality holds, so
W(E) = p,(s) = v. For a measurable set A in X with (A) = v,

/XAde=/ u(AN{p > thdr
X 0
=/ M(Aﬂ{p>r})dt+/ w(AN{p > rt}dr
0 K
<sv+ [ ullp= e = [ xepdu

according to the layer cake representation [17, Theorem 1.13]. It follows that E is an
optimiser for (3.1).

Suppose A is a measurable set in X with ;£(A) = v which is not p-a.e. equivalent to
E. Then

P(E) = w(E\NA) +n(ENA) =v=pu(A\E)+ u(ENA) = pu(A)

so w(E \ A) > 0 as otherwise u(A \ E) = 0 and A is p-a.e. equivalent to E. By
countable additivity,

0<uENA) = lfi?sl“({’o > 1)\ A). (3-3)

Thus,

/XAPdM
X

=/0 M(Aﬂ{p>f})df+/ M({p>r})df—/ w(ip > Th\ Aydr
Ssv-i-/ M({p>f})df—/ uw(lp > Th\ Aydr
Z/XXEPdM—/ M({P>T}\A)df</XXEPdM

where the strict inequality follows from (3.3). O

Let U be a C!! domain and p € (0, 1). Let (u, E) be an optimalgair for (1.2) with
data (U, p). By [13, Corollary 9.18] we may assume that u € cOU).

Proposition 3.3 Suppose that U is a C"' domain. Let p € (0, 1) and suppose that

(u, E) is an optimal pair for (1.2) with data (U, p). Then V(EA{u > cy}) =
V(EA{u > c}) = 0 where ¢ € (0, 1) is uniquely determined by the condition

V{u > cy}) = pV(U). 3.4
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Proof Put F := {u > cy} with ¢ as in (3.4). Assume for a contradiction that
V(EAF) > 0. We consider a version of Problem (3.1) on U with p replaced by
w := ug/Y¥ and u replaced by V. By Proposition 3.1, V({w = t}) = 0 for each
t > 0; thus condition (3.2) holds. By uniqueness of the optimiser in Theorem 3.2 and
the Cauchy—Schwarz inequality,

J(E) = (ug, Xg) =/

wyxedV </ wyrpdV = &g, up) < J(E)V2J(F)!/?
U U

sothat J(E) < J(F), contradicting the assumption that E is an optimal configuration.
The identity V(EA{u > cy}) = 0 follows from Proposition 3.1. O

Corollary 3.4 Suppose that U is a C"! domain. Let p € (0, 1) and suppose that

(u, E) is an optimal pair for (1.2) with data (U, p). Put v := u — c where c is given
by (3.4). Then v is a strong solution of the problem

—Av=~0-0)xa, ) —cxo_wonU 3.5
where Qi (v) := {+v > 0} and E = Q4 (v) L"-a.e.

Proof By [13, Theorem 9.15], u € W>?(U) forany | < p < oo and u is a strong
solution of —Au = xg. By Proposition 3.3, u is a strong solution of —Au = x{u>cy}-
The result follows from the fact that —A(cyr) = ¢y and Proposition 3.1. O

Lemma 3.5 Let p € (0, 1) and (u, E) be an optimal pair for the data (U, p). Then
(¥ —u, U\ E) is an optimal pair for the data (U, 1 — p).

Proof Let A C U be a measurable set with V(A) = pV(U). Then
JWU\A)=J(A) - V(A +VU\A) =JA)+1-2p)V{U)

so that J(U \ A) — V(U)(1 — p)> = J(A) — V(U) p? and the result follows. o

Put T (v) = Q4+ (v) N U.

Lemma 3.6 Suppose that U is a C' domain. Suppose that (u, E) is an optimal pair
for the data (U, p) and let v be as in Corollary 3.4. Then I'1.(v) = I'_(v).

Proof Supposethatx € 'y (v)\I'_ (v). Thenthereexists» > Osuchthat B(x,r) C U,
u>cyonB(x,r)yandu(x) = cir(x). By Proposition 3.3, V(B(x,r)\E) < V({u >
c}\ E) =0and B(x,r)\ E is a Lebesgue null set. Let ® stand for the fundamental
solution of Laplace’s equation in R”. By the mean-value formula (see [10, 2.5 Problem
3] for example), forany 0 < t < r,
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u(x) = |Bx, 1) /

dB(x,7)

= |B(x,r)|_l/ udH"—1+/ {@(y—x)—cb(rw)}dy
9B(x,T) B(x,7)

udH"_l—i—/ {@(y—x)—@(rw)}xEdy
B(x,1)

> c|B(x, 7)™ / 1/de"_1+/ {d)(y—x)—d)(rw)} dy
dB(x,T) B(x,7)

>c{|B(x,r)|_1/ zde”_l+/ {CD(y—x)—CD(rw)}dy}
9B(x,7) B(x,7)
=cr(x)

as ¢ € (0, 1), a contradiction. Here, w is an arbitrary element in the unit sphere sl
in R".

Now suppose that x € I'_(v) \ 't (v). As before, there exists 7 > O suchthatu < c
on B(x,r) and u(x) = cy(x); alternatively, ¥ —u > (1 — ¢) ¥ on B(x,r) and
W —u)(x)=1—-c)¥(x). By Lemma 3.5, ( —u, U \ E) is an optimal pair for the
data (U, 1 — p). We then get a contradiction as above. O

Put I'(v) := 'y (v) = I'_(v) and T'*(v) := I'(v) N {|Vv| # 0}. The next theorem
follows as in [20, Theorem 4.24].

Theorem 3.7 Suppose that U is a C'' domain. Suppose that (u, E) is an optimal
pair for the data (U, p) and that xo € T*(v). Then there exists r > 0 such that
I'(v) N B(x, r) is a real-analytic hypersurface in B(x, r).

4 Spherical Cap Symmetry
In this section, we replace U by the open unit ball B in R” (n > 2) centred at the
origin. We prove the following symmetry result. The notion of spherical cap symmetry

is defined below.

Theorem 4.1 Let p € (0, 1). Suppose that (u, E) is an optimal pair for the data
(B, p). Then E possesses spherical cap symmetry £"-a.e.

We first discuss the operation of polarisation for integrable functions on B (see [4]
and references therein). For v € $"~! the closed half-space H = H, is defined by

H, :={xeR":x-v20}
with an associated reflection 7 : R” — R"; x — x — 2 (x - v) v. We refer to the
collection of closed half-spaces H by .7#. The polarisation fy of f € LL(B) with

respect to H € J¢ is defined as follows. Choose an .£"*-version f of f. Set

f@) Vv f(zpx) for x € BN H,

Sux) = Ff@x) A f(zux) for x € B\ H;
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fH is .£"-measurable and its .Z"-equivalence class fy := [ fH] is the polarisation
of f. The definition is well-defined due to the fact that if f = g Y"-a.e. on B then
f=gH" ae. on S*~! for £!-ae. 0 < t < 1, and vice-versa.

The Green kernel G (x, y) for B is given by

G(x,y) = @(y — x) — (|x[(y —x™)) for (x,y) € B x B\ d,
where @ is the fundamental solution of Laplace’s equation in R" as before, d stands
for the diagonal in B x B and the decoration * refers to inversion in the unit sphere.
We note the inequality

G(x,y) > G(tgx,y) forany x,y € BNint H, “.1)

which follows from the strong maximum principle.

Theorem 4.2 Let f € L_IF(B) and H € €. Then J(f) < J(fn) with equality if
and only if either f = fg or f oty = fg £"-a.e. on B.

Proof Let f be an " -version of f. Define
At = {x € BNH: f(x) < f(er)}

and similarly S but with the strictinequality replaced by the sign >. Put A~ := ty A™
and A := AT U A™. In this notation,

fH = XAfO T+ XB\Af-

Asa consequence,

J(fu) = J(xa fotm) +2(xaf otu, Gxpaf) +J(xp\af)
=J(af) +2(xaf ot, Gxmal) + J(x\af)

and a similar identity holds for J ( f) but without composition with reflection. We may
then write

J(fu) = J(f)
= 2(XA[fo TH — f], GXB\Af)

=2 / / (ftax) — fF))G(x, y) f(y) dydx
A+ JBnHE\A+

+2 / / (Flenx) — FE)G &, v) F() dydx
A+ J(B\HM\A-

+2 / / (Flenx) — F@)G (. y) F() dydx
A-JBnH\A+

+2 / / (Flenx) — FE)G(x, y) F(y) dydx
A= JB\HNA-
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—2 / / (Flenx) — FE)G(x, ) F () dydx
A+ JBnm\A+
+2 / / (Flenx) = F)G @nx, ) Fzay) dydx
A+ JBnH\A+
-2 / / (f(zux) — FONG(x, ty) f(y) dydx
A+ JBAH\A+
-2 / / (ftux) — F))G(x, y) f(tiy) dydx
A+ JBnH\A+
=2 / / (ftgx) — F)(G(x,y) — G(tyx, y) f(y) dydx
A+ JBnmE\A+
2 / / (Feax) = FONG(x, ¥) = Grnx, ) [ (tary) dydx
A+ JBnH\A+
—) /A ) /S (T — FeNG e, » = Glenx, )T ~ Flan) dyds.

It is clear from this representation with the help of (4.1) that J(f) < J(fn).

In the case of equality, it holds that either |A™| = 0 or |S™| = 0. In the former case,
f = fg while in the latter, f o Ty = fy £"-a.e. on B. O
Letw € S" ' Given0 < 7 < 1 and 0 < < 7 the spherical cap C,, (7, &) is the set

Cy(t,a) = {x=t0059w+rsin9n: 0<@0 <a,neS"710wJ‘} CSﬁfl

and has volume
o
S(T’ Ot) = Hn_l (Sa)(fy C()) = wanTn_] / (Sil‘l G)n_z do.
0

For a Borel set E in B put
L(x):=H"YENS"Hfor0 <z <land p(E):={0<7t <1:L(z)>0}.

The function L is Borel measurable The spherical cap symmetrisation of E is the set

CoE := U Co(t, o) 4.2)
ep(E)

where « € (0, ] is determined by s(t, &) = L(t). Observe that C, E is a Borel set
in B (use Fubini’s Theorem [1, 1.74] for example) and |C,E| = |E|. We say that
the Borel set E C B possesses spherical cap symmetry .£"-a.e. if C, E = E up to
#"-a.e. equivalence for some w € S"~ ! B
Let f € LL(B) and choose an .Z"-version fof f. Put mz(t, 1) = HVf >
tIn Sﬁ_l) fort € Rand 0 < t < 1. The function m f(r, -) is non-increasing and right
continuous. Define its right continuous inverse by
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i, s) :=inf{r e R : mz(r,1) < s}for0 <s <H"'(SH.
For x € B put 7 = |x| and choose @ € (0, 7] such that x - @ = 7 cos « then define
Cof(x) = fH(z, 5z, @)).

Note that mf(r, t) > s if and only if fu(r, s) > t. It follows that
{wa> t}=C, {f> t} foreacht € R. (4.3)

In particular, C,, ]7 is Borel measurable and its .#"*-equivalence class C,, f := [C, f]
is the spherical cap symmetrisation of f.

Before proving Theorem 4.1, we prepare a number of lemmas. We first discuss a useful
two-point inequality. We introduce the notation

0= {(xl,xg) 6R2:x1 anndeZO},
R:={(x1,x) € 0:0=<x <x},

S:={(x1,x) € 0:0=<x <x}.

Equip Q with the 2'-norm ||x||; := |x1| + |x2| and define a mapping ¢ : Q@ — Q via
(x1, x2) = (x1 V x2, x1 A x2); ¢ folds S onto R. A geometric argument establishes
the following lemma.

Lemma 4.3 Forany x, y € Q, |lgx — @yl < |lx — yll1 with strict inequality if and

onlyifx € Randy € Sorx € Rand y € S or the same with the rdles of x and y
interchanged.

For w € S"~! introduce the collection of closed half-spaces ./, := {HU cves!

andv~a)20}.

Lemma 4.4 Fix w € S*~'. Forany H € /¢, we have

(i) forany f,g € LY.(B), | fu — gullpip) < IIf — gllpipy:
(i) forany f € LL.(B), (Co f)n = Co f £"-a.c. on B;
(iii) forany f € LL(B),

I fo —Cofllpisy = If —Cofllpis (4.4)

with strict inequality if | {f oty > f} N H| > 0.
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Proof (i) By Lemma 4.3,

| fo— gullLi(m

=/ IfH—gHIdx+/ |fH —gnldx
BNH B\H

=/ |fv(forH)—gv<gorH|dx+/ [f A(f o) — g A (g o0 tald
BNH B\H
= [ v ot v ol +Ifotn) A f ~ o) Agl]dx
BNH
=/ lo(f, foth) — (g, goth)l1dx
BNH
5/ I, f o) — (5.8 0 ti)ll1 dx
BNH
=/ {If—gl—i—lforH—gOtHI}dx: If—gllLis)-
BNH

(i) Let f € LEF(B) and fa.i”"—representative of f.Forx e BNH,x-w > (tygx) -w
s0 (Cy, f)u = Cy f on B. Therefore,

Cof =[Cofl=1(Coul =[Cuflu = (Cuf)u.

(iii)_The inequality follows by (i) and (ii). On BN H the pair (Cy, f Co, fo 7y ) belongs
to R. By Lemma 4.3 if (f, f o ty) € S on a set of positive measure in B N H then
strict inequality holds in (4.4). This observation leads to the criterion in the lemma. O

Lemma4.5 Ler f € LY(S" 1, 1", Fix v e S""! and let (vy,) be a sequence in
S"=! that converges to v in S"~1. Then

||f oTp — f o 'L'”Ll(Sn—l’Hn—l) — 0 ash — oc.

Proof Note that |t,x — tx| < 4|v, — v| for each x € S"~! and h. Now use the
density of C(S"~1) in L'(S"~!, H"~!) and the fact that each 7, 7, is an isometry on
Ll(Sn—l Hn—l). O

The next lemma is a spherical cap symmetrisation counterpart to [4, Lemma 6.3] and
extends [23, Lemma 3.9].

Lemma 4.6 Let f € LL(B) and w € S* and assume that f # C, f. Then there
exists H € 7, such that

1o —CofllLip < IIf —CofllLis)-

Proof For non-negative Borel measurable functions f, g on B, f = g if and only if
H{f >t}A{g >t} =0foranyt > 0. As f # C, f there exists # > 0 such that

H{f >t} A{Cyf >1t}]| > 0.
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By 4.3) |{f > t}] = |[{Cw»f > t}| and it follows that |{ f <t < C, f}| = {Cou [ <
t< f}.PutA:={f <t <Cy,fland A’ :={C, f <t < f}. For later use we note
that

H o Ansih =H i nsh

for Z'-ae. 7 € (0, 1).

We claim there exists H € 7%, such that |A Nty A’| > 0. Taking this as read, on
ANtyA'wehavethat C, f >t > C,fotgsothat ANty A’ C H. Also, f <t <
f oty there. Inshort, ANty A’ C{foty > fINH.So|{foty > fINH|>0
and strict inequality holds by Lemma 4.4 (iii).

To prove the claim, assume for a contradiction that |A Nty A’| = 0 for all H € J%,.
Let F be a countable dense subset in S"~! N H,,. Then

‘ U@nman| =o.

veF

Therefore for all r € (0, 1) it holds that
H" YA, Nty,AL) =0 forevery v € F,

except ona.Z!-null set N C (0, 1). We write A, := AN Sf’l for the r-section of A
and likewise for A”. Let v € §"~!' N H,, with corresponding reflection T = g, . Select
a sequence (vp) in F which converges to v in S"=1 and write 1, for the reflection
associated to the closed half-space H,,. Forr € (0, 1) \ N,

IH" N (A, NTAL) — H" YA, Nty A < llxa — xaroTo Thll 1 i1 gty
and this latter converges to zero as h — oo by Lemma 4.5. We derive that
H' (A, Nty AL) =0 foreveryv € "' N H, 4.5)
forallr € (0, 1)\ N.
To conclude the argument, choose r € (0, 1)\ N such that H"~1(A,) = H”’I(A’r) >
0. Select a density point x for A, lying in A, using [1, Corollary 2.23] for example;

that is,

1

lim x4, () = Xxa, ) H"'(dz) = 0.
pl0 H*=1(B(x, p),) B(x,p)r
This means that A, has density 1 at x in the sense that

H" (A, N B(x, p))
H=1(SP N B(x, p)

— lasp | 0.

@ Springer



Appl Math Optim (2017) 75:365-401 379

Choose y in A/ similarly so that A/, has density 1 at y. Then C,, f (x) >t > Co, f(¥).
So there exists v € S"~! N H,, such that with T = 7, we have that Ty = x. But then

. Hn_l(Ar NtB, N B(x, p))
lim =
pl0  HPLHS™I N B(x, p)

)

so that, in fact, H"~'(A, N tB,) > 0, contradicting (4.5). m]

Proof of Theorem 4.1 Let E be an optimal configuration for the data (U, p). Assume
for a contradiction that E # C,E #"-ae. for any w € S"~!. Then there exists
w € S"~! such that

8= igf xe = Coxellysy = Ixe = CoxellLia > 0.
ved"—

By Lemma 4.6 there exists H € %, such that ||(xg)g — Coxellpipy < Ixe —

CwxEellLi(p)- Itis plain from this that xg # (xg)u; butalso xg o Ty # (xE)u, for
otherwise,

IxE — Cryowxelligy = Ixe — Coxeotullpipy = 1(Xe)n — Coxellpi s
<lIxe — CwXE”L](B)»

contradicting optimality of w. It follows by Theorem 4.2 that J(E) < J(Ey), contra-
dicting the fact that E is an optimal configuration for the data (U, p). The result now
follows. O

5 Preliminaries on Weighted Dirichlet Forms
Letn = 1and U = (a, b) be an open bounded interval in R. We are given a density
function w with the property

(A) w is a positive function in Co(U).

The weighted volume of an .Z’'-measurable set E in U is given by m(E) := /, pwdx.
We introduce the further assumption

(B) w e C'(U) and w'/w € L*(U, m).

Consider the coercive bilinear form
Ew,v) = / (uv + u’v’) dm (u,ve P :=C®U0))
U
in L2(U, m).

Lemma 5.1 Assume (A)—(B). Then

() (2, &) is closable in L*(U, m) with closure denoted (D(&), &);
(i) (D(&), &) is a symmetric Dirichlet form in L>(U, m).
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Proof We refer to [19, Definitions 1.2.3 and 1.4.5] (for example). Note that (2, &) sat-
isfies the weak sector condition [19] (2.3) by the Cauchy—Schwarz inequality. Suppose
(up) is a sequence in & such that up, — 0 in L2(U ,m). For v € 2 an integration-by-
parts gives

/uﬁlv/wdxz/ uhv/wvd’HO—/ u,(V'w) dx
U U U

/ / /
Z_/uh(vw) dm:—/uh[v”—i—v’i]dm—)O
U w U w

as h — oo where v = *1 is the one-dimensional unit exterior normal on dU . We have
made use of the assumptions (A) and (B). The statement (i) follows by [19, Lemma
1.3.4]. Then (D(&), &) is a symmetric closed form by definition (cf. [19, Definition
1.2.3]). By [19, Proposition 1.4.10 and I1.2 (¢)], (D(&), &) is a symmetric Dirichlet
form. O

Given a real-valued function # on R (or R) define the function 6;u on R for each
t > 0by (Bru)(x) ;== u(x +1t) forx € Ry (or R).

Lemma 5.2 Let ) be a positive £ -integrable function on R.. such that

A(x)
€ i= SuUpsup ———— < 00
1>0x>0 A(x +1)

Then

G) 6; € B(LZ(RJ,_, )»,f]))for eacht > 0;
(i) llu —Oull2®, re1)y —> Oast | 0foreachu € LRy, 2.2H.

Proof (i) Forany u € L>(Ry, ».Z"),

o0 o0
16l 32 g, o1, =/ |6;u*A dx < c/ lu(x + 1) PA(x + 1) dx
’ 0 0

IA

2
c||u||L2(R+,)\_,¥’1)'

(ii) The statement holds for u € C([0, c0)) N LZ(R+, 121 by the dominated con-
vergence theorem and this latter set is dense in L*(Ry, ».Z"). These observations as
well as (i) lead to the result using a 3¢-argument. O

Our next assumption is stronger than required but easy to state:

(C) w is unimodal on U.

Lemma 5.3 Assume (A)—(C). Then

D(&) = {u € LZ(U, m) : u is weakly differentiable on U and u’ € L2(U, m)}.
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Proof Let u € D(&). There exists a Cauchy sequence (uy) in (4, &) which con-
verges to u in L?(U, m). Then (u}) is a Cauchy sequence in L?(U,m) with limit
v e L2(U, m) (say). For ¢ € C>(U),

/mp’dx =lim/ upd dx = —lim/ uppdx = —lim/ ), (w' ) dm
U hJu b Ju hJu

= —/ vp dx;
U

so u is weakly differentiable on U with weak derivative u’ = v € L>(U, m).

Now let u € L*(U, m) be weakly differentiable on U such that u’ € L*(U, m).
Multiplying by a partition of unity we may assume that u = 0 near b. Denote by u
the extension of u to R by zero. For ¢ > 0 put v; := (6,u)|y. Note that v; is weakly
differentiable and v, = 0;(u)|y. Fort > 0, v, VANS L2(U, m). Let (pg)e=0 be a
family of mollifiers on R (cf. [1, 2.1]). For t > 0 and ¢ > 0 small, (o, x (6;u))" =
Pe * (Qt?) on U. The operation  stands for convolution. For # > 0 and ¢ > 0 small
put w; ¢ 1= pe x (6,1)|y € C*®°(U). Now

lu —weell2@m < = vell 2@ my + lve = weell L2, my:

||M/ - w;,g”m(u,m) = ||M/ - U;”LZ(U,m) + ||U,i — Pe * (th)|U||L2(U,m)-
By Lemma 5.2 and (A)—~(C) the expressions |[u — vl 2y ) and [lu" — v7ll L2 m)
are small for > 0 small. We also use the fact that the mollified functions are regular

approximations in L? (cf. [1, 2.1]). This shows that u € D(&). m|

Suppose that U = (c,d) is an open bounded interval in R and & : U—>UisaC!
bijection such that &' =: ¢ > 0 on U. Let i := ®ym be the pull-back of m under &;

thus 7 = w.%! on U where b := @(w o ®). Define a coercive bilinear form
Eu,v) = /U (uv + ¢72u’v/) din (u,v e D))

in L2(U, i) with domain

D(@&) = {u e LXU,m) :uis weakly differentiable on U and go_]u’ € Lz(lA],n%)].

Lemma 5.4 Assume (A)—(C). Then

@) (D(éA”), éA‘)) is a symmetric Dirichlet form in Lz(lj, m);
(ii) the mapping D(&) — D(&);u +— u := u o &~ is a Hilbert space isomor-
phism.

Proof (i) We show that (D(é%), éA”) is closed in Lz(ﬁ, m). Let (uy) be an 6%1/2-Cauchy
sequence in D(&). Then (uy,) resp. (<p_lu;1) are Cauchy sequences in L2(0, m) with
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limits u € L2(U, i) resp. v € L*(U, ). For ¢ € C2(U),

/u(j)/dx: lim/uhq‘)/dx:— lim/u;ﬂ)dx
U h—o0 J {1 h—o0 J {1

=— lim [ ¢ lu ¢(Ddrﬁ:—/0v ¢ dn%:—/ﬁ(fpv)qbdx

h—o0 J{1 w o wo®

so u is weakly differentiable and (p_lu’ = v; that is, u € D(é?’). It then follows
that (u;,) converges to u in &2 norm. So (D(@é), (?) is a symmetric closed form in
Lz(lA] m).

Letu € D((op) Givene > Oletg, beasin[19, Examplell.2.7]. Note thatu € W1 (U)
Then ¢, (u) is weakly differentiable on U and @e () = @l (u)u’ (see for example [10,
5.10, Exercise 16]) so ¢.(u) € D(gA). We then derive that

E(pe(u), 9 () < & (u, u).

By [19, Proposmon 1.4.7], (D(éa) 5) 1s a symmetric Dirichlet form in L2(U m).

(i) Letu € D(@@) Note that (u'Jp)od~ ! L2(U m) (use [1,(2.47)]) and u is weakly
differentiable on U with @’ = (u'/¢) o ®~! € L?>(U, m). Thus the mapping is well-
defined. For u, v € D(é”) & (u, v) = &(u, v) again using [1, (2.47)]. In particular,

the mappmg u +— u is injective. Now let u € D(&) and put &t := u o ®. Then
ie LXU,m), i is weakly differentiable on U with weak derivative i’ = =o' o ®)
and ¢ -1y e L2(U m); in other words, ii € D(@@) This shows that the mapping in
(ii) is surjective. O

Now take B = (—1, 1). We are given density functions f, g with the properties

(A.1) f is a positive function in C(B);
(A.2) g is a positive unimodal function in Co(B).

The weighted volume of an .#’!-measurable set E in B is given by V (E) := S g fdx.
Put p := f/g. We introduce the further assumption

(A3) pe LY B, ZY, g e CY(B)and g'/f € L*(B, V).
Define

t
R:B—>]R;t+—>/ p(t)dr,
0

and let B denote the image of B under R; B is an open bounded interval in R. Then
R:B — Bisac! bijection. Define § := g o R~! on B. Define the measure
V:=3%"onB.

We introduce coercive bilinear forms

&, v) ;=/ (uv +u’v’) AV (. v e D))
B
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in L2(B, V) with domain
D) = {u € L*(B, V) : u is weakly differentiable on B and u’ € L*(B, ‘7)};
and

A, v) :=/ (uv+p 2y ’)dv w, v e D@&))
B

in L2(B, V) with domain

D(é%) = {u € LZ(B, V) : u is weakly differentiable on B and ,oflu’ € L2(B, V)}.
Note that with B in place of U, w := g satisfies properties (A)—(C) above in light of
the assumptions (A.1)—(A.3). We derive

Lemma 5.5 Assume (A.1)—(A.3). Then

@) (D(évz, @‘Va) is a symmetric Dirichlet form in Lz(é, \V/);
(i1) Coo(é) lS dense in D(éva) with respect to the &2 -norm;
(ii1) (D(e?”) é") is a symmetric Dzrzchletform ln L%(B,V);
(iv) the mapping D(cg’) — D(é’) u— uo R isaHilbert space isomorphism.

6 An (f, g)-Isoperimetric Inequality

Recall that an .#!-measurable set E C B is said to be a Caccioppoli set if for each
relatively compact open set 2 in B,

P(E. Q) := sup[/ﬂxm/dx ¢ € CRQR). gl < 1} <00

There then exists a unique real Radon measure D y g on B such that

/XE¢/dx = —/ ¢dDxg
B B

forall¢ € C2°(B, R)[1, Corollary 1.55]. Denote by | D x g | the total variation measure
of Dyg.

Theorem 6.1 Suppose that E is a Caccioppoli set in B with |E| > 0. Then there
exist N € N U {oo} and closed intervals E;, = [ayp—1,a0,] C R (h =1,...,N)
with non-empty interior and separated by open neighbourhoods in R such that E is
L-a.e. equivalent to the union of the Ej.

The statement that the collection of intervals (E},) is separated by open intervals means
that infy4p, d(Ep, Ex) > 0 for each h. Here, d denotes the standard metric on R.
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Proof The proof is along the lines of [1, Proposition 3.52]. Put u := xg € BVjuc(B).
Then p := Du is a real Radon measure on B [1, 1.40]. Define

—u([t,0)) for —1 <t <O
w(): =10 forr = 0;
wn(0,t)) forO0<t <1;

w is left-continuous on B by the Hahn decomposition and inner/outer regularity [1,
1.43]. By Fubini’s theorem, w € BVio.(B) and Dw = u. By [1, Proposition 3.2],
u=c+w.Z -ae on B forsomec € R.Let A be the set of atoms of 11 in B. Note that
w is continuous on B\ A and w(t+) —w(t) = u({t}) ateacht € A. Asc+w € {0, 1}
Llae.on B, u({t})) € {—1,1} foreacht € A. Let Q2 be a relatively compact open
setin B. Then Card(A N Q) = |u|(A N Q) < |u]|(R) < oo. Thus the set of atoms A
accumulates at d B (if at all). By the observations above, the function ¢ 4+ w is constant
on each connected component of B \ A with values in the set {0, 1}. Let the sets E},
be the closure of the open intervals in B \ A where ¢ + w takes the value 1. O

Let g be a positive lower semicontinuous function on B. Let E be a Caccioppoli set
in B. The g-perimeter of E relative to B is defined by

Po(E, B) :=/Bgd|DXE|. 6.1)

Lemma 6.2 Let g be a positive lower semicontinuous function on B and E a Cac-
cioppoli set in B. Then

Py(E,B) = g(a)

acA
where A stands for the set of atoms of D xg in B.

Proof A directcomputation gives Dxg = > .4 Dxe({a})d,and [Dxgl = > ,c4 8a
which gives the result. We use §, to stand for the Dirac measure at a. O

Let f, g be densities on B satisfying conditions (A.1)—(A.3). The weighted volume
of an .#'-measurable set E in B is the measure given by V(E) := f g f dx. Define
F:[-1,11 - [0, V(B)] by F(x) := V((—1, x)) and

J(p) == (g o F~1)(p) for p € [0, V(B)].

We impose the additional assumptions

(A4) J(p)=J(V(B) — p)for0 < p < V(B);
(AS5) forall p,g > 0withp+qg < V(B), J(p+q) < J(p)+ J(q).
For an .#!-measurable set E in B the %-rearrangement of E is defined by E * =

(—1, F~1(V(E))). We then have that the following ( f, g)-isoperimetric inequality is
valid.
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Theorem 6.3 Assume (A.1)—(A.5). Suppose that E is a Caccioppoli set in B. Then
Py(E, B) = Py(E*, B).

Proof For0 < p <gq < V(B),

Jp)+J(@)=J(p)+JVB)—q)>J(p+V(B)—q)=J(@g—p) (62)

by (A.4)—(A.5). The above inequality also holds for 0 < p < ¢ < V(B) with >
replaced by > by continuity; equality holds if and only if one or both of p, g are
extremal.

We may suppose that V(E) = p for some p € (0, V(B)). Assume that E has the
form E = U}]lvzl[az;l,l,azh] with —1 < a1 < a < - < aynNn—1 < apy < 1
for some N € N. Put p; :== F(a;) sothat 0 < p; < --- < poy < V(B) and
z;llv:l(PZh — pan—1) = p. By Lemma 6.2, (6.2) and (A.5),

N N
Py(E,B)=>_ (J(P2h71) + J(PZh)) > D" J(pan — pan-1)

h=1 h=1

N
> J(Z(mh - th_n) = J(p) = Po(E*, B).

h=1

The result for arbitrary E as in the statement follows by Theorem 6.1, the monotone
convergence theorem and continuity of J. O

We now investigate the equality case in the isoperimetric inequality.

Theorem 6.4 Assume (A.1)—(A.5). Suppose that E is a Caccioppoli set in B. Assume
that Py(E, B) = Py(EX, B). Then cither E = EX or B\ E = (B\ E)* V-a.e.

Proof We may assume that E is the union of closed intervals E, C R (h =
1,...,N,N € NU {oo}) with non-empty interior and separated by open neigh-
bourhoods in R as in Theorem 6.1. In virtue of (6.1) we may take N > 1. We can
then find x € B\ E such that V(E N (x,1)) > 0 and V(E N (—1,x)) > 0. Put
E_=ENn(—1Lx),Ey :=EN(x,1), F_:= Ef and F; := B\ (B\ E+)*. Note
that V(E_) = V(F-) = p_and V(E) = V(Fy) = p4 for some py € (0, V(B)).
We have

J(p-) +J(p+) = Py(F_, B) + Pg(Fy, B) < Py(E_, B) + Py(E4. B)
= P,(E, B)

by Theorem 6.3. On the other hand, P,(E, B) = Pg(E*, B) = J(p- + py) <
J(p-) + J(p+) by (A.5), a contradiction. O

Proposition 6.5 Assume (A.1)—(A.3). If g’/ f is strictly decreasing on B then (A.5)
holds.
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Proof Note that J is differentiable on (0, V(B)). Moreover, (F~1)(p) = 1/(f o
F~Y(p) and

J(p) =g F(p)-1/(fo F N (p) = (&' /)F(p))

for p € (0, V(B)); this shows that J is strictly concave on (0, V(B)) as (0, V(B))
-L,1):p— (F_l)(p) is increasing. For 0 < p < g < V(B) we have that

w19 )
P q '

by concavity and the fact that J(0) > 0. Supposing additionally that p + g < V(B)
we have

J(q@)—J(p) - J(p+q)—J(q)
q—p p

by considering the gradient of chords. Rearranging and using (6.3) gives (A.5). O

Let u be a real-valued .#!-measurable function on B. Put ju,,(r) := V({|u| > t}) for
t > 0. The function p,, : [0, c0) — [0, V (B)] is non-increasing, right-continuous and
Uy (t) — 0ast — oo. Define its right-continuous inverse ut : [0, V(B)] — [0, o0]
by

uﬁ(s) =inf{t > 0: u,(t) <s}for0<s < V(B),

with the understanding that inf # = +oc. Define u®* := u” o F on B. Note that
Wy (t) > s if and only if u®(s) > t (see Lemma 10.1). It follows that

V{lu| > t}) = V({u* > t}) foreacht > 0; (6.4)
in fact, V({u* > 1}) = VH{F < pu (O} = V(=1 F () = pu (0).

The following result is a Hardy-Littlewood type inequality and can be proved as in
[14, 13.10] (see also [9, Theorem 3]).

Theorem 6.6 Assume (A.1)—(A.5). Let u, v be real-valued £ -measurable functions

on B. Then
/|uv|dV§/u*v*dV.
B B

The next non-expansivity result can be found in [9, Corollary 1].

Theorem 6.7 Assume (A.1)—(A.5). Let u, v be real-valued £ -measurable functions
on B. Then
/ u* — X124V < / lu —v2adv.
B B
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Define a metric d on B as follows. The length of a piecewise C! parametrised curve
y :la, Bl = Bin (B, d) is

. B
Llyl= / py )Ny @)ldt.

Forx,y € B, d(x, y) stands for the infimum of lengths of piecewise C! parametrised
curves in B connecting x to y; d(-, -) is a metric on B.

Lemma 6.8 Forx,y € B, d(x, y) = d(R(x), R(y)).

Proof Lety : [a, B] — B be a piecewise C ! parametrised curve in B connecting x
to y. Then L[y] = L[R o y] in an obvious notation. So d(x, y) < d(R(x), R(y)). A
similar argument gives the reverse inequality. O

Note that for each .#!-measurable set E in B, \V/(R(E)) = V(E).

Lemma 6.9 The mapping R : B — B sets up a one-to-one correspondence between
Caccioppoli sets in B resp. B. Moreover, let E be a Caccioppoli set in B. Then

1) [DxrEl = R:|Dxkl;
(i) Pg,(R(E), B) = Pg(E, B).

Proof Let Q2 C B be a relatively compact open set. Then

|DxrE)|(R(2)) = sup / XrE)P dx i ¢ € CL(B,R) and |||l < 1]
R(Q)

= sup / Xe(@oR)dx ¢ e CCI(E,R) and [|¢]leo < 1]
Q

= sup /QXEde ¢ € CH(B.R)and [[p]loc < 1]

IDxE|(€2),

from which the first assertion follows. Item (i) follows from the definition of the push-
forward [1, Definition 1.7] and the coincidence criterion [1, Proposition 1.8], while
(ii) follows from (6.1), (i) and the change of variables formula for integrals. O

The function F : R — [0, V(B)] defined by F(x) := V(B N (=00, x)) is the
cumulative distribution function of g. Let u be a real-valued .#’!-measurable function
on B. Put Ly (1) = V{Ju| > t}) for t > 0 and denote by i : [0, V(B)] — [0, 0]
its right-continuous inverse (as in the Appendix). Define u* := ii* o Fon B.

Proposition 6.10 Let u be a real-valued £ -measurable function on B and put v :=
uo R\ Then u* = v* o R. In particular, for any £'-measurable set E C B,
R(E)* = R(E).

Proof We have that (1) = Ly (2) for each t > 0; hence u® = ¥% on [0, V(B)].
Now , F o R = F on [—1, 1]. This leads to the first claim. The second then follows
straightforwardly. O
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Corollary 6.11 Assume (A.1)~(A.5). Suppose that E is a Caccioppoli set in B. Then
P;(E, B) > Py(E*, B).

Proof Let E be a Caccioppoli set in B. By Lemma 6.9, Theorem 6.3 and Proposition
6.10,
P;(R(E), B) = Py(E, B) = P{(E*, B) = Py(R(E*), B) = P4(R(E)", B).

O

Corollary 6.12 Assume (A.1)~(A.5). Suppose that E is a Caccioppoliset in B. Assume
that Py(E, B) = P3(E*, B). Then either E = E* or B\ E = (B \ E)* V-a.e.

Proof This follows from Lemma 6.9 and Theorem 6.4. O
Finally, we state a counterpart of Theorem 6.7.

Thevorem 6.13 Assume (A.1)~(A.5). Let u, v be real-valued £ -measurable functions
on B. Then
/ lu* —v*)2dV < / lu—v>dV.
B B

7 A Pélya-Szego Inequality

We first show that the rearrangement -* is smoothing in the sense of [21] (see alsQ [4D.
Given r > 0 write E, for the r-neighbourhood of an .Z I_measurable set E in (B, d):
by convention, @, = . The Minkowski content of E is the quantity

. V(E,) — V(E
VH(E) 2= lim inf VE)=VIE) 16 0.
r r

Lemma 7.1 Let E be a finite union of open intervals in (E‘, d). Then

(i) E is a Caccioppoli set in B;
(i) VY(E) = P4(E, B).

Proof (i) The set E is a finite union of disjoint open intervals, E is a finite union of
closed intervals in R with non-empty interior and separated by open sets in the sense
of Theorem 6.1 and E = E U for a finite set I C R. So E is Z1-a.e. equivalent to
F:=ENB;in particular, E is a Caccioppoli set in B by Theorem 6.1.

(i1) Suppose first that F = [ay, az] C B. Then E, = F, foreachr > 0 and V(E)
17(F ) as V is non-atomic. For small » > 0,

1. 1. 1 ap . 1 ax+r .
—wa\m=—wn\m=-/ g@+_/ s dy
r r r Jay—r r Ja

1— 2

N / gdH" = Py(F, B) = P4(E, B)
oF
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as r | 0. The result for general E as in the statement follows from the property that
the closed intervals in E are separated by open sets. O

For p € (0, V(B)) we may write

<4 _ P dt
F~(p) = -~
v(B)/2 J(T)

where J = go F~!. Note that J = J due to the fact that F o R = F on B.

Lemma 7.2 Let E be an ' -measurable setin B. Then 17(Er) > 17((E*)r)f0r each
r > 0. In particular, the rearrangement -* is smoothing in the sense that (E*), C (E,)*
for each £ -measurable set E in B and r > 0.

Proof We verify the conditions in [3, Theorem 2.1 (c)]. The measure Visa separable
non-atomic Borel measure on the metric > space (B d). The r-neighbourhood (r > 0)
of any open ball in Bisan open ball in B. Let E be a finite union of open intervals in
(B, d). By Lemma 7.1 and Corollary 6.11,

VT(E) = Py(E, B) > Py(E*, B) = J(V(E)).

Thus by [3, Theorem 2.1], V(E,) > F(F~Y(V(E))+r) = V((E*),) for any Borel set
EinB Vvvith 0 < V(E) < V(B) and r > 0. The result then extends to %! -measurable
sets in B. O

Lemnla 7.3 Let A, E be £ -measurable sets in BwithA C E. Then d(A*, E\E*) >
d(A, B\ E).

Here, d(A, E) := inf{d(x,y) : x € A, y € E} with the understanding that inf § =
+00.

Proof We use the criterion that for r > 0, A, C E if and only if d(A, B \E)>r.
Put r := d(A, B \ E); we may assume that » > 0. By the criterion, A, C E
and hence (A,)* C E*. By Lemma 7.2, V((A,)*) = V(A,) > V((A*),) meaning
(A*); C (A,)* C E* which entails that d(A*, B \ E*) > r by the criterion. O

The modulus of continuity of an arbitrary real-valued function u on B is defined by
W (t) = sup {|u(x) —u()|: x, ye Bandd(x, y) < t} € [0, 0o] for 7 > 0.

Observe that u is uniformly continuous on Bifand only if lim; o w, () = 0. We state
the following criterion without proof.

Lemma 7.4 Let u be a real-valued function on B and t,T > 0. Thgn wy(t) > tifand
only if there exist s, s’ € R withs > s' + t such that d({u > s}, B\ {u > s'}) <t.

Proposition 7.5 Assume (A.1)—(A.5).
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(i) Let u be a real-valued £ -measurable function on B. Then wy (1) = wy,+ (1) for
eacht > 0.
(ii) If u is uniformly continuous on B then so is u*
(iii) If u is Lipschitz continuous on B then so is u and Lip(u*, B) < Lip(u, B)

Proof Lett > 0. We may assume that w,+(#) > 0.Choose T > Osuchthatw,(t) > 7.
By Lemma 7.4 there exist s, s’ € R with s > s’ 4+ 7 such that d({u* > s}, B \ {u* >
s')) < t. Now {u* > s} = {Ju| > s}* and likewise for s’ by the counterpart of the
equimeasurabilty property (6.4). By Lemma 7.3 we deduce that d ({|u| > s}, B \{lu| >
s’}) < t and again by Lemma 7.4 that w, () > o, (¢) > . Item (i) then follows. Part
(ii) is a ready consequence. As for (iii),

Lip(u, ) 1= p[m(x) —u)|

X, eé,x
d(x,y) Y #y}

=sup(l/Hw,(t) > sup(l/t)wu*(t) = Lip(u*, B)

>0
O

Let u be a Lipschitz continuous function on (é , d). By Rademacher’s theorem (cf. [1,
Theorem 2.14]) u is differentiable .#'-a.e. on B and its derivative coincides with the
weak derivative on a set of full measure. Put

= {x € B : u s differentiable at x and u'(x) = 0},
= {x € B : u is not differentiable atx} and Z :=Z, U Z,.

By [1, Lemmas 2.95 and 2.96], Z N {u = t} = @ for Z'-ae. t € R and hence
N = u(Z) C Ris Z"-negligible. The analogous sets corresponding to u* will be
decorated with the subscript *.

We shall make use of the coarea formula [1, Theorem 2.93 and (2.74)],

/¢|u’|dx=/ / ¢dH dt (7.1)
B —o0 J BN{u=t}

for any ¥ I_measurable function ¢ B — [0, oo].

Lemma 7.6 Let u be a nonnegative Lipschitz continuous function on (B, d). Then

(i) fix € BV(R);

(ii) Dpiy = —uyV;
(iii) Dfiy = D, L (R\ N);
(iv) D, = Dy L N;

v) A = {t eR:ZYZn{u=1}) > 0} is the set of atoms of Dji, and
Djiy, = Dji, L A;
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(Vi) fiy is differentiable £ -a.e. on R with derivative given by

Ry

() = —/V —dH
(B\Z)N{u=1) 'l

for L'-ae. t € R;
(vil) Ran(u) = supp(Djiy).

The notation above D%, D3, D,tl‘,ﬁ stands for the absolutely continuous resp. sin-
gular resp. jump part of the measure D1, (see [1, 3.2] for example).

Proof For any ¢ € C(R),

0 v
/ ﬁuw’dtz/woudV
—00 B

by Fubini’s tlvleorem; so iy € BV(R) and Dji, is the push-forward of V under u,
D, = —uzV (cf. [1, 1.70]). By (7.1),

D[LMI_(R\N)(A)=—\7({ueA}ﬂl§\Z)=—// idHOdz
BZ2)nfu=r) [

for any .Z!-measurable set A in R. In light of the above, we may identify Dpé =
D, L (R\ N) and Diij, = Dy, L N. The set of atoms of Dji, is defined by
A :=1{t € R: Dp,({t}) # 0}. By [13, Lemma 7.7], we may write A as in (v).
The monotone function /i, is a good representative within its equivalence class and is
differentiable .#’'-a.e. on R with derivative given by the density of D/t, with respect
to .Z! by [1, Theorem 3.28]. Item (vii) follows from (ii). o

Lemma 7.7 Let u be a nonnegative Lipschitz continuous function on (é, d). Then
Jinzw?dV =[5z, @2 dV.

Proof As Z has finite .Z’'-measure, A C R is a countable set. Thus

[ urdv = Zt V(Zﬂ{u_t}))_/ 2d(uﬁ€/)=—/t2d0,2u
BNZ A

teA

and an analogous result holds for u* by Lemma 7.6. The fact that (&, = f,» entails
that A = A,. This leads to the result. O

Theorem 7.8 Assume (A.1)—(A.5). Let u be a Lipschitz continuous function on (é, d).
Then u,u* € D(&) and &(u, u) > &w*, u*).

Proof Given a Lipschitz continuous function u on (E, d), u € Wl'oo([?) and
”u/”Lw(é) = Lip(u, é) (see [1, Proposition 2.13]) sou € D(év”) The same is true for
u* by Proposition 7.5. Replacmg u by |u| and using the contraction property of the
Dirichlet form (D(£’ ), & ) we may assume that u is nonnegative.
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The proof hinges on the identity

2 12
/ (u2 + Iu/|2) av = / / ﬂgw dHdr,  (1.2)
Bz Ranw) J (B\Z)Nfu=1) ||

which is a consequence of the coarea formula (7.1).
As [, = f1,» we have that Dt, = Di,~. In particular, we derive that

i) = _/ S an® = _/ 7 §_aHO =) (13)
B B

(B\Z)N{u=1} |4'] (B\Z)N{ur=1) |

for #!-a.e.t € R by Lemma 7.6.

Let r € Ran(u) be such that Z N {u = t} = ¥ and f(é\z)m{u:z} gdH® < oo and
the analogous properties hold for u*. We assume in addition that (7.3) holds. Such
t comprlse a set of full measure in the range of u. Then ofu > t} = BN {u =
t}y aBN d{u > t} and {u# > t}is a Caccioppoli set in B with finite ¢ g-perimeter; and
likewise for u*. From Corollary 6.11,

oo>/ gdH‘):/ gdH’ = Py({u > t}, B)
BN{u=t} Au>t}

> Py({u* > 1}, B) =/ gdH°. (7.4)
BN{u*=t}

Moreover, BN {u* = t} consists of a singleton; thus,

- £
e (1) = —/V > dH°
(B\Z)N{ur=r) 1(@*)'|

= —/v §_an’ = —/ gdH’/ | )| dH.
Brjur=n | @*)| B{ur=1) BO{ur=t)
(7.5)
By (7.3) and (7.5),
" "2
/V u+|u| / u—i—|u|gdH0
(B\Z)N{u=1) o B\Z)ﬂ{u n o W

0
B\Z)ﬂ{u 1) {t + e |2} %{l;ﬂ( - li;(l))

2
. gdH°
f(B\Z)ﬂ{ 1} ) (—ﬁ;(t))

v

— (1)

. gdH .
_ fBﬂ{ 1} ) (—,LLM (t))

— 1], (1)
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. 2
B! & dH°
2+ (—IBO{ d ) (=1t (1))

— [y, (1)

*\2 *\/12
=/ Mg dHO (7.6)
Bn{ur=1) [(u*)']

v

where Jensen’s inequality has been used in the first inequality and (7.4) in the second.
This inequality combined with (7.2) as well as Lemma 7.7 lead to the result. O

Corollary 7.9 Let u € D(&). Then u* € D(&) and & u, u) > & u*, u*).

Proof Letu € D(<§’). By Lemma 5.5 we may choose a sequence (up) in Coo(lv?)
that converges to u in (D(év" ), & ); each uy, is Lipschitz continuous on B. By Theorem
6.13, (u}) converges to u* in LZ(E, ‘7). By Theorem 7.8, each uj € D(éva) and
év"(u‘;l, up) < éva(uh, up), so the sequence (év"(u;‘l, uy))p is uniformly bounded in R. By
the Banach-Alaoglu theorem (cf. [19, A2 Theorem 2.1]) we may assume that u; — v
weakly as & — o0 in (D(cg’) & ) for some v € D(é’ ) by selecting a subsequence if
necessary. We may identify v with u* thanks to the L%(B, V) convergence and the
Banach-Saks theorem (cf. [19, A2 Theorem 2.2]); hence u* € D(é"). By [16, Theorem
10.1.5],

&W*, u*) < liminf év"(u’;l uy) < liminf Eup, up) = &, u).
h—o00 h—o00

O
Corollary 7.10 Let u € D(&). Then u®* € D(&) and & (u, u) > WX, u*).
Proof Letu € D(@‘?’). Thenv:=uo R ! e D(@E’) by Lemma 5.5. Morever, u* =
v* o R by Proposition 6.10. By Lemma 5.5 and Corollary 7.9,
Ew,u) = EW,v) > EW*,v*) = EW* o R, v* o R) = Ew™, u®).
O

8 Equality Case in the Pélya—Szego Inequality

We now investigate the equality case in the P6lya—Szeg6 inequality.

Lemma 8.1 Letu € D(éva) andt € R.
() Putv:=unt Then [ 0'17dV = [z, WPdV = [0, WadV.
(i) Putv:=uv i Then [ W'1*dV = [0, WAV = [0, W/2dV.

Proof We only prove (i). Write

/|u’|2dV=/ |v’|2d\7+/ |u’|2d\7+/ W2 dV.
B BN{u<t} BN{u=t} BN{u>t}
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The set {# < t} is open in B as u is continuous so v = u and v/ = u’ there. By [13,
Lemma 7.7], v = 0 Z!'-ae. on {u > t}. O

Suppose that u € WIL’CZ(IV?) is precisely represented in the sense of [18, (2.5)]. Then
the set {u = t} is finite or countably infinite for .¥ I_a.e.t € R and the coarea formula
(7.1) holds for u by [18, Theorem 1.1]. With Z as before it follows that ZN{u =t} = @
for #!-a.e.t € Rand hence N := u(Z) C Ris .#!-negligible.

Lemma 8.2 Let u be a nonnegative function in WIL’CZ(E ) precisely represented in the
sense of [18, (2.5)]. Then statements (i)—(vii) of Lemma 7.6 hold.

Proof This runs as in Lemma 7.6. O
Lemma 8.3 Letu € D(gv) be nonnegative. Then féﬂz urdv = fémz, (u*)? av.
Proof The proof proceeds as in Lemma 7.7. O

Lemma 8.4 Letu € D(év" ) be nonnegative. Then
(i) fort', 1" e Rwith0 <t <1,

ﬁ (u2 + |u’|2) dv > / ((u*)2 T |(u*)/|2) dv:
BN{t'<u<t"} BN{t'<u<t"}

(i) for L'-a.e. t € R,

=) a2 ) o2
u-—+u'l” ., u? )+ |(u .
/V —' | gdHOz/v )" + [Ty *'(/ )| gdH°
B\2)nfi=r) W] (B\Z)N{u*=t) [(u*)|

where u is the unique continuous representative of u (cf. [1, Definition 3.31 and
after]).

Proof () Putv:= (u Vv t') At" € D(&). By Lemma 8.1,

/ <v2 + |u’|2) dv = / (u2 + |u’|2) AV + 121 = (1) + 12 (7).
B

BN{t'<u<t"}
By Lemma 10.2, 9% = (ii* v /) A " on [0, V(B)] and hence v* = (u* Vv ') At".
We may then write an identity of the above form but with u*, v* in place of u, v. The
statement then follows from Corollary 7.9.

(i) Note that u is precisely represented in the sense of [18, (2.5)]. By the coarea
formula for Sobolev mappings [18, Theorem 1.1],

o
/¢|u/|dx:/ / ¢ dH  dt
B —o0 J BN{ii=t}

for any .#'-measurable function ¢ : B — [0, oo]. In particular,

o) ~2 ~712
/ ¢(u)(u2 + |u/|2) dv :/ / [%gdﬂ(’] o) dr (8.1)
B\Z —o0 J(B\Z)N{ii=t} |
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for any ¥ I_measurable function ¢ : R — [0, o0].
Define

w(t) = / >+ |u'1?) dv
(B\Z)N{u>t}

fort € R. For ¢ € C°(R, R),
w v
/ we' dx =/ ou)W? + [u'|*)dV
—0 B\Z

so that w € BV(R). By (8.1), Dw = p.Z' where

~2 ~/2
us+ 'l

p(t) = _/V ~—,gdHO

B\Dna= W]

for t € R; that is, w is absolutely continuous [1, Definition 3.31]. By [1, Theorem
3.28], w is differentiable #'-a.e. on R and w’ = p .Z!-a.e. on R. The same holds
for the function w, defined as for w but with u* in place of u. Note that u* = u*. The
statement then follows from (i). O

We state the following lemma without proof.

Lemma 8.5 Let u be a continuous real-valued function on B. Suppose that for £'-
a.e. t > 0 the set {u > t} is either an open interval in B abutting a boundary point or
{u >t} = 0. Then u is monotone on B.

Theorem 8.6 Letu € Dv(év") be nonnegative and suppose that év"(u, u) = év"(u*, u*).
Then u is monotone on B.

Proof By (8.1),

~2 ~/12
Eu, u) =/ ude—i—/ / wg?d?'lodt
BNz Ran(@) J (B\Z)Nfi=r} |4

and a similar identity holds for u*. We may assume that Ran(u) is a closed interval in
[0, 0co) with non-empty interior. By Lemmas 8.3 and 8.4,

~2 ~/12 *\2 *\/12
us+|u'l“ ., u )+ [(u »
/V it Ui gdHoz/v W VW g0
B\2)nfa=ry 1] (B\Z)N{ur=1) [(u*)|

for #!'-a.e. t € Ran(ii). The chain of inequalities in (7.6) is valid with & in place of
u and we may replace the sign > with the equality sign. In particular,

/ gdH’ = / gdH° (8.2)
BN{ii=t} BN{u*=t}
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for Ll-ae. t € Ran(@). Suppose that € Ran(u) such that ZN{u =t} = ¥ and
me{u t}gd'H < 00. We remark that 9{u > t} = BN {u =1}u BN ofu > t}

and {# > t} is a Caccioppoli set in B with finite g-perimeter Pz({i > t}, B) =
fém{ﬁ:l}gdHO < o0. From the identity (8.2) we derive that P;({u > 1}, 1§) =
Pz({u* > t}, B) for Z'-ae.t € Ran(ii). By Corollary 6.12 the set {ii > r} is either

an open interval in B abutting a boundary point or {ii > t} = @ for £'-ae. 1 > 0.
The statement follows by Lemma 8.5. O

Corollary 8.7 Let u € D(éA‘) ) be nonnegative and suppose that & (u,u) =
5(14*, u*). Then u is monotone on B.

Proof Putv:=uoR !¢ D(é;) by Lemma 5.5. Also, uX =v*oR by Proposition
6.10. We have

éA"(u, u) = év"(v, v) > EW*, ) = EW o R, v* o R) = &, u™®).
by Lemma 5.5V and Corollary 7.9. So év"(v, v) = céva(v*, v*). By Theorem 8.6, v is
monotone on B and hence # is monotone on B. O
9 Application to Exchange Flow

Consider the positive definite bilinear form (2, &) in L?(B, .£") given by
E(u,v) == / u'v' dx (u,ve 2 :={u:u/y € C(B)}).
B

Here, ¢ := up is given by ¥ (x) = (1/2)(1 — |x|2) for x € B.

Lemma9.1 (i) (2, &) isclosablein L*(B, ") with closure denoted (D(&), &);
(i) (D(&), &) is a symmetric Dirichlet form in L*(B, £");
(i) D(&) = Wy (B).

Proof (i) Suppose (u) is a sequence in & such that up — 0 in L*(B, Z"). We
write v € Z in the form v = Y w for some w € C®(B); so v’ € L*(B, Z"). An
integration-by-parts gives

/u}lv’dx =/ uhv’vdHO—/ uhv”dxz—/ upv" dx — 0
B 9B B B

as h — oo where v = =+1 is the unit exterior normal on d B. The statement follows
by [19, Lemma 1.3.4]. Then (D(&), &) is a symmetric closed form by definition
(cf. [19, Definition 1.2.3]). By [19, Proposition 1.4.10 and IL.2 (c)], (D(£), &) is a
symmetric Dirichlet form and (ii) follows. Note that ¢ = up € WO1 ’Z(B). Thus

C(B) € 2 C W,y (B). This proves (iii). o
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The transient Dirichlet space (D(&), &) has reference function ¥ ~! and
/ luly ' dx < V&, u) forallu € D(&). 9.1)
B

Denote by D(&), the extended Dirichlet space; that is, the family of .#’! -measurable
functions u on B such that [u| < oo .Z!-a.e. and there exists an &-Cauchy sequence
(up) of functions in D(&) such that u, — u Z'-a.e. on B. By [12, Lemma 1.5.5],
(D(&)e, &) is a Hilbert space. The identity (9.1) extends to D(&), and D(&), C
LY (B, y~1.2").

In the notation of Sect. 5 we take f = ¥ and g = v¥>/2. The conditions (A.1)—(A.5)
are satisfied by Proposition 6.5. Let V be the measure V := ¢.%! on B. We work
with the symmetric Dirichlet form

&, v) ::/ (uv+1pu’v/)dv (u, v € D(&))
B
in L2(B, V) with domain
D(é;) = {u € LZ(B, V) : u is weakly differentiable on B and 1//1/214’ € L2(B, V)}.

Proposition 9.2 The bijective mapping 9 — ACOO(E); u > u = u/y extends to a
Hilbert space isomorphism E : D(&), — D(&). In particular, for u,v € D(&), we
have that A

&, v) =&, v). 9.2)

Proof Using integration-by-parts and the fact that —” = 1 on B gives
/ w'v Yt dx = / (u/y) v y*dx
B B
=/ (wu’ —uw’)ﬁ’dx
B
=/ W' VY dx —/ uy' vvdH® +/(u V') vdx
B B B
:/ u' v dx +/(u ¥ vdx
B B
=/ uw' v Y dx ~|—/(u’1ﬂ’)ﬁ— uvdx
B B

=/u/v’dx—/ﬁiwdx
B B

where v = =1 is the unit exterior normal on 9 B. This establishes (9.2) on Z. The
map E extends to D(&) by density of & in D(&) as does (9.2). Let u € D(&), and
choose a sequence (1) in D(&) such that up, — u Zlae.on Bash — oo and (up)
is a &-Cauchy sequence. Then (i) is a Cauchy sequence in (D(ég), és) with limit
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v E D(ég) say. Define Eu := v. This definition is well-defined and the identity (9.2)
holds on D(&),. In particular, the mapping E is injective.

We show that E is a surjection. Let v € D(é%). We put # := v and claim that
u € D(&),. Then there exists a sequence (wp) in C*® (é) such that vy := wpoR — v
in (D(é%), é) as h — oo. Put uy, := vy foreach h. Now uj, € C'(B)and u, = 0on
d B for each h. This means that () isasequence in D(&°). By (9.2), (u,) isa &-Cauchy
sequence. As (vj,) converges to v in L*(B,V) we may assume that (vj,) converges

to v V-a.e. on B by selecting a subsequence if necessary. Thus, (#;,) converges to u
#'-ae. on B. This shows that u € D(&), and Eu = v. O

Theorem 9.3 For any L' -measurable set A in B, J(A) < J(AX).

Proof Let A be an #!-measurable set in B and put u := usy € D(&) and v :=
u,x € D(&). By Theorem 6.6, Proposition 9.2, the Cauchy—Schwarz inequality and
Corollary 7.10,

J(A) = / @xadV < / X xax dV = EWT*X, v) = E@*, D)
B B
< E@*, u*™)'PE@ 0 < Eaw) PE@ WV = 1)\ 2 1AaF) 2
and the result follows. O

Theorem 9.4 Suppose that A is an L -measurable set in B suchthat J (A) = J (A).
Then A is £ -a.e. equivalent to an open interval in B abutting a boundary point of
B.

Proof We may assume that 0 < V(A) < V(B). From the chain of inequalities in
the proof of Theorem 9.3 we derive that & (ﬁ*, ﬁ*) =& (u,u). Put v := u. From
Corollary 8.7 we infer that v is monotone on B. Put p := V(A)/V(B) € (0, 1). By
Theorem 9.3, A is an optimal configuration for the problem (1.2) for the data (B, p).
By Proposition 3.3, V(AA{v > c¢}) = 0 for some ¢ € (0, 1). As v is monotone,
{v > ¢} is an open interval in B abutting an end-point of B. This leads to the result.00

We may now characterise optimal configurations for the problem (1.2).

Theorem 9.5 Ler p € (0, 1).

(i) The sets (—1, F~Y(pV(B))) and (F~'((1 — p)V(B)), 1) are optimal configu-
rations for the problem (1.2) with data (B, p).

(ii) If E C B is an optimal configuration for the data (B, p) then E is £ -a.e.
equivalent to one of the sets in (i).

Let U be a bounded open connected set in R” (n > 1).
Proposition 9.6 (i) For » € (—1,1), y(U, 1) =21(U, p) where p = (1 — 1)/2.
(i) y(U) = 25upe(oy) [ (U. p).
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Proof (i) Let A be an open set in U. Suppose u satisfies (1.3) and the condition
(@,1) = 0.Put f := —(A + Dxa — (A — Dxu\a; then u = Gf. From the flux-
balance condition and symmetry of the Green operator,

0= D =W H=-0+DV@A) -G -DVUU\A).
Soi=V(U) V(U \ A) - V(U)} and V(A) = 152V (U). We have

(xv\a,uw) = (Gxu\a, f)
= -+ D(Gxur\a, xa) — (A = D(G xv\a, xuna)
=—A+DV(A)-JA) - A -DVU\ A —V(A) + J(A))
=2J(A) -G+ DHVA) = A -DHVWU\ A+ *—-1DV(A)

=2JAY+(Xx -1V = 2{J(A) — V(U)pz}
where p = (1 — A)/2. This leads to the reformulation (i). (ii) follows immediately. O

Recall that for x, y € B,

(1/2)(1 = y)(I +x) forx <y;

Gx,y) = { (1/2)(1 + y)(1 —x) forx > y.

Lemma 9.7 The mapping (0,1) — R; p — (B, p) has a unique global maximum
atp=1/2.

Proof Definenp : B — Rby n = J(A) — V(B)"'V(A)? where A = (—1,¢). Then
I1(B, p) = n(F_l(pV(B))) for p € (0, 1) by Theorem 9.5. For ¢t € B,

d d [! rd
—J((—1,1) = — G- dx = Gy— t —Gx(— d
T (( ) dt/_l X(—1,n(x) dx X( 1,t)()+/_1 279X 1,n(x)dx

= Gxin® + [ [1 G(x, 1) dx = 2Gx(_1.(0),
so that
n'(t) = 2Gx—1.0(1) = 2V(B) 'V (=1, )y ().
A further computation gives
Gx(-1.() = 1/H(1 =01 +1)*and V(B)'V((=1,1) = (1/H Q2 +3t — ).

We then obtain that '(t) = —(1/4)t(1 — 22 for any ¢ € B. This proves the result.00

Theorem 9.8 Let A € (—1,1).

() The sets (—1, F~Y(pV(B))) and (F~'((1 — p)V(B)), 1) are optimal configu-
rations for the problem (1.5) with data (U, \) where p = (1 — 1)/2.
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(i) If E C B is an optimal configuration for the problem (1.5) with data (U, A) then
E is £'-a.e. equivalent to one of the sets in (i).

(iii) The sets (—1,0) and (0, 1) are optimal configurations for the problem (1.4).

(iv) If E C B is an optimal configuration for the problem (1.4) then E is £"-a.e.
equivalent to one of the sets in (iii).

Proof Parts (i) and (ii) follow from Proposition 9.6 and Theorem 9.5. (iii) and (iv)
follow from Proposition 9.6 and Lemma 9.7. O

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes were made.

Appendix: On the Generalised Inverse Function

Let (X, o7, u) be a finite measure space. Let f : X — [0, 00) be an /-measurable
function. The distribution function wy : [0,00) — [0, u(X)] of f is defined by
mr(t) :=u({f > t}) fort > 0. Note that y  is right-continuous and non-increasing
on [0, 00) and ps(t) — 0ast — oo. The generalised inverse fE00, n(X)] -
[0, oo] of  f is defined by fis) :=inf{t > 0: wr(t) < s} with the understanding
that inf # = 4-o0.

Lemma 10.1 Let f : X — [0, 00) be an o/ -measurable function. Let t > 0 and
s € [0, u(X)). Then

(i) wyr(t) > sifand only if fA(s) > t;
(ii) py(t) < sifandonly if f*(s) <1;
(iii) py(t—) < s then fF(s) < tincaset > 0.

Proof Suppose 7 (t) > s. The set {uy > s} C [0, 00) is relatively open by right-
continuity of 1 ¢. It follows that f %(s) > t.Conversely, if f%(s) > t then ny(t) > sbe
definition of f¥. This shows (i). (ii) follows from (i). Suppose ¢ > 0 and prt—) <s.
By definition of the left-handed limit, we may choose 0 < 7 < ¢ such that u p(t—) <
my(t) <s.Then fF(s) < 1t < t. This shows (iii). O

Lemma 10.2 Let f : X — [0, 00) be an <f -measurable function and t > 0. Then

() ifg:= f ANtthen g® = fE At on [0, u(X));
(i) ifg := f Vitthen g® = f* v tonl0, u(X)).

Proof (i) We have that pg = xpo.niy on [0,00) and g% = fxjo.u ¢y +
I Xt —)u(x))- On the other hand, w = f* At = fiy ey + X250 Let
0<s<up@—=)Aspuyr>pur—)>sonl0,1),{ur <s} Clt,o0)and fﬁ(s) >t
that is, w(s) =t = gﬁ(s). Now suppose that s = us(r—). Note that fﬁ(s) <t.
Consider the case that f2(s) = . Then w(s) =t = fi(s) = g%(s). If fi(s) <t
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then w(s) = f(s) = gﬁ(s). Finally, suppose that s > 1 ¢(z—). By Lemma 10.1 (iii),
w(s) = fi(s) = g%(s). Item (i) follows.

(ii) In this case, Hg = X[0,5) + X[t.oo)lf ON [0, 00) and gt = )([()”uf(,))frI +
X[y ().u(x))- On the other hand, w = f% V1 = txpecyy + [ X(p22)- Let
0 <5 < pys(t). By Lemma 10.1 (i), f¥(s) > t and w(s) = f*(s) = g*(s). Now
suppose that s > 1 7(¢). By Lemma 10.1 (i), f*(s) <tand w(s) =t = g*(s). O
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