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Abstract

We investigate the preservation of the properties of being finitely generated and finitely
presented under both direct and wreath products of monoid acts. A monoid M is said to
preserve property P in direct products if, for any two M -acts A and B, the direct product
A x B has property P if and only if both A and B have property P. It is proved that
the monoids M that preserve finite generation (resp. finitely presentability) in direct
products are precisely those for which the diagonal M-act M x M is finitely generated
(resp. finitely presented). We show that a wreath product A : B is finitely generated
if and only if both A and B are finitely generated. It is also proved that a necessary
condition for A B to be finitely presented is that both A and B are finitely presented.
Finally, we find some sufficient conditions for a wreath product to be finitely presented.

Keywords Monoid act - Presentation - Direct product - Wreath product

1 Introduction

Finite generation and finite presentability are fundamental properties in the theory of
monoid acts (see [8]). The related notion of coherency has been intensively studied (see
[6,7]), and the relationship between the monoid property of being right Noetherian
and finite presentability of acts was considered in [14]. In this paper we continue the
work initiated in [13] of developing a systematic theory of presentations of monoid
acts. We shall consider two different product constructions for acts, namely direct
products and wreath products. For each construction, we investigate the preservation
of the properties of being finitely generated and finitely presented.

The paper is structured as follows. In Sect. 2, we collect some basic definitions
and facts about generating sets and presentations. We study direct products in Sects. 3
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and 4. Section 3 is concerned with diagonal acts, which are a specific type of direct
product. We consider direct products of acts in general in Sect. 4. In that section we
construct a general generating set and presentation for a direct product A x B. This
leads to characterisations of the monoids M that have the property that, for any two
M-acts A and B, the direct product A x B is finitely generated (resp. finitely presented)
if and only if both A and B are finitely generated (resp. finitely presented).

In Sect. 5, we study wreath product of acts. We characterise the wreath products
A B that are finitely generated. We also construct a general presentation for a wreath
product A B, from which we deduce results pertaining to finite presentability.

2 Preliminaries

Let M be a monoid with identity 1. An M-act is a non-empty set A together with a
map

AXM— A, (a,m)— am

such that a(mn) = (am)n and al = a for alla € A and m,n € M. For instance, M
itself is an M -act via right multiplication.

A subset U of an M-act A is a generating set for A if for any a € A, there exist
u € U,m € M such that a = um. We write A = (U) if U is a generating set for
A. An M-act A is said to be finitely generated (resp. cyclic) if it has a finite (resp.
one-element) generating set.

A congruence p on an M-act A is generated by a set X € A x A if p is the
smallest congruence containing X, and p is said to be finitely generated if it has a
finite generating set.

For other basic definitions and facts about monoid acts, we refer the reader to [8].

Now, let A be an M-act and let X € A x A. We introduce the notation

Y:XU{(u,v):(v,u)eX},

which will be used throughout the paper. For a, b € A, an X-sequence connecting a
and b is any sequence

a = pymy, qumy = p2mp, g2m = pyms, ..., Mg = b,

where (p;, gi) € X andm; € M for1 <i < k.
We have the following basic lemma (see [8, Sect. 1.4] for a proof):

Lemma 2.1 Let M be a monoid. Let A be an M-act, let p be a congruence on A
generated by aset X C A x A, and leta, b € A. Then (a, b) € p if and only if either
a = b or there exists an X -sequence connecting a and b.

A generating set U for an M-act A is a basis of A if for any a € A, there exist
unique # € U and m € M such that a = um. An M-act A is said to be free if it has a
basis. For example, the M-act M is free with basis {1}.
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We have the following structure theorem for free acts.

Theorem 2.2 [8, Theorem 1.5.13] An M-act A is free if and only if it is M -isomorphic
to a disjoint union of M-acts all of which are M-isomorphic to M.

This leads to the following explicit construction of a free act.

Construction 2.3 [8, Theorem 1.5.14]. Let M be a monoid, let X be a non-empty set,
and consider the set X x M. With the operation

(x,m)n = (x, mn)

forall (x,m) € X x M andn € M, the set X x M is a free M-act with basis X x {1}.
We denote this M-act by Fx . although we will usually just write Fx. We will also
usually write x - m for (x, m) and x for (x, 1).

An (M-act) presentation is a pair (X | R), where X is a non-empty set and R
Fx x Fy is arelation on the free M-act Fx. An element x of X is called a generator,
while an element (u, v) of R is called a (defining) relation, and is usually written as
u=v.

An M-act A is said to be defined by the presentation (X | R) if A is M-isomorphic
to the factor act Fx/p, where p is the congruence on Fy generated by R.

Let Abean M-actandf : A — Fx/p an M-isomorphism, where p is a congruence
on Fy generated by R. We say an element w € Fy represents an element a € A if
ab = [w],. For wi, wy € Fy, we write w; = w» if w; and w; are equal in Fy, and
w1 = wy if they represent the same element of A.

Definition 2.4 Let (X | R) be a presentation and let wi, wy, € Fyx. We say that the
relation w; = wy is a consequence of R if w; = wj or there is an R-sequence
connecting w; and wj.

We say that w; is obtained from w1 by an application of a relation from R if there
exists an R-sequence with only two distinct terms connecting wi and w>.

Definition 2.5 Let M be a monoid, let A be an M-act, andlet ¢ : X x {1} - Abea
map. Let 6 : Fx — A be the unique M-homomorphism extending ¢, and let R be a
subset of Fx x Fx. We say that A satisfies R (with respect to ¢) if u6 = v6 for every
(u,v) € R.

The following fact will be used throughout the paper, usually without explicit
mention.

Proposition 2.6 Let M be a monoid, let A be an M-act generated by a set X, let
R C Fx x Fx, and let ¢ be the canonical map X x {1} — X. Then (X |R) is a
presentation for A if and only if the following conditions hold:

(1) A satisfies R (with respect to ¢);
(2) If wy, wy € Fx such that A satisfies w1 = wy, then w1 = w» is a consequence
of R.
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318 C. Miller

Definition 2.7 A finite presentation is a presentation (X | R) where X and R are finite.
An M-act A is finitely presented if it can be defined by a finite presentation.

The property of being finitely presented is independent of the choice of a finite
generating set:

Proposition 2.8 [13, Proposition 3.8] Let M be a monoid, let A be an M-act defined
by a finite presentation (X | R), and let Y be another finite generating set for A. Then
A can be defined by a finite presentation in terms of Y.

Corollary 2.9 Let M be a monoid, and let A be a finitely presented M -act defined by a
presentation (X | S) where X is finite and S is infinite. Then there exists a finite subset
S’ C S such that A is defined by the finite presentation (X | S').

Let M be a monoid with a generating set X, and let A be an M-act. It is clear that
A is defined by the presentation

(Ala-x =ax (a € A, x € X)).

Therefore, we have:

Lemma 2.10 If M is a finitely generated monoid and A is a finite M -act, then A is
finitely presented.

However, it was shown in [13, Example 3.12] that there exist monoids M for which
the trivial M -act is not finitely presented, and the trivial M-act being finitely presented
is not equivalent to M being finitely generated [13, Remark 3.13].

3 Diagonal acts
For any monoid M, the set M x M can be made into an M-act by defining
(a, b)c = (ac, bc)

for all a, b,c € M; we refer to it as the diagonal M-act. Diagonal acts were first
mentioned, implicitly, in a problem in the American Mathematical Monthly [1,2], and
have since been intensively studied by several authors (see [4,5,15]). A systematic
study of finite generation of diagonal acts was undertaken by Gallagher in his PhD
thesis [3]. He showed that infinite monoids from various ‘standard’ monoid classes,
such as commutative, inverse, idempotent, cancellative, completely regular and com-
pletely simple, do not have finitely generated diagonal acts (see [4]). However, it was
shown in [5] that the diagonal act is cyclic for various transformation monoids on an
infinite set.

In this section we consider both finite generation and finite presentability of diagonal
acts, primarily with the next section in mind where diagonal acts will play a key role.

We begin with finite generation. As mentioned above, it is easy to find monoids
that have a non-finitely generated diagonal act. We present the following example:
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Example 3.1 Let M be an infinite monoid such that M\{1} is a subsemigroup. We
claim that {1} x M is contained in any generating set U for M x M, and hence M x M
is not finitely generated. Indeed, if m € M, then (1, m) = (u, v)n for some (u, v) € U
andn € M, so 1 = un and m = vn. Since M \{1} is an ideal of M, we must have that
u =n =1 and hence m = v.

We now make the following observation.

Lemma 3.2 Let M be a monoid. The diagonal M-act is finitely generated if and only
if it is has a generating set of the form U x U for some finite subset U of M.

We have the following results, due to Gallagher.

Theorem 3.3 [3, Theorem 4.1.5, Corollary 4.1.9] Let X be any infinite set, and let M
be any of the following transformation monoids on X :

Bx (the monoid of binary relations);

Tx (the full transformation monoid);

‘Px (the monoid of partial transformations);

Fx (the monoid of full finite-to-one transformations).

Then the diagonal M-act is a free cyclic M-act (and hence finitely presented).

Lemma 3.4 [4, Lemma 2.2] Let M be a monoid, let N be a submonoid of M, and
suppose that M\N is an ideal of M. If the diagonal M-act is generated by a set
U x U, then the diagonal N-act is generated by the set V x V where V.= U N N.
In particular, if the diagonal M-act is finitely generated, then the diagonal N-act is
finitely generated.

Given a monoid M, we denote by M the monoid obtained by adjoining a zero 0
to M. The following lemma provides a generating set for the diagonal M°-act using

a generating set for the diagonal M -act.

Lemma 3.5 Let M be a monoid. If the diagonal M-act is generated by a set U x U,
then the diagonal M°-act is generated by the set

Z = ((U U{0}) x (U U{0H)\{(0,0)}.

Corollary 3.6 [4, Lemma 2.5] Let M be a monoid. Then the diagonal M-act is finitely
generated if and only if the diagonal M°-act is finitely generated.

Our next result shows that the monoid property that the diagonal act is finitely
generated is preserved by direct products.

Proposition 3.7 Let M and N be two monoids. Then the diagonal (M x N)-act is
finitely generated if and only if both the diagonal M-act and the diagonal N-act are
finitely generated.
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Proof (=) Suppose that the diagonal M-act and the diagonal N-act are generated by
finite sets U x U and V x V respectively. We claim that the diagonal (M x N)-act
is generated by (U x V) x (U x V). Indeed, let (m1, ny), (m2,n2) € M x N. Then
(my,mp) = (uy, up)m for some uy,up € U andm € M, and (n1,ny) = (v, vo)n
for some vy, vo € V and n € N. Therefore, we have that

((m1,n1), (m2,n2)) = (w1, v1), (u2,v2))(m, n).

(<) Suppose that the diagonal (M x N)-act is generated by a set U x U where
U C M x N is finite. We claim that M x M is generated by U’ x U’, where U’ is
the projection of U to M. Indeed, let m, my € M. We choose n1,ny € N, so that

((my,n1), (m2, n2)) = ((x1, y1), (x2, y2))(m, n)
for some (x1, y1), (x2, y2) € U and (m,n) € M x N. Hence, we have that
(my, my) = (x1,x)m € (U x U').

Similarly, we have that N x N is finitely generated. O

We now turn our attention to finite presentability. Recall from Theorem 3.3 that the
diagonal M-act is finitely presented if M is any of the monoids of binary relations,
full transformations, partial transformations and full finite-to-one transformations on
an infinite set.

We show in what follows that the monoid property that the diagonal act is finitely
presented is inherited by substructures and extensions in certain situations, and is also
preserved by direct products.

Proposition 3.8 Let M be a monoid, let N be a submonoid of M, and suppose that
MA\N is an ideal of M. If the diagonal M-act is finitely presented, then the diagonal
N-act is finitely presented.

Proof Let M x M be defined by a finite presentation (U x U | R). By Lemma 3.4,
we have that N x N = (V x V) where V = UNN.Welet Z =V x V and
R’ = RN (Fz x Fz), and claim that N x N is defined by the finite presentation
(Z|R).

Clearly N x N satisfies the relations R’. Now letw;, wy € Fz be such thatw; = wy
holdsin N x N.By Proposition 2.6, we just need to show that w; = wy is aconsequence
of R’. Indeed, we have that w; = w; holds in M x M, so there exists an R-sequence
connecting wy and wj. Since M\N is an ideal of M, every element of M appearing
in this sequence must in fact belong to N, so w; = w; is a consequence of R’. O

Proposition 3.9 Let M be a monoid. Then the diagonal M-act is finitely presented if
and only if the diagonal M°-act is finitely presented.

Proof Suppose that M x M is defined by a finite presentation (U x U | R). By
Lemma 3.5, we have that M x MY is generated by the set

Z = ((UU{0}) x (UU{OP)\{0,0}.
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Since M is a finitely presented M-act and is generated by the finite set U, it can be
defined by a finite presentation (U | §). We define the following sets:

S1={m,0) - m=w,0)-n:(w-m,v-n) eSS}
S ={0,u) - m=@O,v)-n:(u-m,v-n) e S}

We shall show that M? x MY is defined by the finite presentation
P=(Z|R,S81,85,x-0=y-0(x,y € 2)).

Let wy, wy € Fz o0 be such that w; = w holds in MO x MY. We need to show that
wi = wy is a consequence of the relations from P. We may assume, therefore, that
w1 = wy is not one of the relations x -0 =y -0 (x,y € Z), sow;, wa2 € Fz u.

If w; € Fyxuy, then wy € Fyxy and wy; = w» is a consequence of R.

Suppose w1 € Fyx0y. We must then have that wy € Fyxoy. Now, w; = (u,0)-m
and wy = (v,0) - n for some u,v € U and m,n € M. Since u - m = v - n holds in
M, it is a consequence of S; that is, there exists an S-sequence connecting u - m and
v - n. Therefore, we clearly have an S;-sequence connecting w; and wy, SO wi = wy
is a consequence of Sj.

Similarly, if wy € Fioyxv, then w; = w; is a consequence of S».

The converse follows from Proposition 3.8. O

Proposition 3.10 Let M and N be two monoids. Then the diagonal (M x N)-act is
finitely presented if and only if both the diagonal M-act and the diagonal N-act are
finitely presented.

Proof For both the direct implication and the converse, we may assume that M x M
and N x N are generated by finite sets U x U and V x V respectively. As in the
proof of Proposition 3.7, the diagonal (M x N)-act is generated by the set Z =
(U x V) x (U x V). We now define the following maps:

ou = Fzmxn = Fusu.m ((ur, v1), (2, v2)) - (m, n) = (u1, uz) - m;

oN = Fzmxn = Fyxv.y, (i, v), (u2,v2)) - (m, n) — (vi, v2) - n.

(=) Clearly it is enough to show that the diagonal M-act M x M is finitely presented.
Since the diagonal (M x N)-act is finitely presented, it can be defined by a finite
presentation (Z | R). We now define a finite set

Ry ={wipm = woppy : (wy, wa) € R},

and claim that M x M is defined by the finite presentation (U x U |Ryy).

Indeed, let wy = (uy, u}) -my € Fyxy,m and wy = (uz, u}) -my € Fyxy,m be
such that w; = wy in M x M. Choose v € V, and let w = ((u1, v), (u}, v)) - (m1, 1)
and w' = ((u2,v), (uh,v)) - (m2, 1). Then w, w' € Fz pxn and w = w’ holds in
the diagonal (M x N)-act. Therefore, there exists an R-sequence connecting w and
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w’. Now, applying py to this R-sequence, we obtain an Rys-sequence connecting w
and wy, so w; = wy is a consequence of Ryy.

(<) We have that M x M and N x N are defined by some finite presentations
(U x U|R)and (V x V| S) respectively. For any set W, we define a map

ow : Fw x Fw — Fw, (w1, w2) — wy.
We now define the following sets:

T = {((u1,v), (u2,v")) - (m, n) = ((u3,v), (ug, v)) - (m', n) :
(i uz) -m, (u3,ug) -m') € R, (v, ) -n € Soy};
T = {((u, v1), (W', v2)) - (m,n) = ((u, v3), (W', va)) - (m,n") :
((v1,v2) -, (v3,v4) -n') € S, (u,u') - n € Rox}.
We claim that the diagonal M-act is defined by the finite presentation (Z | T, T).
Indeed, let wi, wy € Fz mxn be such that wi = wy in the diagonal (M x N)-act.
Now, w; = ((ul, 1), (uf, v’l)) “(s,t)and wy = ((uz, v2), (uf, u’z)) -(s’, t") for some

up,uy, ug,uby € U, vy, v, va,05 €V, s,s" e Mandr,1' € N.
Since wipy = wappr holds in M x M, there exists an R-sequence

W1PM = P151,49151 = P252s - - - kSk = W20M

where (p;, gi) € Rands; € M for1 <i < k.
Also, since wipy = wapy holdsin N x N, there exists an S-sequence

WIPN = pit, g1t = Phlas - .., qilx = W2pN,
where (p;i, qi) e Rands; € Mforl <i <k.
Fori € {1,...,k}, let p; = (xj,y) -m; and q¢; = (Xj41, Vi+1) - m; and let

Py = (v, v)) - n. Note that m 51 = s, m}s; = miy18i41, and nt; =1.
Using a relation from 77, we have

(i v, i VD) - (mi, n)(siy 1) = (i1, v1), i1, v))) - (mf, n)(si, 1)

= ((xig1. v1)s OGig1, V) - (g1, n)(Sig1, ).
Therefore, through successive applications of relations from 77, we obtain
wi = ((u2, v1), (Wb, v})) - (5", 1),
By a similar argument, we have that
wy = ((u2, v1), (uh, V) - (s, 1)
is a consequence of 7»>. Hence, w; = w> is a consequence of 77 and 7>. O
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In the following, we show that there exist monoids for which the diagonal act is
finitely generated but not finitely presented. In order to do this, we first construct a new
monoid N from an arbitrary monoid M and M-act A, and then consider how finite
generation (resp. finite presentability) of the diagonal N-act relates to finite generation
(resp. finite presentability) of both the diagonal M-act and A.

Construction 3.11 Let M be a monoid, and let A be an M -act disjoint from M with
action

AxXM— A, (a,m)+— a-m.
We define the following multiplication on the set M U A:

xy ifx,yeM
xoy=1qx-y ifxeA,yeM
y ifxeMUA,y e A.

With this operation the set M U A is a monoid with identity 1,7, and we denote it by
UM, A). Note that M is a submonoid and A is an ideal of (M, A).

Lemma3.12 Let M be a monoid, let A be an M-act disjoint from M, and let N =
UM, A). Then the diagonal N-act is finitely generated if and only if both the diagonal
M-act and A are finitely generated.

Proof (=) Let N x N = (U x U) with U finite.

Since N\M = A is an ideal of N, we have that M x M = (V x V), where
V =UN M, by Lemma 3.4.

Now let a € A. We have that (a, 1) = (u, v)n for some u,v € U andn € N,
soa =uonand 1 = v on. Since A is an ideal of N, we have that n € M, so
a=u-ne€ (UNA). Hence, A is generated by U N A.

(&)Let A= (X)and M x M = (U x U) with X and U finite, and assume that
1 € U. We claim that N x N is generated by V x V where V = XU U U.

Letny,np € N.If ni,ny € M, then (n1,ny) € (U x U) C(V x V).

Assume now that n; € A,son; = x; -mj forsome x; € X and m; € M. If
ny € M, then (my, ny) = (uy, up)m for some uy,ur, € U and m € M, and hence

(n1,n2) = (xquy,up)m € (XU x U) C(V x V).

If n, € A, sony = xo - my for some x, € X and mp € M. We have that (m, mp) =
(uy, upy)m for some uy, ur € U and m € M, and hence

(n1,n2) = (xquy, xoup)m € (XU x XU) C(V x V),

as required. O

Lemma 3.13 Let M be a monoid, let A be an M-act disjoint from M, and let N =
UM, A). If the diagonal N-act is finitely presented, then both the diagonal M-act
and A are finitely presented.
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324 C. Miller

Proof Since N\M = A is an ideal of N, we have that the diagonal M-act is finitely
presented by Proposition 3.8.

Since N x N is finitely generated, we have that A is finitely generated by
Lemma 3.12, so let A and M x M be generated by finite sets X and U x U respectively,
and assume that 1 € U. From the proof of Lemma 3.12, we havethat N x N = (V x V)
where V = XU UU. By Proposition 2.8, N x N can be defined by a finite presentation
(VX V|R).

We now prove that A is finitely presented. Let X’ = XU, and for each x’ € X',
choose x(x’) € X and a(x") € U such that x’ = x (x")a(x"). We have a well-defined
M-homomorphism

P Fxixy = Fx, (X u) > x (') - a(x').

Let Ry = {up = vp : (u,v) € R}. We claim that A is defined by the finite presenta-
tion

P=(X|Rx,x-u=y-v(x,ye X,u,veU,xu=yv)).

Indeed, let wy, w2 € Fx, u be such that wi = wy holds in A. Now w; = x| - m and
wy = xp - n for some x1, x> € X and m,n € M. We have that (m,n) = (u, v)s for
someu,v € Uands € M.

Let w = (xju, 1) - s and w’ = (xav, 1) - 5. Then w, w’ € Fyxy y and w = w’
holds in N x N. Therefore, we have that w = w’ is a consequence of R, so there
exists an R-sequence

/
W= piny, qiny = pang, ..., qilg =W,

where (p;, gi) € R and n; € N for1 <i < k. Now, since A is an ideal of N, we must
have that p;,q; € Fy'xy,.m and n; € M. Applying p to this R-sequence, we obtain
an Ry-sequence

x(x1u) - alxiu)s = (prp)my, (qrp)mi=(pap)ma, ..., (qep)mp = x (x2v) - a(x2v)t.

Now, we obtain y (xju) - a(xju)s from w; by an application of the relation xj - u =
x (x1u)-a(xju),and likewise we obtain y (xpv) -« (x2v)¢ from wy. Therefore, w; = wy
is a consequence of the relations from P. O

Corollary 3.14 There exist monoids N for which the diagonal N-act is finitely gener-
ated but not finitely presented.

Proof Let M be the full transformation monoid on an infinite set X, and consider the
ideal I = {@ € M : |Im | < o0o}. Let p be the Rees congruence on M determined by
the ideal 7, and let A denote the cyclic M-act obtained by taking the quotient of the
M-act M by p (considered as a right congruence). Suppose that A is finitely presented.
It follows from Corollary 2.9 that p is finitely generated (as a right congruence). This
implies that / is generated by some finite set U as a right ideal. Now set
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n =max{|Im B|: B € U},

and choose « € I with [Im «| > n. We have thatae = By forsome 8 € Uandy € M,
but

Ima| < [Im ] < n,

so we have a contradiction. Hence, A is not finitely presented. It now follows from
Theorem 3.3, Lemmas 3.12 and 3.13 that the diagonal act of the monoid N = U (M, A)
is finitely generated but not finitely presented. O

4 General direct products

Let M be a monoid. For two M-acts A and B, the Cartesian product A x B becomes
an M-act by defining

(a, bym = (am, bm)

for all (a, b) € A x B and m € M; we call it the direct product of A and B.

Notice that the diagonal M -act is the direct product of the M-act M with itself.

We say that a monoid M preserves property P in direct products if it satisfies the
following: for any two M-acts A and B, the direct product A x B satisfies property
P if and only if both A and B satisfy P.

In this section we shall consider the properties P of being finitely generated and
being finitely presented. The main aim of the section is to characterise the monoids
that preserve these properties in direct products.

Notice that for a finite monoid M, the properties for M-acts of being finite, finitely
generated and finitely presented coincide. It follows that preservation of either finite
generation or finite presentability in direct products is a finiteness condition for
monoids:

Lemma 4.1 If M is a finite monoid, then M preserves both finite generation and finite
presentability in direct products.

Having dealt with the case where M is a finite monoid, we may from now on assume
that M is infinite. We first consider finite generation of direct products of acts. Since
M-acts A and B are homomorphic images of the direct product A x B, we have:

Lemma4.2 Let M be a monoid, and let A and B be two M-acts. If A x B is finitely
generated, then both A and B are finitely generated.

Remark 4.3 The converse of Lemma 4.2 does not hold. Indeed, we have already seen
that there exist monoids M for which the diagonal M -act is not finitely generated.

The following result provides a generating set for the direct product of two acts,
and this will be used repeatedly throughout the remainder of the section.
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Proposition 4.4 Let M be a monoid, and let the diagonal M -act be generated by a set
of the form U x V where U,V C M. Let A and B be M-acts generated by sets X
and Y respectively. Then A x B is generated by the set Z = XU x Y'V.

Proof Leta € A and b € B. We have that a = xm for some x € X and m € M, and
b= yntforsomey e Y andn € M. Now (m,n) = (u, v)s for some (u,v) e U x V
and s € M. Hence, we have that (a, b) = (xu, yv)s € (Z). O

Corollary 4.5 Let M be amonoid. Then M preserves finite generation in direct products
if and only if the diagonal M -act is finitely generated.

In the following lemma we observe the close connection between the diagonal
M-act and the direct product of two finitely generated free M-acts.

Lemma 4.6 Let M be a monoid, and let A and B be free M-acts with finite bases.
Then A x B is isomorphic to a disjoint union of finitely many M-acts all of which are
isomorphic to the diagonal M-act. In particular, we have that A x B is finitely gen-
erated (resp. finitely presented) if and only if the diagonal M -act is finitely generated
(resp. finitely presented).

Proof By Theorem 2.2, we have that A = (J!_; M; and B = (J/_, N; where the
M;, N; are disjoint M-acts all of which are isomorphic to the M-act M. Therefore,
we have that

n m
A x B;UU(M,- x Nj).
i=1j=1

The second statement follows from [13, Corollary 5.4 (resp. Corollary 5.9)].

We now turn our attention to finite presentability.

Unlike for finite generation, a direct product being finitely presented does not nec-
essarily imply that the factors are finitely presented. For example, if we take the free
monoid M on some infinite set and any finitely presented M-act A, then of course
A x {0} = A is finitely presented, but the trivial M-act {0} is not finitely presented
[13, Example 3.12]. Another example, where the monoid is finitely generated, was
provided by Mayr and Ruskuc in [11], and we give a brief outline of it below (see [11,
Example 3.1] for more details).

Example 4.7 [11,Example 3.1] Let G be the free group on two generators x and y. Then
G is the semidirect product of A = (y) and a normal subgroup B = (x¢ (a € A)).
Consider the following right congruences on G:

a={u,v) e GxG:Au= Av};
B ={u,v) e G xG:Bu= Bv}.

Now, the G-act G is isomorphic to the direct product G/« x G /. However, the factor
G /B is not finitely presented. Indeed, if it were finitely presented, then § would be
finitely generated. But this would imply that B is finitely generated, which is not the
case since it is a normal subgroup of a free group of infinite index.
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Remark 4.8 Let G be the free group on some infinite set X, and choose x € X. Set
A = (X\{x}) and B = (x% (a € A)), and define right congruences « and $ in the
same way as in Example 4.7. Then G = G/« x G/ is finitely presented, but neither
G /o nor G /B are finitely presented.

Open Problem 4.9 Does there exist a finitely generated monoid M with M-acts A and
B such that A x B is finitely presented but neither A nor B are finitely presented.

In the case that the diagonal M-act is finitely generated, it is necessary that the
factors of a finitely presented direct product are also finitely presented.

Proposition 4.10 Let M be a monoid such that the diagonal M -act is finitely generated,
and let A and B be two M-acts. If A x B is finitely presented, then both A and B are
finitely presented.

Proof 1t is clearly sufficient to show that A is finitely presented.

Let M x M = (U x U) for some finite subset U of M. We have that A and B
are finitely generated by Lemma 4.2, so let X and Y be finite generating sets for A
and B respectively. By Proposition 4.4, A x B is generated by Z = X’ x Y’, where
X' = XU and Y = YU. Since A x B is finitely presented, it can be defined by a
finite presentation (Z | R) by Proposition 2.8.

For each x’ € X', choose x(x") € X and a(x") € U such that x’ = x (x")a(x').
We have a well-defined M-homomorphism

p:Fz— Fx,(x',y) = x(x') - a@).

Let Rx = {up = vp : (u,v) € R}. We shall show that A is defined by the finite
presentation

P=(X|Rx,x-u=y-vx,yeX,u,veU,xu=yv)).

It is clear that A satisfies the relations of P.

Let wi, wp € Fx be such that w; = wj holds in A. Now, w; = x; - m and
wy = xp - n for some x1,x» € X and m,n € M. We have that (m,n) = (u, v)s for
someu,v € Uands € M.

Choose y’ € Y’, and let w = (xqu, y") -s and w’ = (xv, y')-s. Thenw, w’ € Fz
and w = w’ holds in A x B. Therefore, we have that w = w’ is a consequence of R,
so there exists an R-sequence

/
w=pimi,gqimy = pymp,...,qimMg =W,

where (p;i,q;) € R and m; € M for 1 < i < k. Applying p to this R-sequence, we
obtain an Ry-sequence

x(xu) - alxiu)s =(prp)mi, (qrp)mi=(p2p)ma, ..., (qp)mi = x (x2v) - a(x2v)s.
Now, we obtain x (xju) - a(xju)s from w; by an application of the relation x| - u =

x (x1u)-a(x1u), and likewise we obtain x (x2v)-a(xpv)s from wy. Therefore, w; = wy
is a consequence of the relations from P. O
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Corollary 4.11 Let M be a monoid. If the diagonal M-act is finitely generated, then
the trivial M-act {0} is finitely presented.

Proof The free cyclic M-act M is isomorphic to the direct product {0} x M, so it
follows from Proposition 4.10 that {0} is finitely presented. O

We now turn to consider when the direct product of two finitely presented acts is
finitely presented. We have already seen that direct products do not in general inherit
the property of being finitely presented from their factors: there exist monoids M for
which the diagonal M-act is not finitely presented. We now present a more striking
example:

Example 4.12 There exists a monoid M with a finite M-act A such that A is finitely
presented but the direct product A X A is not finitely presented.
Let M be the monoid defined by the monoid presentation

(x; (€ N) | x1x1 = X1, X2X1 = X1, X1X; = X2, X2%; = X2 (i > 2)).
Notice that the set {x1, xo} is a right ideal of M.
Let A = {a, b}, and define al = ax; = bx; = a and b1 = ax; = bx; = b for
i > 2. One can see that this makes A into an M-act by checking that a(mn) = (am)n
for all m, n € M. We claim that A is defined by the finite presentation
(Ala-x1=a,a-x» =D>).
Indeed, we have

b-x1=(@@-x)x1=a-x1 =a,

and in a similar way we obtaina - x; = b fori > 2and b - x; = b fori > 2.
We have that A x A is defined by the presentation

(AXAlu-x1=(a,a),u-x; =b,b)y(ue AxA,i=>?2).
Suppose A x A is finitely presented. Then it can be defined by a finite presentation
P=(AxA|lu-x1=(@,a),u-xi=(0b,b) (ueAxA2<ic<k).
Let i > k and consider the relation (a, b) - x; = (b, b), which holds in A x A. Since
there does not exist any relation of the form w = (a, b) in P, and x; cannot be written
as x;m forsome j € {1, ..., k}andm € M, therefore no relation of P can be applied

to (a, b) - x;, and so (a, b) - x; = (b, b) cannot be deduced as a consequence of the
relations of P. Hence, we have a contradiction and A x A is not finitely presented.

In the following, we build a presentation for a direct product A x B using presen-
tations for A, B and the diagonal act.
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So, let M be a monoid, let A and B be two M -acts defined by presentations (X | R)
and (Y | S) respectively, and let the diagonal M-act M x M be defined by a presentation
(UxV|P),whereU,V C M.

For each (m,n) € M x M, choose é(m,n) = (a(m,n),ﬂ(m,n)) e U x Vand
y(m, n) € M such that

(m,n) =8(m,n)y(m,n).

The following observation will be crucial in the proof of Theorem 4.14 below.

Lemma4.13 Let mi,my,ny,no € M, and let u = a(my, n2) and v = B(ma, no).
Then

(mima, nin2) = (miu, n1v)y (ma, ng) = 8(myu, n1v)(y (myu, njv)y (ma, n2)).
We now define a map
p:Fx xFy — Fz,(x-m,y-n)+— (xot(m,n), y,B(m,n)) -y (m,n).
Also, given any set W, we define a map
ow : Fw x Fyw — Fy, (w1, wp) — wj.

Theorem 4.14 Let M be a monoid, and let A and B be two M-acts defined by pre-
sentations (X | R) and (Y | S) respectively. Let the diagonal M-act be defined by a
presentation (U x V| P), where U,V C M, and let Z = XU x YV. With the
remaining notation as above, we define the following sets of relations:

Ty = {(xu,yv) -m= (xu',yv) - n:xeX,ye/Y, ((u, v)-m, W, v) n) e P};

T, = {(wiu, wv)p = (wou, wv)p : (wy, w2) € R, w € Soy,ueU,ve Vi

T3 = {(wu, wiv)p = (Wu, wav)p : W € Rox, (wi,wy) € S,ueclU,ve Vi.
Then A x B is defined by the presentation (Z | Ty, Tz, T3).

Proof By Proposition 4.4, A x B is generated by the set Z = XU x YV.

Itis clear that A x B satisfies T7. We show that A x B satisfies 7»; the proof for 73
is similar.

Let (x -m,x'-m’) e R,y-n € Soy, u €U andv € V. We need to show that the
relation

(xa(mu, nv), yB(mu, nv)) - y (mu, nv) = (x'a(m'u, nv), yB(m'u, nv)) - y (m'u, nv)
holds in A. Indeed, since x - m = x’ - m’ holds in A, we have that
(xa(mu, nv), yB(mu, nv))y(mu, nv) = (xmu, ynv) = (x'm’u, ynv)

= (x'a(m'u, nv), yB(m'u, nv))y (m'u, nv).
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We now make the following claim:

Claim Letx €¢ Xandy € Y, and letu,u’ € U, v,v' € V and m,n € M such that
(u, v)Ym = (', v')n. Then (xu, yv) - m = (xu’, yv') - n is a consequence of T.

Proof Since (u,v) -m = (u’,v") - n holds in M x M, it is a consequence of P; that
is, there exists a P-sequence

(w,v) -m = ((ur,v1) - mi)ny, (w2, v2) - my)ny = ((u2, v2) -m2)na, ...,

((uks1, vrg1) - mp)ng = W', v') - m,

where ((ui, Vi) -mi, (Uit1, Vig1) m;) € Pandn; € M fori € {1, ..., k). Therefore,
we have a T1-sequence

(xu, yv) - m=((xur, yvr) - mp)ni, ((xua, yvp) - my)ny = ((xuz, yva) - ma)na, ...,

(kg1 YVRs1) - mp)ng = (xu’, yv') - n,

so (xu, yv) -m = (xu’, yv') - n is a consequence of T7. O

Returning to the proof of Theorem 4.14, let wy, wy € Fz be such that w; = w; in
A x B. We have that w; = (xu, yv) -m and wy = (x'u’, y'v') - n for some x, x’ € X,
v,y eY,u,u eU,v,v e Vandm,n € M.

Since x - um = x’ - u’n holds in A, there exists an R-sequence

I /
X -um= piny, qiny = pano, ..., Qg =X - UN,

where (p;, qi) € Randn; € Mforl <i <k.
Since y - vm =y’ - u’n holds in B, we have an S-sequence

_ /! !’ /! Il /
y-vm = ping, qiny = pyly, ..., g =y - vn,

where (p}, q!) € S and n,eMforl <i<lI.
Since (u, v)m = §(um, vm)y (um, vim), we have that

wi = (e um, y - vmyp = (. P
is a consequence of 77 by the above claim.
Let p; = x; -m; foreachi € {1,...,k},andlet p| = y-m'. Lettingu; = a(n;, n')
and v; = B(n;, n}), by Lemma 4.13 we have
(mini, m'n}) = 8(miui, m'vi)(y (miui, m'v)y (ni, n')).

We also have the following equalities:

(pini, pinDp = (xia(mini, m'n}), yB(mini, m'n’))y (min;, m'n');
((piui, pLvi)p)y (i, n) = (xia(miui, m'v), yB(miu;, m'v;))
X (y(miui, m'v)y (ni, n/l))
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It now follows from the above claim that
(pini, pin)p = ((piui, pivi)p)y (ni, n})
is a consequence of 77. Exactly the same argument proves that
((qiui, pivdp)y (ni,n1) = (gini, pin')p = (piv1nit1, piny)p
is a consequence of 77. Also, by an application of a relation from 75>, we have

((piui, prvi)p)y (ni,ny) = ((qiui, pivi)p)y (ni, n').

Therefore, it follows that w; = (x’ - u’n, y - vm)p is a consequence of T} and 7. By
a similar argument, we have that (x’ - u’n, y - vm) p = wy is a consequence of T; and
T5. Hence, w; = w> is a consequence of T, 7> and T3. O

Corollary 4.15 Let M be a monoid. Then M preserves finite presentability in direct
products if and only if the diagonal M-act is finitely presented.

Proof The direct implication is obvious. The converse follows from Proposition 4.10
and Theorem 4.14. O

Remark 4.16 Given both Corollaries 4.5 and 4.15, we may now observe that Corollary
3.14 is equivalent to saying that there exist monoids that preserve finite generation but
not finite presentability in direct products.

5 Wreath products

The wreath product is an important construction in many areas of algebra (see [12]).
In 1988, Knauer and Mikhalev developed a wreath product construction for monoid
acts [9], which we now briefly describe.

Let M and N be two monoids, let A be an M -act, and let B be an N-act. We denote
by N4 the set of all mappings from A to N, and we let c,, denote the map in N4 which
maps every element of A to n. By defining, for each 6, ¢ € N4, amap ¢ € N4
given by a(6¢) = (af)(a¢) for all a € A, the set N A forms a monoid with identity
c1.

Now, for any m € M and ¢ € N4, we define a map "¢ € N4 by a”¢p = (am)¢
foralla € A. On the set M x N4, we define

(m,0)(n, ¢) = (mn, 6"¢)
forallm,n € M and 0,¢ € N A With this operation, the set M x N A is a monoid
with identity (1,7, c1,); we denote it by W(M, N|A) and call it the wreath product

of M by N through A.
Finally, we define an action of WW(M, N|A) on the Cartesian product A x B by

(a,b)(m,0) = (am, b(a@))
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for all (a,b) € A x B and (m,0) € W(M, N|A). This operation turns A x B into a
W(M, N|A)-act; we denote it by A : B (or Ay @ By) and call it the wreath product
of (the M-act) A by (the N-act) B.

Necessary and sufficient conditions for a wreath product A : B to be regular or
inverse were given in [9], and characterisations for both torsion free and divisible
wreath products of acts were provided in [10].

In this section we study the behaviour of the wreath product of monoid acts with
regard to finite generation and finite presentability.

Our first result provides necessary and sufficient conditions for the wreath products
of two acts to be finitely generated.

Proposition 5.1 Let M and N be two monoids, let A be an M-act, and let B be an
N-act. Then A: B is a finitely generated VW(M, N|A)-act if and only if A is a finitely
generated M-act and B is a finitely generated N-act.

Proof (=) Let U be a finite generating set for A: B, and let X and Y be the projections
of U to A and B respectively. Clearly X and Y are finite. Foranya € Aandb € B, we
have (a, b) = (x, y)(m, ) for some (x,y) € U, (m,0) € W(M, N|A),soa = xm
and b = y(x0). Hence, we have A = (X) and B = (Y).

(<) Let A and B be generated by finite sets X and Y respectively. We claim that
A B is generated by the set X x Y. Indeed, let (a, b) € A B. Now a = xm for some
x € Xandm € M, and b = yn for some y € Y and n € N. Therefore, we have that

(a,b) = (xm, yn) = (x, y)(m, cn),

as required. O

We now turn our attention to finite presentability, where the situation turns out
to be considerably more complicated. We begin by demonstrating that a necessary
condition for a wreath product to be finitely presented is that both the factors are
finitely presented. This is perhaps quite surprising, given that in direct products finitely
presentability is not necessarily inherited by factors (Example 4.7).

Proposition 5.2 Let M and N be two monoids, let A be an M-act, and let B be an
N-act. If A B is a finitely presented YW(M, N|A)-act, then A is a finitely presented
M-act and B is a finitely presented N-act.

Proof Since A B is finitely generated, we have that A = (X) and B = (Y) for some
finite sets X and Y by Proposition 5.1. As in the proof of Proposition 5.1, we have that
AB = (U) where U = X x Y. Since A B is finitely presented, we have that A: B
is defined by a finite presentation (U | R) by Proposition 2.8.

We denote the monoid W(M, N|A) by W, and define the maps

px  Fyw — Fxm, (x,y)-(m,0)— x-m;
py : Fuw — Fyn, (x,y)-(m,0) — y-x6.

Note that in the expression y - x0, the element x should be interpreted as an element
of A rather than Fy.
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Let Ry = {upxy = vpx : (u,v) € R} and Ry = {upy = vpy : (u,v) € R}. By
the definition of A B, we have that A satisfies Rx and B satisfies Ry. We shall show
that A and B are defined by the finite presentations (X | Rx) and (Y | Ry) respectively.

Letu,u’ € Fx_p be such that u = u’ holds in A, and let v, v' € Fy_y be such that
v=2v holdsinB.Nowu =x-m,u' =x"-m’ forsome x,x’ € X andm,m' ¢ M,
andv=y-n,v =y -n'forsomey,y € Yandn,n € N.

Let w = (x,y) - (m,cy) and w' = (x,y") - (m’, ¢,y). Then w, w’ € Fy w and
w = w’ holds in A B. Therefore, we have that w = w’ is a consequence of R, so
there exists an R-sequence

w = pi(ng, ¢1), q1(n1, ¢1) = p2(n2, ¢2), ..., (i, dr) = w', (D
where (p;, gi) € R and (n;, ¢i) e Wiorl <i <k.

Foreachi € {1,...,k},let p; = (x;i, y;) - (m;, 6;) and q; = (x; 11, Yig1) - (m], 6)).
We then have that

pi(ni, ¢i) = (xi, yi) - (min;, 6;""'¢;),

i (i, @) = (ig1, vig1) - (ming, ™igy;).
Now we have

(pi(ni, ¢i)) px = xi - min; = (pi px)ni,

and similarly (q,- (n;, ¢,~)) px = (qipx)n;. Hence, applying px to (1), we obtain an
Rx-sequence

u = (prpx)ni, (qpx)n1 = (p2px)n, ..., (qrex)ng =u',

sou = u’ is a consequence of Ry. We also have that

(Pi(ni. d0)py = i - xi (6:"¢i) = yi - (xi0) (ximi) i = (pipy) (ximi) ;.

and similarly (qi (n;, (]5,')),0)/ = (qi,oy)(xi“m;)(pi. Since p; = g; holds in A B, we
have that x;m; = xi+1m;. Hence, applying py to (1), we obtain an Ry-sequence

v = (p1py)(xim)é1, (q1py)(x1m1)e1 = (p2py) (x2m2) 2,
oo (qrpy) (emp) g = V',

so v = v’ is a consequence of Ry. O
We now provide a general presentation for the wreath products of two acts.

Theorem 5.3 Let M and N be two monoids. Let A be an M-act defined by a presen-
tation (X | R), and let B be an N-act defined by a presentation (Y | S). We define the
following sets of relations:
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Ti={(x,y) (1,0) = (x,y) - (l,cwo) :x € X,y €Y, 0 € N
T2={(-x7y)'(macl)z(x/vy)'(m/scl):(-x'msx/'m/) ER’yEY}»
T3 ={(x,y) - (Liea) = (x,y) - (Liew) ix € X, (y-n,y -n') € S}

Then A B is defined by the presentation (X x Y | Ty, Tz, T3).

Proof 1t is clear from the definition of A : B that all the relations from 77, 7> and T3
holdin A: B.

We denote the monoid W(M, N|A) by W,and let w; = (x,y) - (m,0) € Fxxy w
and wy = (X', y) - (m', §) € Fxxy.w be such that w; = wy in A B.

Since x - m = x’ - m’ holds in A, there exists an R-sequence

x-m=(xp-upmy, (x2-v)myp = (x2 - u)ma, ..., (Xpg1 - vOmg = x"-m’,

where (x; - u;, Xj+1 - v;) € Randm; € M forl <i <k.
Letx0 = nand x'¢) = n’. Since y - n = y’ - n’ holds in B, we have an S-sequence

y-n=-s)n, (v -tng = -song, ..., g - m =y -0,

where (y; - si, yip1 - 1) € Sandn; € N for1 <i <.
We first apply a relation from 77 to wy:

wp = (('x7 J’) : (1’ 9))(’/”7 Cl) = ((-xv )’) : (17 Cn))(m, Cl) = ((-xlv )’) : (M], Cl))(m17 Cn)-
We then successively apply relations from 75 to obtain

((kr12y) - (e eD) mp, en) = (&, y1) - (L)) (m', eny).

Then, through successive applications of relations from 73, we attain

((-x/’ )’l+1) . (17 Ct[)) (m/v Cnl) = ((-x/s y/) : (19 Cn’))(m/s Cl)'

Finally, we acquire w; by an application of a relation from 77. Hence, we have that
wi = wy is a consequence of 71, 7> and T3. O

In the following, we use Theorem 5.3 to deduce some sufficient conditions for the
wreath product of two finitely presented acts to be finitely presented.

Definition 5.4 Let M and N be two monoids, let A be an M-act, leta € A, and let U
be a subset of N4. For two maps 6 and ¢ in N4, we say that 6 is (U, a)-connected to
¢ if there exists a sequence

0 =011, d1v1 =0y, ..., Gk = ¢,

where each y; € N4 and, for each i € {1,...,k}, either 6; € U and ¢; = Caf;, OF
¢$ielU and 6; = Cag; -
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Proposition 5.5 Let M and N be two monoids. Let A be an M-act defined by a finite
presentation (X | R), and let B be any finitely presented N-act. Suppose there exists
a finite set U € N4 such that for every 6 € N4 and every x € X, either 0 = cyg or
0 is (U, x)-connected to cxy. Then A B is finitely presented.

Proof Let B be defined by a finite presentation (Y | S). By Theorem 5.3, we have that
A ! B is defined by the presentation (X x Y | T1, Tz, T3), where T, T, T3 are as
defined above. Let

T ={(x,»)-(1,0) =(x,y)- (I, cxg) :x € X,y €Y, 0 €U} C T

We claim that A @ B is defined by the finite presentation (X x Y | T/, T, T3). Clearly
it is enough to show that any relation from 77 is a consequence of 77.

Let u = v be a relation from 77. Now u = (x, y) - (1,0) and v = (x, y) - (1, cxp)
forsomex € X,y € Yand6 € NA IO = ¢y, thenu = v, s0 suppose that 6 # cyg.
Then there exists a sequence

0 =01y, 11 = 0, ..., Pk = Cxo,

where each ¥; € N4 and, for each i € {1, ..., k}, either 6; € U and ¢; = Cxp;» OF
¢; € U and 6; = cyy,. Therefore, we have a Tl/ -sequence

u=((x,y) - (1, 00)A, Y1), ((x, y) - (1, 1)), Y1) = ((x, y) - (1, 02)) (1, ¥2), ... .,
(G, ) - (L, @) (L i) = v,

so u = v is a consequence of 7. O
Corollary 5.6 Let M and N be two monoids, let A be a finitely presented M -act, and
let B be a finitely presented N-act. Suppose we have one of the following:

(1) A is trivial;

(2) N is trivial;

(3) N contains a left zero;

(4) A is finite and N is a finitely generated monoid.

Then A B is finitely presented.

Proof (1) and (2). If A is trivial, then N4 = {c, : n € N}, and if N is trivial, then

NA = {c1}. Therefore, in either case, we have that 6 = c,g forany x € X, 0 € NA,
(3) Suppose that N contains a left zero z, and let A = (X) with X finite. For each

x € X, we define amap ¢, € N4 by x¢. = 1 and a¢, = z for all @ # x, and let
U={¢,:x e X}.Forany§ € N4 and x € X, we have a sequence

0 =c10, ¢x0 = Pxcxp, ClCxg = Cxp,
so 0 is (U, x)-connected to cyg.
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(4) Suppose that N is generated by a finite set X and that A is finite. Fora € A and
x € X, define a map 6(a, x) by

x ifb=a
1 otherwise,

bl(a,x) = {
and let
U={0(a,x):ae A, xe X}
Note that cpg(q,x) = c1 forany b # a.

Now let® € N4 and a € A. Consider a’ € A. We define amap ¢ € N4 by

b¢:

ab ifb=a
b6 otherwise.

(Note that b¢p = bcgg for b € {a, a’}.) We show that 8 is (U, a)-connected to ¢.
We have that af = x;...x, and a’0 = y; ...y, for some x;, y; € X. For each
ie{l,...,n},let6; =0(d, y;), and define a map A; € N4 by

bi; = Yigl...yn ifb= C.l/
b6 otherwise.

Foreachi € {1,...,m},let¢; = 6(d’, x;), and define a map u; € N4 by

Xigl...xy ifb=d
bu; = -
bo otherwise.

Also, let i be the map in N4 given by

1 ifb=d
bl/JZ{ ifb=a

b6 otherwise.

We now have a sequence
0 =01A1, c1r1 = Ao, ..., ClAn—1 = O, 1V,
GmV = Clitm—1: Pm—1Mm—1 = CllAm—2, - -, P1L1 = .

Hence, 0 is (U, a)-connected to ¢p. Continuing in this fashion (and recalling that A is
finite), we deduce that 6 is (U, a)-connected to c,g.

Therefore, in any of the cases (1), (2), (3) and (4), we have that A : B is finitely
presented by Proposition 5.5. O
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Remark 5.7 The wreath product Fx ¢ Fy_n is defined by the presentation (X x Y | T')
where T = T;. Therefore, if X and Y are finite, it follows from Corollary 2.9 that
Proposition 5.5 provides a necessary and sufficient condition for Fx s Fy n to be
finitely presented.

In the final part of this section, we exhibit a couple of examples of monoids M and
N such that the wreath product M, : Ny is not finitely presented. In the first example,
M is potentially finite and N is non-finitely generated. In the second example, M is
infinite and N is potentially finite.

Example 5.8 Let M be any non-trivial monoid, and let N be the monoid formed by
adjoining an identity to an infinite right zero semigroup S.

Suppose My 2 Ny is finitely presented. By Remark 5.7, there exists a finite set
U € N™ such that every 0 # c1,6 in NM is (U, 1,)-connected to Cly6-

Choose m € M\{1,} and s € S such that s # m¢ for any ¢ € U (this is possible
since S is infinite and U is finite). Now choose any map 8 € N such that 13,6 = 1y
and m6 = s. We then have a sequence

0 =01y, 11 = 0, ..., drk = c1y,

where each i, € NM and, for each i € {1,...,k}, either 6; € U and ¢; = cy,,, or
¢i € U and 6; = Cly-

Since s = mf = (mO;)(myr1) and mO; # s, we must have that myr; = s. It
follows that s = (m6;)(myrp), which in turn implies that my, = s. Continuing in
this way, we have that my; = s. But then mc1,, = (m¢r)s = s # 1y, whichis a
contradiction. Hence, M @ Ny is not finitely presented.

Example 5.9 Let M be any infinite monoid, and let N be a non-trivial finitely generated
group with finite generating set X.

Suppose that My, : Ny is finitely presented. Then there exists a finite set U € N
such that every 6 # cyp in NM is (U, 1)-connected to c1g.

We claim that the group N¥ is generated by the finite set U U {c, : x € X}.
However, N™ is not finitely generated, so we have a contradiction and My, : Ny is
not finitely presented.

To prove the claim, let 0 € N M 5o there exists a sequence

0 =01, g1y = O, ..., Pk = clo,

where each ¥; € N and, for each i € {1, ..., k}, either ; € U and ¢; = c1g;, Or
¢; € U and 6; = c14,. We have that ¢; = ¢i—19i+1¢,~+1 fori e {1,...,k— 1} and
Y = ¢y 'cig, so it follows that

0 =016, ...0d; 'c1o € (UU {cy 1 x € X)).
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